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Introduction
Part 1
We employ arguably the most primitive formulation possible of 
the circle method applied to the twin prime conjecture to expose 
its fundamental components and concepts.

We then present a sufficiency condition, from which the twin prime 
conjecture follows from our formulation of the circle method.
We then show that sufficiency condition is false.
Let

We assume the sufficiency condition:
There exist infinitely many n such that for each such n for all m 
such that 

From the sufficiency condition and the assumption that the twin 
prime conjecture is false we are able to prove for n in that infinite 
equence,                             (cf. page 8), which, from our 

primitive formulation of the circle method construction, 
immediately implies a contradiction. So the twin prime conjecture 
must be true.

Counterexample to the Sufficiency Condition 
Assume n ≥ N0. By the PNT the number of primes in
is asymptotic to           and the number of primes in 
is asymptotic to

Let

|S| is (asymptotically) equal to

But by the assumption we have

Remark: There exists unconditionally an infinite number of

So our sufficiency condition misses by just an epsilon. We believe, 
after a very careful search of the literature, that we have produced 
the closest known attempted proof of the twin prime conjecture.

Previously, the two most important attempted proofs of the twin 
prime conjecture are due to Chen Jungrun (1966) and Roger 
Heath-Brown (1983)

Chen Jungrun: Define Chen primes: p+2 is either a prime or a 
product of two primes. There are infinitely many Chen primes.

Roger Heath-Brown: At least one of the following two statements 
are true: 
(Twin Prime conjecture) There are infinitely many primes p such 
that p+2 is also prime.

(No Siegel zeros) There exists a constant c > 0 such that for 
every real Dirichlet character χ of conductor q > 1, the associated 
L-function                      has no zeros in the interval
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g(x, v) =
∑

2≤m≤v

ϵ(mx)

logm
(v ≥ 2), g(x, v) = 0(v < 2);

l8[v] =
∑

2≤m≤v

1

logm
= g(0, v) ∼

(
v

log v

)
, ls[0] = ls[1] = 0;

x0 =

(
log2+ϵ n

n

)
Part 1 x0 =

(
log15 n

n

)
Part 2

f(x, v) =
∑
p≤v

ϵ(px), where ϵ(z) = e2πiz(v ≥ 0);

r(n,m) = number of (pi, pj), pi ≤ n, pj ≤ n, pi − pj = m.

We assume the sufficiency condition:
There exist infinitely many n such that for each such n for all m such that

n

log2+ϵ n
≤ m ≤ n we have

r(n,m) ≤ n

log2+ϵ n

From the sufficiency condition and the assumption that the twin prime conjecture

is false we are able to prove for n in that infinite sequence, I4(n) = o
(

n
log2 n

)
(cf.
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page 8), which, from our primitive formulation of the circle method construction,
immediately implies a contradiction. So the twin prime conjecture must be true.

Counterexample to the Sufficiency Condition

Assume n ≥ N0. By the PNT the number of primes in
[
n
2 , n

]
is asymptotic to

n
2 logn and the number of primes in

[
n
8 ,

n
4

]
is asymptotic to n

8 logn .

Let S =
{
m = pi − pj

∣∣∣n2 ≤ pi ≤ n, n
8 ≤ pj ≤ n

4

}

|S| is (asymptotically) equal to n2

16 log2 n
and n

4 ≤ m ≤ 7n
8 .

But by the assumption we have |S| ≤ 7n2

8 log2+ϵ n
.

Remark: There exists unconditionally an infinite number of r(n,m) ≥ n
log2+ϵ n

.

So our sufficiency condition misses by just an epsilon. We believe, after a very
careful search of the literature, that we have produced the closest known attempted
proof of the twin prime conjecture.

Previously, the two most important attempted proofs of the twin prime conjec-
ture are due to Chen Jungrun (1966) and Roger Heath-Brown (1983)

Chen Jungrun: Define Chen primes: p+ 2 is either a prime or a product of two
primes. There are infinitely many Chen primes.

Roger Heath-Brown: At least one of the following two statements are true:
(Twin Prime conjecture) There are infinitely many primes p such that p+2 is also
prime.

(No Siegel zeros) There exists a constant c > 0 such that for every real Dirichlet
character χ of conductor q > 1, the associated L-function s → L(s, χ) has no zeros
in the interval [

1− c

log q
, 1

]
.

These results involve very deep and very complicated mathematical concepts and
arguments. In very sharp contrast we obtain a truly remarkable attempted proof
by a very elementary construction and mathematical argument. We believe our
result is closer to twin primes than theirs is.

Part 2

In 1921 Hardy and LIttlewood stated, under the assumption of GRH, if one
could establish the estimate o( n

log2 n
) on the minor arc, the twin prime conjecture

would follow. In [7] we removed the assumption of GRH. In Part 2 we show that

the o
(

n
log2 n

)
estimate on the minor arc implies the m-prime conjecture for even

integer m.
We now address the result in Part 1.

Theorem 1. The sufficiency condition and assumption that the twin prime con-
jecture is false are not comparable.
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By Theorem 2 we have for |y| ≤ x0

|f(1 + y, n)− g(y, n)| ≤ (n log−80+ϵ n)

By the trivial inequalities |f(x, n)| ≤ n and |g(y, n)| ≤ n and the fact that if
|a| ≤ n and |b| ≤ n, then

∣∣a2 − b2
∣∣ ≤ 2n|a− b| with a = f(1 + y, n) and b = g(y, n)

we have for |y| ≤ x0∣∣f2(1 + y, n)− g2(y, n)
∣∣ < C2n

2 log−80+ϵ n.

Immediately we have
∣∣∣|f(1 + y, n)|2 − |g(y, n)|2

∣∣∣ ≤ ∣∣f2(1 + y, n)− g2(y, n)
∣∣ ≤ C2n

2 log−80+ϵ n.

By the change of variable y = (x− 1) we have

I(β) =

∫ x0

−x0

|f(1 + y, n)|2 ϵ(−2y)dy;
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Möbus function. Then∣∣∣∣f

(
h

q
+ y, n

)
− u(q)

ϕ(q)
g(y, n)

∣∣∣∣ ≤ n log−69 n

This is Theorem 58 in [3].
8

To show I2(n) = o
(

n
log2 n

)
.

This is immediate by Statement 1.

To show I3(n) = o
(

n
log2 n

)
.

This follows immediately from Lemma 6, Lemma 7 and the facts that
2π(m− 2)x0 ≤ 2π ↔ m ≤ x−1

0 + 2 and 2π(m+ 2)x0 ≤ 2π ↔ m ≤ x−1
0 − 2,

2 < m ≤ n

log4+ϵ n
, r(n,m) ≤ (1− ϵ)

n

log n
and x0 =

log2+ϵ n

n
.

To show I4(n) = o
(

n
log2 n

)
for n in a(n).

This follows immediately from the sufficiency condition and the facts that

n

log4+ϵ n
≤ m ≤ n,

∣∣∣∣2
∫ 1−x0

x0

cos (2πmx) cos (4πx)dx

∣∣∣∣ ≤
1

π

(
1

m− 2
+

1

m+ 2

)
by Lemma 7,

n∑
n

log4+ϵ n

1

m
≤ log n−

[
log

n

log4+ϵ n

]
= (4 + ϵ) log log n and

(4 + ϵ) log log n

logϵ n
→ 0.

We now address the result in Part 2.

Theorem 3. Let m be any positive integer. Then r(n,m) → ∞ if
∫

m(n)

|f(x, n)|2e(−mx)dx = o(n log−2 n)

as n goes to infinity in some suitable sequence.

We decompose the above integral

r(n,m) =

∫

m(n)

|f(x, n)|2e(−mx)dx+

∫

M(n)

|f(x, n)|2e(−mx)dx

r(n,m) = A(n) +B(n).

It is immediate by the prime numbers theorem that

A(n) = O(n log−1 n).

By definition∫

M(n)

|f(x, n)|2e(−mx)dx =
∑

q≤log15 n

∑
0<h≤q
(h,q)=1

T (h, q),

where

T (h, q) =

∫ h
a+x0

h
q −x0

|f(x, n)|2e(−mx)dx.

Lemma 8. Let q ≤ log15 n, |y| ≤ x0, (h, q) = 1 and n ≥ n0. Let u(q) denote the
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Möbus function. Then∣∣∣∣f

(
h

q
+ y, n

)
− u(q)

ϕ(q)
g(y, n)

∣∣∣∣ ≤ n log−69 n

This is Theorem 58 in [3].
8

To show I2(n) = o
(

n
log2 n

)
.

This is immediate by Statement 1.

To show I3(n) = o
(

n
log2 n

)
.

This follows immediately from Lemma 6, Lemma 7 and the facts that
2π(m− 2)x0 ≤ 2π ↔ m ≤ x−1

0 + 2 and 2π(m+ 2)x0 ≤ 2π ↔ m ≤ x−1
0 − 2,

2 < m ≤ n

log4+ϵ n
, r(n,m) ≤ (1− ϵ)

n

log n
and x0 =

log2+ϵ n

n
.

To show I4(n) = o
(

n
log2 n

)
for n in a(n).

This follows immediately from the sufficiency condition and the facts that

n

log4+ϵ n
≤ m ≤ n,

∣∣∣∣2
∫ 1−x0

x0

cos (2πmx) cos (4πx)dx

∣∣∣∣ ≤
1

π

(
1

m− 2
+

1

m+ 2

)
by Lemma 7,

n∑
n

log4+ϵ n

1

m
≤ log n−

[
log

n

log4+ϵ n

]
= (4 + ϵ) log log n and

(4 + ϵ) log log n

logϵ n
→ 0.

We now address the result in Part 2.

Theorem 3. Let m be any positive integer. Then r(n,m) → ∞ if
∫

m(n)

|f(x, n)|2e(−mx)dx = o(n log−2 n)

as n goes to infinity in some suitable sequence.

We decompose the above integral

r(n,m) =

∫

m(n)

|f(x, n)|2e(−mx)dx+

∫

M(n)

|f(x, n)|2e(−mx)dx

r(n,m) = A(n) +B(n).

It is immediate by the prime numbers theorem that

A(n) = O(n log−1 n).

By definition∫

M(n)

|f(x, n)|2e(−mx)dx =
∑

q≤log15 n

∑
0<h≤q
(h,q)=1

T (h, q),

where

T (h, q) =

∫ h
a+x0

h
q −x0

|f(x, n)|2e(−mx)dx.

Lemma 8. Let q ≤ log15 n, |y| ≤ x0, (h, q) = 1 and n ≥ n0. Let u(q) denote the
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Lemma 9. Under the hypothesis of Lemma 8 we have∣∣∣∣f2

(
h

q
+ y, n

)
− u2(q)

ϕ2(q)
g2(y, n)

∣∣∣∣ ≤ C1n
2 log−69 n.

Proof. This follows immediately from Lemma 8 and the trivial inequalities
|f(x, n)| ≤ n and |g(y, n)| ≤ n and the fact that if |a| ≤ n and b ≤ n, then
|a2 − b2| ≤ 2n|a− b|. Hence it is immediate that∣∣∣∣∣

∣∣∣∣f
(
h

q
+ y, n)

)∣∣∣∣
2

− u2(q)

ϕ2(q)
|g(y, n)|2

∣∣∣∣∣ ≤ C1n
2 log−69 n.

By the change of variable y = (x− h
q ) we have

T (h, q) = e

(
−mh

q

)∫ x0

−x0

∣∣∣∣f
(
h

q
+ y, n

)∣∣∣∣
2

e(−my)dy.

Therefore we have∣∣∣∣∣e
(
−mh

q

)∫ x0

−x0

∣∣∣∣f
(
h

q
+ y, n

)∣∣∣∣
2

e(−m)dy − u2(q)
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e
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−m
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∣∣∣∣g(y, n)
∣∣∣∣
2
∣∣∣∣∣ dy ≤

∫ x0

−x0

C1n
2 log−69 ndy

= 2x0C1n
2 log−69 n = C2n log−54 n.

Let T1(n) =
∫ x0

−x0
|g2(y, n)|2ϵ(−my)dy so that if (h, q) = 1, q ≤ log15 n, then

∣∣∣∣T (h, q)−
u2(q)

ϕ2(q)
T1(n)e

(
−mh

q

)∣∣∣∣ ≤ C2n log−54 n.

Let T (n) =
∑

m1,m2
(logm1)

−1(logm2)
−1 with the condition of summation n ≥

m1 ≥ 2, n ≥ m2 ≥ 2 and m2 −m1 = 2. It is easy to see that

T (n) =

∫ 1
2

− 1
2

|g(y, n)|2 e(−my) dy

and
c′n

m
log−2 n ≤ T (n) ≤ c′n. n > m

∣∣∣∣∣
m1∑
m=2

e(m, y)

∣∣∣∣∣ ≤
1

| sinπy
≤ 1

2|y|
; (m1 ≥ 2.0 < |y| ≤ 1

2
).

Hence by definition of g(y, n) and Abel’s lemma we have

|g(y, n)| < |y|−1, (0 < |y| ≤ 1

2
)

so that

|T (n)− T1(n)| ≤ 2

∫ 1
2

x0

y−2dy ≤ 2x−1
0 = 2n log−15 n.
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(2n log−15 n).
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0<h≤q
(h,q)=1

T (h, qq)− u2(q)

ϕ2(q)
T (n)

∑
0<h≤q
(h,y)=1

e

(
−mh

q

) ∣∣∣∣∣

≤ (C2n log−54 nϕ(q) +
1

ϕ4/3(q)
(2n log−15 n)ϕ1/3(q).

But ϕ(q) ≤ log−15 n and by definition

∑
0<h≤q
(h,q)=1

e

(
−mh

q

)
= Cq(m);

so that it follows immediately that∣∣∣∣∣
∑

0<h≤q
(h,q)=1
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since by Theorem 327 page 267 in [5]
∑

q≤log15 n
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ϕ4/3(q)
≤ C3 (C3 independent of n).

Hence ∣∣∣∣∣r(n,m)− T (n)
∑

q≤log15 n

u2(q)

ϕ2(q)
Cq(m)

∣∣∣∣∣ ≤ k(n)n log−2 n.

where k(n) → 0. Now let

R(n) =
∑

q≤log15 n

u2(q)

ϕ2(q)
Cq(m)

S =
i∑

q=1

nfty
u2(q)

ϕ2(q)
Cq(m)

Lemma 10.
∞∑
q=1

u2(q)

ϕ2(q)
Cq(n)−

∑
q≤y

u2(q)

ϕ2(q)
Cq(n) = 0(d(n)(log log 3y)2y−1).
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Proof ([4] page 211). It is immediate by Lemma 10 that

S −R(n) = O

(
1

log2+
e
2 n

)
.

What remains to be done is to show that S is bounded away from 0.
Let

f(q) =
u(q)

ϕ(q)
Cq(m)

Since u(q), ϕ(q) and Cq(m) are all muliplicative functions of q, f is a multiplicative
function of q. Also, by means of the estimate on Cq(m), namely m by Theorem
272 in [5] and a direct application of Theorem 327 page 267 in [5] we have

∞∑
q=1

|f(q)| ≤ m

∞∑
q=1

1

ϕ2(q)
< ∞;

so that by Theorem 2 [3] page 3 we have

S =
∏
p

∞∑
m=0

f(pm)

m = 0 f(p0) = f(1) = 1

m = 1 f(p) =
u2(p)

ϕ2(p)
Cp(m) =

1

(p− 1)2
Cp(m)

m ≥ 2 f(p) = 0

Cp(m) =

{
1 if (p,m) = p

−1 if (p,m) = 1

so if m is an odd integer, S = 0, but if m is an even integer

S =
∏
n

(
1 +

1

(p− 1)2
Cp(m)

)
= 2

∏
p>2

(
1− 1

(p− 1)2

)
> 2

∞∏
m=2

(
1− 1

m2

)
= 1.

So that r(n,m) goes to infinity. But the conclusion for r(n,m) is not possible for
odd m
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