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ABSTRACT

This paper discusses the relation between Taylor’s formula and partial differential equation. Taylor formula iteration method can resolve partial differential
equation. u(x,t)be expanded at = 0 or ¢ = 1by Taylor formula.Coeflicient of Taylor formula ut(x,0),utt(x,0)...can be expressed by partial differential equation.
The method can solve nonlinear differential equation.Generalized Taylor’s formula can solve fractional partial differential equation. The method is very
important way that resolving partial differential equation. The method also can resolve those equations from [1-9]. This article refers to the literature [10].
Taylor formula iteration method belongs to logical thinking.
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Differential Equation uy(z,0) = (%), =2z, ®)

xr

Introduction g (x,0)
This paper introduce that Taylor formula iteration method resolves

partial differential equation. In this paper, six examples are used 1
to introduce Taylor formula iteration method to solve partial Ugge = Ugee T 7 s (10)
differential equation. This paper also introduces that Generalized

Taylor’s formula can solve fractional partial differential equation. 1

The iterative method of Taylor formula is an important and useful w (2,0) = ypr(x,0) + —ug(z,0), (1)
method to solve partial differential equation. The solution of Taylor I

formula iteration method belongs to C*.

24+2=4, )

ug(x,0) = 0, (12)
Variable Coefficient Problem
We consider equation as following: _ . B
U (T,0) = 0, (13)
s [ _ ( _ 1 .
ruy(r,t) — (zuL(z, b)), = 0, (1) ue(z,0) = 0. (14)
wz,0) = 2%, ) wre(,0) = 0, (15)
u(z,0) = 0. 3) And we have:
We solve (1) by Taylor formula iteration method as following: tpgpr (1,0) = Ugggge(x,0) = ... = 0. (16)
T (T, t) — (zug(2,1)) = 0, 4 By Taylor’s formula, we get as following:
1 12 3
Uy = Ugy + Eur' 5) ulx,t) = u(z,0) + we(z, 0)t 4+ wee(x,0) = 5 + w0, [])3—
1 (17)
u(2,0) = vge(zx,0) + —ug(z,0), (6)
. u(x, t) = 2 + 262 (18)
trp(x,0) = {:IQ]:I =2, (7)

Solution of equation (1), ,u(x,t) = = + 2¢°.
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Two-Dimensional Heat Conduction Equation Solution
We study the equation as following:

(19)

U — tr(Uar + Uyy) = tz,

'H-(I,'y, 0} =zry+ yS_ (20)

Next, we solve (19) by Taylor formula iteration method,

ey

Uy = Uy + Uy ) + 2,

Lett=0on (21),
ut(x,y,0) =0, (22)

On equation (21), finding 1-order partial derivative of ¢ on both
sides,

We have:
Ugr = I{'H'x:r + uyy} + tI(uErr + 'H't.yg,rj + Qt, (23)
Upe(x,y,0) = 0, (24)
uyy(z,y.0) = 6y, (25)
Next, t =0 on (23),
uye(7,y,0) = 6y, (26)

On equation (23), finding 1-order partial derivative of t on both
sides, We have:

Uty =  20(Uppe + Uryy) + 1T (Ugrpe + Usryy) + 2,

(27)
Uttaa(2,9,0) = (62y)z; =0, 28)
Uty (.]‘ Y, 0) = 0, (29)
'H-;yy(;]:_. Y, [}} = 0: (30)

Next, t =0 on (27),
e (7, y,0) = 2, GD
Ugerr = 3T(Upprr + Ustyy) + 0T (Uprers + Uepryy ). (32)
utttt (x,y,0) (33)

So we have :

Wigpsr (T, 9 0) = Ugegee (T, 9,0) = ..o =0, (35)

By Taylor’s formula, we get as following:

w(r,y, t) = u(z, y,0) + gz, y,0)t + uy(x, y, D);—ZI + gy (T, Y, D)tg—s; +..., (36)
u(z,y.t) = (3t2+1)ry+y3+§. (37)
Solution of (19) u(z,y,) = (3> + zy +y* + 5.
The Third Problem with Boundary Values
We consider following equation:
uy — 4du,, = cost, (38)
uw(z,0) = cosz, (39)
ur(0,t) = wu.(l,t)=0. (40)
By Taylor formula iteration method,we have:
uy = 4u,, + cost, (41)
u(x,0) = Adug(z,0)+1, (42)
ut(z,0) = —4dcosz+1, (43)
Uy = Dpp, —sSInt, (44)
uy(2,0) = dug,(z,0), (45)
u(z,0) = 4%cosz, (46)
Uttt = 4uﬁm — COS8 t, 47)
u (2,0) = Ay (z,0) -1, (48)
e (2,0) = —43cosz — 1, (49)
et = AUttezs +sInt, (50)
U z,0) = 4du x,0),
teet (2, 0) tetze (2, 0) (51)
Upers (£,0) = 4%cosz, (52)
Upetrr =  Agpriee + COSE, (53)
uggpee(2,0) = —4°cosz +1, (54)
(55)
By Taylor’s formula, we get as following:
t2 3
w(z,t) = u(z,0) + u(2,0)t + Rtt(l'xo)a + ug(, 0)3 +...,
(56)
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= () o (D" o e
.u(.’l,,t)zz " t COS&”—I—th \
n=0 n=>0
: — (D" o
st = T 58
sin RZ:O 2 1) , (58)
We have:
u(z, t) = ¢4 cosz + sint. (59)
We take the best of Fourier expansion:
1
a,(t) = 2/ (e7 cos x) cos(nmz)de, (60)
0
We get the solution of (38):
_ N At : (61)
u(z,t) = Z a,(t)cos(nmx) + e “sinl +sint.
n=1

Fractional Partial Differential Equation

0%u(z, y,t) 8 - (62)
o T Diu(z,y.t) + Dyu(z,y,t) + u(z,y,t),
u’("l"u y! 0) = Q(‘Ts y)' (63)
where q(x,y)is known integral polynomial.
The definition of Caputo fractional derivative about t:
q,(x; )is known function.
We consider ﬂgf;}ﬂiﬁ), On equation (62),nding -order partial derivative of t on both sides,
O u(z,y,t s O0%u(z,y,t 0%z, y,t Ou(x,y,t
7‘(2 1) Dfif '_')+D; ( 1) () (64)
ot2a ote ot ot
O u(w,y,0) psdtu@9,0) o, 9%u(,y,0) N 9*u(z,y,0)
t2e T vl ote ote (65)
0% u(z,y,0) . :
—5Ea Diqy(z.y) + D}q:(=,y) + q1(z, y), (66)
where
0% u(z,y,0

ot2e
q,(x; )is known function.

We consider w' On equation (62),nding 2-order partial derivative of ¢ on both sides,
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We have:
OPu(z,y,t) 552“-1;(:1:, y, t) N ?u(z,y,t)  0*u(x,y,t)
3 — YT j2a + Dy Df2a 2 (68)
Pu(x,y,0) _ Dﬁ@z“u(m,yj 0) D P u(z,y,0)  0%u(z,y.0) (69)
i3 o T o2 i Ht2a Ht2a ’
Az, y,0 .
% = Dig(z,y) + D}ax(z,y) + a2(z, ), (70)
where 83‘*1.5(3:, v,0) ey

q,(x; y)is known function. We consider 8% u(z,y,0) _ On equation (62),nding 3-order partial derivative of 7 on both sides,

dtia
We have:
'*u(z,y,t) 5P u(x,y,t) 0% u(x,y,t) | Ou(z,y,t) (72)
Jtia Dy dt3a y Di3a Ht3a ?
O u(z,y,0) 50%u(z,y,0) N Pou(z,y,0)  0*u(z,y,0)
Otia - Ve Ot3a + Dy Ot3a + O30 (73)
Pu(x,y,0) .
—ma — = Din(.y)+Dja(y) + o), (74)
where 33au($’ y.0)
T 9Ba a(z, ),
t (75)
¢,(x; y)is known function. We consider 54“;3 %:0) On equation (62),nding 3-order partial derivative of t on both sides,
We have:
Hou(w,y,t) Db *u(x,y.t) LD Pu(z,y,t) | 0> u(z,y.t) (76)
at4a - T 5‘t3a Y at&'x 5‘t3a !
M*u(x,y,0) 503 u(z,y,0) ?.835“1;:(&3,3;,0) F*u(x,y,0)
dtda Dq Ht3a Y Ht3a Htda : (77)
*u(x,y, 0 . 78
% = Digs(z,y) + D}as(x,y) + qs(z,y), (78)
where
o'u(z,y,0)
dtT = q(z,y), (79)
q,(x; y)is known function. We have:
o"*u(x,y,0
& = Q‘Jl(x:y): (80)

Jtne
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q,(x; y)is known function.

By Generalized Taylor's formula:

\f . .
e %z, y,0)
‘v d1 t - B F .J .
So we have the solution of (62):
o 2cx
u(z,y, 1) = q(z,y) + q1(z, y)m + Qz($~9)m e
(82)
Nonlinear KdV Equation
We consider the wave equation as following:
uy — 66Uty + Upypy = 0, (83)
u(x,0) = z.
u(x,0) =x 849
We have:
Uy = 6?-‘:'u':}:‘ — Ugpzx, (85)
u(x,0) = O6u(z,0)u(z,0) — (2, 0), (36)
u(z,0) = (87)
ug(z,0) = 1, (88)
Ug g (‘T'! 0) = O: (89)
ui(z,0) = 6, (90)

On equation (88), finding 1-order partial derivative of t on both
sides, we have:

wy = 6(wpug + wiy) — Uppre, 1)
uee(2,0) = 6(us(@, 0)ug(z,0) + u(z, 0)ues (2, 0) — ttara(x, 0),
(92)

ue(2,0) = 6, (93)

Uprae (2,0) = 0, o4

u(z,0) = 2-6%z, (95)

On equation (94),nding 1-order partial derivative of t on both sides,
We have:

Uy =  6(upty + Uty + Utlyrr) — Uttrza, (96)

wppe (2, 0) = 6(wee (2, 0)ur(z, 0)4+2us (2, 0) g (2, 0)+u(z, 0)user (2, 0))—tstpre (2, 0),

ue(z,0) = 6, 97)

Ut (2,0) = 2.62, (98)

Ut (.I'-, 0) = 64.'1,'. (99)

By Taylor's formula ,we get as following:

t2 t*
w(z,t) = u(z,0) + w(z, O)t—l—nﬁ(:r,()}a + up (2, 0)5 T

(100)
We have:
u(z, t) = x4 6zt + 6%2t? + 6% 2t® + 6wt + ... (104)

T
1—6t

So we can get the solution of(86),u(fb”: t) = 16"

u(z, t) = (105)

Nonlinear sine-Gordon Equation
We consider following

On equation (114),nding 1-order partial derivative of t on both
sides,
We have:

Uttt — Czﬂ,tt:{;x — (XU COS U —+ &U? sin u,

(106)
Wags (2, 0) = Pty (2, 0) — aug (2, 0) cosu(z, 0) + a(u(x,0))? sinu(z, 0),

Uttzz(2,0) = asinz, (107)

2 _: 2 _: .
ac” ST + ¢ SINT COS T + ¢ SIN T,

(108)

Htttt(fﬂ, 0) =

uttttt(x; 0),utttttt(x; 0) : : :is known function.

By Taylor's formula ,we get as following:

2 I t!
u(z,t) = u(z,0) + u (2, 0) + un(:r:,O)a + w2, 0)5 + uttft(‘r-o)I +..

(109)
asin T,

Uptrr(2,0) = (110)

2 - 2 - .
ac” SINT + @ SINT COS & + (¢ SIN &,

(111)

'Utttt(fb”a 0) =

uttttt(x; 0),utttttt(x; 0) : : :is known function.

By Taylor's formula ,we get as following:
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So, we can get the solution of (107).

Iterative solution of partial differential equations by Taylor formula
is important and good method that solve linear and nonlinear
partial differential equations. And the method also can solve
fractional partial differential equations.
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