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ABSTRACT

mathematical research paradigm for other kinds of syllogistic.

In order to provide a consistent explanation for Aristotelian modal syllogistic, this paper reveals the reductions between the Aristotelian modal
syllogism OIJAQI-3 and the other valid modal syllogisms. Specifically, on the basis of formalizing Aristotelian modal syllogisms, this paper proves
the validity of 0I'1A0I-3 by means of the truth value definition of (modal) categorical propositions. Then in line with the symmetry of Aristotelian
quantifiers some and no, the definition of inner and outer negations of Aristotelian quantifiers, and some rules in classical propositional logic, this
paper deduces the other 47 valid Aristotelian modal syllogisms from the modal syllogism 0IJAQI-3. The reason why these syllogisms are reducible
is that: (1) any of Aristotelian quantifier can be defined by the other three Aristotelian quantifiers; (2) the Aristotelian quantifiers some and no have
symmetry; (3) the possible modality ¢ and necessary modality £ can be mutually defined. This formal study of Aristotelian modal syllogistic not
only conforms to the needs of formalization transformation of various information in the era of artificial intelligence, but also provides a unified
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Introduction

In natural language, there are various kinds of syllogisms, such
as Aristotelian syllogisms, Aristotelian modal syllogisms, and
generalized syllogisms [1-6]. Therefore, syllogistic is one of
the important forms of reasoning in human thinking and natural
language [7]. This paper focuses on Aristotelian modal syllogisms.
In Organon, Aristotle studied Aristotelian modal syllogisms,
many scholars have also studied them since the Middle Ages.
For example, the L-X-M calculus given by McCall is a formal
system to judge whether apodeictic syllogisms is valid or invalid
[8]. Johnson tried to reconstruct modal syllogistic after finding that
some previous research results were inconsistent [9]. Smith even
considered that Aristotelian modal syllogistic itself is inconsistent
[10]. Thomson also failed to provide a consistent explanation for
Aristotelian modal syllogistic. Johnson and Malink provided anti-
models for some invalid Aristotelian modal syllogisms [11-14].
Xiaojun conducted a formal study of Aristotelian modal syllogisms
from the perspective of modern logic [15-16].

Although many scholars have studied Aristotelian modal
syllogisms, the prevailing view is that existing studies cannot
give consistent explanations for Aristotelian modal syllogistic,
and cannot guarantee the consistency of their results. Malink
believed that the reason why previous studies cannot give
consistent explanations for Aristotelian modal syllogistic is that
modern modal logic and set theory are not properly applied to

the syllogistic [17].

In the light of the generalized quantifier theory, modern modal logic
and set theory, this paper tries to provide a consistent explanation
for Aristotelian modal syllogistic. Specifically, this paper proves
the validity of the modal syllogism 01T A0I-3 on the basis of the
definitions of truth value of (modal) categorical propositions,
and then derives the other 47 valid modal syllogisms from the
syllogism OI1A0I-3 in line with some facts and inference rules.

Preliminaries

Aristotelian syllogisms characterize the semantic and inferential
properties of the following four Aristotelian quantifiers: all,
no, some and not all, which are type <1, 1> quantifiers [18].
The proposition containing a type <1, 1> quantifier O can be
formalized into a tripartite structure like Q(S, P) [19]. In this
paper, S, M and P refer to the set of objects represented by the
lexical variables of categorical propositions; p, ¢, » and s are
propositional variables. And the symbol =,  indicates that the left
can be defined by the right.

Aristotelian syllogisms contain the following four propositions
that can be formalized as follows: The proposition ‘all S'is P’ is
denoted by as a/l(S, P). The proposition ‘all Sis not P’ is equivalent
to ‘no S'is P’ and denoted by no(S, P). The proposition ‘some S
is P’ is denoted by some(S, P). The proposition ‘some S is not
P’ is equivalent to ‘not all S is P’ and denoted by not all(S, P).
The above four propositions are respectively referred to as the
proposition A, E, I and O [20].

J Arti Inte & Cloud Comp, 2023

Volume 2(1): 1-5



Citation: Cheng Zhang, Xiaojun Zhang (2023) Reduction between Aristotelian Modal Syllogisms Based on the Syllogism ¢I[1A¢I-3. Journal of Artificial Intelligence

& Cloud Computing. SRC/JAICC-112. DOI : doi.org/10.47363/JAICC/2023(2)112

An Aristotelian modal syllogism can be obtained by adding a
possible modality ¢ or/and necessary modality [] to an Aristotelian
syllogism. The definition of the figures of Aristotelian modal
syllogisms are similar to that of Aristotelian syllogisms [21].
One can interpret an Aristotelian modal syllogism such as the
following example:

Major premise: Some birds are possibly swallows.

Minor premise: All birds are necessarily animals.

Conclusion: Some animals are possibly swallows.

Let S represent the set composed of all animals in the domain,
M the set composed of all birds in the domain, and P the set
composed of all swallows in the domain. Therefore, the major
premise is denoted by Osome(M, P), the minor premise by [all(M,
S), and the conclusion by [lsome(S, P). Similar to the Aristotelian
syllogisms, the Aristotelian modal syllogisms can be viewed as
the conjunction of two premises implies the conclusion. The
conjunction symbol is denoted by ‘A’ and the implication symbol
is denoted by ‘—’. This modal syllogism in the example can
be formalized as Osome(M, P)AUall(M, S)—Osome(S, P). The
middle term of the syllogism is the subject of the major and minor
premises, so the modal syllogism is the third figure, thus it can be
abbreviated as OI[JAOI-3. Other syllogisms are similar.

Definition 1 (truth value definition of Aristotelian quantifiers):
(1) all(S, P) =, SEP; (2) some(S, P) =, SNP+Q;

(3) no(S, P) =, ., SNP=0; (4) not all(S, P) =,  SEP.
Definition 2 (truth value definition of modal propositions):

(1) Op is true, if and only if p is true in any possible world ;
(2) Op is true, if and only if there is at least one possible world
oin which p is true.

According to modal logic and generalized quantifier theory, the
following facts hold [22-23]:

Fact 1 (a necessary proposition implies an assertoric proposition):
(1) Dall(S, P)=all(S, P), abbreviated as: [JA=A;

(2) Lsome(S, P)=some(S, P), abbreviated as: [11=1;

(3) Uno(S, P)=>no(S, P), abbreviated as: [1E=E,;

(4) Clnot all(S, P)bnot all(S, P), abbreviated as: [10=0.

Fact 2 (a universal proposition implies a particular proposition):
(1) all(S, P)=some(S, P), abbreviated as: A=I;

(2) no(S, P)=>not all(S, P), abbreviated as: E=0;

(3) Lall(S, P)=>[Isome(S, P), abbreviated as: [|A=>[11;

(4) Uno(S, P)=>[1not all(S, P), abbreviated as: [IE=[10;

(5) 0all(S, P)=0some(S, P), abbreviated as: 0A=01;

(6) Ono(S, P)=90not all(S, P), abbreviated as: OE=00.

Fact 3 (symmetry of some and no):

(1) some(S, P)y=some(P, S); (2) Usome(S, P)Ye[some(P, ),
(3) Osome(S, P)=0some(P, S);  (4) no(S, P)eno(P, S);

(5) Uno(S, Py no(P, S); (6) Ono(S, P)y=0no(P, S).

In the following, D stands for the domain of lexical variables, O
for any of the four Aristotelian quantifiers (that is, all, some, no
and not all), ~Q and Q— for the outer and inner negation of the
quantifier Q, respectively.

Definition 3 (inner negation): 9—(S, P) =, . O(S, D-P).
Definition 4 (outer negation): ~Q(S, P) =, It is not that O(S, P).
The following facts hold in line with Definition 3 and Definition 4:
Fact 4 (inner negation for Aristotelian quantifiers)

(1) all(S, P)=no—(S, P); (2) no(S, P)y=all~(S, P);

(3) some(S, P)=not all~(S, P);  (4) not all(S, Py=some—(S, P).
Fact 5 (outer negation for Aristotelian quantifiers):

(1) —not all(S, P)=all(S, P); (2) —all(S, P)=not all(S, P);

(3) no(S, P)=some(S, P); (4) —some(S, P)=no(S, P).

Let O(S, P) is a categorical proposition, it can be seen that ¢Q(S,
P)=,..~0=Q(S, P)and 0Q(S, P)=,,~0~0(S, P) in line with modal
logic. Thus the following Fact 6 can be obtained:

Fact 6: (1) ~00(S, Py=0—0(S, P); (2) ~0Q(S, P)=[1—Q(S, P).

Aristotelian modal syllogistic is an extension of classical
propositional logic, so the following rules in propositional logic
can also be applied to Aristotelian modal syllogistic.

(1) Rule 1 (subsequent weakening): If H(pAg—r) and H(r—s),
then F(pAg—s).

(2) Rule 2 (anti-syllogism): If H(pAg—r), then +(—rAp——q) or
H(rAg—"p).

The other 47 Modal Syllogisms Derived from 011 1A0I-3
According to the following Theorem 1, the modal syllogism
OILAQI-3 is valid. Therefore, the following syllogisms derived
from this syllogism are valid. In the following Theorem 2, 01[1AQI-
3=01[1A0I-4 means that the modal syllogism OI[JAOI-4 can be
deduced from the modal syllogism OI[1AQI-3.

Theorem 1 (CILJAQI-3): Osome(M, P)AUall(M, S)—Osome(S, P)
is valid.

Proof: OITJAQI-3 is the abbreviation of the modal syllogism
Osome(M, P)ALlall(M, S)—Osome(S, P). Suppose that Osome(M,
P) and Uall(M, S) are true, then some(M, P) is true in at least
one possible world and all(M, S) is true at any possible world in
terms of the clause (2) and (1) in Definition 2, respectively. Thus
MNP#Q is true in at least one possible world and MCS is true at
any possible world by means of the clause (2) and (1) in Definition
1, respectively. Now it follows that SNP#Q is true in at least one
possible world. Hence some(S, P) in at least one possible world
according to the clause (2) in Definition 1. Thus Osome(S, P) is
true in line with the clause (2) in Definition 2. This proves that
the syllogism Osome(M, P)ALall(M, S)— Osome(S, P) is valid,
just as desired.

Theorem 2: The following valid modal syllogisms can be deduced
from OIJAQI-3:

(2.1) 01 AQI-3=TEOI00O-2

(2.2) OINAQI-3=EATE-1

Proof: For (2.1). In line with Theorem 1, it follows that 01 1AQI-3 is
valid, and its expansion is that Osome(M, P)AUall(M, S)—0some(S,
P). According to Rule 2, it can be seen that ~Osome(S, P)A\Osome(M,
P)—[10all(M, S). In the light of the clause (1) and (2) in Fact 6, it
follows that [1—some(S, P)AOsome(M, P)—0—all(M, S). With the
help of the clause (2) and (4) in Fact 5, i.e., ~some(S, P)=no(S,
P) and —all(M, S)=not all(M, S), one can deduce that [1no(S,
P)NOsome(M, P)—Onot all(M, S). Therefore, [JEOIOO-2 can be
derived from OI[1AQI-3, just as required. (2.2) can be similarly
proved on the basis of the above facts and rules.

Theorem 3: The following valid modal syllogisms can be deduced
from OILJAQI-3:

(3.1) OITAQI-3=0111AQI-4

(3.2) OI1AQI-3=[110AQI-3

(3.3) OILIAQI-3=>[1I0AQI-1

(3.4) OI0AQI-3=EQI0O-2=TEQCICO-4
(3.5) QI AQI-3=TEQICO-2=TEQICO-1
(3.6) OIL1AQI-3=[1EQICO-2=1EQI0O-3
(3.7) OIDAQI-3=>TEATE-1=0EATIE-2
(3.8) OIDAQI-3=>ENATE-1=0ATEJE-4
(3.9) OI0AQI-3=>0E0ATE-1=0ATEE-2
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Proof: For (3.1). As pointed out earlier, 010 A0I-3 is valid, which
is the abbreviation of the modal syllogismOsome(M, P)AUlall(M,
8§)—0some(S, P). According to clause (3) in Fact 3: Osome(M,
P)—0some(P, M). Hence, it follows that Osome(P, M)A all(M,
8$)—0some(S, P). That is to say thatOI[JA0I-4 can be derived from
OIC1AQI-3, the proof of (3.1) has been completed. The remaining
syllogisms can be similarly inferred from OI1AQI-3.

Theorem 4: The following valid modal syllogisms can be deduced
from OI1AQI-3:

(4.1) OI11AQI-3=>1E[JALE-1=[1EJA[E-2=[E[JAE-2

(4.2) OINAQI-3=EJATE-1=1EJAE-4=1ATEE-4

(4.3) OITAQI-3=E[JATE-1=0ATENE-2=1ATEE-2

(4.4) OITAOI-3=E[JATE-1=>1EJAE-1

Proof: For (4.1). According to (3.7) OI1LJAQI-3=[E[JA[IE-
1=>0ELALE-2, it follows that JELJAJE-2 is valid, and its
expansion is that no(P, M)AUall(S, M)—[1no(S, P). According
to clause (3) in Fact 1: [no(S, P)=no(S, P). Then it follows that
Uno(P, M)A all(S, M)—no(S, P) from [JE[JA[JE-2 on the basis of
Rule 1. In other words, the modal syllogism [JE[1AE-2 is valid,
as required. Others can be similarly proved.

Theorem 5: The following valid modal syllogisms can be deduced
from OIJAQI-3:

(5.1) OI0AQI-3=TEADE-1=0ETATO-1

(5.2) OI0AQI-3=TEJATE-1=0ETAE-1=EJAO-1

(5.3) OI0AQI-3=>0EJADE-1=0EJATE-2=EJATO-2
(5.4) OI11AQI-3=1E[JALE-1=[1ATE[JE-4=[]ATIE[10-4
(5.5) OI1AQI-3=1E[JALE-1=[1ATE[JE-2=[A[E[10-2
(5.6) OIAQI-3=0ENAIE-1=0EJADE-2=EAE-
2=0EJAO-2

(5.7) OIDAOI-3=0E0ATE-10ATNEJE-4=0JATEE-
4=TATEO-4

(5.8) OITAOI-3=>EIADE-1=0ATEN-2=1AEE-
2=[JAJEO-2

Proof: For (5.1). In terms of (2.2) OI1LJAOI-3=E[JALIE-I, it
can be seen that [IE[IAJE-1 is valid. With the help of clause
(2) in Fact 2, it follows that E=0, so [IE[JA[1O-1 is valid. In
other words, [JE[JA[10-1 can be derived from OI[1AQI-3, as
required. All of the other syllogisms can be similarly deduced
from OIJAQI-3 by means of the above theorems, facts and rules.

Theorem 6: The following valid modal syllogisms can be deduced
from OI1AQI-3:

(6.1)CI0AQI-3=1ECAQO-2= [1EQICO-1=1AQIQI-1

(6.2) OITAOI-3=EQAQO-2=TEQI0O-3=1AQI0I-3

(6.3) OI1A0I-3=0111A00-3

Proof: For (6.1). With the help of (3.5) 0ILJAOI-3=1EQICO-
2=[1EQIC0O-1, it follows that [IEOICO-1 is valid, and its expansion
is that [1no(M, P)AOsome(S, M)—< not all(S, P). According to
the clause (2) and (4) in Fact 4, no(M, P)=all~(M, P), and not
all(S, P)=some—(S, P), it follows that [lall~(M, P)AOsome(S,
M)—Osome —(S, P) from OI[1AQI-3. According to Definition 3,
all~(M, Py=all(M, D-P), some—(S, P)=some(S, D-P). Therefore,
one can derive that [lall(M, D-P)AOsome(S, M)—0some(S, D-P).
In other words, the syllogism [1I0A0I-1 can be derived from
OILDAQI-3, just as desired. Similarly, (6.2) and (6.3) can be proved.

Theorem 7: The following valid modal syllogisms can be deduced
from OIAQI-3:

(7.1) OI0AQI-3=ETJATE-1=0EJATE-2=EATO-2=
[1AQAQI-3
(7.2)010AQI-3=0ETATE-10EJADE-2=0EJAE-
2=0ETAO-2 JAAQI-3

(7.3) Q1L AQI-3=EOALE-1=0EJAE-1=0EI00-2

(7.4) Q1D AQL-3=ELATE-1=EAE-1=111A0I-3

(7.5) OI0AQI-3=001A00-3=1A0000-2

(7.6) V1L AQI-3=001A00-3=1AIATIA-1

Proof: For (7.1). According to (5.3) O1JAQCI-3=E[ALIE-
I=0E0DANE-2=0ENANO-2, it follows that [TE[JATIO-2 is
valid, and its expansion is that [1rno(P, M)Alall(S, M)—[Inot
all(S, P). According to Rule 2, it can be seen that —[Inot all(S,
P)AUall(S, M)— —[1no(P, M). In the light of the clause (1) and (2)
in Fact 6, it follows that —[Inot all(S, P)AL] all(S, M)— O—no(P,
M). With the help of the clause (1) and (3) in Fact 5, i.e., ~not
all(S, P)y=all(S, P) and —no(P, M)=some(P, M), one can deduce
that [lall(S, M)AOall(S, P) —0some(P, M). Therefore, 1ACAOI-3
can be derived from 01 A0I-3. Others can be similarly proved.

Theorem 8: The following valid modal syllogisms can be deduced
from OIJAQI-3:

(8.1) OIAQI-3=ENAE-1=EIJANE-2=EJAIO-
2=ATANT-3= DAADI-3

(8.2) QI AQI-3=ELATIE-1=EAE-1=111A0-3=2A01-4
(8.3) OINAQI-3=ETJANE-1=0ENAE-1=I10A0-3=2A01-
4=A01-4
(8.4)0ILA0I-3=>ELJAUE-1=20UELAE-1=210A0I-3=A01-
4=A01-4=1AIQI-1

(8.5) OITAQI-3=EJANE-1=EJAE-1=11A1-3=1AI0I-3
(8.6) OITAQI-3=1EJAE-1=ETAE-1=11AQ0I-3=01A00-3
Proof: For (8.1). In terms of (7.1) OIJAQCI-3=0EJALE-
1=>0EUALE-2=0ELALO-2=1A0AQI-3, one can obtain that
[JAQAQI-3 is valid, and its expansion is that Clall(M, P)A Dall(M,
S)—0some(S, P). In the light of the clause (3) in Fact 3, it follows
that Osome(S, P)« Osome(P, S). Therefore, it is easily seen that
Oall(M, S)NDall(M, P)—Osome(P, S). That is, OA[1AQI-3 can be
derived from OILJAOI-3, the proof of (8.1) has been completed.
The others can be similarly followed from OILJAOI-3.

Theorem 9: The following valid modal syllogisms can be deduced
from OI[1AQI-3:

(9.1) OIIAQI-32001A00-3=1ATATA-1=2TATTAA-1
(9.2)010AQI-3=2000A00-3=20ATATA-1=20ATATIL-
1=0AANT-4= [JATIAI-4

Proof: For (9.1). According to (7.6) OILJAQI-3=001JA00O-
3=ATAIA-1, it follows that [TATTA[1A-1 is valid. According
to clause (1) in Fact 1, it is easily seen that [| A=A, so [IA[TAA-1
is valid. In other words, it can be derived from OI[JAQI-3, just as
desired. (9.2) can be similarly proved.

Theorem 10: The following valid modal syllogisms can be deduced
from OI[AQI-3:
(10.1)0IT1A0I-3=0011A00-3=>TATTALA-1=TATANI-1
(10.2) OITAQI-3POOTAOO-3=2TATATA-1=2TATAA-
I=>0ATAI-1

Proof: For (10.1). With the help of (7.6) OIL1AQI-3=00 1 A0O-
3=0A0AA-1, it can be seen that [JALJA[JA-1 is valid. With
the help of clause (1) in Fact 2, it follows that A=1, so JALAI-1
is valid. That is to say that [JA[JA[II-1 can be derived from
CICIAI-3, as required. On the basis of the above theorems,
facts and rules, (10.2) can be similarly deduced from [I[TAI-3.

Theorem 11: The following valid modal syllogisms can be deduced
from OICJAQI-3:

(11.1) OIDAQI-3=0000A00-3=TATATA-1=TATADNI-
I=>0A0ATT-4
(11.2)01I11AQI-3=001A00-3=TATAA-1=ATTA-
1=0EJACO-3b OE[JAQO-4
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(11.3)010AQI-3=000A00-3=TATATA-1=0ATTAA-
1=>0ATAI-1= E[NAOO-3=E1A00-4

Proof: For (11.1). According to (10.1) OILJACI-3=001A00-
3=0A0ATA-1= DATADI-1, JATDADI-1 is valid, which is
the abbreviation of the modal syllogism [lall(M, P) Afall(S,
M)—0some(S, P). In the light of the clause (2) in Fact 3, it follows
that [some(S, P)«<> £some(P, S). Therefore, it is easily seen that
Uall(S, M)A all(M, P)—1] some (P, S). That is, [JALJA[I-4 can
be derived from 0I[1A0I-3, the proof of (12.1) has been completed.
The others can be similarly followed from OI[JAQI-3.

Theorem 12: The following valid modal syllogisms can be deduced
from OI[1AQI-3:

(12.1) OILJAQI-3=001A00-3=1AAIA-1=1ATTAL-
1=0ETAQO-3
(12.2)010AQI-3=0001A00-3=2TATUATA-1=TATAA-
1=>JATAI-I=E[AQO-3

Proof: For (7.1). In the light of (10.1) OI[JAOI-3=001A00O-
3=0ATATIA-1= [JATATI-1, it follows that [JAJAII-1 is
valid, and its expansion is that [lall(M, P)Al1all(S, M)—[1some(S,
P). According to Rule 2, it can be seen that —[1some(S, P)ALlall(S,
M)——[]all(M, P). In line with the clause (1) and (2) in Fact 6,
it follows that O0—some(S, P)AUall(S, M)—0—all(M, P). With the
help of the clause (4) and (2) in Fact 5, i.e., —~some(S, P)=no(S,
P) and —all(M, P)=not all(M, P), one can deduce that ¢ no(S,
P)Aall(S, M)—90 not all(M, P). Therefore, OE[1AQO-3 can be
derived from OI[1AQI-3. (12.2) can be similarly proved on the
basis of the above theorems, facts and rules.

Conclusion

In order to provide a consistent explanation for Aristotelian modal
syllogistic, this paper reveals the reductions between the modal
syllogism QI 1A0I-3 and the other valid modal syllogisms on the
basis of generalized quantifier theory, modern modal logic and
set theory. Specifically, this paper proves the validity of the modal
syllogism OI[JA0I-3 in the light of the definitions of truth value of
modal categorical propositions, and then derives the other 47 valid
modal syllogisms from the syllogism in line with some facts and
inference rules. The reason why these syllogisms are reducible is
that: (1) any of Aristotelian quantifier can be defined by the other
three Aristotelian quantifiers; (2) the Aristotelian quantifiers some
and no have symmetry; (3) the possible modality ¢ and necessary
modality [] can be mutually defined.

From the perspective of mathematical structuralism, holism
and system optimization, this paper gives a formal study of
Aristotelian modal syllogistic, which not only conforms to the
needs of formalization transformation of various information
in the era of artificial intelligence, but also provides a unified
mathematical research paradigm for other kinds of syllogisms,
such as generalized syllogisms, relational syllogisms, generalized
modal syllogisms, syllogisms with verbs, syllogisms with
adectives, and syllogisms with Boolean operations, and so on.
As for future research, we can consider how to use the research
methods of this paper to formally study other kinds of syllogisms,
such as generalized syllogisms and generalized modal syllogisms?.
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