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ABSTRACT

Investigating a functional differential equation of even order, we explore a class of self-adjoint boundary value problems with two-point conditions. We
establish the basis property of the system of eigenfunctions and compare the eigenvalues.
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Problem, Notation

Introduction

As is known, the spectral problem Lu = Au for a differential
operator of nth order has a real spectrum and a complete orthogonal
system of eigenvectors in the case of a self-adjoint operator and
corresponding self-adjoint conditions. In was considered self-
adjoint functional differential Sturm-Liouville boundary value
problem [1,2]
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(p(x) is a positive weight function). It can be considered as a
generalization of the Sturm-Liouville boundary value problem for
a string, the system of its eigen functions forms an orthogonal basis
in two spaces. In were considered generalizations for equations
of even order [3,4]
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with boundary conditions
-u(k](O] = 0; =0,
-u(k)(i’.) = 0, E=ees 2ii—1.

These conditions are a special case of the boundary conditions
considered in [S] and [6]. Usually such a boundary value problem is
called focal [7]. A boundary value problem with periodic boundary
conditions is also self-adjoint [8]. These problems are regular, the
spectrum of such operators is real and discrete, the eigenfunctions
are orthogonal and form a basis in the corresponding spaces.
Taking this opportunity, we note that in for the singular operator [9]
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necessary and sufficient conditions for the discreteness of the
spectrum are obtained.

This paper describes a class of two-point boundary conditions
under which the boundary value problem operator remains self-
adjoint (self-adjoint extension). For any such problem, the above
properties remain the same. We consider the operator (symbol ‘=
is read as is equal by definition)

Lu(z) = —

I
(_1):?1“(2m)+ / u(_g)-r(:r,ds)
p() o

zel0]] (m=>=1). 1

Assumptions regarding the function r(x, ds) are given below. We
write the boundary conditions in the form

Bsu =20, (1.2)
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where the operator of boundary conditions B¢ is defined in section
of notations in (1.7).

Notations and assumptions

The integral in (1.1) is the Stieltjes integral, instead of r(x, ds) it
can be written dsr(x, s). In the case of r(x, ds), the function r(x,
-) is considered as a charge (depending on the parameter x). If
the charge is discrete

féu(s)-r(;t;ds) :Za—l 5 ( )u(h (z :]:l

we obtain an equation with a deviating argument. Let us introduce
the following definitions and assumptions.

e “="means equal by definition, A ==
for measurable functions.

[0, /], = means is equivalent

* LA, p) is the space of functions whose square is Lebesgue
integrable with positive and measurable weight p(x) on A

and scalar product
/ fz)g(x

Ly(A) = L,(A, 1). We assume that Ji ol
(regularity condition).

plx)dz, (1.3)

Jdr < oo

*  Foralmost all x € A, the function 7(x, -) has limited variation
onA,

for any s € A function (-, s) measurable on A, r(x, 0) = 0; total

variation ||(z) = var r(x,s) is Lebesgue integrable. It is

SCL

known that » = r+ — r_, where r; and r— are non-decreasable
functions, and |r|(x) = r+(x, [) + r—(x, [), r+(x, 0) = r—(x, 0) = 0.

Let @ faap) o Ifo‘T ry(s,y)ds, E&_(z,y)

— _[g ¥ (s g)ids, & = Ep— &

Assume that ¢ is symmetrical &(y, x) = &(x, y). Then &+ and &— are
symmetrical.

*  AC* (k> 0) is the set of functions u, that have absolutely

(©) .

continuous on A derivative u“"-}: u = 1u.

*  [u, v] is bilinear form defined on 4C""! by equality

[u, v] ::/A (m) (™) dg + /Av(,t?)da:/Au(s)dsr(r,s).

The symmetry of the function & implies the symmetry of [u, v],
since by Lemma 3.12

[u,v] = L (m),

Assume that [u, u] > 0 if u/~ 0. To do this we require that

‘/;Ax[_\u(s)u( z)dE >0 (1.5)

™) dz + [ u(s)v(z)dE. (1.4)
AxA

ifuk0.

* W is Hilbert space (Lemma 3.1) of functions from 4C"!
satisfying [u, u] < oo, with scalar product [u, v].

 Ws: Lettheindex sets [, J < {0, 1,...,m
S=(,J)and

— 1} be arbitrary,

Ws={ueW:40)=0,viel, «?(1)=0,vjeJ}. (1.6)

Obviously, Wsis a (closed) subspace of W. In particular, W= Wsif
S = (@, @). On Ws we will consider the form [u, v] defined by
the equality

 T:W— LA, p)is the (set-theoretic embedding) operator
defined by the equality
Tu(z) = u(z), = € A.
The definition is correct and T is continuous (Lemma 3.2).

» T is the adjoint operator to 7' (T : L (A, p) —
adjoint operator to 7' (7" : L,(A, p) — Ws).

W), T*s is the

*  Operator Bs: AC?*™~1 — R?™ g linear operator of boundary
conditions. Define for S = (/, J) the index sets

U={2m—-1—di:i¢1l,ie{0,1,...,m—1}},
Ve={L2m-1—i:i¢ Jic{0,1,..., m—1}}.

We use all these indices to form the boundary conditions operator:

Bsu:= (u®(0): i c TUU,«®(W): ke JUV). (1.7)

For example, if m =3, =
={4}, V=1{4.5},

(0,2}, J= {2}, then S = (0, 2; 2), U

Bgu = (u(0), 4" (0), u(0), w” (1), u™ (1), u®(1)).

Gy is the Green’s operator of the boundary value problem
Lu=f, Bsu=0,thatis, u= Gyf, if the problem is uniquely solvable.

The Green’s operator G¢ has an integral representation (see, for
example, [4])

1
- ]D Gs(x,5)f(s)o(s) ds,

The Green’s function Gg(x, s) is symmetric i.e. Gg(x, 5) = G(s,
x). For each s, the section G(, s) is a solution to the problem
Lu=0, Bsu=0 (but ajump in the (2m — 1)th derivative is allowed).

Remark 1.1. A special case of the form [u, v] is the obviously
positive form defined by the bilinear form (¢ > 0, & > 0)

[-L,:.t-']:/Au{m)'lf(m’d-’-ﬁ’-‘-‘[A a(z)u(z)v(x) dﬁ*é.l\x&(u(f)
—u(s))(v(z)—v(s))dér.  (1.8)

It can be represented in the form

[u,v] := / w™™) dg 4 / R(z)u(z)v(x) dz —
Ja Ja

/ v(-:c)d:r:/ w(s)dsry(z, s).
A Ja
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R(z) = ri(z), m(z) :=ri(z,l) — ri(z,0) = r1(z,A), and

/ (R(z) —ri(z))dz > 0.
Ja

Investigation of the Spectral Problem

We follow the scheme in [3]. The difference is that we will consider
the form [u, v] in two spaces: in W and its closed subspace s,
considered as an independent Hilbert space. Therefore, what is
given below for W is also true for Ws.

Minimizing the functional (1/2)[u,u] — (f,Tu), ue W
leads to an equation in variational form

[u,v] = (f,Tv), Yo e W, f € La(A, p). 2.1

The operator T is bounded (Lemma 3.2), so the functional v 7+
(f, Tv) is bounded, and the equation (2.1) has a unique solution
u=T*eW.

Since the image of 7(W) is dense in L (A, p) (Lemma 3.5), then
[8, Lemma 5.1] the adjoint operator 7* is an injection. It follows
that the inverse operator

L:=(T*)! (2.2)

is defined on the image R(T*) := T*(L,(A, p)). Let us denote the
domain of Let us denote the domain of definition of the operator
L by D(L) := R(T*). The spectrum of the operator £

is determined by the spectral problem Lu = ATw, i.e. by esolvent
(L —AT)~!. This problem is equivalent to u = AT*Tu. The
operators 7 and 7T* are compact (Lemma 3.6), therefore the

spectrum of the operator £ discrete, real and positive. The above
is also true for the restriction of the form [u, v] to the subspace Ws.

We denote the corresponding L operator by Ls := (T3)~".
It should be noted that the operators 7* and 7 * are different

because they are associated with 7 defined in different domains
W and Ws.

Theorem 2.1. The spectral problem Lgu= XTu has a complete
and orthogonal system of eigenfunctions in Ws (as well as in

Ly(A, p)):

Lsup = A Tur, k=0, 1, 2, . . .. The eigenvalues are positive and
have a single condensation point +oo, i.e. 0 <1, <2,<---, and 1,
— oo, For A different from the eigenvalues, the equation e Lu — AT,
= fhas a unique solution in Ws for any f€ L,(4, p).

As follows from the statement below, the operator L defined by
the equality (1.1) gives a representation of the operator £
defined on the set Ws.

Theorem 2.2. The operator defined by the equality (2.2) in the

domain P( Es) = R(T%) < Wg coincides with the operator [

defined by the equality (1.1). Equation

{
(_1)rr1u(2m) o / u(q)r(T,ds’) - Pf; T e [OZ] (23)

0
is equivalent on D(Lg) to equation (2.1).

Proof. It follows from Lemma 3.10.

Corollary 2.1. Boundary value problem (2.3), Bgu = 0 is uniquely
solvable in D(Ls) for any f € La(A, p).

Remark 2.1. The form (1.8) corresponds to the functional
differential operator

1

i
u(x) = Ty, 20 (z)u — w(s)ri(z,ds) |, = i
Lute) = s (( 174 Rl [ uleyr( ,d_u), e 0.1
2.4
If we consider the equation
[u,v] = (f,Tv), u € W, Yo € W, (2.5)

then in a wider space ¥ one can obtain nonzero solutions to the
homogeneous equation Lu = 0. In WS this equation has a unique

solution up = T f.Letel, ..., enbe a basis in the orthogonal

complement of W4 Here n is the total number of elements of
the sets 7 and J, where S = (/, J). Then the general solution to the
equation (2.5) has the form

u=Tsf+ Z CLEL-

k=1

The orthogonal complement of W4 . is the null space of L, i.e.
Lep=0,k=1,...,n

Let us note an important estimate for the first eigenvalue
(depending on S)

[w,u] [1e, u]

A= inf ——=—= inf ——F——
ueWsu#0 (Tu,Tu) uweWsuzo [, updx

2.6)

From this estimate we obtain a comparison of the first eigenvalue
for different boundary conditions. Let S, = (/, J)), S, = (/,, J,),
and A, A, be the corresponding first eigenvalues. If I, € I, J|
c J,, then

Aot < Ao2.

Auxiliary Lemmas. Properties of Space and Operators
Space W. Boundedness and compactness of T

Lemma 3.1. The space W with scalar product [u, v] is Hilbert.
Proof: We need to show that every fundamental sequence un in

W converges (in W). Let us represent u,,(x) as the sum ugy,(x) +
pn(x), where

pYy — p {1,_3)??1—1. {(m)y .,
UUn{l)—/D Wltn (s)ds,
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and pn(x) is polynom of degree at most m—1. From (1.4) it follows

that u\™ is fundamental in L,(A). Therefore u™ — ¢ & La(A).

This implies convergence

"-'50?1 _> [

This convergence is not only uniform, but also in /7. The sequence
pn is fundamental in W. Due to the condition (1.5) pn converges
on a set of positive measure. But pn is a polynomial of degree at
most m — 1, so pn converges in the sense of V.

m 1

w(s)ds.

m—l

Lemma 3.2. The operator T acts from Wto L,(4, p) and is bounded.

Proof: The statement follows from the estimate

2

; E & ('1? . S)m_l (m ] ;
(Tw, Tu) = /[; (/0 Wu '(s) ds) plz)dz
I ‘ T (_1,_8)711,—1 2 T ” 3
& /0 p(w}da:/o (W) ds /0 (™) (s))? ds
4 T (I‘ - S)m—l 2
< [u, u] ‘/0 p(z) dmﬁ (W) ds.

The next two lemmas have an auxiliary role.

Lemma3.3. Let [, f(x)h(x)dx = 0forany h e La(A)

such that
/ (Cl B A Lo o e Cmmm_l)h(a") dr =0 (vclz e ,Cm).
JA
3.1
Then deyq, ..., ¢, such that

f) =1+ cox + - + cua™

Lemma 3.4. fA z)v(™) (z)dz = 0 forany ¢ At

such that y(™) ¢ La(A), and satisfying the equalities

v(0)=...=v" V) =v(l)=...=0v™ V() =0. (3.2
Then dey, . ... ¢,, such that
flz)=ci+cz+- -+ emz™ L.

Proof: We use Lemma 3.3. Any 4 satisfying the condition (3.1)
can be represented as 4 = v, where v satisfies the conditions of
our lemma. Indeed, as such a function we need to take

T T —s m—1
v(z) = [o ﬁh(s) ds.

From (3.1) it follows (3.2).

Since [ f(@)h(z)dz = [, f(z)v"(z)dx =0, the statement of our
lemma follows from Lemma 3.3.

Lemma 3.5. The images T(/S) and T(W) are dense in L,(A, p).

Proof: It is enough to consider T(WS). Suppose that the closure

T(Ws) does not coincide with L,(A, p). Then there exists h € L (A,
p) orthogonal to T(WS), i.e.

=1,

1
(Vu € Wg) ,/n h(z)u(z)p(z) d

Using the integration by parts

m

1
/ hupdx = Z(fl)’“*JH(m*k)u(kﬂ)

K0 k=1

1 1
—-1)™ H(z)u™ (z) da
[ e

where H™ = hp. We will assume that u satisfies (3.2). Then

I
0= f H(z)u'™ () da
0

From Lemma 3.4 H = ¢i +csx+---+cma™ 1. Therefore

h=H("/p=0.

Lemma 3.6. The operator 7 is compact.

Proof: We refer, for example, to the work [3], which establishes
(very simply, by the way) compactness for a form containing

only the term [, u("v(") dz. This will also imply compactness
in the case of the form (1.4). There is a difference due to the
boundary conditions, but they are finite-dimensional and do not
affect compactness.

Euler’s equation
The next two statements are obtained by integration by parts.
Lemma 3.7. Let u(*"!) be absolutely continuous. Then

i

1
+(=)m [ wCmydz. (3.3)
o J 0

m

i
/ u_[m) L.Ifm: de = Z[—l)i_lU-(m_z_“l-‘[m_i:

ol i=1

Lemma 3.8. Let ¢ be Lebesgue integrable on [0, /] and let the
function v have an absolutely continuous derivative of order
m — 1. Then

m—1

[Va e — D 1) pm=1-1), (3.4)

[F{l Jol™ de,

where F'" = ¢

Lemma 3.9. Letf'€ L (A, p),u,vE W,

/ ulmy(m) dy + / v(z)de / u(s)dor(z, s) = / fopde.  (3.5)
Ja Ja Ja A

Then

m—1

il
[ (u:m) e [—l)mF) L.Im] dr = Z(_l)T-F[mflngF[i]._ . (36)
Sa i=0 1o
where == - [, u(s)d,r(-.5) + fp.
Proof: The product fp is integrable on A, since
: z 1 1
([ fpa’a.') < fjpd:r/ pdr.
JO J0 JO
The equation (3.5) will take the form
/ ulmy(m) dy = ] pvdz. 3.7
JA A
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Substituting (3.4) into (3.7) we get (3.6).

The equality (3.6) can be simplified if we choose a function F’
that satisfies, for example, the conditions F(0)=...=F"(0) =
0. However, this is not necessary for our purpose.

Lemma 3.10 (Euler’s equation). Let f'€ L(A, p), and the function
u € W be a solution to (3.5) for any v € Ws.

Then u € AC*™ ! is a solution to the equation Lu = f, where L is
defined by the equality (1.1), and satisfies the boundary conditions
(1.2).

Proof: Function u satisfies (3.6), WS contains the set specified in
lemma 3.4, so from (3.6), (3.2)

{m) 1 i
ul™ _ (—1)"F=c;+z+...+enpz™ L.

This implies the existence of u®™ and the equality

(=1)mu*™) = F™) = ¢ And this means equality

Lu=f,
where L is defined by (1.1). From (3.3) and (3.5)

m i

(Vv € Wg) Z[_l)a—l plmti—1),(m-9)| _ o

0

3.8)

i=1
From here it follows (1.2).

One Generalization of Fubini’s Theorem
For completeness of presentation and ease of reading, we present
the transformation of the integral we need (see also [3]).
Lemma 3.11 ([11]). Let (X,4) and (Y, B) be measurable spaces,
p be a measure in (X,4), K colonX x B — [0,x] is core (i.c. for
p—almost all x € X K(x, -) it is a measure in (¥, B), VB € B K(,B)
is y—measurable in X) .

Then

1. the function v defined in A % B by equality
v(E) = / K(z, E;)p(dz), E.={y: (z,y) € E},
Jx

is a measure,

2.if f: X x Y — [—o0,00] v—measurable in X X Y, then

[ sesar= [ ([ s e,
Y

XxY X

Remark 3.1. The function v is a Lebesgue extension of the set
of rectangles

v(Ax B) = / K(z,B)u(dz), A< A Beb,
JA

Let us now apply this statement to our problem (in the notation
of section 1.2). In our case X = ¥ = A, the measure p coincides
with the Lebesgue measure.

Lemma 3.12. Let f{x, y) be a &-measurable function. Under the
assumptions of section 1.2 the following equality is valid:

I/Ax‘lf[rﬁ)df;:‘Ldi‘lﬁfﬂﬂ:.s)r{;r,ds)_ (3.9)
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