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ABSTRACT

This article deals with the derivation of the one-dimensional heat equation and explores its analytical solutions, specifically focusing on Dirichlet boundary
value and initial value problems associated with this particular partial differential equation. The primary objective of this study is to investigate the solution
for the one-dimensional heat equation, which serves as a prominent example of a partial differential equation. To achieve this, the method of separation of
variables is utilized to obtain the analytical solution. The heat equation, renowned for its effectiveness in analyzing the dynamic flow of heat within solids,
has stood the test of time as a powerful tool for several centuries. Lastly, we have taken a model example and solve it using the stated method and also mesh

plot is displayed using Python software.
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Introduction

In the early 1800s Joseph Fourier’s began a mathematical study
of heat. A deeper under- standing of heat flows had significant
applications in science and within industry. The heat equation
describing the conduction of heat in solids occupies a unique
position in modern math- ematical physics. In addition to lying
at the core of the analysis of problems involving the trans- fer of
heat in physical systems, the conceptual-mathematical structure
of the heat conduction equation (also known as the heat diffusion
equation) has inspired the mathematical formulation of many other
physical processes in terms of diffusion [1-4].

Fourier’s work on heat conduction and his mathematical
formulation of the heat equation laid the foundation for the field
of mathematical physics. The heat equation is a partial differential
equation that describes how heat spreads and changes over time
in a solid or a fluid. It has wide-ranging applications in fields
such as engineering, physics, biology, and finance [1,5-10]. The
mathematical structure of the heat conduction equation, based on
diffusion, has also inspired the study of other physical phenomena
that can be described in terms of diffusion processes. Diffusion
processes occur in various contexts, such as the spread of pollutants
in the environment, the movement of particles in a fluid, and the
propagation of information in net- works [11-15].

Fourier’s work faced some initial skepticism and took time to
gain acceptance among sci- entists of his time. However, his
ideas eventually became widely recognized and influential,
leading to advancements in the understanding of heat transfer
and the development of mathemat- ical techniques that have found
applications in numerous scientific and engineering disciplines.
many fields besides heat transfer: electricity, chemical diffusion,

fluids in porous media, genet- ics, and economics. A study of
the conditions that led to the articulation of the heat conduction
equation and the reasons why that equation has had such a major
influence on scientific thought over nearly two centuries is in itself
instructive. At the same time, an examination of how the work was
received and accepted by Fourier’s peers and successors gives us a
glimpse into the culture of science, especially during the nineteenth
century in Europe. The present work has been motivated both by
the educational and historical importance of Fourier’s work [16].
This work studies, a simple type of Partial Differential Equations
(PDEs): second order linear PDEs. A partial differential equation
(PDE) is any differential equation that contains two or more
independent variables and one dependent variable. Therefore,
the derivative(s) in the equation are partial derivatives. Thus,
the heat equation is the most known important parabolic second
order PDE which describes the distribution of heat (or variation
in temperature) in a given region. Parabolic PDEs have a natural
coupling to system of Ordinary Differential Equation (ODESs). This
article solves one-dimensional heat equation analytically using
the method of separation of variables. For better understanding of
this project, it is very important that to understand the difference
between heat and temperature. Heat is a process of energy transfers
as a result of temperature difference between the two bodies. Heat
is the energy transferred through heating process. Temperature
is a physical property of matter that describes the hotness or
coldness of an object or environment. Therefore no heat would be
exchanged between bodies of the same temperature. We recall that
a metal rod with non-uniform temperature, heat (thermal energy)
is transferred from regions of higher temperature to regions of
lower temperature.

Heat equation in different dimension (1D, 2D, 3D, ...) is a very
useful differential equation applied in most of Engineering science,
Physics, Chemistry, Heat mechanic, Dynamics, etc. It also has
numerous application areas in various fields, such as Material
Science and Engineering, Thermal Analysis of Buildings, Heat
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Transfer in Electronic Devices, Geothermal Systems, and others.
But the derivation of the model is complicated (not easy) [17-19].
The aim of this study is to give an idea how to derive heat equation
in 1D and extend this work to 2D and 3D.

Materials and Methods

Derivation of One-Dimensional heat Equation

In this section, we derive an equation for one dimensional region
called one dimensional heat equation that describes the flow of
heat in a given region.

In the equation of heat conduction, three physical principles are
involved:
The heat energy of a body with uniform property is:

Heat energy (H) = cmu (1)
where m is a body mass, c is the specific heat, u = u(x, f) is the
temperature.

J. Fourier’s law of heat transfer: the rate of heat transfer is
proportional to negative tem- perature slope,

Rate of heat transfer _k @
area T oz

2

where k is the thermal conductivity, unit [k] = MLT *U"!

Conservation of energy: In the heat transfer from the hotter body
to the colder body, the heat released from the hotter body is equal
to the heat gained by the colder body.

To derive the one-dimensional heat equation, we consider a thin bar
that is wrapped around the x-axis, with its ends at x=0 and x=L as
shown in Figure 1 below. This bar is composed of a homogeneous
material and has a uniform cross-section. Furthermore, we assume
that the bar is laterally insulated, preventing heat from passing
through it. Due to the thinness of the bar, the temperature u can
be treated as constant on any cross-section. Consequently, heat
only flows along the x-axis. Thus, the temperature u is solely a
function of the position x and the time t, denoted as u=u (x, t).
This function represents the temperature flow within the bar.

J U

x=10
Cross-section

u(x, t) — [ —

—> [ —

=L

Figure 1: Thin Bar that Transfer Heat

Now, consider a region D of the bar, with ends x0 and x1 as shown
in Figure 2 below. Now, the total amount of heat (H) = H(¢) in
cross-section D is:

H(t) = /II cou(z,t)dz

Io

3)
Where c is the specific heat and p is the density.

Now, differentiating Equation 3 using Leibniz rule we get;

dH d [** 1 fu(z,t) Tt Gu(z, t)
dt dtf cpu(z, t)ds l KT Cpl ot

I 0 i

Therefore,

. 1 ff’u(:::._t]djr
it P w Ot 4)

Figure 2: Cross-Section of the thin Bar

Now, the bar is insulated laterally, the only way that heat can flow
into or out of D is through the ends x, and x,. From Fourier’s law
of heat flow, we have a heat flow from hotter to colder regions
and the flow rate is proportional to Ej—;;.

Now, the net rate change of heat A in D is just the rate at which
heat enters D minus the rate at which heat leaves from D.

dH Au (xo,t Ou (x4,
_ _km _ (_ku(TT;)) where k is the thermal

dt ot
Conductivity
dH_kﬁu(xlrt] kau(xu,t}_k du(x;t)  ulxgt)
da - ¢ et a8t 9 ot )

dH X dulx,t) du(x,t)
dt at at

By applying the fundamental theorem of calculus part II, we have;

dH o (31.5 (z1,t)  Ou (:rg,t)) _ k/“ O*u(z,t)

dt ot ot , Or?
dH “9u(x,t) 5
E = kj ax2 ax ( )

o

Now, equating the two expressions in Equation 4 and Equation 5
above for 41 we get the relationship;

dH 1 Qu(x,t o1 2 t
—chf u(ix’)d:r.:k/ u(z, )d:c

dt o ot . Ox?
1 Qu(z, t) 1 92u(x, t)
:CpV/;D Tdﬂ::k[zo Wdl‘

Differentiating both sides with respect to x, we have;
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TL Aoy T 92..(,
icp/ du.(.tt.,t}dm:i / 0 u_(:c,t)d:r

dzy 0 0 dx . Oz?
d [* Ou(x,t) d [* 0%u(z,t)
; —dr = k— ——d
dei?l /IU ot dry J,,  Ox? !
Ou(x,t) Ou(zx,t)
cp at H22  (by Fundamental Theorem
of Calculus part I

Ou(x,t) i@gu(ﬂ:, t)
ot cp  Or?

Ou(z,t) iagu(:c, t)

ot ep 022
Ou(x,t) 5 0%u(z, t)
ot Ox?

Where — 2 - (. is a thermal diffusivity. Since the above
cp

arguments hold true for all intervals from x to x, and for all t

> 0, it can be concluded that the Partial Differential Equation

(PDE) given in equation Equation 6 is satisfied for the specified

interval from x = 0 to x = L and for all #> 0. As a result, Equation

6 is commonly referred to as the one-dimensional heat equation.

Analytical Solution of One-Dimensional Heat Equation
To solve the 1D heat equation, the method of separation of
variables in conjunction with Fourier’s sine series is utilized.

Separation of Variables

The method of separation of variables is a powerful technique for
solving linear Partial Differential Equations (PDEs). It involves
breaking down the analysis of PDEs into the analysis of multiple
Ordinary Differential Equations (ODEs).

Boundary and Initial Conditions

In our case, we consider a perfectly insulated homogeneous rod

of finite length L, with both ends maintained at zero temperature.

This gives us the boundary conditions:
w(0,t) =u(L,t) =0 (7)

Additionally, if the initial temperature distribution in the rod is

described by a function f(x), we have the initial condition:

u(x,0) = f(z) (¥

Solution by Separation of Variables Method

To solve the heat equation in Equation 6 using separation of
variables method, first assume that the function of the two variables
has a solution of the form:

u(x, t) = F(x)G(f), F(x) and G(¢) are not identicaly zero.

Differentiating the above gives:

i o
2L F(2)G(t), where G =

du
- o2

at

8G , O°F

F(x)G'(t), ! =

So that,

Ou(z,t) _ 2 Pu(z,t)
ot Ox?
Now, using separation of variable, we can write equivalently as:
S(t) _ F(x)

2G(t) F(z) A

= F(z)G'(t) = C*F"(2)G(t)

where recall A is constant of separation. Now, we can write this
in two homogenous ODE:s as:

F'(x) —AF(x)=0and G'(x) —AC*G(t) =0
Solving for F(x)
Now, we have to solve; F"'—AF = (). But the solution depends on 4,
that means for A=0, A > 0, and A < 0; we check each one by one.

Case .A=0,then F"—AF=0=>F"=0=>F=A=F(x)=Ax+B

=~ F(x) = Ax + B is a general solution for constants 4 and B.Now,
using boundary conditions

u(0, t) = 0 = F(0)G(f) = 0,= F(0) = 0 (Because G(¥) is not
identically zero) and u(L, ) =0 = F(L)G(1)=0,= F(L)=0

Therefore, F(x) = Ax + B

F0)=0=>A4.0+B=0=>B=0and F(L)=0=2>A.L+B=0=>4=0

= F(x)=Ax+ B=0is atrivial solution. But we are not interested

in trivial one. So A =0

cannot be our choice.

Case 2: > =A1>0, then F" —AF =0 = F" — W*F =0; solving this

using the method of

characteristics equation, we get the general solution is:

F(x) = Ae™ + Be™™ with constants 4 and B

Applying the boundary conditions on this we have;

F(0O)=0>A4+B=0=>A=-B

F(L)=0= Ae* + Be* = 0. But 4 = —B, so we have:

=—Bett + Be* =0

=—B(e' + e—)=0,but e’ + e £~ 0

So, B=0 implies, 4 = 0. Again in this case we get F(x) =0, which

is a trivial solution.

Case 3: —p?> = A <0, then F"— AF =0 = F" + p*F = 0; solving

this using the method of characteristics equation is:
r+p’=0=>r=-p’=r,=4pi

Thus the general solution is:

F(x) = Acos(px) + B sin(px) is the general solution.

Applying the boundary conditions to this, we get:
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F(0)=0 = Acos(p.0) + Bsin(p.0)=0=>4=0
F(L) = 0 = Acos(p.L) + B sin(p.L). but 4 = 0, so that we get; B
sin(p.L) = 0.

Now, to obtain the non-trivial solution, we take non-zero arbitrary
B, then we get:

sin(p.L)y =0 pL=nm=p= ?

2
2 _ —(nm) _
=P =7 = ©
. nmw
= F(r) =sin —=
F(z) = sin
= F,(r) =sin %r n=123.......... (10)
Solving for G(f)
To solve for G(t), we shall solve the ODE: G' — AC*G = 0. But
from Equation 10, A= _ n?r?

Cznzﬂa

’ 2 '

G=0

Thus, using the method of characteristics equation, we get the
general solution is:

o222

G(t) = De !
Where D is constant and, then

Gn(t) = Dne_- izt

(11)

for arbitrary Dn and n=1, 2, 3,

Full solution of u(x, ¢)
From our supposition, u(x, f) = F (x)G(?) is a solution for Equation
6, implies that;

un(x,t) = F_(x)Gn(?)

is also a solution forn=1, 2, 3,
Again, since the PDE given in Equation 6 is linear, by supper
position principle we have;

ZF (2)G,(t
i ( =E 2 n n; -:-':)

n=1

nrt

(12)

Equation 12 is a general solution of equation 6. Applying the
initial conditions, Equation 12 can be rewrite as;

o

u(z,0) = Z (D e 0&.111—1) = i (D sin TI)

n=1 n=

-

o0

w(z,0) = f(z) = Z (Dnsin %:}:) (13)

n=1

which is the fourier sine series.
To obtain D,, we shall use the Fourier’s sine series and the value is:

=2fg(

Therefore, the particular solution of 1-D heat equation in Eq. (6) is

) sin —) dr

u(z,t) = g (Dne_czﬂ‘z”ztsin %x) (14)
D - 2 [k .. nw J (15)
TI_E\/D (f(l‘).‘:lnf) T

Steady State Solution of 1D Heat Equation
Definition 1: Let us consider the function u(x, 1) satisfying the
partial differential equation 3“ _ ngiz_ We define a steady-state

Solution of this equation as a solution where the partial derivative
with respect to time Qu is equal to zero. In other words, the
temperature dlstrlbutlon u remains constant and does not vary
with time, making it time independent.,

Therefore, u(x, f) = u(x) is a steady-state solution to the 1D heat
equation. We can observe the following result:
&u u

du , 0%
— =0 pop—
ot ™
where 4 and B are constants.
This represents the general steady-state solution of the 1D
heat equation. The steady-state solution can help us deal with
inhomogeneous Dirichlet boundary conditions. If the Dirichlet
boundary conditions are given as follows:
u0,)=T,u(ll,)=T,
we can determine the particular steady-state solution by setting
B=T ands - D - i Therefore, the particular steady-state solution
becomes:

h-T

7 r+ B

u(r) =

where B is the constant term.
It is important to note that this steady-state solution can be applied
when the given boundary conditions are non-zero.

Numerical Results
Example 1: solve the initial boundary value problem

: 92, (
()uf;;.f) :dzil’t}, O<oz<mt>0 (16)
uzrz,0)=—=, O<z<nw (17)
u(0,t) =u(L,t)=0,t >0 (18)
Thus, Equation 16 is 1-D heat equation with,c=1, L =rand

.so the solution of 16 is given by:

Sfx) =
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—c2n2s? nmw
: .
(Dne L sin —:r)
L

[]¢

u(z, t) =
1

where ), — 2 [L(f(x)sin "T) dz

3
Il

Using the given conditions, we find out the coefficient C,.

D, = %[;L (f(z)sinngx) dx

= C’n = g/ (i sinﬂx) dx
T Jo V2 T

=, :/ sin(nz)dx
0

= ——(cosnm — cos0)
n

0 for n is even
1

= —_l(cos-mf -1)= {

% for n is odd

Therefore, the non-trivial solution of Equation 16.

[SSI

2 0
u(z, t) = Z Ee_n ™ sin(nx)

n=1

Figure 3: Surf Plot for the Analytical Solution of 1D Heat Equation
Using Example 1.

Conclusion

This article derived the time-dependent partial differential equation
known as the 1D heat equation and investigated its solutions,
which were observed to exhibit variation in both time and space.
The primary emphasis of the discussion revolved around obtaining
analytical solutions for the one-dimensional heat equation through
the implementation of the method of separation of variables.
Furthermore, the research explored the steady-state solution of the
1D heat equation while considering non-zero boundary conditions,
and a practical test example was presented to demonstrate the
applicability of the derived method.
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