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Introduction
The interplay of algebraic concepts from number theory, abstract 
algebra and graph theory has been the most creative area of 
research, leading to a branch of modern mathematics called 
Algebraic graph theory. Frucht [10] showed that all finite groups 
can be represented as the automorphism group of a connected 
algebraic graph . In 1878, Cayley was the pioneer in studying 
graphs arising out of finite groups, which led to the theory of 
Cayley graphs.

Nathanson [17] introduced the concept of congruences in number 
theory into graph theory and initiated the study of number theoretic 
graphs. In this way many researchers [3, 5, 6, 7, 8, 18] have studied 
the graphs associated with various concepts in algebra.

For a given positive integer n and an element    of       the order of
     is denoted by         and is the least positive integer     less than 
or equal to n, such that                In [18], the first two 
authors introduced the graph           whose vertex set is 
and whose edge set is

For an integer  n > 1 and a divisor d of n, let
D(n) = {d/d is a positive integer that divides n}.
Then |D(n)| = d(n), the number of divisors of n, and let

The following results were established in [18].

Theorem 1.1 (Th 2.2, [18]): For any divisor d of n, let    
be a positive integer less than n, such that            Then for any 
positive integer r less than n,              if, and only if, (r, d) = 1.

Corollary 1.2 (Cor 2.3, [18]): For any divisor d of n,

Corollary 1.3 (Cor 2.4, [18]): For any divisor d of n,
where φ is the Euler totient function.

Theorem 1.4 (Th 2.5, [18]): For the integer
is the disjoint union of                                   where
                                     are the distinct divisors of n.

Remark 1.5: For any divisor d of n, let      denote the least positive 
integer less than n such that               and let

Clearly                           where φ(d) is the Euler Totient function, 
and

ABSTRACT
The first two authors have introduced a new class of graphs         associated with the elements of unequal order in the group            of residue classes modulo               
              an integer. It is established that it is a connected graph and the vertex degree and size of the graph          are determined. In this paper, it is shown 
that           is Hamiltonian if n is even. Further, it is proved that it is not a complete graph and it is a complete multipartite graph. The formula for the number 
of triangles in         is determined.

Journal of Mathematical & 
Computer Applications

ISSN: 2754-6705

THE MULTIPARTITE PROPERTY AND THE CYCLE
STRUCTURE OF THE GRAPH ASSOCIATED WITH THE

ELEMENTS OF UNEQUAL ORDER IN THE GROUP (Zn,⊕)

Shaik Shahida1, Madhavi Levaku2, Chalapathy Tekuri3 and Ramya Thejeswini Kammara4

1 Research Scholar, Department of Applied Mathematics, Yogi Vemana University, Kadapa-516005, Andhra Pradesh, INDIA.
Email: famanshahida@gmail.com

2 Professor, Department of Applied Mathematics, Yogi Vemana University, Kadapa-516005, Andhra Pradesh, INDIA.
Email: lmadhaviyvu@gmail.com

3 Assistant Professor, Department of Mathematics, Madanapalle Institute of Technology & Science (MITS), Deemed to be University,
Madanapalle-517325, Andhra Pradesh, INDIA.

Email: chalapathi.tekuri@gmail.com
4 Research Scholar, Department of Applied Mathematics, Yogi Vemana University, Kadapa-516005, Andhra Pradesh, INDIA.

Email: kramya8008@gmail.com

Corresponding Author: Madhavi Levaku

Abstract

The first two authors have introduced a new class of graphs Γ(Zn) associated
with the elements of unequal order in the group (Zn,⊕) of residue classes modulo
n ≥ 1, an integer. It is established that it is a connected graph and the vertex
degree and size of the graph Γ(Zn) are determined. In this paper, it is shown that
Γ(Zn) is Hamiltonian if n is even. Further, it is proved that it is not a complete
graph and it is a complete multipartite graph. The formula for the number of
triangles in Γ(Zn) is determined.

Key Words: Complete graph, Component of a graph, Multipartite graph,
Hamiltonian property, Triangle.

AMS Subject Classification: 05C07, 05C30, 05C40, 20B05, 68R10.

1 Introduction

The interplay of algebraic concepts from number theory, abstract algebra and graph
theory has been the most creative area of research, leading to a branch of modern
mathematics called Algebraic graph theory. Frucht [10] showed that all finite groups can
be represented as the automorphism group of a connected algebraic graph . In 1878,
Cayley was the pioneer in studying graphs arising out of finite groups, which led to the
theory of Cayley graphs .

Nathanson [17] introduced the concept of congruences in number theory into graph
theory and initiated the study of number theoretic graphs . In this way many researchers
[3, 5, 6, 7, 8, 18] have studied the graphs associated with various concepts in algebra.

For a given positive integer n and an element ā of Zn, the order of ā is denoted by
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the first two authors introduced the graph Γ(Zn), whose vertex set is Zn and whose edge
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o(ā) and is the least positive integer k less than or equal to n, such that kā = 0̄. In [18],
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o(ā) and is the least positive integer k less than or equal to n, such that kā = 0̄. In [18],
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the first two authors introduced the graph Γ(Zn), whose vertex set is Zn and whose edge
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1 Introduction

The interplay of algebraic concepts from number theory, abstract algebra and graph
theory has been the most creative area of research, leading to a branch of modern
mathematics called Algebraic graph theory. Frucht [10] showed that all finite groups can
be represented as the automorphism group of a connected algebraic graph . In 1878,
Cayley was the pioneer in studying graphs arising out of finite groups, which led to the
theory of Cayley graphs .

Nathanson [17] introduced the concept of congruences in number theory into graph
theory and initiated the study of number theoretic graphs . In this way many researchers
[3, 5, 6, 7, 8, 18] have studied the graphs associated with various concepts in algebra.

For a given positive integer n and an element ā of Zn, the order of ā is denoted by
o(ā) and is the least positive integer k less than or equal to n, such that kā = 0̄. In [18],
the first two authors introduced the graph Γ(Zn), whose vertex set is Zn and whose edge
set is E = {(ā, b̄)/ā, b̄ ∈ Zn and o(ā) ̸= o(b̄)}.

For an integer n ≥ 1 and a divisor d of n, let
D(n) = {d/d is a positive integer that divides n}.
Then |D(n)| = d(n), the number of divisors of n, and let
Dd = {ā ∈ Zn/o(ā) = d}.
The following results were established in [18].

Theorem 1.1 (Th 2.2, [18]): For any divisor d of n, let l̄ be a positive integer less than
n, such that l̄ ∈ Dd. Then for any positive integer r less than n, r̄ ∈ Dd if, and only if,
(r, d) = 1.
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o(ā) and is the least positive integer k less than or equal to n, such that kā = 0̄. In [18],
the first two authors introduced the graph Γ(Zn), whose vertex set is Zn and whose edge
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Corollary 1.2 (Cor 2.3,[18]): For any divisor d of n, Dd = {r̄l̄/l̄ ∈ Dd and (r, d) = 1}.

Corollary 1.3 (Cor 2.4, [18]): For any divisor d of n, |Dd| = φ(d), where φ is the Euler
totient function.

Theorem 1.4 (Th 2.5, [18]): For the integer n > 1, Zn is the disjoint union of
Dd1 , Dd2 , · · · , Ddd(n)

, where d1 < d2 < · · · < dd(n) are the distinct divisors of n.

Remark 1.5: For any divisor d of n, let ld denote the least positive integer less than n
such that l̄d ∈ Dd and let

Φ(d) = {r/1 ≤ r < d and (r, d) = 1}.
Clearly |Φ(d)| = φ(d), where φ(d) is the Euler Totient function, and
Dd = {rl̄d : r ∈ Φ(d)}.

Definition 1.6: Let n ≥ 1 be an integer. Then the graph Γ(Zn) whose vertex set V is
the set Zn and the edge set E is E = {(ā, b̄)/ā, b̄ ∈ Zn and o(ā) ̸= o(b̄)}.

Clearly, Γ(Zn) is a simple undirected graph without loops. The graphs Γ(Zn) for
n = 9, 11 and 12 are given below.
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2 Hamiltonian Property of the Graph Γ(Zn)

Definition 2.1: A Hamilton cycle in a graph G is a cycle that contains every vertex
exactly once of G. A graph G is called Hamiltonian if it contains a Hamilton cycle.

For the primes 9 and 11, the graphs Γ(Z9) and Γ(Z11) are not Hamiltonian as they
do not have Hamilton cycles. However, for the even number 12, the graph Γ(Z12) is
Hamiltonian with Hamilton cycle (1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄, 9̄, 1̄0, 1̄1, 1̄2, 1̄).

In this section, it is established that Γ(Zn) is Hamiltonian if n > 1 is an even integer.

Lemma 2.2: Let n ≥ 1 be an integer and let r be any integer such that 1 ≤ r < n. Then
o(r̄) = n if, and only if, (r, n) = 1.

Proof. Let n ≥ 1 be an integer and let r be any integer such that 1 ≤ r < n. Consider
the finite cyclic group ⟨a⟩ of order n, generated by a. That is,

⟨a⟩ = {am : 0 ≤ m < n and an = e}.
Then it is easy to see that ⟨a⟩ ∼= (Zn,⊕), under the isomorphism ar → r̄, 1 ≤ r < n.
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Clearly,           is a simple undirected graph without loops. The graphs           for n = 9, 11 and 12 are given below.
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Clearly, Γ(Zn) is a simple undirected graph without loops. The graphs Γ(Zn) for
n = 9, 11 and 12 are given below.

1̄
2̄

3̄

4̄

5̄6̄

7̄

8̄

9̄

Fig. 1.1: The Graph Γ(Z9)

1̄1

1̄ 2̄ 3̄ 4̄ 5̄ 6̄ 7̄ 8̄ 9̄ 1̄0

Fig. 1.2: The Graph Γ(Z11)

1̄
2̄

3̄

4̄

5̄

6̄
7̄

8̄

9̄

1̄0

1̄1

1̄2

Fig. 1.3: The Graph Γ(Z12)

2 Hamiltonian Property of the Graph Γ(Zn)

Definition 2.1: A Hamilton cycle in a graph G is a cycle that contains every vertex
exactly once of G. A graph G is called Hamiltonian if it contains a Hamilton cycle.

For the primes 9 and 11, the graphs Γ(Z9) and Γ(Z11) are not Hamiltonian as they
do not have Hamilton cycles. However, for the even number 12, the graph Γ(Z12) is
Hamiltonian with Hamilton cycle (1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄, 9̄, 1̄0, 1̄1, 1̄2, 1̄).

In this section, it is established that Γ(Zn) is Hamiltonian if n > 1 is an even integer.

Lemma 2.2: Let n ≥ 1 be an integer and let r be any integer such that 1 ≤ r < n. Then
o(r̄) = n if, and only if, (r, n) = 1.

Proof. Let n ≥ 1 be an integer and let r be any integer such that 1 ≤ r < n. Consider
the finite cyclic group ⟨a⟩ of order n, generated by a. That is,

⟨a⟩ = {am : 0 ≤ m < n and an = e}.
Then it is easy to see that ⟨a⟩ ∼= (Zn,⊕), under the isomorphism ar → r̄, 1 ≤ r < n.

2

Corollary 1.2 (Cor 2.3,[18]): For any divisor d of n, Dd = {r̄l̄/l̄ ∈ Dd and (r, d) = 1}.

Corollary 1.3 (Cor 2.4, [18]): For any divisor d of n, |Dd| = φ(d), where φ is the Euler
totient function.

Theorem 1.4 (Th 2.5, [18]): For the integer n > 1, Zn is the disjoint union of
Dd1 , Dd2 , · · · , Ddd(n)

, where d1 < d2 < · · · < dd(n) are the distinct divisors of n.

Remark 1.5: For any divisor d of n, let ld denote the least positive integer less than n
such that l̄d ∈ Dd and let

Φ(d) = {r/1 ≤ r < d and (r, d) = 1}.
Clearly |Φ(d)| = φ(d), where φ(d) is the Euler Totient function, and
Dd = {rl̄d : r ∈ Φ(d)}.

Definition 1.6: Let n ≥ 1 be an integer. Then the graph Γ(Zn) whose vertex set V is
the set Zn and the edge set E is E = {(ā, b̄)/ā, b̄ ∈ Zn and o(ā) ̸= o(b̄)}.
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2
Since ar is a generator of the cyclic group ⟨a⟩ if, and only if, (r, n) = 1, it follows that

r̄ is a generator of the group (Zn,⊕) if, and only if, (r, n) = 1. That is, o(r̄) = n if, and
only if, (r, n) = 1.

Theorem 2.3: If n > 1 is an even integer, then the graph Γ(Zn) is Hamiltonian. In
fact, (1̄, 2̄, 3̄, 4̄, · · · , n̄, 1̄) is a Hamilton cycle in Γ(Zn).

Proof. Let n > 1 be an even integer. For any integer r, 1 ≤ r ≤ n, consider r̄ and r + 1.
If possible, assume that

o(r̄) = o(r + 1) = d. Then d is the least positive integer such that
d(r̄) = 0̄ and d(r + 1) = 0̄
⇒ d(r̄) = 0̄ and d(r̄) + d̄ = 0̄
⇒ d(r̄) = 0̄ and d(r̄) + d̄ = 0̄
⇒ d̄ = 0̄ ⇒ d = n.
Clearly, one of r and r+1 is even and the other is odd. Suppose that r is even. Then

r is even and n is even, so (r, n) ≥ 2. Hence (r, n) ̸= 1. By the Lemma 2.2, o(r̄) ̸= n,
and consequently d < n, which is a contradiction to d = n.

On the other hand, if r is odd, then r+1 is even. By a similar argument, o(r + 1) < n,
which again gives a contradiction to d = n.

So, our assumption that o(r̄) = o(r + 1) is wrong, so that o(r̄) ̸= o(r + 1) for 1 ≤ r <
n. This shows that (r̄, r + 1) , 1 ≤ r < n is an edge of Γ(Zn) and (1̄, 2̄, 3̄, · · · , n̄, 1̄) is
a cycle of length n in Γ(Zn) and which is a Hamilton cycle in Γ(Zn), So that Γ(Zn) is
Hamiltonian.

Example 2.4: The graph Γ (Z12) and one of its Hamilton cycles (1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄, 9̄, 1̄0, 1̄1, 1̄2, 1̄)
are given below.
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Fig. 2.2: A Hamilton cycle in the Γ(Z12)

3 The Multipartite Property of the Graph Γ(Zn)

Using the Theorem 1.4, we now show that Γ(Zn) is a complete multipartite graph.

Theorem 3.1: For n > 1 an integer, the graph Γ(Zn) is a complete d(n)-partite graph
and Γ(Zn) ∼= Kφ(d1),φ(d2),...,φ(dd(n)), where d1, d2, · · · , dd(n) are the distinct divisors of n.

Proof. Let n > 1 be an integer. By the Theorem 1.4, Zn is the disjoint union of the sets
Dd1 , Dd2 , · · · , Ddd(n)

., where d1, d2, · · · , dd(n)
are all the distinct divisors of n and
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Abstract

The first two authors have introduced a new class of graphs Γ(Zn) associated
with the elements of unequal order in the group (Zn,⊕) of residue classes modulo
n ≥ 1, an integer. It is established that it is a connected graph and the vertex
degree and size of the graph Γ(Zn) are determined. In this paper, it is shown that
Γ(Zn) is Hamiltonian if n is even. Further, it is proved that it is not a complete
graph and it is a complete multipartite graph. The formula for the number of
triangles in Γ(Zn) is determined.
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1 Introduction

The interplay of algebraic concepts from number theory, abstract algebra and graph
theory has been the most creative area of research, leading to a branch of modern
mathematics called Algebraic graph theory. Frucht [10] showed that all finite groups can
be represented as the automorphism group of a connected algebraic graph . In 1878,
Cayley was the pioneer in studying graphs arising out of finite groups, which led to the
theory of Cayley graphs .

Nathanson [17] introduced the concept of congruences in number theory into graph
theory and initiated the study of number theoretic graphs . In this way many researchers
[3, 5, 6, 7, 8, 18] have studied the graphs associated with various concepts in algebra.

For a given positive integer n and an element ā of Zn, the order of ā is denoted by
o(ā) and is the least positive integer k less than or equal to n, such that kā = 0̄. In [18],
the first two authors introduced the graph Γ(Zn), whose vertex set is Zn and whose edge
set is E = {(ā, b̄)/ā, b̄ ∈ Zn and o(ā) ̸= o(b̄)}.

For an integer n ≥ 1 and a divisor d of n, let
D(n) = {d/d is a positive integer that divides n}.
Then |D(n)| = d(n), the number of divisors of n, and let
Dd = {ā ∈ Zn/o(ā) = d}.
The following results were established in [18].

Theorem 1.1 (Th 2.2, [18]): For any divisor d of n, let l̄ be a positive integer less than
n, such that l̄ ∈ Dd. Then for any positive integer r less than n, r̄ ∈ Dd if, and only if,
(r, d) = 1.

1
Corollary 1.2 (Cor 2.3,[18]): For any divisor d of n, Dd = {r̄l̄/l̄ ∈ Dd and (r, d) = 1}.

Corollary 1.3 (Cor 2.4, [18]): For any divisor d of n, |Dd| = φ(d), where φ is the Euler
totient function.

Theorem 1.4 (Th 2.5, [18]): For the integer n > 1, Zn is the disjoint union of
Dd1 , Dd2 , · · · , Ddd(n)

, where d1 < d2 < · · · < dd(n) are the distinct divisors of n.

Remark 1.5: For any divisor d of n, let ld denote the least positive integer less than n
such that l̄d ∈ Dd and let

Φ(d) = {r/1 ≤ r < d and (r, d) = 1}.
Clearly |Φ(d)| = φ(d), where φ(d) is the Euler Totient function, and
Dd = {rl̄d : r ∈ Φ(d)}.

Definition 1.6: Let n ≥ 1 be an integer. Then the graph Γ(Zn) whose vertex set V is
the set Zn and the edge set E is E = {(ā, b̄)/ā, b̄ ∈ Zn and o(ā) ̸= o(b̄)}.

Clearly, Γ(Zn) is a simple undirected graph without loops. The graphs Γ(Zn) for
n = 9, 11 and 12 are given below.
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2 Hamiltonian Property of the Graph Γ(Zn)

Definition 2.1: A Hamilton cycle in a graph G is a cycle that contains every vertex
exactly once of G. A graph G is called Hamiltonian if it contains a Hamilton cycle.

For the primes 9 and 11, the graphs Γ(Z9) and Γ(Z11) are not Hamiltonian as they
do not have Hamilton cycles. However, for the even number 12, the graph Γ(Z12) is
Hamiltonian with Hamilton cycle (1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄, 9̄, 1̄0, 1̄1, 1̄2, 1̄).

In this section, it is established that Γ(Zn) is Hamiltonian if n > 1 is an even integer.

Lemma 2.2: Let n ≥ 1 be an integer and let r be any integer such that 1 ≤ r < n. Then
o(r̄) = n if, and only if, (r, n) = 1.

Proof. Let n ≥ 1 be an integer and let r be any integer such that 1 ≤ r < n. Consider
the finite cyclic group ⟨a⟩ of order n, generated by a. That is,

⟨a⟩ = {am : 0 ≤ m < n and an = e}.
Then it is easy to see that ⟨a⟩ ∼= (Zn,⊕), under the isomorphism ar → r̄, 1 ≤ r < n.
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Ddi = {ā ∈ Zn/o(ā) = di}
Suppose ā and b̄ are any two distinct vertices of Γ(Zn), such that, ā, b̄ ∈ Ddi for any

i, 1 ≤ i ≤ d(n). Then o(ā) = o(b̄) = di.
So, there is no edge between ā and b̄, which shows that the graph Γ(Zn) is not a

complete graph.
Further, if ā and b̄ are any two distinct vertices of Γ(Zn), such that ā ∈ Ddi and

b̄ ∈ Ddj , for i, 1 ≤ i ≤ d(n) and i ̸= j, then o(ā) = di ̸= dj = o(b̄). So there is an edge
between ā and b̄.

These show that Dd1 , Dd2 , · · · , Ddd(n)
are disjoint subsets of the vertex set of the graph

Γ(Zn) such that, there is no edge between the vertices belonging to Ddi for 1 ≤ i, j ≤
d(n), i ̸= j.

From these , it follows that the partitions (Dd1 , Dd2 , · · · , Ddd(n)
) of the graph Γ(Zn) is

a d(n)- partition of the vertex set of the graph Γ(Zn) and Γ(Zn) is a complete d(n)-partite
graph. By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n), so that

Γ(Zn) ∼= Kφ(d1),φ(d2),··· ,φ(dd(n)).

In the following theorem, it is shown that Γ(Zn) is a complete bipartite graph and a
star graph if, and only if, n is a prime.

Theorem 3.2: For n > 1, an integer, the graph Γ(Zn) is a complete bipartite graph if,
and only if, n is a prime.

Proof. For n > 1, an integer, assume that Γ(Zn) is a complete bipartite graph with
bipartition (A,B). Then Zn = A ∪ B, A ̸= ∅, B ̸= ∅, A ∩ B = ∅, and no two vertices
in A, as well as, in B, are adjacent and there is an edge between every vertex in A and
every vertex in B.

Since o(0) = 1 and o(1) = n, one of 0 and 1 belongs to A and the other to B, say,
0 ∈ A and 1 ∈ B.

Further, for any a ∈ Zn, a ̸= 0, we have o(a) > 1. We claim that a /∈ A. For if
a ∈ A, then by the nature of A, o(a) = o(0) = 1, a contradiction. So a /∈ A, for all
a ∈ Zn and a ̸= 0, so that a ∈ B, for all a ̸= 0. From this it follows that A = {0} and
B = {1, 2, · · · , n− 1}.

Since o(1) = n, it follows that o(a) = n, for all a ∈ B. That is, o(1) = o(2) = · · · =
o(n− 1) = n, so that n is a prime number.

Conversely, assume that n is a prime number. Then n has only two divisors, namely,
1 and n. But o(0) = 1 implies that D1 = {0} and o(r) = n, for 1 ≤ r ≤ n − 1, implies
that Dn = {1, 2, · · · , n− 1}. Further,

Zn = D1 ∪Dn, (disjoint union).
So, by the Theorem 3.1, Γ(Zn) is a complete bipartite graph with bipartition (D1, Dn).

Corollary 3.3: For n > 1, Γ(Zn) ∼= K1,n−1 and hence is a star graph if, and only if, n
is a prime.

Proof. Let n > 1 be an integer. By the Theorem 3.2, Γ(Zn) is a complete bipartite graph
with bipartition (D1, Dn) if, and only if, n is a prime.

Since |D1| = φ(1) and |Dn| = φ(n) = n − 1, by the Theorem 3.1, it follows that
Γ(Zn) ∼= K1,n−1, if, and only if, n is a prime.

Further, K1,n−1 is a star graph, which implies that Γ(Zn) is a star graph if, and only
if, n is a prime.
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between ā and b̄.
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Suppose ā and b̄ are any two distinct vertices of Γ(Zn), such that, ā, b̄ ∈ Ddi for any
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i, 1 ≤ i ≤ d(n). Then o(ā) = o(b̄) = di.
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So, there is no edge between ā and b̄, which shows that the graph Γ(Zn) is not a

complete graph.
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i, 1 ≤ i ≤ d(n). Then o(ā) = o(b̄) = di.
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b̄ ∈ Ddj , for i, 1 ≤ i ≤ d(n) and i ̸= j, then o(ā) = di ̸= dj = o(b̄). So there is an edge
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So, there is no edge between ā and b̄, which shows that the graph Γ(Zn) is not a

complete graph.
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between ā and b̄.

These show that Dd1 , Dd2 , · · · , Ddd(n)
are disjoint subsets of the vertex set of the graph

Γ(Zn) such that, there is no edge between the vertices belonging to Ddi for 1 ≤ i, j ≤
d(n), i ̸= j.

From these , it follows that the partitions (Dd1 , Dd2 , · · · , Ddd(n)
) of the graph Γ(Zn) is

a d(n)- partition of the vertex set of the graph Γ(Zn) and Γ(Zn) is a complete d(n)-partite
graph. By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n), so that

Γ(Zn) ∼= Kφ(d1),φ(d2),··· ,φ(dd(n)).

In the following theorem, it is shown that Γ(Zn) is a complete bipartite graph and a
star graph if, and only if, n is a prime.

Theorem 3.2: For n > 1, an integer, the graph Γ(Zn) is a complete bipartite graph if,
and only if, n is a prime.

Proof. For n > 1, an integer, assume that Γ(Zn) is a complete bipartite graph with
bipartition (A,B). Then Zn = A ∪ B, A ̸= ∅, B ̸= ∅, A ∩ B = ∅, and no two vertices
in A, as well as, in B, are adjacent and there is an edge between every vertex in A and
every vertex in B.

Since o(0) = 1 and o(1) = n, one of 0 and 1 belongs to A and the other to B, say,
0 ∈ A and 1 ∈ B.

Further, for any a ∈ Zn, a ̸= 0, we have o(a) > 1. We claim that a /∈ A. For if
a ∈ A, then by the nature of A, o(a) = o(0) = 1, a contradiction. So a /∈ A, for all
a ∈ Zn and a ̸= 0, so that a ∈ B, for all a ̸= 0. From this it follows that A = {0} and
B = {1, 2, · · · , n− 1}.

Since o(1) = n, it follows that o(a) = n, for all a ∈ B. That is, o(1) = o(2) = · · · =
o(n− 1) = n, so that n is a prime number.

Conversely, assume that n is a prime number. Then n has only two divisors, namely,
1 and n. But o(0) = 1 implies that D1 = {0} and o(r) = n, for 1 ≤ r ≤ n − 1, implies
that Dn = {1, 2, · · · , n− 1}. Further,

Zn = D1 ∪Dn, (disjoint union).
So, by the Theorem 3.1, Γ(Zn) is a complete bipartite graph with bipartition (D1, Dn).

Corollary 3.3: For n > 1, Γ(Zn) ∼= K1,n−1 and hence is a star graph if, and only if, n
is a prime.

Proof. Let n > 1 be an integer. By the Theorem 3.2, Γ(Zn) is a complete bipartite graph
with bipartition (D1, Dn) if, and only if, n is a prime.

Since |D1| = φ(1) and |Dn| = φ(n) = n − 1, by the Theorem 3.1, it follows that
Γ(Zn) ∼= K1,n−1, if, and only if, n is a prime.

Further, K1,n−1 is a star graph, which implies that Γ(Zn) is a star graph if, and only
if, n is a prime.

4
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between ā and b̄.

These show that Dd1 , Dd2 , · · · , Ddd(n)
are disjoint subsets of the vertex set of the graph

Γ(Zn) such that, there is no edge between the vertices belonging to Ddi for 1 ≤ i, j ≤
d(n), i ̸= j.

From these , it follows that the partitions (Dd1 , Dd2 , · · · , Ddd(n)
) of the graph Γ(Zn) is

a d(n)- partition of the vertex set of the graph Γ(Zn) and Γ(Zn) is a complete d(n)-partite
graph. By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n), so that

Γ(Zn) ∼= Kφ(d1),φ(d2),··· ,φ(dd(n)).

In the following theorem, it is shown that Γ(Zn) is a complete bipartite graph and a
star graph if, and only if, n is a prime.

Theorem 3.2: For n > 1, an integer, the graph Γ(Zn) is a complete bipartite graph if,
and only if, n is a prime.

Proof. For n > 1, an integer, assume that Γ(Zn) is a complete bipartite graph with
bipartition (A,B). Then Zn = A ∪ B, A ̸= ∅, B ̸= ∅, A ∩ B = ∅, and no two vertices
in A, as well as, in B, are adjacent and there is an edge between every vertex in A and
every vertex in B.

Since o(0) = 1 and o(1) = n, one of 0 and 1 belongs to A and the other to B, say,
0 ∈ A and 1 ∈ B.

Further, for any a ∈ Zn, a ̸= 0, we have o(a) > 1. We claim that a /∈ A. For if
a ∈ A, then by the nature of A, o(a) = o(0) = 1, a contradiction. So a /∈ A, for all
a ∈ Zn and a ̸= 0, so that a ∈ B, for all a ̸= 0. From this it follows that A = {0} and
B = {1, 2, · · · , n− 1}.

Since o(1) = n, it follows that o(a) = n, for all a ∈ B. That is, o(1) = o(2) = · · · =
o(n− 1) = n, so that n is a prime number.

Conversely, assume that n is a prime number. Then n has only two divisors, namely,
1 and n. But o(0) = 1 implies that D1 = {0} and o(r) = n, for 1 ≤ r ≤ n − 1, implies
that Dn = {1, 2, · · · , n− 1}. Further,

Zn = D1 ∪Dn, (disjoint union).
So, by the Theorem 3.1, Γ(Zn) is a complete bipartite graph with bipartition (D1, Dn).

Corollary 3.3: For n > 1, Γ(Zn) ∼= K1,n−1 and hence is a star graph if, and only if, n
is a prime.

Proof. Let n > 1 be an integer. By the Theorem 3.2, Γ(Zn) is a complete bipartite graph
with bipartition (D1, Dn) if, and only if, n is a prime.

Since |D1| = φ(1) and |Dn| = φ(n) = n − 1, by the Theorem 3.1, it follows that
Γ(Zn) ∼= K1,n−1, if, and only if, n is a prime.

Further, K1,n−1 is a star graph, which implies that Γ(Zn) is a star graph if, and only
if, n is a prime.

4
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i, 1 ≤ i ≤ d(n). Then o(ā) = o(b̄) = di.
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Suppose ā and b̄ are any two distinct vertices of Γ(Zn), such that, ā, b̄ ∈ Ddi for any
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Suppose ā and b̄ are any two distinct vertices of Γ(Zn), such that, ā, b̄ ∈ Ddi for any
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So, there is no edge between ā and b̄, which shows that the graph Γ(Zn) is not a

complete graph.
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i, 1 ≤ i ≤ d(n). Then o(ā) = o(b̄) = di.
So, there is no edge between ā and b̄, which shows that the graph Γ(Zn) is not a

complete graph.
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b̄ ∈ Ddj , for i, 1 ≤ i ≤ d(n) and i ̸= j, then o(ā) = di ̸= dj = o(b̄). So there is an edge
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i, 1 ≤ i ≤ d(n). Then o(ā) = o(b̄) = di.
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Suppose ā and b̄ are any two distinct vertices of Γ(Zn), such that, ā, b̄ ∈ Ddi for any
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between ā and b̄.

These show that Dd1 , Dd2 , · · · , Ddd(n)
are disjoint subsets of the vertex set of the graph

Γ(Zn) such that, there is no edge between the vertices belonging to Ddi for 1 ≤ i, j ≤
d(n), i ̸= j.

From these , it follows that the partitions (Dd1 , Dd2 , · · · , Ddd(n)
) of the graph Γ(Zn) is

a d(n)- partition of the vertex set of the graph Γ(Zn) and Γ(Zn) is a complete d(n)-partite
graph. By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n), so that

Γ(Zn) ∼= Kφ(d1),φ(d2),··· ,φ(dd(n)).

In the following theorem, it is shown that Γ(Zn) is a complete bipartite graph and a
star graph if, and only if, n is a prime.

Theorem 3.2: For n > 1, an integer, the graph Γ(Zn) is a complete bipartite graph if,
and only if, n is a prime.

Proof. For n > 1, an integer, assume that Γ(Zn) is a complete bipartite graph with
bipartition (A,B). Then Zn = A ∪ B, A ̸= ∅, B ̸= ∅, A ∩ B = ∅, and no two vertices
in A, as well as, in B, are adjacent and there is an edge between every vertex in A and
every vertex in B.

Since o(0) = 1 and o(1) = n, one of 0 and 1 belongs to A and the other to B, say,
0 ∈ A and 1 ∈ B.

Further, for any a ∈ Zn, a ̸= 0, we have o(a) > 1. We claim that a /∈ A. For if
a ∈ A, then by the nature of A, o(a) = o(0) = 1, a contradiction. So a /∈ A, for all
a ∈ Zn and a ̸= 0, so that a ∈ B, for all a ̸= 0. From this it follows that A = {0} and
B = {1, 2, · · · , n− 1}.

Since o(1) = n, it follows that o(a) = n, for all a ∈ B. That is, o(1) = o(2) = · · · =
o(n− 1) = n, so that n is a prime number.

Conversely, assume that n is a prime number. Then n has only two divisors, namely,
1 and n. But o(0) = 1 implies that D1 = {0} and o(r) = n, for 1 ≤ r ≤ n − 1, implies
that Dn = {1, 2, · · · , n− 1}. Further,

Zn = D1 ∪Dn, (disjoint union).
So, by the Theorem 3.1, Γ(Zn) is a complete bipartite graph with bipartition (D1, Dn).

Corollary 3.3: For n > 1, Γ(Zn) ∼= K1,n−1 and hence is a star graph if, and only if, n
is a prime.

Proof. Let n > 1 be an integer. By the Theorem 3.2, Γ(Zn) is a complete bipartite graph
with bipartition (D1, Dn) if, and only if, n is a prime.

Since |D1| = φ(1) and |Dn| = φ(n) = n − 1, by the Theorem 3.1, it follows that
Γ(Zn) ∼= K1,n−1, if, and only if, n is a prime.

Further, K1,n−1 is a star graph, which implies that Γ(Zn) is a star graph if, and only
if, n is a prime.

4

Ddi = {ā ∈ Zn/o(ā) = di}
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So, there is no edge between ā and b̄, which shows that the graph Γ(Zn) is not a

complete graph.
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So, there is no edge between ā and b̄, which shows that the graph Γ(Zn) is not a

complete graph.
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Ddi = {ā ∈ Zn/o(ā) = di}
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b̄ ∈ Ddj , for i, 1 ≤ i ≤ d(n) and i ̸= j, then o(ā) = di ̸= dj = o(b̄). So there is an edge
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So, there is no edge between ā and b̄, which shows that the graph Γ(Zn) is not a

complete graph.
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between ā and b̄.

These show that Dd1 , Dd2 , · · · , Ddd(n)
are disjoint subsets of the vertex set of the graph

Γ(Zn) such that, there is no edge between the vertices belonging to Ddi for 1 ≤ i, j ≤
d(n), i ̸= j.

From these , it follows that the partitions (Dd1 , Dd2 , · · · , Ddd(n)
) of the graph Γ(Zn) is

a d(n)- partition of the vertex set of the graph Γ(Zn) and Γ(Zn) is a complete d(n)-partite
graph. By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n), so that

Γ(Zn) ∼= Kφ(d1),φ(d2),··· ,φ(dd(n)).

In the following theorem, it is shown that Γ(Zn) is a complete bipartite graph and a
star graph if, and only if, n is a prime.

Theorem 3.2: For n > 1, an integer, the graph Γ(Zn) is a complete bipartite graph if,
and only if, n is a prime.

Proof. For n > 1, an integer, assume that Γ(Zn) is a complete bipartite graph with
bipartition (A,B). Then Zn = A ∪ B, A ̸= ∅, B ̸= ∅, A ∩ B = ∅, and no two vertices
in A, as well as, in B, are adjacent and there is an edge between every vertex in A and
every vertex in B.

Since o(0) = 1 and o(1) = n, one of 0 and 1 belongs to A and the other to B, say,
0 ∈ A and 1 ∈ B.

Further, for any a ∈ Zn, a ̸= 0, we have o(a) > 1. We claim that a /∈ A. For if
a ∈ A, then by the nature of A, o(a) = o(0) = 1, a contradiction. So a /∈ A, for all
a ∈ Zn and a ̸= 0, so that a ∈ B, for all a ̸= 0. From this it follows that A = {0} and
B = {1, 2, · · · , n− 1}.

Since o(1) = n, it follows that o(a) = n, for all a ∈ B. That is, o(1) = o(2) = · · · =
o(n− 1) = n, so that n is a prime number.

Conversely, assume that n is a prime number. Then n has only two divisors, namely,
1 and n. But o(0) = 1 implies that D1 = {0} and o(r) = n, for 1 ≤ r ≤ n − 1, implies
that Dn = {1, 2, · · · , n− 1}. Further,

Zn = D1 ∪Dn, (disjoint union).
So, by the Theorem 3.1, Γ(Zn) is a complete bipartite graph with bipartition (D1, Dn).

Corollary 3.3: For n > 1, Γ(Zn) ∼= K1,n−1 and hence is a star graph if, and only if, n
is a prime.

Proof. Let n > 1 be an integer. By the Theorem 3.2, Γ(Zn) is a complete bipartite graph
with bipartition (D1, Dn) if, and only if, n is a prime.

Since |D1| = φ(1) and |Dn| = φ(n) = n − 1, by the Theorem 3.1, it follows that
Γ(Zn) ∼= K1,n−1, if, and only if, n is a prime.

Further, K1,n−1 is a star graph, which implies that Γ(Zn) is a star graph if, and only
if, n is a prime.

4
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b̄ ∈ Ddj , for i, 1 ≤ i ≤ d(n) and i ̸= j, then o(ā) = di ̸= dj = o(b̄). So there is an edge
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• Proof of Theorem 3.1 – 9th line –  Remove , 

the graph Γ(𝑍𝑍𝑛𝑛), is a      should be     the graph Γ(𝑍𝑍𝑛𝑛) is a     
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Corollary 3.3: For n > 1,                         and hence is a star graph if, and only if, n is a prime.

Proof. Let n > 1 be an integer. By the Theorem 3.2,            is a complete bipartite graph with bipartition               if, and only if, 
n is a prime.

Since                   and                                   by the Theorem 3.1, it follows that                         if, and only if, n is a prime.

Further,            is a star graph, which implies that            is a star graph if, and only if, n is a prime.

The following corollary is immediate from the Corollary 3.3.

Corollary 3.4: If n is a prime, then            is acyclic and hence it is a tree.

Example 3.5: The graph           as a 4-partite complete graph with 4-partition                              where
                       and                               The graph           as a 4-partite complete graph is shown below.                            

                               Figure. 3.1 The graph                              Figure. 3.2 The graph            as a 4-partite graph

Remark: Observer that 8 is an even number.

Example 3.6: The graph            is a complete bipartite graph with bipartition
where                  and  

                                                   Figure. 3.3 The graph                          Figure. 3.4 The graph            as a 2-partite graph

Remark: Observer that 11 is a prime number.

Enumeration of Triangles in
In this section, it is established that the graph           has no triangles if n is a prime and has triangles if n is a composite number. 
Further, the number of distinct triangles is determined if n is a composite number.

Theorem 4.1: If n > 1 is a prime number, then the graph            has no triangles.

Ddi = {ā ∈ Zn/o(ā) = di}
Suppose ā and b̄ are any two distinct vertices of Γ(Zn), such that, ā, b̄ ∈ Ddi for any

i, 1 ≤ i ≤ d(n). Then o(ā) = o(b̄) = di.
So, there is no edge between ā and b̄, which shows that the graph Γ(Zn) is not a

complete graph.
Further, if ā and b̄ are any two distinct vertices of Γ(Zn), such that ā ∈ Ddi and

b̄ ∈ Ddj , for i, 1 ≤ i ≤ d(n) and i ̸= j, then o(ā) = di ̸= dj = o(b̄). So there is an edge
between ā and b̄.

These show that Dd1 , Dd2 , · · · , Ddd(n)
are disjoint subsets of the vertex set of the graph

Γ(Zn) such that, there is no edge between the vertices belonging to Ddi for 1 ≤ i, j ≤
d(n), i ̸= j.

From these , it follows that the partitions (Dd1 , Dd2 , · · · , Ddd(n)
) of the graph Γ(Zn) is

a d(n)- partition of the vertex set of the graph Γ(Zn) and Γ(Zn) is a complete d(n)-partite
graph. By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n), so that

Γ(Zn) ∼= Kφ(d1),φ(d2),··· ,φ(dd(n)).

In the following theorem, it is shown that Γ(Zn) is a complete bipartite graph and a
star graph if, and only if, n is a prime.

Theorem 3.2: For n > 1, an integer, the graph Γ(Zn) is a complete bipartite graph if,
and only if, n is a prime.

Proof. For n > 1, an integer, assume that Γ(Zn) is a complete bipartite graph with
bipartition (A,B). Then Zn = A ∪ B, A ̸= ∅, B ̸= ∅, A ∩ B = ∅, and no two vertices
in A, as well as, in B, are adjacent and there is an edge between every vertex in A and
every vertex in B.

Since o(0) = 1 and o(1) = n, one of 0 and 1 belongs to A and the other to B, say,
0 ∈ A and 1 ∈ B.

Further, for any a ∈ Zn, a ̸= 0, we have o(a) > 1. We claim that a /∈ A. For if
a ∈ A, then by the nature of A, o(a) = o(0) = 1, a contradiction. So a /∈ A, for all
a ∈ Zn and a ̸= 0, so that a ∈ B, for all a ̸= 0. From this it follows that A = {0} and
B = {1, 2, · · · , n− 1}.

Since o(1) = n, it follows that o(a) = n, for all a ∈ B. That is, o(1) = o(2) = · · · =
o(n− 1) = n, so that n is a prime number.

Conversely, assume that n is a prime number. Then n has only two divisors, namely,
1 and n. But o(0) = 1 implies that D1 = {0} and o(r) = n, for 1 ≤ r ≤ n − 1, implies
that Dn = {1, 2, · · · , n− 1}. Further,

Zn = D1 ∪Dn, (disjoint union).
So, by the Theorem 3.1, Γ(Zn) is a complete bipartite graph with bipartition (D1, Dn).

Corollary 3.3: For n > 1, Γ(Zn) ∼= K1,n−1 and hence is a star graph if, and only if, n
is a prime.

Proof. Let n > 1 be an integer. By the Theorem 3.2, Γ(Zn) is a complete bipartite graph
with bipartition (D1, Dn) if, and only if, n is a prime.

Since |D1| = φ(1) and |Dn| = φ(n) = n − 1, by the Theorem 3.1, it follows that
Γ(Zn) ∼= K1,n−1, if, and only if, n is a prime.

Further, K1,n−1 is a star graph, which implies that Γ(Zn) is a star graph if, and only
if, n is a prime.

4
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between ā and b̄.

These show that Dd1 , Dd2 , · · · , Ddd(n)
are disjoint subsets of the vertex set of the graph

Γ(Zn) such that, there is no edge between the vertices belonging to Ddi for 1 ≤ i, j ≤
d(n), i ̸= j.

From these , it follows that the partitions (Dd1 , Dd2 , · · · , Ddd(n)
) of the graph Γ(Zn) is

a d(n)- partition of the vertex set of the graph Γ(Zn) and Γ(Zn) is a complete d(n)-partite
graph. By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n), so that

Γ(Zn) ∼= Kφ(d1),φ(d2),··· ,φ(dd(n)).

In the following theorem, it is shown that Γ(Zn) is a complete bipartite graph and a
star graph if, and only if, n is a prime.

Theorem 3.2: For n > 1, an integer, the graph Γ(Zn) is a complete bipartite graph if,
and only if, n is a prime.

Proof. For n > 1, an integer, assume that Γ(Zn) is a complete bipartite graph with
bipartition (A,B). Then Zn = A ∪ B, A ̸= ∅, B ̸= ∅, A ∩ B = ∅, and no two vertices
in A, as well as, in B, are adjacent and there is an edge between every vertex in A and
every vertex in B.

Since o(0) = 1 and o(1) = n, one of 0 and 1 belongs to A and the other to B, say,
0 ∈ A and 1 ∈ B.

Further, for any a ∈ Zn, a ̸= 0, we have o(a) > 1. We claim that a /∈ A. For if
a ∈ A, then by the nature of A, o(a) = o(0) = 1, a contradiction. So a /∈ A, for all
a ∈ Zn and a ̸= 0, so that a ∈ B, for all a ̸= 0. From this it follows that A = {0} and
B = {1, 2, · · · , n− 1}.

Since o(1) = n, it follows that o(a) = n, for all a ∈ B. That is, o(1) = o(2) = · · · =
o(n− 1) = n, so that n is a prime number.

Conversely, assume that n is a prime number. Then n has only two divisors, namely,
1 and n. But o(0) = 1 implies that D1 = {0} and o(r) = n, for 1 ≤ r ≤ n − 1, implies
that Dn = {1, 2, · · · , n− 1}. Further,

Zn = D1 ∪Dn, (disjoint union).
So, by the Theorem 3.1, Γ(Zn) is a complete bipartite graph with bipartition (D1, Dn).

Corollary 3.3: For n > 1, Γ(Zn) ∼= K1,n−1 and hence is a star graph if, and only if, n
is a prime.

Proof. Let n > 1 be an integer. By the Theorem 3.2, Γ(Zn) is a complete bipartite graph
with bipartition (D1, Dn) if, and only if, n is a prime.

Since |D1| = φ(1) and |Dn| = φ(n) = n − 1, by the Theorem 3.1, it follows that
Γ(Zn) ∼= K1,n−1, if, and only if, n is a prime.

Further, K1,n−1 is a star graph, which implies that Γ(Zn) is a star graph if, and only
if, n is a prime.

4
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The following corollary is immediate from the Corollary 3.3.

Corollary 3.4: If n is a prime, then Γ(Zn) is acyclic and hence it is a tree.

Example 3.5: The graph Γ(Z8) as a 4-partite complete graph with 4-partition
(D1, D2, D4, D8), where D1 = {8̄}, D2 = {4̄}, D4 = {2̄, 6̄}, and D8 = {1̄, 3̄, 5̄, 7̄}. The
graph Γ(Z8) as a 4-partite complete graph is shown bellow.

1̄
2̄

3̄

4̄
5̄

6̄

7̄

8̄

Fig. 3.1: The graph Γ(Z8)
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Fig. 3.2: The graph Γ(Z8) as a 4-partite graph

Remark: Observer that 8 is an even number.

Example 3.6: The graph Γ(Z11) is a complete bipartite graph with bipartition (D1, D11),
where D1 = {1̄1} and D11 = {1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄, 9̄, 1̄0}.
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Fig. 3.3: The graph Γ(Z11)
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1̄ 2̄ 3̄ 4̄ 5̄ 6̄ 7̄ 8̄ 9̄ 1̄0
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Fig. 3.4: The graph Γ(Z11) as a 2-partite graph

Remark: Observer that 11 is a prime number.
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∑d(n)
i,j,k=1

i̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | =
∑d(n)

i,j,k=1
i̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk),

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn/o(ā) = di}.

Proof. Let n ≥ 4 be a composite number. Then n = pα1
1 pα2

2 · · · pαk
k , where p1, p2, . . . , pk

are distinct primes, k > 1, and αi ≥ 1, 1 ≤ i ≤ k are integers.
Consider the vertices 1̄, p̄i, n̄, where 1 ≤ i ≤ k. We have o(1̄) = n, o(p̄i) = n

pi
, and

o(n̄) = 1. Since n ̸= n
pi
, it follows that there are edge between 1̄ and p̄i. Similarly, since

n
pi
̸= 1 and 1 ̸= n, there are edges between p̄i and n̄ and between n̄ and 1̄, so that (1̄, p̄i, n̄)

is a 3-cycle and hence a triangle in the graph Γ(Zn).

By the Theorem 1.4, Zn is the disjoint union of Dd1 , Dd2 , · · · , Ddd(n)
or Zn =

⋃d(n)
i=1 Ddi ,

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn : o(ā) = di}.
Further, by the Theorem 3.1, the graph Γ(Zn) is a complete d(n)-partite graph with

d(n)-partition (Dd1 , Dd2 , · · · , Ddd(n)
). That is, there is no edge between any two vertices

in Ddi and there is an edge between any vertex of Di and any vertex of Dj, for i, j =
1, 2, · · · , d(n) and i ̸= j.

So, a vertex vi ∈ Di, a vertex vj ∈ Dj and a vertex vk ∈ Dk give a triangle (vi, vj, vk)
for 1 ≤ i < j < k ≤ d(n) and i ̸= j, j ̸= k, k ̸= i.

So apparently there are
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | number of triangles in the graph

Γ(Zn).
By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n). So apparently there are

d(n)∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk)−−−−−−(1)

number of triangles in the graph Γ(Zn).
However, for 1 ≤ i, j, k ≤ d(n), i ̸= j, j ̸= k, k ̸= i, and for the vertices vi ∈ Ddi , vj ∈

Ddj , vk ∈ Ddk , the triads (vi, vj, vk) , (vi, vk, vj) , (vj, vi, vk) , (vj, vk, vi) , (vk, vi, vj) , (vk, vj, vi)
represent the same triangle in the graph Γ(Zn).

So, to obtain distinct triangles, it is enough to take 1 ≤ i < j < k ≤ d(n) in
summation (1). So, the number of distinct triangles in the graph Γ(Zn) is∑d(n)

i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk).

Example 4.3: Consider the graph Γ(Z8). Here Z8 = {1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄}.
Here n = 8 and the set of divisors of 8 is 1, 2, 4, 8. So d1 = 1, d2 = 2, d3 = 4,
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Further, by the Theorem 3.1, the graph Γ(Zn) is a complete d(n)-partite graph with

d(n)-partition (Dd1 , Dd2 , · · · , Ddd(n)
). That is, there is no edge between any two vertices

in Ddi and there is an edge between any vertex of Di and any vertex of Dj, for i, j =
1, 2, · · · , d(n) and i ̸= j.

So, a vertex vi ∈ Di, a vertex vj ∈ Dj and a vertex vk ∈ Dk give a triangle (vi, vj, vk)
for 1 ≤ i < j < k ≤ d(n) and i ̸= j, j ̸= k, k ̸= i.

So apparently there are
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | number of triangles in the graph

Γ(Zn).
By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n). So apparently there are

d(n)∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk)−−−−−−(1)

number of triangles in the graph Γ(Zn).
However, for 1 ≤ i, j, k ≤ d(n), i ̸= j, j ̸= k, k ̸= i, and for the vertices vi ∈ Ddi , vj ∈

Ddj , vk ∈ Ddk , the triads (vi, vj, vk) , (vi, vk, vj) , (vj, vi, vk) , (vj, vk, vi) , (vk, vi, vj) , (vk, vj, vi)
represent the same triangle in the graph Γ(Zn).

So, to obtain distinct triangles, it is enough to take 1 ≤ i < j < k ≤ d(n) in
summation (1). So, the number of distinct triangles in the graph Γ(Zn) is∑d(n)

i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk).

Example 4.3: Consider the graph Γ(Z8). Here Z8 = {1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄}.
Here n = 8 and the set of divisors of 8 is 1, 2, 4, 8. So d1 = 1, d2 = 2, d3 = 4,

and d4 = 8. We have φ(d1) = φ(1) = 1, φ(d2) = φ(2) = 1, φ(d3) = φ(4) = 2, and
φ(d4) = φ(8) = 4.

Thus, the total number of triangles in the graph Γ(Z8) is equal to∑d(n)
i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk)

= φ(d1)φ(d2)φ(d3) + φ(d1)φ(d2)φ(d4) + φ(d1)φ(d3)φ(d4) + φ(d2)φ(d3)φ(d4)
= (1)(1)(2) + (1)(1)(4) + (1)(2)(4) + (1)(2)(4) = 2 + 4 + 8 + 8 = 22.
From the Figure 3.2, one can see that the following 22 triads of vertices give the 22

distinct triangles in the graph Γ(Z8):
(1, 2, 4), (1, 2, 8), (1, 4, 6), (1, 4, 8), (1, 6, 8);
(2, 3, 4), (2, 3, 8), (2, 4, 5), (2, 4, 7), (2, 4, 8), (2, 5, 8), (2, 7, 8);

6

∑d(n)
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | =
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk),

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn/o(ā) = di}.
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Further, by the Theorem 3.1, the graph Γ(Zn) is a complete d(n)-partite graph with

d(n)-partition (Dd1 , Dd2 , · · · , Ddd(n)
). That is, there is no edge between any two vertices

in Ddi and there is an edge between any vertex of Di and any vertex of Dj, for i, j =
1, 2, · · · , d(n) and i ̸= j.

So, a vertex vi ∈ Di, a vertex vj ∈ Dj and a vertex vk ∈ Dk give a triangle (vi, vj, vk)
for 1 ≤ i < j < k ≤ d(n) and i ̸= j, j ̸= k, k ̸= i.

So apparently there are
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | number of triangles in the graph

Γ(Zn).
By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n). So apparently there are

d(n)∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk)−−−−−−(1)

number of triangles in the graph Γ(Zn).
However, for 1 ≤ i, j, k ≤ d(n), i ̸= j, j ̸= k, k ̸= i, and for the vertices vi ∈ Ddi , vj ∈

Ddj , vk ∈ Ddk , the triads (vi, vj, vk) , (vi, vk, vj) , (vj, vi, vk) , (vj, vk, vi) , (vk, vi, vj) , (vk, vj, vi)
represent the same triangle in the graph Γ(Zn).

So, to obtain distinct triangles, it is enough to take 1 ≤ i < j < k ≤ d(n) in
summation (1). So, the number of distinct triangles in the graph Γ(Zn) is∑d(n)

i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk).

Example 4.3: Consider the graph Γ(Z8). Here Z8 = {1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄}.
Here n = 8 and the set of divisors of 8 is 1, 2, 4, 8. So d1 = 1, d2 = 2, d3 = 4,

and d4 = 8. We have φ(d1) = φ(1) = 1, φ(d2) = φ(2) = 1, φ(d3) = φ(4) = 2, and
φ(d4) = φ(8) = 4.

Thus, the total number of triangles in the graph Γ(Z8) is equal to∑d(n)
i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk)

= φ(d1)φ(d2)φ(d3) + φ(d1)φ(d2)φ(d4) + φ(d1)φ(d3)φ(d4) + φ(d2)φ(d3)φ(d4)
= (1)(1)(2) + (1)(1)(4) + (1)(2)(4) + (1)(2)(4) = 2 + 4 + 8 + 8 = 22.
From the Figure 3.2, one can see that the following 22 triads of vertices give the 22

distinct triangles in the graph Γ(Z8):
(1, 2, 4), (1, 2, 8), (1, 4, 6), (1, 4, 8), (1, 6, 8);
(2, 3, 4), (2, 3, 8), (2, 4, 5), (2, 4, 7), (2, 4, 8), (2, 5, 8), (2, 7, 8);

6

∑d(n)
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | =
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk),

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn/o(ā) = di}.
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Proof. Let n ≥ 4 be a composite number. Then n = pα1
1 pα2

2 · · · pαk
k , where p1, p2, . . . , pk

are distinct primes, k > 1, and αi ≥ 1, 1 ≤ i ≤ k are integers.
Consider the vertices 1̄, p̄i, n̄, where 1 ≤ i ≤ k. We have o(1̄) = n, o(p̄i) = n

pi
, and

o(n̄) = 1. Since n ̸= n
pi
, it follows that there are edge between 1̄ and p̄i. Similarly, since

n
pi
̸= 1 and 1 ̸= n, there are edges between p̄i and n̄ and between n̄ and 1̄, so that (1̄, p̄i, n̄)

is a 3-cycle and hence a triangle in the graph Γ(Zn).

By the Theorem 1.4, Zn is the disjoint union of Dd1 , Dd2 , · · · , Ddd(n)
or Zn =

⋃d(n)
i=1 Ddi ,

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn : o(ā) = di}.
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Proof. Let n ≥ 4 be a composite number. Then n = pα1
1 pα2

2 · · · pαk
k , where p1, p2, . . . , pk

are distinct primes, k > 1, and αi ≥ 1, 1 ≤ i ≤ k are integers.
Consider the vertices 1̄, p̄i, n̄, where 1 ≤ i ≤ k. We have o(1̄) = n, o(p̄i) = n

pi
, and

o(n̄) = 1. Since n ̸= n
pi
, it follows that there are edge between 1̄ and p̄i. Similarly, since

n
pi
̸= 1 and 1 ̸= n, there are edges between p̄i and n̄ and between n̄ and 1̄, so that (1̄, p̄i, n̄)

is a 3-cycle and hence a triangle in the graph Γ(Zn).

By the Theorem 1.4, Zn is the disjoint union of Dd1 , Dd2 , · · · , Ddd(n)
or Zn =

⋃d(n)
i=1 Ddi ,

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn : o(ā) = di}.
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Proof. Let n ≥ 4 be a composite number. Then n = pα1
1 pα2

2 · · · pαk
k , where p1, p2, . . . , pk

are distinct primes, k > 1, and αi ≥ 1, 1 ≤ i ≤ k are integers.
Consider the vertices 1̄, p̄i, n̄, where 1 ≤ i ≤ k. We have o(1̄) = n, o(p̄i) = n

pi
, and

o(n̄) = 1. Since n ̸= n
pi
, it follows that there are edge between 1̄ and p̄i. Similarly, since

n
pi
̸= 1 and 1 ̸= n, there are edges between p̄i and n̄ and between n̄ and 1̄, so that (1̄, p̄i, n̄)

is a 3-cycle and hence a triangle in the graph Γ(Zn).

By the Theorem 1.4, Zn is the disjoint union of Dd1 , Dd2 , · · · , Ddd(n)
or Zn =

⋃d(n)
i=1 Ddi ,

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn : o(ā) = di}.
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Further, by the Theorem 3.1, the graph Γ(Zn) is a complete d(n)-partite graph with

d(n)-partition (Dd1 , Dd2 , · · · , Ddd(n)
). That is, there is no edge between any two vertices

in Ddi and there is an edge between any vertex of Di and any vertex of Dj, for i, j =
1, 2, · · · , d(n) and i ̸= j.

So, a vertex vi ∈ Di, a vertex vj ∈ Dj and a vertex vk ∈ Dk give a triangle (vi, vj, vk)
for 1 ≤ i < j < k ≤ d(n) and i ̸= j, j ̸= k, k ̸= i.

So apparently there are
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | number of triangles in the graph

Γ(Zn).
By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n). So apparently there are

d(n)∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk)−−−−−−(1)

number of triangles in the graph Γ(Zn).
However, for 1 ≤ i, j, k ≤ d(n), i ̸= j, j ̸= k, k ̸= i, and for the vertices vi ∈ Ddi , vj ∈

Ddj , vk ∈ Ddk , the triads (vi, vj, vk) , (vi, vk, vj) , (vj, vi, vk) , (vj, vk, vi) , (vk, vi, vj) , (vk, vj, vi)
represent the same triangle in the graph Γ(Zn).

So, to obtain distinct triangles, it is enough to take 1 ≤ i < j < k ≤ d(n) in
summation (1). So, the number of distinct triangles in the graph Γ(Zn) is∑d(n)

i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk).

Example 4.3: Consider the graph Γ(Z8). Here Z8 = {1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄}.
Here n = 8 and the set of divisors of 8 is 1, 2, 4, 8. So d1 = 1, d2 = 2, d3 = 4,

and d4 = 8. We have φ(d1) = φ(1) = 1, φ(d2) = φ(2) = 1, φ(d3) = φ(4) = 2, and
φ(d4) = φ(8) = 4.

Thus, the total number of triangles in the graph Γ(Z8) is equal to∑d(n)
i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk)

= φ(d1)φ(d2)φ(d3) + φ(d1)φ(d2)φ(d4) + φ(d1)φ(d3)φ(d4) + φ(d2)φ(d3)φ(d4)
= (1)(1)(2) + (1)(1)(4) + (1)(2)(4) + (1)(2)(4) = 2 + 4 + 8 + 8 = 22.
From the Figure 3.2, one can see that the following 22 triads of vertices give the 22

distinct triangles in the graph Γ(Z8):
(1, 2, 4), (1, 2, 8), (1, 4, 6), (1, 4, 8), (1, 6, 8);
(2, 3, 4), (2, 3, 8), (2, 4, 5), (2, 4, 7), (2, 4, 8), (2, 5, 8), (2, 7, 8);

6

∑d(n)
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | =
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk),

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn/o(ā) = di}.
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Example 4.3: Consider the graph Γ(Z8). Here Z8 = {1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄}.
Here n = 8 and the set of divisors of 8 is 1, 2, 4, 8. So d1 = 1, d2 = 2, d3 = 4,
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Proof. Let n ≥ 4 be a composite number. Then n = pα1
1 pα2

2 · · · pαk
k , where p1, p2, . . . , pk

are distinct primes, k > 1, and αi ≥ 1, 1 ≤ i ≤ k are integers.
Consider the vertices 1̄, p̄i, n̄, where 1 ≤ i ≤ k. We have o(1̄) = n, o(p̄i) = n

pi
, and

o(n̄) = 1. Since n ̸= n
pi
, it follows that there are edge between 1̄ and p̄i. Similarly, since

n
pi
̸= 1 and 1 ̸= n, there are edges between p̄i and n̄ and between n̄ and 1̄, so that (1̄, p̄i, n̄)

is a 3-cycle and hence a triangle in the graph Γ(Zn).

By the Theorem 1.4, Zn is the disjoint union of Dd1 , Dd2 , · · · , Ddd(n)
or Zn =

⋃d(n)
i=1 Ddi ,

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn : o(ā) = di}.
Further, by the Theorem 3.1, the graph Γ(Zn) is a complete d(n)-partite graph with

d(n)-partition (Dd1 , Dd2 , · · · , Ddd(n)
). That is, there is no edge between any two vertices

in Ddi and there is an edge between any vertex of Di and any vertex of Dj, for i, j =
1, 2, · · · , d(n) and i ̸= j.

So, a vertex vi ∈ Di, a vertex vj ∈ Dj and a vertex vk ∈ Dk give a triangle (vi, vj, vk)
for 1 ≤ i < j < k ≤ d(n) and i ̸= j, j ̸= k, k ̸= i.

So apparently there are
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | number of triangles in the graph

Γ(Zn).
By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n). So apparently there are

d(n)∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk)−−−−−−(1)

number of triangles in the graph Γ(Zn).
However, for 1 ≤ i, j, k ≤ d(n), i ̸= j, j ̸= k, k ̸= i, and for the vertices vi ∈ Ddi , vj ∈

Ddj , vk ∈ Ddk , the triads (vi, vj, vk) , (vi, vk, vj) , (vj, vi, vk) , (vj, vk, vi) , (vk, vi, vj) , (vk, vj, vi)
represent the same triangle in the graph Γ(Zn).

So, to obtain distinct triangles, it is enough to take 1 ≤ i < j < k ≤ d(n) in
summation (1). So, the number of distinct triangles in the graph Γ(Zn) is∑d(n)

i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk).

Example 4.3: Consider the graph Γ(Z8). Here Z8 = {1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄}.
Here n = 8 and the set of divisors of 8 is 1, 2, 4, 8. So d1 = 1, d2 = 2, d3 = 4,

and d4 = 8. We have φ(d1) = φ(1) = 1, φ(d2) = φ(2) = 1, φ(d3) = φ(4) = 2, and
φ(d4) = φ(8) = 4.

Thus, the total number of triangles in the graph Γ(Z8) is equal to∑d(n)
i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk)

= φ(d1)φ(d2)φ(d3) + φ(d1)φ(d2)φ(d4) + φ(d1)φ(d3)φ(d4) + φ(d2)φ(d3)φ(d4)
= (1)(1)(2) + (1)(1)(4) + (1)(2)(4) + (1)(2)(4) = 2 + 4 + 8 + 8 = 22.
From the Figure 3.2, one can see that the following 22 triads of vertices give the 22

distinct triangles in the graph Γ(Z8):
(1, 2, 4), (1, 2, 8), (1, 4, 6), (1, 4, 8), (1, 6, 8);
(2, 3, 4), (2, 3, 8), (2, 4, 5), (2, 4, 7), (2, 4, 8), (2, 5, 8), (2, 7, 8);

6

∑d(n)
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | =
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk),

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn/o(ā) = di}.
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Further, by the Theorem 3.1, the graph Γ(Zn) is a complete d(n)-partite graph with

d(n)-partition (Dd1 , Dd2 , · · · , Ddd(n)
). That is, there is no edge between any two vertices

in Ddi and there is an edge between any vertex of Di and any vertex of Dj, for i, j =
1, 2, · · · , d(n) and i ̸= j.

So, a vertex vi ∈ Di, a vertex vj ∈ Dj and a vertex vk ∈ Dk give a triangle (vi, vj, vk)
for 1 ≤ i < j < k ≤ d(n) and i ̸= j, j ̸= k, k ̸= i.

So apparently there are
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | number of triangles in the graph

Γ(Zn).
By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n). So apparently there are

d(n)∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk)−−−−−−(1)

number of triangles in the graph Γ(Zn).
However, for 1 ≤ i, j, k ≤ d(n), i ̸= j, j ̸= k, k ̸= i, and for the vertices vi ∈ Ddi , vj ∈

Ddj , vk ∈ Ddk , the triads (vi, vj, vk) , (vi, vk, vj) , (vj, vi, vk) , (vj, vk, vi) , (vk, vi, vj) , (vk, vj, vi)
represent the same triangle in the graph Γ(Zn).

So, to obtain distinct triangles, it is enough to take 1 ≤ i < j < k ≤ d(n) in
summation (1). So, the number of distinct triangles in the graph Γ(Zn) is∑d(n)

i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk).

Example 4.3: Consider the graph Γ(Z8). Here Z8 = {1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄}.
Here n = 8 and the set of divisors of 8 is 1, 2, 4, 8. So d1 = 1, d2 = 2, d3 = 4,

and d4 = 8. We have φ(d1) = φ(1) = 1, φ(d2) = φ(2) = 1, φ(d3) = φ(4) = 2, and
φ(d4) = φ(8) = 4.

Thus, the total number of triangles in the graph Γ(Z8) is equal to∑d(n)
i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk)

= φ(d1)φ(d2)φ(d3) + φ(d1)φ(d2)φ(d4) + φ(d1)φ(d3)φ(d4) + φ(d2)φ(d3)φ(d4)
= (1)(1)(2) + (1)(1)(4) + (1)(2)(4) + (1)(2)(4) = 2 + 4 + 8 + 8 = 22.
From the Figure 3.2, one can see that the following 22 triads of vertices give the 22

distinct triangles in the graph Γ(Z8):
(1, 2, 4), (1, 2, 8), (1, 4, 6), (1, 4, 8), (1, 6, 8);
(2, 3, 4), (2, 3, 8), (2, 4, 5), (2, 4, 7), (2, 4, 8), (2, 5, 8), (2, 7, 8);

6

∑d(n)
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | =
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk),

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn/o(ā) = di}.
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k , where p1, p2, . . . , pk

are distinct primes, k > 1, and αi ≥ 1, 1 ≤ i ≤ k are integers.
Consider the vertices 1̄, p̄i, n̄, where 1 ≤ i ≤ k. We have o(1̄) = n, o(p̄i) = n

pi
, and

o(n̄) = 1. Since n ̸= n
pi
, it follows that there are edge between 1̄ and p̄i. Similarly, since

n
pi
̸= 1 and 1 ̸= n, there are edges between p̄i and n̄ and between n̄ and 1̄, so that (1̄, p̄i, n̄)

is a 3-cycle and hence a triangle in the graph Γ(Zn).

By the Theorem 1.4, Zn is the disjoint union of Dd1 , Dd2 , · · · , Ddd(n)
or Zn =

⋃d(n)
i=1 Ddi ,

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn : o(ā) = di}.
Further, by the Theorem 3.1, the graph Γ(Zn) is a complete d(n)-partite graph with

d(n)-partition (Dd1 , Dd2 , · · · , Ddd(n)
). That is, there is no edge between any two vertices

in Ddi and there is an edge between any vertex of Di and any vertex of Dj, for i, j =
1, 2, · · · , d(n) and i ̸= j.

So, a vertex vi ∈ Di, a vertex vj ∈ Dj and a vertex vk ∈ Dk give a triangle (vi, vj, vk)
for 1 ≤ i < j < k ≤ d(n) and i ̸= j, j ̸= k, k ̸= i.

So apparently there are
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | number of triangles in the graph

Γ(Zn).
By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n). So apparently there are

d(n)∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk)−−−−−−(1)

number of triangles in the graph Γ(Zn).
However, for 1 ≤ i, j, k ≤ d(n), i ̸= j, j ̸= k, k ̸= i, and for the vertices vi ∈ Ddi , vj ∈

Ddj , vk ∈ Ddk , the triads (vi, vj, vk) , (vi, vk, vj) , (vj, vi, vk) , (vj, vk, vi) , (vk, vi, vj) , (vk, vj, vi)
represent the same triangle in the graph Γ(Zn).

So, to obtain distinct triangles, it is enough to take 1 ≤ i < j < k ≤ d(n) in
summation (1). So, the number of distinct triangles in the graph Γ(Zn) is∑d(n)

i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk).

Example 4.3: Consider the graph Γ(Z8). Here Z8 = {1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄}.
Here n = 8 and the set of divisors of 8 is 1, 2, 4, 8. So d1 = 1, d2 = 2, d3 = 4,

and d4 = 8. We have φ(d1) = φ(1) = 1, φ(d2) = φ(2) = 1, φ(d3) = φ(4) = 2, and
φ(d4) = φ(8) = 4.

Thus, the total number of triangles in the graph Γ(Z8) is equal to∑d(n)
i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk)

= φ(d1)φ(d2)φ(d3) + φ(d1)φ(d2)φ(d4) + φ(d1)φ(d3)φ(d4) + φ(d2)φ(d3)φ(d4)
= (1)(1)(2) + (1)(1)(4) + (1)(2)(4) + (1)(2)(4) = 2 + 4 + 8 + 8 = 22.
From the Figure 3.2, one can see that the following 22 triads of vertices give the 22

distinct triangles in the graph Γ(Z8):
(1, 2, 4), (1, 2, 8), (1, 4, 6), (1, 4, 8), (1, 6, 8);
(2, 3, 4), (2, 3, 8), (2, 4, 5), (2, 4, 7), (2, 4, 8), (2, 5, 8), (2, 7, 8);
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Further, by the Theorem 3.1, the graph Γ(Zn) is a complete d(n)-partite graph with

d(n)-partition (Dd1 , Dd2 , · · · , Ddd(n)
). That is, there is no edge between any two vertices

in Ddi and there is an edge between any vertex of Di and any vertex of Dj, for i, j =
1, 2, · · · , d(n) and i ̸= j.

So, a vertex vi ∈ Di, a vertex vj ∈ Dj and a vertex vk ∈ Dk give a triangle (vi, vj, vk)
for 1 ≤ i < j < k ≤ d(n) and i ̸= j, j ̸= k, k ̸= i.

So apparently there are
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | number of triangles in the graph

Γ(Zn).
By the Corollary 1.3, |Ddi | = φ(di), for 1 ≤ i ≤ d(n). So apparently there are

d(n)∑
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk)−−−−−−(1)

number of triangles in the graph Γ(Zn).
However, for 1 ≤ i, j, k ≤ d(n), i ̸= j, j ̸= k, k ̸= i, and for the vertices vi ∈ Ddi , vj ∈

Ddj , vk ∈ Ddk , the triads (vi, vj, vk) , (vi, vk, vj) , (vj, vi, vk) , (vj, vk, vi) , (vk, vi, vj) , (vk, vj, vi)
represent the same triangle in the graph Γ(Zn).

So, to obtain distinct triangles, it is enough to take 1 ≤ i < j < k ≤ d(n) in
summation (1). So, the number of distinct triangles in the graph Γ(Zn) is∑d(n)

i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk).

Example 4.3: Consider the graph Γ(Z8). Here Z8 = {1̄, 2̄, 3̄, 4̄, 5̄, 6̄, 7̄, 8̄}.
Here n = 8 and the set of divisors of 8 is 1, 2, 4, 8. So d1 = 1, d2 = 2, d3 = 4,

and d4 = 8. We have φ(d1) = φ(1) = 1, φ(d2) = φ(2) = 1, φ(d3) = φ(4) = 2, and
φ(d4) = φ(8) = 4.

Thus, the total number of triangles in the graph Γ(Z8) is equal to∑d(n)
i,j,k=1
i<j<k

φ(di)φ(dj)φ(dk)

= φ(d1)φ(d2)φ(d3) + φ(d1)φ(d2)φ(d4) + φ(d1)φ(d3)φ(d4) + φ(d2)φ(d3)φ(d4)
= (1)(1)(2) + (1)(1)(4) + (1)(2)(4) + (1)(2)(4) = 2 + 4 + 8 + 8 = 22.
From the Figure 3.2, one can see that the following 22 triads of vertices give the 22

distinct triangles in the graph Γ(Z8):
(1, 2, 4), (1, 2, 8), (1, 4, 6), (1, 4, 8), (1, 6, 8);
(2, 3, 4), (2, 3, 8), (2, 4, 5), (2, 4, 7), (2, 4, 8), (2, 5, 8), (2, 7, 8);

6

∑d(n)
i,j,k=1

i ̸=j,j ̸=k,k ̸=i

|Ddi ||Ddj ||Ddk | =
∑d(n)

i,j,k=1
i ̸=j,j ̸=k,k ̸=i

φ(di)φ(dj)φ(dk),

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn/o(ā) = di}.

Proof. Let n ≥ 4 be a composite number. Then n = pα1
1 pα2

2 · · · pαk
k , where p1, p2, . . . , pk

are distinct primes, k > 1, and αi ≥ 1, 1 ≤ i ≤ k are integers.
Consider the vertices 1̄, p̄i, n̄, where 1 ≤ i ≤ k. We have o(1̄) = n, o(p̄i) = n

pi
, and

o(n̄) = 1. Since n ̸= n
pi
, it follows that there are edge between 1̄ and p̄i. Similarly, since

n
pi
̸= 1 and 1 ̸= n, there are edges between p̄i and n̄ and between n̄ and 1̄, so that (1̄, p̄i, n̄)

is a 3-cycle and hence a triangle in the graph Γ(Zn).

By the Theorem 1.4, Zn is the disjoint union of Dd1 , Dd2 , · · · , Ddd(n)
or Zn =

⋃d(n)
i=1 Ddi ,

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn : o(ā) = di}.
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Proof. Let n ≥ 4 be a composite number. Then n = pα1
1 pα2

2 · · · pαk
k , where p1, p2, . . . , pk

are distinct primes, k > 1, and αi ≥ 1, 1 ≤ i ≤ k are integers.
Consider the vertices 1̄, p̄i, n̄, where 1 ≤ i ≤ k. We have o(1̄) = n, o(p̄i) = n

pi
, and

o(n̄) = 1. Since n ̸= n
pi
, it follows that there are edge between 1̄ and p̄i. Similarly, since

n
pi
̸= 1 and 1 ̸= n, there are edges between p̄i and n̄ and between n̄ and 1̄, so that (1̄, p̄i, n̄)

is a 3-cycle and hence a triangle in the graph Γ(Zn).

By the Theorem 1.4, Zn is the disjoint union of Dd1 , Dd2 , · · · , Ddd(n)
or Zn =

⋃d(n)
i=1 Ddi ,

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn : o(ā) = di}.
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Proof. Let n ≥ 4 be a composite number. Then n = pα1
1 pα2

2 · · · pαk
k , where p1, p2, . . . , pk

are distinct primes, k > 1, and αi ≥ 1, 1 ≤ i ≤ k are integers.
Consider the vertices 1̄, p̄i, n̄, where 1 ≤ i ≤ k. We have o(1̄) = n, o(p̄i) = n

pi
, and

o(n̄) = 1. Since n ̸= n
pi
, it follows that there are edge between 1̄ and p̄i. Similarly, since

n
pi
̸= 1 and 1 ̸= n, there are edges between p̄i and n̄ and between n̄ and 1̄, so that (1̄, p̄i, n̄)

is a 3-cycle and hence a triangle in the graph Γ(Zn).

By the Theorem 1.4, Zn is the disjoint union of Dd1 , Dd2 , · · · , Ddd(n)
or Zn =

⋃d(n)
i=1 Ddi ,

where d1, d2, · · · , dd(n) are the distinct divisors of n and Ddi = {ā ∈ Zn : o(ā) = di}.
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6

• Proof of Theorem 3.2 – 7th   line –    Remove extra under score 

• Proof of Theorem 3.2 – 8th ,  9th line –    n     should be     𝑛𝑛 

• Proof of Theorem 3.2 –   12th line –    Remove , 

Γ(𝑍𝑍𝑛𝑛),       should be    Γ(𝑍𝑍𝑛𝑛) 
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• Corollary 3.3 – if and should be      if, and  

• Proof – Corollary 3.3- 1st  line –  n>1    should be    𝑛𝑛 > 1 

• Proof – Corollary 3.3- 1st  line –  Remove , 

Γ(𝑍𝑍𝑛𝑛),       should be    Γ(𝑍𝑍𝑛𝑛) 
• Proof – Corollary 3.3- 1st  line –  Remove . 

(𝐷𝐷1, 𝐷𝐷2).       should be    (𝐷𝐷1, 𝐷𝐷2) 
• Proof – Corollary 3.3- 4th   line –  Remove , 

Γ(𝑍𝑍𝑛𝑛),       should be    Γ(𝑍𝑍𝑛𝑛) 
• Corollary 3.4-   Remove , 

Γ(𝑍𝑍𝑛𝑛),       should be    Γ(𝑍𝑍𝑛𝑛) 
• Example 3.5 – 2nd line – bellow      should be       below 

• Example 3.5 –   Figure captions   (Maintain Uniform Caption format  through out the 

paper) 

• Section Head Spacing 
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• Proof – 1st  line – 𝑛𝑛        should be 𝑛𝑛 

• Proof  of Theorem 4.2- matter missing in  1st  line –  

  𝑘𝑘 > 1 and 𝛼𝛼𝑖𝑖 ≥ 1, 1 ≤ 𝑖𝑖 ≤ 𝑘𝑘      should be      𝑘𝑘 > 1 and 𝛼𝛼𝑖𝑖 ≥ 1, 1 ≤ 𝑖𝑖 ≤ 𝑘𝑘 are integers. 

• Proof  of Theorem 4.2- 3rd  line –  there are  edge      should be     there is an edge 

• Proof  of Theorem 4.2-  4th line -  Γ(𝑍𝑍𝑛𝑛)       should be    Γ(𝑍𝑍𝑛𝑛). 
• Proof  of Theorem 4.2-  9th line -   i≠j.       should be     𝑖𝑖 ≠ 𝑗𝑗.       
• Proof  of Theorem 4.2-  10th line - 𝑣𝑣𝑘𝑘 ∈ 𝐷𝐷𝑘𝑘give     should be     𝑣𝑣𝑘𝑘 ∈ 𝐷𝐷𝑘𝑘  give 

• Proof  of Theorem 4.2-  11th line -   graph Γ(𝑍𝑍𝑛𝑛)    should be     Γ(𝑍𝑍𝑛𝑛). 
• Proof  of Theorem 4.2-  14th line -   graph Γ(𝑍𝑍𝑛𝑛)    should be     Γ(𝑍𝑍𝑛𝑛). 
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(3, 4, 6), (3, 4, 8), (3, 6, 8);
(4, 5, 6), (4, 5, 8), (4, 6, 7), (4, 6, 8), (4, 7, 8);
(5, 6, 8), (6, 7, 8).
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