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ABSTRACT

In Part 1, using a primitive formulation of the circle method, we present a sufficiency condition for the twin prime conjecture that misses by just an epsilon.
In Part 2, using the standard formulation of the circle method for the twin prime conjecture, we show that the Hardy-Littlewood minor arc sufficiency
condition implies the m-prime conjecture for every even integer m. We show exactly where the proof breaks down, when m is an odd integer.

*Corresponding author
CJ] Mozzochi, P.O. Box 1424, Princeton, NJ 08542, USA.

Received: September 01, 2026; Accepted: September 14, 2026; Published: September 21, 2026

Introduction

Part 1

We employ arguably the most primitive formulation possible of
the circle method applied to the twin prime conjecture to expose
its fundamental components and concepts.

We then present a sufficiency condition, from which the twin prime
conjecture follows from our formulation of the circle method.
We then show that sufficiency condition is false.

Let
e(mzx)
T,v) = v2>2),9(x,v)=0w < 2);
50)= 3 D0 Dhsle) =000 <2
W= Y —— = g(0.0) ~ (== ) .Ll0] = L[1] = 0;
. _2<m<’u lOgm/ SO 10g7) . 7 o

1 2+4€ 1 15
To = ( o8 n) Part 1 To = < o8 n) Part 2
n n

flz,v) = Z e(pz), where €(z) = ¥ (v > 0);
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We assume the sufficiency condition:
There exist infinitely many » such that for each such » for all m
such that

n

2+€

———— < m <n we have
log“ “n

r(n,m) <

From the sufficiency condition and the assumption that the twin
prime conjecture is false we are able to prove for n in that infinite

equence, Iy(n) = o ( n

logZn

) (cf. page 8), which, from our

primitive formulation of the circle method construction,
immediately implies a contradiction. So the twin prime conjecture
must be true.

Counterexample to the Sufficiency Condition

Assume n > Nj. By the PNT the number of primes in [%,n]
. . n . . n n
is asymptotic to 37,44, and the number of primes in [§7 7

. . n
is asymptotic t0 §og 7 -

LetS:{m:pi—pj

%Smén,%ﬁpjﬁ%}

. . 2 .
|S] is (asymptotically) equal to wl’;ﬁ and 2 <m < %".

n?

But by the assumption we have |.S| < TToez -

Remark: There exists unconditionally an infinite number of

T(n, m) Z 10g2+5n .

So our sufficiency condition misses by just an epsilon. We believe,
after a very careful search of the literature, that we have produced
the closest known attempted proof of the twin prime conjecture.

Previously, the two most important attempted proofs of the twin
prime conjecture are due to Chen Jungrun (1966) and Roger
Heath-Brown (1983)

Chen Jungrun: Define Chen primes: p+2 is either a prime or a
product of two primes. There are infinitely many Chen primes.

Roger Heath-Brown: At least one of the following two statements
are true:

(Twin Prime conjecture) There are infinitely many primes p such
that p+2 is also prime.

(No Siegel zeros) There exists a constant ¢ >0 such that for

every real Dirichlet character y of conductor ¢ > 1, the associated
L-function s — L(s, x)has no zeros in the interval

{1 - C,q .
log q
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These results involve very deep and very complicated mathematical
concepts and arguments. In very sharp contrast we obtain a truly
remarkable attempted proof by a very elementary construction
and mathematical argument. We believe our result is closer to
twin primes than theirs is.

Part 2
In 1921 Hardy and Llttlewood stated, under the assumption of

GRH, if one could establish the estimate o( log"z n) on the minor

arc, the twin prime conjecture would follow. In [7] we removed
the assumption of GRH. In Part 2 we show that the o Toakm
estimate on the minor arc implies the m-prime conjecture for
even integer m.

We now address the result in Part 1.

Theorem 1 The sufficiency condition and assumption that the
twin prime conjecture is false are not comparable.

Proof

We assume n > Co.
Clearly,

1+xo
T(n,2)=/ 1 (2, )2 €(—20)da

1—xo 140
— [ WemPd-zdet [ ) (20
To 1—xo
=1I(a)+1(8)
Estimate of 1()

Basic Theorem [3] Let m > 3, k < log“n and (k,1) = 1

i —log!/?
Lsm ‘ < Cmexp <0gn

w(m, k1) — o) 200

This is proved by standard analytic number theory techniques.
(cf. Theorem 55 in [3])

Corollary 1

L U
7 ([v];4,0) 50)

< nlog™%n for (0 <v<n),(g,n)=1,n> Co.

This follows immediately from the Basic Theorem by considering
case 1 0 < v < n'/?and case 2 n'/2 <v <n.

Lemma 1

Og; e (%) = ().

(l,q)=1
(h,q)=1

By Theorem 272 in [5] we have
3 o) - Het
oSz, \d B(N)
(L,q)=1

where ¢ = aN,a = (h, q).

But (h,q) =1

Lemma 2 [3]
flz1 + z2,v) = e(vaa) f(z1,v) — 2mizs /v e(uxs) f(z1,u)du.
0
e(vea) — e(px2) = /v 2mizae(uzs)du
P

fl@ +wa,0) =) e(pr1)e(pr)

=5 {eton e [ cturn}
= e(vza) Z e(pr1) — 2mixe /Ov e(uxs) Z e(pz1)du

p<v

= e(vea) f(z1,v) — 2mizs /OU e(uzs) f(z1,u)du.

p<u

Lemma 3 [3]

"V

g(x1 + z2,v) = e(vza)g(x1,v) — 27rix2/ e(uxz2)g(x1, u)du.

0
This can be proved in the same way as the proof of Lemma 2.

Lemma 4 [3]

£ () =ctums (Bon) 2y [ etuns (B ae

This follows from Lemma 2 with x1 = %, To =Y,V ="N.

Lemma 5 [3]

n
alyon) = elny)g(0.n) — 2y | elu)g(0,u)du
0
This follows from Lemma 3 with 7 = 0,22 = y,v = 0.

Theorem 2 Let [3]

‘y| S Zo,
(¢;n) =1.
Then |f (ﬁ +y,n) ~ D )| < 10g~Hn,
q o(q)
Proof.
h h
f(f,v> —Ze(p—> §Zl<q.
a p<v a pta
plq
Clearly,
h Lh Lh
Ze(p—) = Z e(—) Z 1= Z e(—) m([v]; ¢, 1).
p<v q 0<I<q 1 p<v 0<i<q q
pla (L,g)=1 p=l (mod q) (Lg)=1

Hence by Lemma 1 and Corollary 1 we have
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(5) -t

oh\ _pla)
= ;e<q> o)™
plq

() s )
(Lag)=1

=q+qnlog™

e(ny) {f (Zn> - 'ZEZ;Q(Q”)}
iy [ o {5 (B) - 20,0

<l (Ee) o] o [ ()

< 2nlog™*® n(1 + 2mzon) < nlog ' n,

100, < 2nlog_85n (0<wv<n).

'f (Z +y,n) - ;EZ;Q(%”)

=

By Theorem 2 we have for [y < x
[f(L+y,n) = g(y,n)| < (nlog™>"**n)
By the trivial inequalities | f(x,n)| < n and |g(y,n)| < n and the fact that if |a| < n and [b] <n, then

la® — b*| < 2nja —b| with a = f(1+y,n) and b= g(y,n) and b = g(y,n) we have for |y| < z

|21 +y,n) — g*(y,n)| < Canlog™ " n.

Immediately we have

(1+y,0) = lg(y,m)P| < [F2(1+y.n) — ¢*(y.n)| < Can®log >,

By the change of variable y = (x — 1) we have

10 = [ 150+ )P -2y

—x0

so that
zo

’/jo |F(1+y,n)* e(—2y)dy */ lg(y,n)|* e(—2y)dy

—xz9

z0
< / |£2(1+y.n) — g*(y.n)| dy < Cenlog™ " n.

—x

Let zo 5

Tatn) = [ lotm) P e(=my)dy.

—zo
The
B [1(8) - Ti(n)| < Conlog ™.
Let
T(n) = Z log ™! ma log ™! me.
my>2,mo Z’rg;”:j mo—mi1=2
mi<n,ms<n
Clearly,

T(n) = / * g )| e(~29)dy.

1
2
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Also, the number of terms on the right hand side is (n—3) and each term is greater than log™' n and less than 1 so that

(n—3)log ?n < T(n)<n

L 1 1
E e(my)| < — < — mp >20<|yl <=
=, [sinmy| ~ 2y 2

Hence by definition of g(y, n) and Abel’s lemma we have

_ 1
oy, m)] < Jy| ™ <0<|y|<§);

so that

1

IT(n) - Ty(n)| < 2 / "y 2dy < Cynlog >+ n.

Zo

Hence

[1(8) — T(n)| < Cenlog """ n + Cynlog™ >+ n.

So 1(8) = T(n) + 0 (137 ) W

Estimate of /()

Clearly,

1—x¢
I(a) = / |f(z,n)|? cos drada
£

|f(z,n)]* =7(n) +2 E r(n,m) cos (drmz)
2<m<n
PisSn,p;<n
m=p; ~p;

Hence,

17:60

l1—xz 1—xzo
/ |f(z,n)| cos (4mz)dx = / m(n) cos (4drz)dx + / r(n, 2) cos® (4rx)dx
fy) Zo o

1—%0

+2 Z r(n,m) / cos (2rmaz) cos (4mx)dx

Zo

n

2<m< —5—

log*™n
l—xo

+2 Z r(n,m) / cos (2rma) cos (4mx)dx

Zo

—  <m<n
log*™n

= I (n) 4+ Iz(n) + Is(n) + I4(n).

Lemma 6.

sinf 24 cosf

<2 . 107].
7 < 3 (0 <6 <2m)[6, p. 107]
Lemma 7. If m > 2
=0 —sin (27(m — 2 in (2 2
2/ cos (2mmz) cos (drx)dr = sin (2n(m = 2)z0) _ sin (2m(m + 2)zo)
- m(m —2) m(m+2)
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Proof.
Ifm>2
120 _sin(2n(m —2)x) | sin (2n(m + 2)x) 1=
2 /xo cos (2rmax) cos (4mx)dx = 2m(m = 2) or(m+2) |,
_ sin (2m(m — 2)(1 —xp)) = sin(2w(m + 2)(1 — zg))
27 (m — 2) 27 (m + 2)
B (sin (2m(m —2)xg) = sin(2m(m + 2)x0)>
2m(m — 2) 27 (m + 2)
_ sin (2m(m —2)(—xzg)) = sin(2w(m + 2)(—x0))
2 (m — 2) 2 (m + 2)
3 (sin (2m(m —2)xg) = sin(2m(m + 2)950))
2m(m — 2) 2w (m + 2)
_ sin(27(m —2)xo)  sin (27 (m + 2)z)
27 (m — 2) 2 (m + 2)
_sin(2r(m — 2)zg)  sin (27 (m + 2)z0)
27(m — 2) 27 (m + 2)xo
_ sin(27(m —2)xo)  sin (27 (m + 2)z)
w(m — 2) w(m + 2)

log?n

To show I1(n) =0 <L)

1—x9 1—z0
/xo m(n) cos (dnzx)dr = % sin (47x) = f% sin (47xo).

o
Now apply Lemma 6.
To show I,(n) = o (bg#n)
This is immediate by Statement 1.
To show I3(n) = o (log#n)
This follows immediately from Lemma 6, Lemma 7 and the facts that
27(m — 2)xg §27T<—>m§x61+2 and 27 (m + 2)xg §27r<—>m§;1:51727

logZ*n

n
e o r(nm) < (1—¢

2<m<
log™ ™ n logn

and zg =

To show I4(n) =o (longn) for n in a(n).

This follows immediately from the sufficiency condition and the facts that

<m<mn,

1—x¢
2 / cos (2rmu) cos (4mx)dx
Zo

1 1 1
< (5 L
_7r<m—2+ +2) by Lemma 7,
4 log1

(1+Q)loglogn

1 n
— <1 — |log ———| =4 log d
3> b <tomnon ] = 4+ togtogn ana U018

n

logdten

We now address the result in Part 2.

Theorem 3. Let m be any positive integer. Then r(n, m) — oo if

/ |f (z,n)|?e(—mz)dz = o(n log™*n)

as n goes to infinity in some suitable sequence.
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We decompose the above integral

rinm) = [ e Pe(-ma)de+ [ |fGen)Pe(-mo)ds
r(n,m) = A(n) + B(n).
It is immediate by the prime numbers theorem that

A(n) = O(n log ' n).

By definition
[ itemPemai= 33 T(ha),
M (n) g<log'® n 0<h<q
(h,q)=1
where

%"’ZO
T(h,q) = / |f () Pe(—maz)d.

h_
q T

Lemma 8. Let ¢ < log*®n, |y| < 20, (h,q) = 1 and n>n0. Let u(q) denote the M"obus function. Then

'f <g +y,n> - %g(y,n)

<n log769 n

This is Theorem 58 in [3].

Lemma 9. Under the hypothesis of Lemma 8 we have
h u?(q)
2 2
—+y,n|— ,M
/ (q Y > @)’ &)

Proof. This follows immediately from Lemma 8 and the trivial inequalities | f(x,n)| < n and |g(y,n)| < n and the fact that if
la| <nand b < n, then |a? — b%| < 2n|a — b|. Hence it is immediate that

< Cin? log769 n.

< Oyn? log_69 n.

f <Z + ym)) ‘2 - ZZEZ; lg(y, n)|?

By the change of variable y = (z — %) we have

a-o() [

2
e(—my)dy.

(o)
q

Therefore we have

mh o h
‘f(T) .l (aﬂ’")
w |l (h 2 u2(g)
S[xo f<q+y’n>

~ ¢2(q)
= 220Cn? log_69 n = Con log™ " n.

ey - ¢EZ§ (-n2) [ l9(, ) Pe(—m)dy

2 zo

dy < C1n2log~% ndy

—x0

g(y,n)

54

Let Ty (n) = ff;o |g%(y, n)|?e(—my)dy so thatif (h,q)=1,¢< log'®n, then

’T(h, q) — %Tl(n)e (—”Zlh)‘ < Cyn log™** n.
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Let T(n) = 3=, 1, (logm1) ™! (logmsg)~" with the condition of summation n > >2,n>m; >2 and my —m = 2. It is easy to
see that

and

Hence by definition of g(y, n) and Abel’s lemma we have
_ 1
lg(y:m)l < lyI™h, (0 <yl <3)

so that

1

[T(n) —Ti(n)| < 2/2 y~2dy < 2x5" = 2n log” P n.

Zo

For (h,q) =1, ¢ < log'® n we have

()

Hence for h,q) = 1 and ¢ < log"’n

15

T(n) — Ti(n)| < n).

u*(q) ‘ (2n log™

$*(q)

1
¢*(q)

'T(h, q) — ZEEZ; T(n)e (T)' < Con log™%n + (b%(q)@n log ™5 n):;

so that for some fixed q < log15 n we have:

2@ g o (_mh
X T - T 3 e q)|

0<h<q
(h,g)=1 (hy)=1

< (Cam log™™ no(q) + Wﬁ,@m log ™15 n)¢1/3(q).

But . ¢(q) < log™*®n and by definition

so that it follows immediately that

E ’ 1

T(h’a Q) - ZQEZ; T(n)CCI(m) S C2n 10g_39 n —+ W(?n lOg_lo Tl)
0<h<q
(h,q)=1

Now summing over all ¢ < log15 n we have

u?(q)
Z Z T(ha Q) - T(TL) Z ¢2(Q) Cq (m)

q<log'®n (0h<h)§%_ g<log'®n
sq4)=
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- 1 -
< (Can log™* n)(log"® n) + Z W(Qn log™%n)
g<log'®n q

< Conlog™*n+ Cs(2n log™*° n) < Cyn log™n,
since by Theorem 327 page 267 in [5]

1 .
Z 63(q) < C5 (C3 independent of n).

q<log'®n
Hence

u?(q)

r(n,m) —T(n) Z #(0)

q<log'®n

C,(m)| < k(n)n log™?n.

where k(n) — 0. Now let

N @

Lemma 10.

q)

u?(
¢*(q)

y L) Ciy(n) = 0(d(n) (log log 3y)%y ™"
#2(q) q\n) = n)(loglog3y)“y™").

q=1

Cy(n) — Z

q<y

Proof ([4] page 211). It is immediate by Lemma 10 that

SR(n)O<1>.

log2+% n

What remains to be done is to show that S is bounded away from 0.
Let

u(q)
flq) = —=Cq(m
( ) ¢(q) q( )
Since u(q), #(q) and Cy(m) are all muliplicative functions of ¢, fis a multiplicative function of g. Also, by means of the estimate on
Cy(m), namely m by Theorem 272 in [5] and a direct application of Theorem 327 page 267 in [5] we have

o0

=1
1If(q)l Sm;¢2(q) < 00;

-
so that by Theorem 2 [3] page 3 we have

so if m is an odd integer, S = 0, but if m is an even integer
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:2H

p>2

S— 1;[ (1 + (p_ll)gcp(m))
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