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ABSTRACT

The derivation of the force expressions obtained for a particle is dependent on the shape of the particle and the shape of the radiating beam. In our derivation
we consider only spherical particles located in a Gaussian beam profile. This choice will enable us to compare numerical results with previously published
experimental results of others. Here the expressions for the 3rd transmitted and reflected rays are presented. Finally, the velocity of a drop of liquid in
a flow of air and gas under the influence of a laser beam was found. An analytical expression for laser impulse and interrupt time periods is presented.

*Corresponding author

Igor Gaissinski, Department of Aerospace Engineering, Technion— Israel Institute of Technology Haifa, 32000, Israel.
Received: March 13, 2026; Accepted: March 16, 2026; Published: April 05, 2026

Keywords: Optical Levitation, Droplets, Laser Beam, Axial and
Radial Forces, Ray on a Dielectric Sphere

Introduction

Climate change is a subject which is never far from the news,
although both the quantity and quality of media coverage can
only be described as highly variable. Many of the world’s leaders,
including Ban Ki-moon, have described it as the greatest (moral)
challenge facing our generation. The effective struggle against
global warming will only be possible with a responsible collective
answer, that goes beyond particular interests and behavior and
is developed free of political and economic pressures....On
climate change, there is a clear, definitive and ineluctable ethical
imperative to act.... The establishment of an international climate
change treaty is a grave ethical and moral responsibility’.

There are two constituents of our atmosphere which have
very significant impacts on the flows of radiation through it —
modulating these flows — and hence have major influences on the
Earth’s climate. These are the radiation-active gases active gases,
which trap terrestrial (longwave) radiation, warming the surface
via the greenhouse effect, and clouds, which mainly affect solar
(shortwave) radiation, being a major contributor to the planetary
albedo. However, they also have important effects on longwave
radiation, of which they are relatively efficient absorbers and
emitters. This is especially, but perhaps surprisingly, the case with
high-altitude cirrus clouds which make an important contribution
to the greenhouse effect. Of the two, it is the effects of clouds
which are more readily obvious, as clouds are such a widely
varying component, with the potential to make one day sunny and
enjoyable, and the next rainy and miserable: unless, of course,
you are a farmer. So that is the second major role of clouds; their
pivotal role in the hydrological cycle.

We are now ready to embrace our central theme — the interactions
of electromagnetic radiation with the constituents of the Earth’s
atmosphere and its surface. So we should develop the theory of
the absorption, emission and scattering of radiation, as well as
the key physics of thermal radiation. This will be followed by
two chapters devoted to the absorption and emission of radiation
by atoms and molecules and the scattering (and absorption) of
radiation by molecules, small particles (acrosols and ice crystals)
and droplets.

The scattering of electromagnetic radiation is a central phenomenon
in many areas of both pure and applied science and central to the
propagation of radiation in the atmosphere of the Earth and other
planets. Scattering by molecules is responsible for the blue color
of the sky and the red of sunset. Scattering by clouds reduces
incoming solar radiation and makes cloudy days cooler. Scattering
by aerosol particles is responsible for the hazy days we often
experience, especially in industrialized regions, as well as many
other subtle effects which can impact on climate from the regional
to the global level.

Optical Levitation of Spheres

The derivation of the force expressions obtained for a particle
are dependent on the shape of the particle and the shape of the
radiating beam. In our derivation we consider only spherical
particles located in a Gaussian beam profile. This choice will
enable us to compare numerical results with previously published
experimental results of others. General expression for any particle
shape and beam profile would be extremely complicated, if at
all possible, to obtain in closed form. As will be observed in our
force derivation, other particle shapes and beam profile geometries
can easily be accommodated with little change in the overall
derivation procedure.
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A typical transparent sphere, shown in Figure 1.1, has a stream
of photons incident upon the lower surface at a position (r) with
respect to the central axis. If the stream of photons is treated as a
ray, part will be reflected at this surface and part will be refracted.
The refracted photons will be deviated from the initial direction
and be incident onto the upper surface of the sphere.

At this surface, part of the photons will be reflected and part will
be refracted. We will not consider any additional reflections and
refractions from the reflected contribution at the upper surface
because they would be of minor intensity compared with the
incident flux at the lower surface before refraction. This condition
is especially true when the relative index of refraction between
sphere and ambient medium is close to unity. The part refracted
out of the sphere at the upper surface is assumed to propagate
freely and not to encounter this or other spheres again.

~
n

Upper Surface

Central Axis

Figure 1.1: Stream of Photons Represented by a Ray of Light
Incident upon the Lower Side of a Sphere. The Sphere has Index
of Refraction ng, and the Surround has Index of Refraction 7.
The Ray is Shown Refracted and Reflected at the Lower and the
Upper Surfaces

In the derivation to follow, we decompose the effects caused by
the stream of photons into one that acts axially and one that acts
radially with respect to the sphere’s central axis.

Axial Force

The sphere is assumed to be located close to the central axis of
the photon stream in such a way that the photons have nearly
axial velocities before the interaction with the sphere. This is an
acceptable approximation because levitation occurs when the
sphere is centrally located with respect to a Gaussian-shaped,
or other central maximum, photon flux beam. The fundamental
equation governing the acceleration and levitation of particles in
a stream of photons in Newton’s second law:

F=dp/dt, (1)

where F is the force on the particle, dp is the total momentum

change on the particle produced by all photons, and dr is the

interval of time over which dp is measured. Relating dp/ df to

the physical properties of the light beam and particle shape is

accomplished as follows:

e The momentum of a single photon is given by the well-known
de Broglie relation [1]

b= (h / )\))n() = (hwg /C)nn’

where h (h) is Planck’s constant, A is the wavelength of light in
free space, w,is the frequency of light in free space, c is the light
speed at the vacuum, and 7, is the is the refraction index of
medium through which light propagates. As the photon is reflected
or refracted at the surface of the sphere the axial component of
the photon’s momentum will, in general, change because of the
change in direction of the photon. At the lower surface of the
sphere in Figure 1.1 the change in the axial component of the
photon’s momentum on reflection is given by

@)

—(h / \)n, (1 + cos260)) = —(hw, / c)n (14 cos26), 3)
where# is the angle formed between the photon’s incident direction
and the normal to the surface of the sphere. We consider the
collision between the photon and the sphere to be elastic; therefore
the law of conservation of momentum is employed. The negative
of expression (3) is the momentum given to the sphere from a
photon reflected from the lower surface of the sphere:
Ap,,. = (b / X)L+ cos26,). 4)

The momentum transfer given to the sphere that results from a
photon’s being refracted at the lower surface, Ap,, and reflected
or refracted,Ap, or Ap,,_, at the top surface can be expressed as

Ap,,. = (h /N )n,(1+cos20,), (5a)
Ap,,. = (h [/ A\)[n, —ng cos(6, —6,)], (5b)
Ap,. = (h [/ A\)nglcos(0, —6,) + cos(360, —6,)], (5¢)
Ap,, = (h /M ){ng cos(6, —0,) —n, cos[2(6, —0,)]} (5d)
Ap, . = (h /X )nglcos(6, —50,,) —cos(6, — 36,)], (5¢)

Ap,, = (h/)\)|=ng cos(6, —36,) +n, cos(20, —46,)|. (5f)

where ¢, is obtained from 6, by Snell’s law,sin6, = (n, / n,)sin6,, at
the surface of the sphere,nis the refraction index of the particle
sphere medium through which light propagates.

The first subscript indicates the lower surface, 1, or the upper
surface, 2, of the sphere; the second subscript indicates the type
of photon interaction, » for reflection or ¢ for transmission; and
the third subscript indicates the reference coordinate, z for axial
or r for radial.

»  Therelative number of photons that are reflected and refracted
at each surface can be obtained from the power reflectance and
transmittance coefficients. The power reflectance coefficient
used is

2

1
5 T+

2 'TE ™ ’

(6)
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where " and 7, are the complex amplitude reflectance for transverse-electric (TE) and transverse-magnetic (TM) polarization",
respectively (the examples om some commonly used modes are shown in Figure 1.2). The net result of using Eq. (6) is that the
photon stream can be considered to be composed of an equal number of photons in both polarizations. The power reflectance and
transmittance for the lower and upper surfaces obtained by use of the Fresnel coefficients’/ (Section 6.2 in [2,3]) are

(n,ng)’(cos” 6, — cos® )

[ =]

Pt P, P=

2 3 ) 7
[n,ng(cos® 6, — cos® 0,) + (n] + n.)cos b, cos b, ™

2 2 2 2
[t P=, P=lt P=1=1]7n [

*  We must also relate the number of photons incident upon the sphere to the parameters that characterize the light beam. The
intensity profile of the beam is chosen to be that of the lowest-order Gaussian mode [2]:

W) = (27, / 7W () Jexp|~20" / W(2)'| ®)
where p is the radial distance from the beam’s axis, z is the distance measured along the beam’s direction of propagation with z=0
located at the minimum waist, and F, = ;771 is the total power in the beam. Here, /, is the intensity at the center of the beam at

its waist, 7y — the radius of laser beam at its waist. The value W(2) is the beam width, given by

1/2

W) =W,[1+(2/2)] ©)

and W, , the waist, is

W, =(\gz, /)" =2z, [w)" (10)

where z_is the position along the beam axis, ) , and &, are the wave length and frequency of the beam light in free space, respectively.
The intensity of the Gaussian laser beam 1(p, ) may be found from [4,5],

Io pz
I(p,z) = Xp{—
(02 <1z/f>2+<z/z[,>zep| 7;?[(12/f)2+(2/z[,)2]} (1)
TE V V
™
TE ‘
E field
H field

Figure 1.2: Examples of Some Commonly used 7E and 7M Modes

!Transverse-electric is also called S-polarization, as well as sigma-polarized or sagittal plane polarized; transversemagnetic (is
commonly relates to P-polarization, and has also been termed pi-polarized or tangential plane polarized. The both polarizations are
relative to the device by comparison with horizontal and vertical ones.

Transverse electric (TE) modes: No electric field in the direction of propagation. These are sometimes called H modes because there
is only a magnetic field along the direction of propagation (H is the conventional symbol for magnetic field).

Transverse magnetic (7M) modes: No magnetic field in the direction of propagation. These are sometimes called £ modes because
there is only an electric field along the direction of propagation.

?Fresnel equations (or Fresnel coefficients) describe the reflection and transmission of light when incident on an interface between

different optical media.
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where z, = k7, — the diffraction length of the beam,

= (w/eng = (27 / \ng — the wave number, o — the frequency of
radiation, A — the wave length, / — the focal length of the
lens used to focusing the laser beam. If the lens isn’t used, the
ratio z / f becomes zero and

](p,z)=lo(r0/r:)2exp(fp2/rf) (11a)

with . =741+ (z/z,) being the beam radius at point z. The case
when the particle’s sphere is centered in the Gaussian beam is

shown in Figure 1.3.

e The average photon flux, ¢av , is defined as the number of
photons, N, per unit time and is given by

(12)

The power in the light beam, in terms of ¢,,and the energy

¢ =N /dl

E, =hc /A =hw of a single photon, is

¢av ph (13)
Using the results of steps (A) — (D) above, we can express the
element of force produced on the sphere from the pencil-like
stream of photons incident at point 7 = p as

dp.
dF, =N== (14)
where
dp. = |n [ Ap, +[t [ Ap, +]n Pt [ Ap, +[t Pt [ Ap,, +
+1r Pl [ Ap, 41t Pt [ Ap,,, (15)
with Eq. (12), and recognizing that ¢_(p) =dP, (p)/ E

P (p) = I(p,2)dA, we find the element of axial force, dF_:

dF, = (2P | B )1/ 7W(2)|exp|~2p* | W (2)’|dp.dA

(16)
where dA is the element of the particle’s sphere surface.

The total axial force on the sphere that is due to the light beam
is obtained by summing (integrating) all the force elements over
the lower surface of the sphere:

F=F +F_ +F +F

1rz 1tz 2rz 2tz (17)
Expressing the element of surface area in spherical coordinates, for
the case when the laser beam radius 7 is higher than the particle‘s
sphere radius R we obtain for the four axial force contributions

/2 T )
F = J; I(p,z);no(l +cos26,) |, [ R*sin26,df, , (18)

1rz

/2 T .
F, = fn 1(p,2) [, =g cos(6, = 0,)] |1, ' B sin20,d6,,

(18b)

Fzzfn I(p,z) S[C%(e —0,)+cos(30, —0)] | ¢, | 1, P R*sin26,d0, ,

(18¢)

f I(p, 2)

f I(p,z)— nq[cos (6, —56,,) — cos(6, —36,)]| ¢, [|r, [ R’sin26,df, ,

n cos(0, —6,) —n, cos2(6, — 92)] [t Pt [ R®sin26,d6, ,

(18d)
(18¢)

.=~ I(p,

0

[77 cos(6, — 306,) —n, cos(20, —46,)] | t, [| ¢, [ R2s1n29d91,(18f)

with R the radius of the sphere p = Rsin6,
z= R[cos(ﬁ1 +26,) + cos 491]

Central Axis

Lo 1(p)

I=I, /& ,
" E

Figure 1.3: The Particle Sphere is Centered in the Gaussian Beam

When gravity acts in a direction opposite the flow direction of the
photons, the net z-directed force is
. 4 3/~
= F —{7R'(5, (19)
where f)s and ,50 are the densities of the sphere and the ambient
material, respectively, and g is the gravitational constant. Equation
(19) permits the calculation of the net force on the sphere centered
in a Gaussian beam, based on the optical and physical properties
of the light beam, the sphere, and the surrounding medium.

—Py)9

z net

Radial Force

The sphere’s radial component of the momentum change that is
due to a single photon’s being reflected or transmitted at the lower
or upper surface of the sphere is given by

Ap, = (h/\)n,sin26, cosp, (202)
Ap,, = (h /N )ngsin(0, —6,)cosp, (20b)
Ap,, =/ X)ng [sm(39 —6) —sin(6, —6,)]cos o, (20¢)
Ap,, = (h/ A)n, sinf2(6, - 0,)] — ng sin(6, —6,)}eos i, (20d)
Ap, = (h [/ N )nglcos(6, —36,) — cos(6, —56,)]cosp, (20e)
Ap,, = (h [ ))[ng cos(6, — 36,) — n, cos(260, — 46,)] (20f)
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The angle ¢ is the angle between the direction of the radial component of the momentum and the radial direction shown in Figures.

1.1 and 1.3. The lower subscript » indicates radial direction with respect to the central axis of the sphere. Following the steps leading
to Egs. (15) and (16), we can similarly write for the element of radial force,dF, :

dp,=1|n [ Ap, + 1t [ Ap, +|n Pt [ Ap, +1t It [ Ap,,, 1)

dFAT:<2P / Eph){l / 7rW(z)2}exp[—2p2 /W(zﬂdprdA, (22)

where dA again is the element of the particle’s sphere surface. The net radial force, which does not include a contribution from
gravity, can be written as

7 net = F + Ez‘r + F;M + F;tr (23)
/2 27 9
—f I(p,z 2 sm29 |7, [P R® cos psin 26, dedf, (24a)
/2 2 nS X 9 5 .
E, = fo f(; I(p, z)Q—Csm(e1 —0,)|t | R cosysin20 dpdd, , (24b)
/2 pom Mg . . . (24¢)
= fo fo I(p, z)Q—Z[Sln(ZSHQ —0,)—sin(6, —6,)| | £, |, [ R* cos psin20,dipde), ,

w2 27 n. . n, . . (24d
= j; fo I(p,2) |2—2 sin[2(0, —6,)] —2—28111(91 — 62)1 |t [l ¢, [ R cos @sin26 dedd, . )

w/ s
= f 2f2 (p, 2z cos(0 —36,) —cos(6, —50,)] | ¢, P| 1, I R’ cos ¢sin 20 dedb, , (24¢)

. = fom thI(IJ,Z)

When the sphere is not centered in the Gaussian beam, p is a function of ¢ as well as of 6,and is given by (Figure 1.4)

9 |t [t P R cospsin26,dedf, . (244
c

& cos(0, —36,) — % cos(260, —46,)

p(6,,0) = (a* + R*sin® 6, + 2aRsin 6, cos )" o)

where a is the relative offset between the sphere’s central axis and the Gaussian profile maximum.

Beam Direction ;

10(:)\ | | I(p.z) Ni

Central axis of the laser beam
not centered with the sphere

Figure 1.4: Sphere is Not Centered in the Gaussian Beam
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In this case the Egs, (18) has a view

w/2 27 n
— L/; I, z)2—2(1 +cos20) | [ R*sin20,dpdo. (26a)
/2 27r n .
E, f f o 2 S cos(0, —0,)| | ¢, [© R* sin26.dedb, , (26b)
/2 2m
- f T(p,2) 5 2 [eos(6, — 0,) + cos(360, — 0)] | £, | . [P R? sin26,ddf, , (26¢)
w/2 27 n, n .
F, = j; ) I(p,2) 2—2008(91 —0,) —2—2003 200, —0)||t, [|t, [ R*sin26,dpdd, , (26d)
/2 27T
= f f (p, 2z cos(@ —36,) —cos(0, —56,)] | t, [| r, [ R® cos psin26.dedf, , (26¢)

|t [t [ R cos psin26 dedd, . (26f)

. = fom f; 1(p,2)

Equation (23) governs the centering of the sphere in the Gaussian profile. The use of Egs. (19) and (23) permits suitable modeling
of the levitation phenomena.

n n
2—2 cos(0, —36,) — 2—2 cos(26, —46,)

The Particle Sphere is Centered in the Gaussian Beam
*  For this case (shown in Figure 1.2) the equations (18) and (24) have a view

F = %nOR2 fom I(p,z)(1+cos20)) | r, [ sin20,d6, , (272)
E, = %RQJ:/Z I(p,z)[n, —ng cos(6, —0,)]| ¢, [ sin20,d6, , (27b)
FE = %nsRQ‘/;W/Q I(p,z)[cos(0, —0,) + cos(30, — 0,)] | ¢, Pl T ? sin 20d0, , (27¢)
E,_= %RQJ;W I(p, z)[ns cos(f, —0,) —n, cos2(6, — 92)] |t Pt [ sin20d6 , (27d)
F, = %nsRQ'ﬁ)ﬂ/z I(p, z)[cos(0, —56,,) — cos(8, —36,)] | t, [| r, [ sin26.d6,, (27¢)
F, = —%RQ j; " 1(p. 2)ng cos(0, — 30,) —n, cos(20, —46)]| £, F|1, | sin20,d6, , 271)
R o=- 2n, [ " 1(p,2)sin20, | . | sin26,d6,, (280)
C
F, = 2”SCR2 / " 1(p,2)sin(6, —0,) | ¢, [ sin20.d6,, (28b)
= 2n ) " 1(p,)[sin(36, — 6,) — sin(6, — 6,)] |4, P ' sin26,d6),, (280)
g =" R f " I(p, ) [sm[ 0, —0,)]— % sin(0, — 92)} 1t Plt, [ sin26,d6), 284)
0
F = Q%RZ [ " 1(p,2)[cos(8, —30,) — cos(8, —50,)] | ¢, | v | sin26,d6, (28¢)

2n /2 .
== R fo I(p,2) |t [Pl ¢ [* sin26,d6, . (280)

O cos(f, — 36,) — cos(26, —46,)
n,

0
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The trigonometric functions sin 6, and cos 6, of the angle 6, in expressions (7) and sub-integral terms (27) — (28) may be found from

sinf, = (n, / ny)sinf, cos6, = \/1 —(n, [/ ny)’sin’6,, (29)
and the values p and z may be found as

p=Rsing, z= R[cos(@1 +26,) 4 cos 91] = (30)

=2R {cos 0, —(n, /n,) sin’ 0,

cosf, — \/1 —(n, / ny)* sin® 6, }}

»  For the simplest case when the Gaussian half-width W is sufficiently higher than the particle’s diameter 2R, i.e. W, >> 2R, we
may limit the intensity function its spatial maximal value J ay - Hence, the first term has a view,

/
F,="nR1, [ (14 cos20,) | r, ! sin20,d6, =
. 20— cos’ 0, ) sin 20
:zn”RZImaxj; /2(1+00526’1) (cos® 0, —cos™ 0,)" sin 20, - 6, =
C n? +n2 -
(cos® 0, — cos’ ) + ———F5 cos, \/1 —(n, /ny)*sin’ 6,
n()nS
dr =, /2 (1—sin® 0 )sin )
= TnOR Imaxﬁ , N , , ! ! > d(SlIl 01) =
n; +mn
1+ e \/1,(,1 /n.) sin® @ |(1—sin® 0
nyn [(nu /ns)2 . 1} sin? 91 [ 0 s 1]( 1)
1 2
S “l-) o =
¢ ' n> +n’
1+ s xfz\/[l—(no/ns)sz](l—xQ)
Mg [(no / ns) o 1}
5 1 -7
AT BT | sl-a) _dr =
. 0
¢ [1+A:17"2 (1= B*)(1—2)
1 — 3] — -2
_2T R U 1=y _dy =T 0 R i (u=Du _du .
c c
[+ (/g = By -y)] 1+ A= B)(u 1)
Where
2 2
n,+n .
A=— 02N gy, /)

9 )
NN [(n0 /ng) — 1}
Even for this simple case the last integral cannot be resolved under use elementary functions.

Derivation of the Expressions (5) and (20) for the 3 Transmitted and Reflected Rays
Explanation of the expressions (5) derivation is shown in detail. The used expressions for the angles (shown in Figure 1.5) are:

w,=—(,7—6)+2r—46, =7 +06, - 406,
l,u_=;7z+491—46?2—7r=%7r+91—492,
0(=l//++02=§ﬂ+491—402+6’2 =;7r+z91—36’2,
aﬂ=a—n’=%7r+01—392,
B=w, +0 = 7+6—-460,+6, =27 +260 - 46,
ﬁﬂZﬂ—ﬂZ%ﬂ+291—492,
7=y/++7r—92=;7z+01—402+7z—92=;7r+01—502,

;/7=1//7—¢92=%7r+¢91—56’2.
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Figure 1.5: Stream of Photons Represented by the Second Transition Ray of Light; The Sphere has Index of Refraction 7, and The
Surround has Index of Refraction #,

Hence, the expressions (5) and (20) have views,

Ap,,. = (h / N\ )n, (14 cos26,), (5a)
Ap,, = (h/N)ln, —n, cos(8, —6,)], (56)
Ap, = (h /A )ngcos(6, —6,) 4 cos(36, — 6,)], (5¢)
Ap,. = (h ) A\ ){ng cos(6, —0,) —n, cos[2(6, — 6,)]}, (5d)
Ap, = (h/A)ng(sina +siny)] = (h / A\ ){ng[cos(6, —56,,) — cos(6, — 36,)]}, (5¢)
Ap,, = (h/N)[ngsina—n sing]=(h/\) [—ns cos(0, — 36,) + n, cos(26, — 462)] (50
Ap, = (h/X\)n,sin26 cosyp, (20a)
Ap,, = (h [ \)n,sin(, —6,)cosp, (20b)
Ap, = (h/\)nysin(360, —6,) —sin(f, —6,)]cosp, (20¢)
Ap,, = (h [ M\ ){n, sin[2(0, —0,)] —nysin(6, —6,)} cosp, (20d)
Ap, = (h [/ A\ )nglcosa + cosvy]cosp = (h / N )ng[cos(6, —36,) — cos(6, —50,)|cos v, (20e)
Ap,, = (h/N)[ngcosa—n cos B] = (h [ \))[ng cos(6, —36,) —n, cos(26, —46,)] (20f)

Force of a Ray on a Dielectric Sphere

A ray of power P hits a sphere at an angle 0 where it partially reflects and partially refracts, giving rise to a series of scattered rays
of power PR, PT?, PTR, ..., PT°R" ... , where the quantities R and T are the Fresnel reflection and transmission coefficients of the
surface at ¢, (Figure 2.1). As seen in Figure 2.1, these scattered rays make angles relative to the incident forward ray direction of
T+20, 0, o+ B, ..., « +nB, ..., respectively. The total force in the Zdirection is the net change in momentum per second in the Z
direction due to the scattered rays. Thus [6]:

F_nop_nop
=
C C

Rcos(m 4 26,) + Z T?R" cos(a + nf3)

n=0

E}

wheren P /¢ is the incident momentum per second in the z direction. Similarly for the T direction, where the incident momentum
per second is zero, one has:

Rsin(m +26,) — Z T?R" sin(a + nf3)

n=0

n,
F=0--2P
c

r
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As pointed out by van de Hulst in Chapter 12 of reference and by Roosen, one can sum over the rays scattered by a sphere by
considering the total force in the complex plane, F,, = F, +iF [7.8]. Thus,

tot

F = “P[(l—i—RcosQ@)—i—stmQG -T° ZR" “””d)}

tot
n=>0

The sum over n is a simple geometric series which can be summed to give:

Fo="0pl1+ Reos20) + iRsin20, — TP |— |l =
R ! ! 1— Rexp(if)
="l + Reos26, — T? cosafZRcos(afﬁ) 4 i|Rsin26, — T sin & stm(a ﬂ)
c 1+ R*—2Rcosf 1+ R*—2Rcosf

Hence,

S

F =FY =

tot

—L P|1+Rcos20 —T* cos & — R cos(a - ﬁ)
c 1+ R’ -2Rcos
n

- sina — Rsin(a
F =F"™ =—P|Rsin20 —T" > (@ ﬂ)
c 1+ R —2Rcos 8

Figure 2.1: Geometry for Calculating the Force Due to the Scattering of a Single Incident Ray of Power p by a Dielectric Sphere,
Showing the Reflected Ray PR and Infinite Set of Refracted Rays PT?R"

If one rationalizes the complex denominator and takes the real and imaginary parts of F, , one gets the force expressions Al and A2
forF and F using the geometric relations o =26, —20, and g == —26,, where and are the angles of incidence and refraction of the
ray. Subs‘ututmg a=20-29, and g = —20, one obtams

F=rF"="0p|1+Rcos2 -T°

z tot

1+ R +2Rcos2
sin2(6, - 0,) + Rsin 26, (31a)
1+R +2Rcos2 '

cos2(0, —6,) + Rcos 26, }

tot

F= FI"*:"“P[RsinQ _7

For the case when the forces are of the Gaussian laser beam, it is necessary to integrate the expressions (A31a,b) over the surface of
the particle’s hemisphere onto which the laser beam is incident

n /2 pon cos2(0 —0,) + R cos26
F =F¥=—2R: I(p,2)| 1+ Rcos26 —T* L2 L |sin 20 dpd@,
¢ S"-[D '[0 % ){ ! 1+ R® + 2R cos 26, 1995 (31b)
n, 7/2 p2r sin2(6, — 6,) + Rsin 20
F =F"=-2R: I(p,2)| Rsin20 — T — L | cos ¢ sin 20, dpd0,,
ot e Sp-[f) '[0 % )l: ! 1+ R? + 2R cos 26, ? 19955

where R, is the particle’s sphere radius. Here,
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P(gp @)= (a2 + Rs2p sin’ 0 + QQRSP sin 6, cos Sp)l/z’
sinf, = (n, / ny)sin6,, cosb, =1 —(n, /n,fsin’ 0, 2= R [cos(6, +26,)+ cosb| = (32)
= 2R, {COS 0, —(n, / n,)* sin® 6, }

cosf — \/1 —(n, / ny)*sin’ 6,
For the case when the particle’s sphere is centered in the Gaussian beam the value p may be found as p = p(6,) = R sind, , and
the expressions (32) may be rewritten in more simple form,

2 . , c0s2(6, - 0,) + R cos 20
F=F =02k [ 1(p,2)| 1+ Reos26, - 7* 2 (6, —0,) + Reos26, | 5 9g4g,
c "Pdo 01+ R’ + 2R cos 26,

sin2(6, - 6,) + Rsin 26,
1+ R* +2Rcos 20,

F_Flm:4noR2J‘

r Tt S
c sedo

/2

I(p,2) l:Rsin 20 - T* :lsin20]d0],

The Fresnel reflection and transmission coefficients of the surface at 9 may be found as [3],
2

T =l-ry| =

TE TE

R —lr 2 n, cos 0, —n, cos,
TE — |'TE| T

n, cos, + ng cos b,

2
2n,, cos ), ]
b
n, cos 0, + ng cos 0,

2

2 2n,, cos b,

v Ty = |1 - rTM| = :
ng cos 6, +n, cos b,

2
ng cos ) —n, cosd,

2
R, = |7ATE| = [

ng cos 6, +n, cos b,

For unpolarized beam the average of these coefficients is given [3]

2 2
1|(n cos@ —n, cosb n,cos@ —n_ cos6
R:;(RTE+RTM):_{ 0 1 s 2] +( s 1 0 2) —

2| n, cos 0 + ng COS o, N COS 0 + n,, COS 0,

_ (nyng)’(cos” 6, —cos” 6,) + cos” 6, cos” 6,(ny —ng)"  (nyn,)(cos' 6 +cos' 6,) + cos’ 6, cos’ §,(n, +ny)

(n, cos O + ng cos 6, )*(n, cos 6, +n, cos b,)’ [n,ng(cos® 0, + cos” 6,) + cos 6, cos 0,(n +n?)f ’

2 2
1 2n, cos 6, 2n,_ cos 6,
T =3 (T, + T, ) = ( Lhbtde J +( Uit ] =

2|\ n, cos 0 + ng €OS 0, ng COS 0 + n, cos o,

- .
2 2
~ 2 (nS cos 192) _(ns cos @, +n, cosd,)” +(n, cosd, +n, cosb,)

(n, cos 6, +ng cos B, )} (ny cos O +n, cos 6,)’

2
2 2
2 (ns cos 6’2) (ng cos @, +n, cos,)” +(n, cosd, +n, cosb,)

[n,ng(cos® 6, + cos® 6,) + cos 0, cos 6,(n; +n)f

Note that some authors use another expression for Fresnel transmission coefficients (see for example [9])

2 2

El

2
Ty = ‘tTE‘ =1- ‘TTE

s Ty =t

™ ™

‘2:1—‘7”

TE

2
56, —n cos b,
T:%<TTE +TTM):1—R:1_1 n, COSU, —ng COS 0,
) 2||n, cos B +n, cosd,

2
ng cost) —n, cosf, ]

ng cost, +n, cosd,

n’ +n’
2(n,ny )’ cos b, cos,|2cos b, cos b, + (cos’ 0, + cos® f,)
o'
- 2 2 . . 2 2\ 12 =
[n,ny(cos”™ O, + cos” 0,) 4 cos O, cos b, (n, + n)]
n, o n

2(n,ny )’ cos b, cos b, |(cos b, + cosb,)* + (cos® 6, + cos’ ,)| > 4 — — ]

_ g Ty

[n,ng(cos” 0, + cos® 6,) + cos 6, cos 0, (n + n?)
The last expression directly corresponds to the formulas given on Wikipedia.

Note that there can be singularity point if

n,ng(cos® 6, + cos® 0,) + cos§, cosf,(n} +n) =0, i.e. cosf =cosh, =0
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The last equality is equivalent to

cosf, = cos b, = \/[1 —(n, / ny?’]+ (n, / ng)* cos® 6,

To realize last equality, it is necessary to have

1- (n0 /nS)Q]COS2 0, = 1- (nn /nS)Q] or

>

cosf), = cosb, , only if cos6 = cosf, = 1.0 , not zero. Hence, there is no singular points at the interval [0,7 /2]

As a final result we should find the solution from integral,
cos2(6, —6,) + Rcos26,
1+ R +2R cos 20,

2 .
Fo=pe="0p ar [ {1+Rcos2c91 -7 1sin2c91d491 -

tot c max Sp —z/2
cos2(0 —6,) + Rcos26,
1+ R® + 2R cos 26,
cos2(0, —6,) + Rcos20,
1+ R+ 2R cos20,
cos2(6 —6,) + Rcos26,
1+ R* + 2R cos26,
cos2(0, — 6,) + Rcos20,
1+ R +2R cos 20,

2n, 5 0 ) .
=—21 7R I 1+ Rcos20 - T sin26,d0, +
¢ max SpJ_z/2

271:0 9 /2 9 )
T maxﬂ-RSp IO 1+ Rcos 201 -T S 201(101 =

4n /e
=—L2] 7R I /2{1+Rcos20 -T°
max Sp Jo 1

} sin260,d6, =

8 A
= _ﬂ[maxﬂRszpjllll + Rcos20, - T°

c

1 cos @ d(cosb)).

due to its symmetry relative to z-axis (the function under the integral sign is even, see Appendix 2.1).

The integral action of radial forces in our case is equal zero due to their anti-symmetry relative to z-axis (the function under the
integral sign is odd, see Appendix 2.1).

W 4n 5 (72 . ,sin2(6 —6,) + Rsin26, |
F=pFr=—1 R [" | Rsin20 -T — L |sin20,d6, =
! o c M Pd-z)2 1+ R? +2R(208202
4 in2(0 —6,) + Rsin20,
=or B[ | Rsin2g -1 2" (6, ~0) * Rsin20, | 0ga6, +
c M Pd-a 1+ R° +2Rcos26,
4n z sin2(6 —6,) + Rsin 26
¢ 2ug R\ Rsin2, - 7 6 ~6) L |sin20,d6, =
c morJdo 1+ R? + 2R cos26,
4n sin2(6 —6,) + Rsin 26
:—“Ilmlif:)j1 Rsin26, - T* © S ) L |cos O d(cos0,) -
c oo 1+ R* +2Rcos20,
4n, ; ,sin2(6 —6,)+ Rsin26,
-—1 R Il Rsin26, - T® 6. -6) L |cos 6 d(cosé,) = 0.
c oo 1+ R® + 2R cos26,
Here,
1 1
R= §<RTE +RTM>7 T= E(TTE +TTM) =1-R,
2 2
2 n, cos 6 —ng coso, 2 n, cos —n, coso,
R, = |TTFJ| = » Ty = 17|TTE| =i J
n, €oS 0, + ng COS 0, n, €os 0, + ng €OS 0,
2 2
2 ng cost) —n, cos b, 2 ng cosd, —n, cost,
R, = |TTE| = - » Ay T 1_|TTAI| = - ] ’
ng cos 6 +n, cosb, ng cosf +n cosb,

cosf, = \/17(110 /ng)sin® 0, = \/[17(% /ng )1+ (n, / ng)’ cos®0,.

For comparison our results with the similar in literature it better to take it in [10]. The bifurcation diameter of the TEO1 mode is 10.4um
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Figure 2.2: Axial Optical Force (A), Radial Trapping Potencial (B) and Trap Stiffness (C) for a Spherical Borosilicate Particle of
Variable Radius, Located on the Fibber Axis. The Bifurcation Diameters of TEo1 and LP11 Mode are Indicated by Vertical Dotted Lines

Comparison with experimental data (see Figure. 2.2) gives 472pN (calculation) and 350pN (experiment).

8&n on
—0 2 — 0 2 2 -12
C ImaXﬂ-RSP - c Imax [W/m ]ﬂ-DSp (/um) X 10 ~
Ry =12.04m
® %nolmax [W/mQ ]ﬂ-Dgp (ﬂm) x 10_20[N] ~
1.0 )
~21. 71.22 x 10™°[N] ~

~7(1.04x107°)?
~21.33-(1.2/1.04)° x 10™°[N] ~ 472 x 10" = 472pN,
c~3x10°[m/s], D , = 2R - the droplet diameter.

S
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Figure 2.3: A: An Axial Optical Force and B: Trap Stiffness Versus Radius for Spherical Particles of Different Refractive Index. The
Calculations were Performed for LP11 Mode and 1 W Optical Power and a Waveguide Medium of Refractive Index 1.33

Liquid Droplet Velocity

The problem is to find liquid droplet velocity v, inside air gas flow with the velocity v, under laser beam force F The motion equation
may be written as

2
m, (dvd /dt) =F = —%ngD v, —vd| A +F (33)

where m, = ;7p,R; is the liquid droplet mass, 4, = 7rR§p is the contact surface, with the droplet’s diameter D = 2R, , v, and
v, are the liquid droplet and gaseous media velocities.

We’ll assume the Stokes coefficient C, to be constant

Due to laser beam force acting at the droplet with the diameter D =2R, is equal

2 . $2(6, - 6,) + Rcos 20 .
F =" 2R [T 1+ Reos26, -0 22 6, = 0,) + Reos26, | G 0pdg, = ni2 F 1),
e ™ PJo 1+ R* + 2R cos 20, v (34a)
M, o 2(6, - 6,) + Rcos 26
F =201 Roos2g, 2 SSHO 0 T Re0s2, | h a0,
’ c 0 1+ R? + 2R cos 26,
=1 L, te [k(Arlmp +A7),(k+ AT, + kmo], k=012,..,
= X
"0, te|(k+ AT, +hAT, (k+1)(Ar, +Az)], k=012, (34b)

Here Az, , and Az, are the widths of laser impulse and interrupt time, correspondingly.
Eq. (33) has a view

. 2 ~
d(’l}d - ’Ug) / dt = _%(pg /degp)CD |Ug - Ud| + %(1 / desp)f;I(t),

v .
=0 d,0 9,0
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Denoting § = v, — v, we obtain the problem

dv [ dt ==2(p, | p,R,,)C,0° +2(1/ p,R)FI(1), (35)

<

BL:O 0°
Denoting 4 = %(pg / p,R,)C,, B= 2@/ PR )FI, We get
dﬁ / dt = _AEZ + Bl:f(t) / Imax:|7

- (35b)

|t=0 0

The equation above is the Riccati equation, which does not accept analytical solution for the case when the power source is d-function
type. Nevertheless, we can start the iteration process due to the power source function has a form of step function (34b).

e Step 1, k=0 : Its solution for the time intervalst € [(LATImp] is

W g o= [— T gy

v’-B/A g052_(\/m)2

Hence,

v+.B/4 )\ 5 -B/A  v+B/A T,+\B/A ’ 7
2B/A(EO+\/m)
(io + \/ﬂ) - (50 —M) exp(—2 ABt)

U=

-JB/A.

Finally, we obtain

@, +yB/A)+(7, —\/B/A)exp(—Q ABt)
36
(5(]+\/B/A)—(%—\/B/A)exp(—2 ABt) (36)

Assuming that ¥, , = v at /=0 we obtain for relative velocity ' the trivial initial conditiony, = 0, and so the solution for the 1* time

7=.B/4A

imp

interval (the width of laser impulse) ¢ € [0, AT, }, is

1- exp(—2\/ﬁt)
1+ exp(—Q\/Et)

-/B/4

(37a)

tel0,A7;

imp)

For the 1* interrupt time interval t € {AT AT AT 0] we should to resolve uniform equation (35b) with the

imp’? imp

boundary condition for v, obtained from (4a) at ¢ = A’Z‘imp ,1.e.

dv /dt = -Av*, v

t:ArImp t:ArImp

where

1 exp( 24 ABATimp)
1+ exp (—Z\IABA )

T.
imp
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is the value v, at the end, { = ATimp, of the 1% laser impulse interval ¢ € [0, AT;,,.,,] . The problem (36) has the solution

1

v =
te[ATImp AT, HAT, ] [

v
imp

]1 FAt—Ar )

‘t:ATI
mp

To start the next step we should find the boundary condition for 7 at ¢t = AT,

imp

+ ATO

+A7,

-1
v tzATlmp 1 / (U‘tAT[mp] + AATO

e Step 2, k=1 : Simultaneously, using (38b) as a boundary condition we obtain

tE[ATimP +A7,2 ATimP +AT, ]

(38a)

(38b)

[ELAT]"“#ATO tB / A] T [ELATImﬁATO B / A]exp {_2 AB [t N (ATimp + ATO}]} (39a)

A J57a)[r

v
[ t:ATlmp +A7, t:ATlmp +A7,

and the boundary condition for the next step is 7y at¢ = 2A T +Az,

— B/A]exp{—2 AB[t—(AT.

imp

)

+ ATO)]}

_ _ /B4 [6|tA7—lmp+ATo +.B/ A] + [ELATHM,MTD —B/ A]exp (—2\/ ABATimp)
=247, +AT, o _ -
R e

and, using (39a) we get

1

-1

tE[QATimp +AT, ,ZATimp +2ATOI

7
t:?ATImp +AT,

Similarly, the boundary condition for 3y at ¢ = 2(Ar,

imp

+Ar,) is

1

+Alt - @A, + A7)

7
t:Z(ATImp +AT(]) [

+ AATO

-1

U ]
t:ZATImp +ATU

e Step k: Generally, for every k - and (k+1) -intervals in (2),

Im

te|k(Ar,, +A7,),(k+1Ar,  +kAz, |

and

te [(k +1)Ar, + kAT, (k+1) (A7, + ATO)]

(39b)
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we obtain the following two expressions:

tefk(Ary,, +A7,) (k+1) ATy, +EAT |

v t=k(Ar,,, +A7,) +VB/ A] + [_‘t—k(ArlmerATO) —VB/ A]exp{—? A8 [t — k(AT + ATO)]}
[5t=k(ATlmp+ATo) +yB/ A] - [6t=k<ﬂﬂ.“p+ﬁm> —\B/ A]exp {—2 AB [t - ]{}(ATimp + AT, )}}

tel(k+1)Ary, +RAT, (b+1) (AT, +AT)]

<

B/ A

1

]1 + Aft ~[(k +DAT,, + kA7)

U|
[ (k )A Tmp k 0

1

t:k(ATImp +ATO )

)

+ AAT,
. ++B/ A] + [v
t:k(ATImerATO) + i B / A] a [U

-1
7
t=kAT +(k=1)AT,

['U
o) =B/ A
t=(k+1) Ay, +hAT,

o

I MJ exp (—QJEATHHP)
— \/ﬂ] exp (—QJEATMP) |

t=k(AT t=k(AT

Imp

t:k(ATImerATO)

Here

A=§(Pg /deSp)CD’ Bz%(l/deSp)lemax’

\/B/—A:\/Q’lemax /(pgcd)’

ng(l/deSp) %(pgcd)FzImax :%(l/deSP) %('Ogcd)lemax.
Conclusion

In this paper we have shown that the axial and radial forces applied to micrometer-sized spheres can be obtained from a ray-optics
model. The theory can easily be adapted to other particle shapes and beam profiles without changing the procedure for deriving the
forces. Firstly, the velocity of a drop of liquid in a flow of air and gas under the influence of a laser beam was found; an analytical
expression for laser impulse and interrupt time periods is presented.

Acknowledgment
I express my sincere gratitude to Yeshayahou Levy for the proposed problem.

Appendix 1
We may transform the last integrals and the values R and 7' as,
2n, 7 cos2(6 —6))+ Rcos26
F =F¥=—LI 7R J /2 1+ Rcos26, - T? 6 -9) - |sin260,d6, =
? ? c M PPdean 1+ R* +2Rcos 20,
4n 7 cos2(6 —6,)+ Rcos26
=-——L1 7R j " 1+ Rcos20, —T° © - ) L |cos@dcosb, =
c PJ-r/2 1+ R +2Rcos20,

&n

. ) 200 —0.)+ R 20
-y ﬂRng‘O /2|:1+Rcos2«91 B 6, -0,) o5 =%
c

1+ R* + 2R cos 26’2

max

} cos 01d cos 01

8
g 2R j:[l + R(22* 1) = T* () | ud,

max
Cc
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sin2(0 —6,)+ Rsin20 |
L2 L |sin20,d6, =
1+ R* + 2R cos 20,

4 /e
F="op R {RsinZHl -7
r c —z/2

8 7
__ Mg R? J. / [2Rcos¢9 sin@ - T g’(cosé’)]cosgd( s6) =
C *7[

= —%IWR:I) [ [QRx\/l 2 — TQQ’(x)}xdx +—IWR;pj [ ~2Ra\1-2* + T g’(x)} wdz =
C
= %ImaxRépf |:—2RIE\/1 -+ ng(x)} zdx + 8—] i I [2Rx\/1 -2 - TQQ’(x)}xdx =0
Cc
where
T =cosd,
(22° =1)[1=(n, / n, (2 =2")+ R| = 4(n, / ng)e(l - W= (n, /ng)] +(n, [ ngfa?
F(x) = ’
) 1+ R’ +2R[1—(no/725,)2(2—0082 91)]
N1-2z|1-
o) = sa[l-(n, /)@ -a)]
L+ R +2R[1-(n, /n, ) (2-2")]
2(22% -1)(n, /ns)\/l—ac2 \/[1_(”0 /g 1+(n, [ ngfz® —2Rcos 6,
+ )
L+ B +2R[1-(n, / n,)(2—")]
due to

cos2(6, - 0,) + Rcos26, |
1+ R’ +2Rcos 20, el x/20]
(2cos’ 6, — 1)[1 —(n, /nyY(2—cos’ 6,) + R]
1+ R+ ZR[I —(n, / ng)*(2 - cos’® 91):
. 4(n, / ng)cos6,(1 - cos’ 091)\/[1 —(n, [ ny?’]+(n, / ny)* cos® 6,
1+ R+ 2R[1 —(n, / ng)*(2 - cos® HI)J
(2:1: —1)[ —(n, / ng Y (2 x2)+RJ—4(nD / ns)ar:(l—:cg)\/[l—(nU /ns)2]+(n0 / 715)2:102

+

= _F ;
1+ R + QR[I —(n, / ng)*(2 - cos’® Hl)J )
z€[0,1]
cos2(6, —6,) + Rcos20, | B
1+ R* +2Rcos26, | -
), €[0,+7/2]
(2cos’ 6, — 1)[1 —(n, / ny)(2—cos® 6)) + RJ
= = +
1+ R+ 2R[1— (n, /ng)*(2—cos’ )
—A(n, / ng)cos B (1-cos’® 91)\/[1—(n0 /ng)’]+(n, / ng)? cos®
+ =
1+ R +2R[1 —(n, / ng)*(2 - cos 01)]
(22° =D)[1=(n, /n, )2~ 2")+ R]-4(n, [ ng)a(l—a* )WL - (n, / ngP]+ (n, / ng)a? e
= X) ,

1+ R +2R[1—(n0 / ng)’ (2 - cos® Hl)J

z€[1,0]
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and

sin2(6, - §,) + Rsin26) |
1+ R + 2R cos 26,
0, €[-7/2,0]
_ sin26, cos26, — cos 26, sin 26, + Rsin20,
L+ R +2R(2c0s 6, - 1)
—2y/1 - cos’ 8 cos 6 (2cos” 6, —1) —2(2cos” 6, —1)sin 6, cos 6, — 2R cos 6,1 — cos” 6,
1+ R +2R [1 —(n, / ng)*(2 - cos® 91)]
—2y/1—cos’ 6, cos 6, [1 —(n, / ng)*(2 - cos® 91)}
+
1+ R? +2R[ —(n, / ny (2 - cos’ 49)]
(2008 0 —1)( \/1 cos’ 6 \/ ]+ (n, / n,)* cos’ 6, —2R cos 6, \/1—-cos 6, ~
1+ R? +2R[ —(no /ns) (2-cos’6),)]
-2v1 —m2$|:1— (n, / ng)*(2 —$2)]
= +
1+ R? +2R|:1—(n0 /n5)2(2—x2):|
+2<2x2 —1)(n, /ns)\/l—x2 \/[1—(710 [ n 1+ (n, [ ng)a® —2Rcos ON1—
L+ R +2R[1-(n, /n, )2 -27)]

z€[0,1]

sin2(6, — 6,) + Rsin 26, |
1+ R? + 2R cos 202
6,€[0,+7/2]
sin 26, cos 202 — co0s 20, sin 202 + Rsin 26,

1+ R +2R (2cos’ 6, ~1)
~ 24/1—cos” 6, cos 6, [1—(7&0 / ng)(2 - cos® 01)] N
1+R2+2R[ ( /) (2 —cosi’a)_
—2(2cos” 6, —1)( \/1 oS’ 0\/ |+ (n, /ng)? cos® 6, +2R cos O \|1—cos’ 0,
1+ R +2R[1 —(no/ns) (2—00826’1)] -
Ni-a'a[1-(n, /n,f@2~")]
:1+R2+2R[ 1-(n, [ n,f2-a* )]+
+—2(2:L‘2—1 n, / ny) \/1 T \/ n, /ng )1+ (n, /ng)z® +2Rcos O N1 -
1+ R’ +2R[1—(n0 /ng) (2—3;2)]

z€e(1,0]

The values R and 7= 1-R may be presented in the form,

R:%(RTE +RTM)’ T:%(TTE +TTM):1_R7
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where

2

(cos26, +1) — \/17 (1 —cos20)
(cos26, +1) +ns\/17§ (n, /ng) (1—cos20,)

| —

n, cost —n cosb, }Z B ”o\/
nyy :

B oL@ +1) = ng 1= Ln, /n, V(1 —2)
noyL @+ 1)+ ngy1— L, /)P - ) 2

nyy5(cos20 +1) —n \/1—7(71 o) (1—cos26,)

2
TE ‘TTE‘ n\/f(COSQQ +1)+n\/1_, /nb) (1 —cos26,)

g5 (T +1) —n\/l 7(71(j (1—30)

noy L@ 1) + gyl - 5)( 2)

n, Cos 91 + ng cos (92

eI

2

R ‘ ‘2 ["5 cost, —n, COSHQ] n \/1(c0520 +1) — \/1—%(% / ny)*(1— cos26,)
' =T = = =
e ng cost, +n, coso, \/ (cos20, +1) +n, \/1 S(ny [/ ny (L —cos26))
2
i@+ ) =y 1= 20, / ng (1)
ngL@ +1) + n1— L(n, [ ng )1 - o)
2
> ns\/%(cos%] +1) — no\/l— (n, / ng)’(1—cos20))
TTle_‘rTM =1- 1 5 =
Ngql5 (cos20, +1) —|—n0\/1— (n, /ny) (1 —cos20,)

1L(;L“—i—l —n\/l— (no s (1@]2.

R N T N TP

o1 oL@ 4+ 1) = ng\1—L(n, / n, (1 — ) N
2| ny L@ 4+ 1) + ngy 1= L(n, / n P(1—2)
N ngfL (@ +1) —ny\1—L(n, /0,1 - 1) 2
L@ +1) +n 1= L, /P —a) | |
T—1-R

Auxiliary formulas are

cos20, =2cos’ 0 —1, cos, = \/[1 —(n, / ng)’]+(n, / ng)’ cos® 0,

= - _ 2

% 0,e-7/20] ("o /”5) 1-cos™ 0,
= _ 2

02 6,€[0,+7/2] - (no /”5) 1—cos 6?1’

2cos” 0, —1=2[1—(n, / ny)’]+2(n, / ng) cos® 6, =1 =1—(n, / n,)*(2—cos’ ).

sin

sin
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Appendix 2
We may transform the last integrals and the values R and T as,
Re _ SN on, 2 2 2
F =F; = ImﬂR j [1 + R(2z" —-1)-T" 7(» ]xdx, (A1)

where

@ =D)[1=(n, / ny 22 =a%) + R] = 4(n, / n)a(l - )1~ (n, / n )]+ (n, [ n)a?

)= 1+ R +2R[1—(n0/n5)2(2—$2)}

Finally, we received the expressions for Fresnel coefficients in the form,

_1yIn ,/ (z+1 —n\/l % 2(1—31:)2
2@ +1) + ngyf1—L(n /n5)2(1—x)

N3 (T +1) —n\/l—ino/ns)Q(l—x)2 T-1_ R
N5 (@ +1) +n\/1—%n0/ns2(1—x) ’

The value % I xR? before the integral in (A1) may be transformed for units um and W,
max Sp
C

8n

Cc

¢~ 3x10°[m/ s], Dy = 2R, - the droplet diameter.

2
—LI 7R = [W/m*]zD; - (pm) x 107 P ainl

ax Sp max

[W/m*]zD; (1m)x 107[N],

() max

cos2(0, - 6,) + Reos20)| _(2eos* 6 ~D[1-(n, /nf2-cos’ )+ R|
1+ R* + 2R cos 26, - 1+R2+2R[1—(n / ng )2(2—00320)]
4(n, / ng)cos O (1 — cos” )\/[ —(n, / n, Y]+ (n, /nS)2 cos” 0,
1+ R +2R[ —(n, / ny)*(2 - cos® 6’1)]
(22 ~1)[1=(n, / n,} @~ 2*)+ R~ d(n, / n)e(L-a*W[L - (n, / n ']+ (n, [ n,)'a*
L+ R +2R[1-(n, / n, (2= cos’6),) |

6,€l0,+7/2)

= F(x),

2€[1,0]

Appendix 3: The Main Expressions for the Droplet Velocity
1. k=0 : 1** laser impulse

I(t)a

At

imp

Figure A1: The First Laser Impulse Period
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te[0,A7,

imp

= M[l - exp(—2 ABt)} / [1 + exp(—2 ABt)} (A2)

B 1—exp(—2 ABt) B do 4Bexp(—2 ABt)
’UU:0 Z\IB/A T > Z, E = 5 P )0,
1+exp (—2 ABt) 1,=0 [1 + exp (_2 ABt)}
d’v ’ v
- =-8BNAB eXp(—Z ABt) / [1 + exp(—2 ABt)} < 0 everywhere and — ——0.
| |
2. k=0 : 1*" interrupt time period
I(t)4
]m.'\::
Az, Az, +Ag, Wik
Figure A2: The First Laser Impulse Plus the First Interrupt Time Period
_ _ 1 _ L
R 0| au-an) 1+ exp|-2/4BAr,, |
an, w) JA/B At—Ar,)

_|_
1—exp (—2\/ ABATimp)

3. k=1:2"laser impulse

I(t)4

mas

» ¢
Ar, AT, Az, QAT.EP—ATO

mp mp T o

Figure A3: The First Two Laser Impulses Plus the Interrupt Time Between Impulses

+AT 24T, AT,

- o A7)

tG[AT

[U t=Ary AT + VB / A] + [atAT[mp+AT0 —VB / A]exp {_2 AB [t B (ATimp + ATO)]}
7y, VBT [7l, L VBT Afexn{-2VAB - ar,, + A}

—JB/A
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4. k=1 : 2™ interrupt time period

f(t)n

mas

Az, A Az, 287, +AT, AAT, +AT)

imp_

Figure A4: The First Two Laser Impulses Plus Two Interrupt Time Periods Between and after Impulses

1

te2Ar,, +AT, 287, +2A7 | - [

imp imp

N Alt = QAT+ A7)

v
t:ZATImp +AT,

5. k - step : k-th laser impulse and k-th interrupt time periods

A

I(®

max

AT, AT, AT QAr.mP—ArG (A7, +AT), ... kAT,

=p iﬂP_ Q imp imp

+AT)) (k +1}L\ri:p*lmro

Figure AS: The First k& Laser Impulses Plus & Interrupt Times Between and After Impulses

Follow expressions (A2), we present the droplet velocity dependency on time (Figure A6).

7(t)]

>~

At At +Ar,  2Ar, +A7) 2(Ar, +A7). ... KAT, +AT) (k+1)A7, +kA7,

imp p imp

v
~

Figure A6: The Droplet Velocity at the First £ Laser Impulses Plus & Interrupt Times Between and After Impulses

v

telk(ATimp imp

+AT)) (k1) AT, AT, |

v t:k<ATImp+ATO) - v B / A] - [U
[va(ATImerATO) + v B / A] N [v

_ \/m] exp {—2\/@[25 — k(AT + ATO)”
— MJ exp {—2m[t — k(AT

t:k(A‘rImp +AT7,)

=B/ A

+ AT )]
t:k(ATImp +A7)) imp 0
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