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ABSTRACT

The aim of the present article is to analyze the propagation of Rayleigh waves in a rotating fiber-reinforced electrically conducting elastic solid medium
under the influence of surface stress, magnetic field and gravity. The magnetic field is applied in such a direction that the problem can be considered as a
two dimensional one. The wave velocity equation for Rayleigh waves has been obtained. In the absence of gravity field, surface stress, rotation and fiber-
reinforcement, the frequency equation is in complete agreement with the corresponding classical results. The effects on various subjects of interest are
discussed and shown graphically. Comparisons are made with the corresponding results in absence of surface stress.
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Introduction

The purpose of generating more strength to a solid without adding
too much weight to it or increasing its load bearing capacity is
fulfilled through the process of fibre-reinforcing. The process of
fibre-reinforcing has been developing continuously with advanced
technology and the products are in use in various fields; as for
example, in manufacturing aircraft components fibre-reinforced
material can be a good option. The characteristic property of a
reinforced composite is that its components act together as single
anisotropic units as long as they remain in the elastic condition.
The wave propagation in a reinforced medium plays a very
interesting role in civil engineering, geophysics and geodynamics.
The earth may contain fibre-reinforced material like hard and soft
rock. The seismic signals have to travel through various materials
present in the earth in the form of layers. During earthquake and
similar disturbances, a structure is excited and vibration occurs
with resulting oscillatory stresses. Thus the propagation of waves
in a fibre-reinforced medium depend on the physical properties of
the structures. Different methods are adopted in fibre-reinforcing
process, viz., long fibres are arranged in parallel in the matrix,
short fibres are randomly arranged in the matrix, or fibres in the
form of cloth are set in the matrix. Obviously, the strength and the
load bearing capacity of the fibre-reinforced material will depend
upon the fibre arrangement in the matrix. Arunakanthi and Kumar
has an experimental studies on fiber reinforced concrete [1].

The importance of wave propagation in solids arises from
its relevance in composite engineering, geology, seismology,
seismic exploration, control system and acoustics. In the study
of earthquakes, geophysics and geodynamics, surface waves play
a crucial role. Well- known general surface waves i.e. Rayleigh
waves, Love waves and Stoneley waves are well connected with
earthquake spectrum analysis. Rayleigh waves are responsible
for causing destruction to the structure owing to their slower
attenuation of the energy than that of the body waves. In classical
theory of elasticity, effect of gravity and surface stress is generally
neglected. The effect of gravity on wave propagation in an elastic
solid medium was first considered by Bromwich [2]. He has treated
the force of gravity as a type of body force. Love extended the
work of Bromwich and investigated the influence of gravity on
superficial waves and showed that the Rayleigh wave velocity
is affected by the gravity field [3]. Biot studied the influence of
gravity on Rayleigh waves, assuming the force of gravity to create
a type of initial stress of hydrostatic nature and the medium as
incompressible [4]. De and Sengupta studied the effect of gravity
on the propagation of surface waves in an elastic layer and also
on Lamb’s problem on a plane [5, 6, 7]. Das et.al investigated
surface waves under the influence of gravity in a nonhomogeneous
elastic solid medium [8]. Abd-Alla et. al. studied the surface
waves propagation in a fibre-reinforced anisotropic elastic media
subjected to gravity field [9]. Abd-Alla et.al also investigated the
propagation of Rayleigh waves in magneto-thermo-elastic half-
space of a homogeneous orthotropic material under the effect
of rotation [10]. Abo-Dahab et.al. studied the effect of gravity
field, initial stress and rotation on the S-waves propagation in
a nonhomogeneous anisotropic medium under magnetic field
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[11]. Bayones investigated propagation of Rayleigh waves in
fiber-reinforced anisotropic thermo-visco elastic media under
the effect of rotation [12, 13]. Abd-Alla et.al. investigated the
effects of rotation and gravity field on surface waves in fibre-
reinforced thermoelastic media under four theories. Maity et.
al. [14]. Investigated the wave propagation in a rotating fibre-
reinforced poro-elastic solid under the action of uniform magnetic
field and also propagation of plane waves in a rotating magneto
thermoelastic fibre-reinforced medium with voids under G-N
theory[15,16]. Sethi et.al. Studied surface waves in fibre-reinforced
anisotropic elastic media under the influence of gravity[17].
Abd-Alla et. al. discussed the effect of rotation, magnetic field,
initial stress and gravity on Rayleigh waves in a homogeneous
orthotropic elastic half-space[18]. The physical properties of
bodies in the neighborhood of the surface are sensibly different
from those of the interior. The surface tension in a liquid is a
particular case of surface stress. The presence of surface stress on
the boundary of bodies has been detected in some particular type
of crystals, whose orders of magnitude agree with the predictions
made by molecular theory. Compressive surface stress is involved
in the case of shot peening of ductile metals and its knowledge
is quite useful for the shaping of aircraft wing panels (Gurtin)
[19]. The effect of surface stress on Rayleigh wave propagation
has been discussed by Chandrasekharaiah [20]. The propagation
of Rayleigh surface waves in a rotating fibre-reinforced medium
with magnetic field, surface stress and gravity field has not been
noticed so far. In the present investigation the propagation of
Rayleigh waves in presence of fibre-reinforced medium, rotation,
magnetic field, surface stress and gravity field has been discussed.
It is assumed that the direction of the magnetic field is such that
the problem can be considered as two dimensional. The effects of
surface stress, density, magnetic field, rotation, fibre parameters
and gravity are shown graphically.

Formulation of the problem

Let us consider an elastic medium of fibre-reinforced material
occupying a half space with plane boundary. Choosing the origin
‘0’ of the cartesian coordinate system oxyz at the plane boundary,
the half space may be defined as z> 0. We shall make the following
assumptions for the problem we are going to discuss:

The material of the half space is under the action of a magnetic
field H, = (0, H;, 0).

A gravitational force is acting on the medium in the direction
0,0, 1).

The half space
Q=(0,Q,0).

is rotating with angular velocity

The fibres in the medium are arranged parallelly in the direction
a=(1, 0, 0).

An elastic disturbance in the form of wave is propagating along
the x-axis and the disturbance is assumed to be confined to the
neighborhood of the free surface z = 0 and vanishes as z — oo

From the assumptions made above it follows that all particles
on a line parallel to y-axis are equally displaced. Therefore, all
the field quantities will be independent of y coordinate and the
problem can be considered as two dimensional in the x-z plane.
Since the medium is assumed to be rotating with angular velocity
Qin an applied magnetic field of intensity H, an induced magnetic
field h=(0, h, 0), an induced electric field E and a current density J
will be developed. If 4, is the magnetic permeability of the medium

then the total magnetic field in the medium is B = x H, where H
=H, + h is the magnetic field arising from applied magnetic field
H, and induced field h. Denoting the displacement vector by u =
u(X, ), the simplified system of the equations of electrodynamics
for a slowly moving homogeneous electrically conducting
medium, may be written as

Vxh=J+e&E
V x E=—uoh
V-h=0
E=-uxB (1)

where € is the electrical conductivity of the medium. Following
Belfield et. al. [10] the stress-strain relations for linearly fibre-
reinforced elastic medium may be expressed in tensor form as

Tij = /\Ekk(sij —I—Q,LLT €ij —|—a(akam€km6“—|—a1-aj fkk) —+
2pr—pr)(aiarer;+ajarer)+5(aramaia;erm) 2)

where T;; are the cartesian components of the stress tensor;

€ij = %(u.@‘_j —I—_u.j,@) are the strain components, related to the

displacement vector u; A, u, are elastic constants; a, B, (¢, — ;)
are reinforcement parameters and a = (a,, a,, a,) such that

a?+a3+aj = 1. For a rotating elastic medium the equation of

motion, in absence of body force, can be written as
Tij.j + R = p[l_lg + {Q et (Q et l_l) —i-QQ X ll}%jl (3)

In (3), p denotes the material density, overhead dot represents
differentiation with respect to time and the suffix after second
bracket represent the ith component of the vector inside and F,
are the body force components arising from the applied magnetic
field and the gravitational effects.

For this problem F = J x B + pg(w,,0, —u,) andu =
(u,, u,, u;) = (u, 0, w). Then utilizing relations (1) and neglecting
products of h with u and its derivatives, the governing equations
of motion (3) for a rotating fibre-reinforced medium under the
action of applied magnetic field and gravity may be written as

dryy | Omg dw  Pu dw. 4
Tz o T xHitpegn = sl — Qut 2075 ()
o 7y v
g+ ae ol B =l ®
Oty OTyy u w 9 Ou
2z T2, +po(J < H)s - PIH = ‘O[W - Qw— ZQE] (6)

Based on our assumption that the fibres are parallelly arranged
in the direction @ = (1, 0, 0) the relevant components of stress
tensor are

T = (A+ 20 +4dpp — 2pr + Bern + (A + a)eas + (A + a)ess
Too = (A + @)err + (A + 2pr)esn + Aeas, a3 = (A + a)err + Aean + (A + 2pr)ess

719 = 2urein, T3 = 2ppeis, T3 = 2ureas
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Using (7) equation (4), (5) and (6) reduce to

9%u Ow 0%u oh 590U Jw 0%u ow
Anggat Brg g, g — oy, —amHygg +rog = plgg —Qut 205 ®)
v 0*v 0 )
Mg THT g3 = Poi
0w o Pw oh 9 10 OPw ou Pw ou 10
AQQ() Q+BQ 5. THL g3 ,UoHod foﬂ-oHoW—PQ% ZP[atg -0 'U-'—QQ&] (10)
where
Ay = A+ 2a+4pp —2pur + B, Aspe = A+ 2pur. By = A+ a + pur
From equation (1) the expression for h can be written as
Oou Ow
h = _HD(() CL) (11)
Now the dynamical equations of motion can be written as
0%u O*w E)Qu ow d*u ow
A H? By+poH — SHZ 02
(A11+p0 o)a +(Bay+ o D)c) 92 +P5Ld s TP = (p+eopgHy) =z a2 P ar (12
9% 9% 0% (13)
HLgs +,Urd 5= Pam
0w 9*u 0w du ou
(Asa+poHg 5.2 (Bz+#oHo)d 5, THL g3 P95, (P+EoﬂoHo) dtg —pQPw—2p0 % o (14

For Rayleigh waves we concentrate only equation (12) and (14) which reduce to

9% Fw F2u Ow %u Ow
2 2 2 . 9 2 2 2
(Citeagm t@t gy +taga o5, = 1+algs - "5 as
9w 9 % 9 8w ou 9 ?w 9 ou
(CJ+C4)dZQ + (e + ¢ )d 5. TG —Q$=(1+03)&—Q—Q ’w—gﬂa (16)
9 poH} _ eopgHi &2 2 A 2_ B 2 _pL 2_ A 2 _ 1
where, €4 = ) e, C?B — ; - = _,'];L 1= "p o = ? G = ? €4 = e € = enpn’

c, =alfven velocity, ¢, =P-wave velocity, ¢, = velocity of light in vacuum. Now introducing the dimensionless variables

T, 7, W, W, t suchthat

T = CuWT, z =Mz, U = W, w = cuww, t = wqt,

(where , is the wave number) equations (15) and (16) for the half space reduce to

0%*u 0w C)Qﬁ ow 0% Jgw
T = M — QT— T 1
(—i‘)u{)d_g‘i‘( +lH)d_d_+ 3d_9+ e P 5 (17)
v O  ,0%w _fu T _
(CE‘FXH)W‘F(CE‘FXH)%@E‘FC%W —E%ZMK—QFF—FQ (18)
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where
2 2 2
\ ‘G €A n_% p_© o G - Wi
M=1+xn—5.x0 = 5. =Qui,cf = 5.¢5 = 5.6y = 5,9=—g
(&) q (&5} &) & =]

In absence of gravity the equations (17) and (18) are in complete agreement with the equations (9) and (10) of Roy et. al.[24].

Boundary conditions

For the consideration of the surface stress one has to assumed z = 0 to be a material layer which adheres without slipping to the
half space and is a two dimensional elastic half space. This layer is capable of supporting its own stress represented by the surface
stress tensor ), and obeys the law Gurtin [19]

> ia0 + (As + 0)ty ] + prstli o + (ts — 0)ttg; fori,a,r=1,2
o= oUsg o for i = 3. (19)

Here ), 1 _are the Lame’ moduli of the material boundary and o is the residual surface tension on the layer z = 0. Surface elasticity
tensor has been used following Gurtin [19] forces on the bounding surface are governed by surface tension Zjg given a smooth

oriented curve y in z = 0 with positive unit normal ni, Zia . nq represents the force per unit length of y by that part of the boundary

into which ng is directed upon that part of the plane z = 0 away from which nq points. A, 4, ¢ have the dimensions as n x n. Hence
the boundary conditions are

0%u,

psﬁ =0 on z=20 (20)

Tiz + E:éo:,cr -
Where p_is the mass per unit surface area (kgm™') of the layer andTizare the stress tensor in the interior of the medium.The conventional
stress tensor 7;; has the unit of force per unit area and the new surface stress tensor Xjy has the unit of force per unit length.

Solution of the problem
For solution of the problem we take

(@, 0,w) = {u(z),0, w(z) exrp{iw(r — ct)} @1)
in which u(z), w(z) are functions of z only and % represents wave length of the harmonic waves traveling forward with speed ‘c’

Substituting (20) into the equations (17) and (18) we arrive at the following equations

[cg‘)‘}f?:2 + {fl&fc2 +T"2—(1+ XH)}wg]u(:) + aw[(cg‘)‘ +xu)D + (7 + 2wel)|w(z) =0 (22)
(2 +xi)D* + (M +T7 — &) wHw(z) +iw[(cF + xu)D — (7 + 2wel”)u(z) = 0 (23)
where, [V = £ D = d—i and §' = % From equation (22) and (23) we get the following equations determining u(z) or w(z) as
{2 +xu)D*+ [ (M 4T =)+ (4 xm) M +T? — (14+xm) } — (¢ +xu )Y Jw? D?
FUME +T7 — (14 ) (M + T2 — ) + (7' + 261 bu(2), w(z) = 0 o8

Let the real roots of the above equation (24) be A >and A 2. Since u(z);w(z) describe surface waves we can assume they are vanishingly
small as z — c. On this consideration we take the solutions of equations (22) and (23) in the following form

U,[:f:) _ (Ale—iwklz + Ble—iwkzz)eiw(:c—ct}.u_l(:,) _ (.426’._“}”2 + Bze—iw)\gz)eiw{a'—cf) (25)

where,A , B, A, B, are constants. Using (25) in (22) and (23) and equating the coefficients of e ("**1) and (**2”) to zero we obtain

(1 + XH) + )\%C@? — M +T17
[:CEQ + X”)f\l + i{?I + QC]."’)

(14 yu)+ )\%CSZ - M2 4+17
{‘,_-122 + X”)/\Q + E(? + QCFJ)

AQ = Aland BQ = Bl (26)

which can be written as 4, = k,4,and B, = k,B, where

ater Sci Manufac Res olume 4~
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ke — (14 xp)+ A2 — M+ 17 o7
" E N + (@ + 20

Since we are interested to investigate the possibility of Rayleigh waves with surface stress, in the light of Chandrasekharaiah [13]
the boundary conditions may be taken as

Pu )
713+Z P 1= on z=0 (28)
lo,ex
T3z + Ygaa — ,O_q% =0 on 2z=20 (29)

Using boundary conditions (28) and (29) we get
(A — k) —iw(cf — c3)] Ay + [ng(/\g — ky) —iw(cf — e})] By =0 (30)

[(2 — &2 — Mkic?) +iwki (¢ — )] Ar + [(2 — 2 — Aokacd) +iwka(cF — )| Bi=0  GD

Eliminating 4, and B, from (30) and (31) we get

] ER ) 2 2 - 2 2
N cl 1r(z)\l — kq) - iw(cg — Cff) ) N c.’5r(2)\g — ko) " iw(cg — CER) b | =0 (32)
(F = = Mkicf) +iwki(cg —cg)  (¢f — & + Aokacg’) + wka(cf’ — cg)
2 2 A 2By 2 _AdWr 2 _ o0 2 _% L2 _% 2_F 2_ B 2_ 9
where = LL = Zfetifls 22 pf = feTHT = = = = % = = = =
5= 0% pe T T 0 BT T, AT 08 =306 = 200 = 468 = 6 g

The equation (32) represents the wave velocity equation for Rayleigh waves with surface stress in a rotating fiber-reinforced medium
under the action of magnetic field and gravity. If we omit the surface stress and gravity term this frequency equation (32) agrees with
the equation (5.1) obtained by Acharya [6]. In absence of surface stress, gravity, rotation and a particular consideration as y, = = u
equation (32) reduces to

A1 MdZ 2 .
')_7 M—)23(] - —=— 3
(2-M z){ T Cz) - Mz 1+X”C2) (33)

when a, £ tend to zero. Now neglecting the magnetic field we get the well known Rayleigh waves velocity equation for isotropic
medium as follows

2 &
2241312
( ) (1-Z)1-3)

=

(34

Numerical results and discussions

The present study focuses on the effects of surface stress, magnetic field, rotation, density, gravity and fibre-reinforcing on the
propagation of Rayleigh waves in a medium. To observe the effects numerically we have adopted three sets of values of relevant
parameters named fiber-1 and fiber-2 respectively from the works of Maity et. al.[23], Markham[21], Zorammuana[26] as given below

A =5.65x10°N-m™2, py = 246x10°N-m™2, pp = 5.66x10°N-m™2, p = 2.26x10*° K g-m ™,

A =T759x10°N-m™2, gy = 3.5x10°N-m™2, p, = 7.07x10°N-m™2, p=1.6x10°Kg-m*
A =Tx 108N -m™!, p, =8 x 10°N -m™, p,=7Tx 10*Kg-m=2, ¢ =110N-m™*

In our numerical analysis we shall plot the Rayleigh wave velocity in fibre-reinforced medium against the wave number under different
conditions of the model. We shall examine the effects of various parameters considered separately taking other parameter values
fixed, on the wave propagation velocity in the medium. We have observed that in all cases considered the wave velocity decreases
asymptotically to zero as the wave number increases. Another notable feature of our analysis is that, for a fixed wave number value
the wave velocity increases with the applied surface stress. The results are shown in the Fig. 2 to Fig. 6.
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It is observed in Fig. 2 that increase of rigidity of the reinforced
medium shows increase of velocity of propagation of Rayleigh
type wave in the medium. The effect of surface stress is to increase
the magnitude of velocity. The increase is larger for smaller
value of wave number, and asymptotically tends to zero as wave
number approaches infinity. Increase of velocity with rigidity is
in agreement with the behaviour of Rayleigh wave velocity in
homogeneous isotropic medium. As in homogeneous isotropic
medium the wave velocity decreases with the increase of material
density of the medium and the effect of surface stress is to increase
magnitude of the velocity. It is clear from our numerical results
that in a fibre reinforced medium the characteristic of velocity
of propagation is the same as that in a homogeneous isotropic
medium, only the magnitude differ. The effects of magnetic field
or rotation are similar and are quite clear from the Fig. 3 and Fig. 4.

Fibre direction -a Surface stress

o —  »

Q X
—_—
Hy
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Figure 1: Geometry of the problem
v

3
3.5 \

3

\ with surface stress

25 4 A

without surface stress

@

0 1 2 3 4 5

Figure 2: Effect of reinforcing parameter on Rayleigh wave
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Figure 3: Effect of magnetic field on Rayleigh wave velocity
taking g=9.8, =5.0, p= 1600

v
4
\
3 4 \. S pa
W\
WA 4\9
A\ ° <
: W
MY

with surface stress

without surface stress
p

S

Figure 4: Effect of on Rayleigh wave velocity g=9.8, p=1600,
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Figure 5: Effect of p on Rayleigh wave velocity taking g=9.8,
Q=5.0, H=5.0%10’

Vv
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0 T T w

Figure 6: Effect of gravity on Rayleigh wave velocity p=1600,
=5.0, H=5.0*107
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