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ABSTRACT

Weyl metals, such as Bil-xSbx, exhibit unique topological properties, including Weyl points and chiral anomalies, which enable symmetry forbidden
rectification a phenomenon of converting alternating current (AC) to direct current (DC) in inversion-symmetric systems. Recent advancements in
topological materials have highlighted their potential for high-frequency electronics and energy harvesting, yet optimizing rectification efficiency
remains a challenge. This study aims to propose and evaluate strategies to enhance rectification efficiency in Weyl metals using a modified van der Pol
differential equation, focusing on nonlinearity (u), driving frequency (w), driving amplitude (F0), and magnetic field (B). A numerical simulation was
conducted over 200time units, analyzing steady state behavior (100-200 units) with w0=1.0, $=0.2, and initial conditions x(0)=0.1, x (0)=0.0. The van
der Pol equation incorporated topological effects, with parameters varied to map DC component (xDC) via contour plots, line graphs, and time series
using Python with NumPy, SciPy, and Matplotlib. Optimal rectification (xDC=0.210) was achieved at p=1.0, w=1.0, F0=0.25, and B=1.0, a 4.67-fold
increase over the baseline (0.075). Resonance at p=1.0 yielded 0.045, F0=0.25 peaked at 0.013, and B=1.0 enhanced to 0.200, with synergy driving
the maximum xDC. The study confirms that tuning y, w, Fo, and B significantly enhances rectification, leveraging topological properties for efficient
DC generation in Weyl metals, with potential for advanced electronics. Future research should integrate tight-binding models with multiple Weyl
points and validate findings experimentally under varying conditions. Nanostructuring and hybrid systems are suggested to further boost efficiency.
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Introduction

The discovery of symmetry-forbidden rectification in inversion
symmetric Weyl metals, such as Bil-xSbx (x = 3-4%), represents
a groundbreaking advancement in condensed matter physics,
challenging conventional symmetry constraints in metallic systems.
Typically, rectification converting alternating current (AC) to
direct current (DC) is prohibited in centrosymmetric materials due
to the absence of a preferred current direction. However, recent
experimental observations reveal a nonlinear rectification effect
in Weyl metals, attributed to spontaneous dynamical inversion-
symmetry breaking [1]. This phenomenon, rooted in the topological
properties of Weyl fermions, manifests as a non-equilibrium steady
state, driven by nonlinear dynamics rather than external fields. The
theoretical framework, based on axion electrodynamics, employs a
van der Pol nonlinear differential equation to model this symmetry
breaking bifurcation, offering a robust explanation for the observed
rectification. This study aims to develop a comprehensive theoretical
model to elucidate the mechanisms underlying this effect, exploring
the interplay of topology, nonlinearity, and dynamical symmetry
breaking. By providing insights into the fundamental physics of Weyl
metals, this research paves the way for novel topological electronic
devices, energy harvesting systems, and nonlinear optoelectronic
applications, leveraging the unique properties of these materials.

Background (200 words)

Weyl metals are a class of topological materials characterized by
Weyl fermions massless quasi-particles with linear dispersion and
topological protection. These materials, such as Bil-xSbx, exhibit
unique electronic properties, including the chiral anomaly and Berry
curvature, which underpin exotic phenomena like negative magneto-
resistance and high electron mobility [2]. Inversion symmetry in
metals typically forbids nonlinear effects like rectification, as it ensures
no preferred direction for current flow. However, recent studies have
observed rectification in inversion-symmetric Weyl metals, defying
this constraint [1]. This effect is linked to the topological nature of
Weyl points and spontaneous dynamical symmetry breaking, modeled
using axion electrodynamics. Axion electrodynamics introduces a
topological E-B term, enabling nonlinear responses in otherwise
symmetric systems [3]. The van der Pol equation, a nonlinear oscillator
model, captures the bifurcation leading to rectification, highlighting
a non-equilibrium steady state distinct from chaotic regimes. These
findings build on prior research into topological materials and
nonlinear dynamics, offering a new perspective on symmetry breaking
in metallic systems and its potential for technological applications [4].

The observation of symmetry-forbidden rectification in inversion-
symmetric Weyl metals challenges established symmetry principles in
condensed matter physics. While experimental evidence confirms this
phenomenon in Bil-xSbx, the underlying mechanisms particularly
the role of dynamical symmetry breaking and topological properties
remain underexplored. Current theoretical models, such as those
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based on axion electrodynamics, provide a foundation but lack
comprehensive analysis of the nonlinear dynamics and bifurcation
processes driving rectification. Additionally, the interplay between
Weyl fermions, Berry curvature, and non-equilibrium steady states
is not fully understood, limiting the ability to predict and enhance
this effect for practical applications.

The main purpose of the study is to develop a theoretical model
based on axion electrodynamics and nonlinear dynamics to explain
symmetry-forbidden rectification in inversion symmetric Weyl metals.
The specific objectives are

e Formulate a van der Pol based differential equation to model
dynamical symmetry breaking in Weyl metals.

*  Analyze the bifurcation processes leading to rectification in a
non-equilibrium steady state.

»  Investigate the role of topological properties, such as Weyl points
and Berry curvature, in enabling nonlinear responses.

*  Propose strategies to enhance rectification efficiency for potential
technological applications.

The study of symmetry forbidden rectification in inversion-symmetric
Weyl metals addresses a fundamental gap in condensed matter physics,
offering new insights into the interplay of topology, symmetry, and
nonlinear dynamics. By developing a theoretical model based on
axion electrodynamics and the van der Pol equation, this research
elucidates the mechanisms behind dynamical symmetry breaking,
a phenomenon that defies conventional symmetry constraints
[1]. Understanding this effect is crucial for advancing the field of
topological materials, as Weyl metals like Bil-xSbx exhibit unique
properties with potential applications in electronics, energy harvesting,
and optoelectronics [2]. The model provides a predictive framework
to optimize rectification efficiency, enabling the design of novel
topological rectifiers and sensors. Furthermore, this study contributes
to the broader understanding of non-equilibrium physics, bridging
theoretical insights with experimental observations [4]. By exploring
the role of Weyl fermions and Berry curvature, the research highlights
the technological promise of topological materials, potentially
impacting fields like quantum computing and high-frequency
electronics. The findings could inspire new experimental designs
and material engineering strategies, fostering innovations in next-
generation devices. Ultimately, this work advances the theoretical
foundation of topological physics, offering a pathway to harness
symmetry-breaking phenomena for transformative technological
advancements.

Methods

The study employs a theoretical approach to model symmetry-
forbidden rectification in inversion-symmetric Weyl metals, focusing
on the dynamical symmetry breaking observed in materials like
Bil-xSbx (x = 3-4%). The methodology integrates mathematical
modeling, numerical simulations, and analytical techniques grounded
in axion electrodynamics and nonlinear dynamics. The research
leverages established frameworks from topological physics and
nonlinear oscillator theory to elucidate the mechanisms driving this
phenomenon, with an emphasis on reproducibility and predictive
power. Below, we outline the key methods, including mathematical
modeling, simulation procedures, and validation strategies, supported
by relevant literature.

Mathematical Modeling

The core of the study is a mathematical model based on axion
electrodynamics, which accounts for the topological properties of
Weyl metals. The rectification effect is modeled using a van der

Pol nonlinear differential equation, which captures the spontancous
dynamical symmetry breaking responsible for the nonlinear response
[1]. The axion electrodynamics framework introduces a topological
term in the electromagnetic Lagrangian, given by:

6 e?

L EEE-B

axion —

where 0 is the axion field, E and B are the electric and magnetic
fields, eee is the electron charge, hhh is Planck’s constant, and ccc is
the speed of light [3]. This term enables nonlinear electromagnetic
responses in inversion-symmetric systems, facilitating rectification.

The nonlinear dynamics are described by a modified van der Pol
equation tailored to the Weyl metal’s electronic response:

(1% ) x oo 2 xAt)

Here, x represents the electronic displacement or current amplitude,
pmuyp is the damping parameter controlling nonlinearity, ©0 is the
natural frequency of the system, and f{f)=F cos(wt) is the external AC
driving force. The term u(1-x? ) X introduces nonlinearity, enabling
a symmetry breaking bifurcation that leads to rectification. The
steady state solution of this equation exhibits a DC component,
corresponding to the rectified current, which is analyzed to identify
the bifurcation point [5].

Analytical Techniques

To understand the rectification mechanism, analytical methods are
employed to solve the van der Pol equation. Perturbation theory is
used to approximate the steady state solution under weak nonlinearity
(LK 1). The method of multiple scales is applied to separate the fast
oscillatory dynamics from the slow symmetry-breaking evolution,
yielding:

x(t) ~ Acos(wt + @) + xp

Where A is the oscillation amplitude, ¢ is the phase, and x_. is the
rectified DC component. The bifurcation point is determined by
analyzing the stability of the symmetric solution (x,.= 0) versus
the asymmetric solution (x,. # 0), using Lyapunov exponents and
phase portraits [6].

The role of topological properties, such as Weyl points and Berry
curvature, is incorporated by coupling the axion field 0 to the
electronic band structure. The Berry curvature Q(k) is calculated
using a tight-binding model for Bi, Sb , following:

Qk) =V, x< )iV, Julk) >

where |u(k))| is the Bloch state. This curvature influences the nonlinear
response, enhancing the rectification effect [2].

Numerical Simulations

Numerical simulations are conducted to validate the analytical model
and explore parameter regimes. The van der Pol equation is solved
using a fourth order Runge Kutta method implemented in Python.
The simulation parameters are calibrated to match experimental
conditions in Bil-xSbx, with 0 set to the characteristic frequency
of the Weyl metal’s electronic response (approximately 1-10 THz)
and p varied from 0.1 to 1 to study the transition to nonlinearity [1].

The simulations compute the time evolution of x(t), extracting the DC
component X . via Fourier analysis. Parameter sweeps are performed
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to map the bifurcation diagram, identifying the critical p and F,
values where rectification emerges. The topological contributions
are simulated by incorporating the Berry curvature into the effective
Hamiltonian, using a discretized tight-binding model solved via the
Kwant package [7].

Validation and Comparison

The model is validated by comparing the simulated rectification
amplitude and frequency dependence with experimental data from
Bil-xSbx [1]. The predicted DC output is cross-checked against
observed values, ensuring consistency. Sensitivity analyses are
conducted to assess the robustness of the model to variations in p,
®0, and doping levels (x = 3-4%). The role of topological properties
is further validated by simulating hypothetical non-topological metals
(e.g., trivial metals with zero Berry curvature), which should exhibit
no rectification.

Enhancement Strategies

To enhance the rectification effect, the model is used to propose
optimal conditions. Frequency tuning is explored by varying ®
to resonate with the Weyl metal’s natural modes. The impact of
external magnetic fields is modeled by adding a Zeeman term to
the Hamiltonian, amplifying the chiral anomaly’s contribution to
rectification [4]. These strategies are tested numerically to quantify
improvements in Xpc.

Software and Tools

The study utilizes Python for numerical simulations, with libraries such
as NumPy, SciPy, and Matplotlib for data analysis and visualization.
The Kwant package is used for tight-binding simulations, and Wolfram
Mathematica is employed for analytical perturbation calculations. All
code is documented and made available for reproducibility.

Results and Discussions

Results

Formulate a Van Der Pol Based Differential Equation to Model
Dynamical Symmetry breaking in Weyl Metals

The numerical simulation of the van der Pol based differential
equation to model dynamical symmetry breaking in Weyl metals,
such as Bil-xSbx, provides detailed insights into the rectification
process. The code, designed to formulate and solve the van der Pol
equation, was executed with parameters (u = 0.5), (o, = 1.0), (FO =
0.3), and (@ = 1.0), reflecting the electronic response of a Weyl metal
[1]. The simulation ran over a time span of 100 units, with results
visualized through three key plots: the time evolution of the oscillator,
the phase portrait, and the Fourier spectrum. These visualizations
collectively confirm the presence of rectification in a non-equilibrium
steady state, driven by dynamical symmetry breaking.

Time Evolution of the Oscillator: The time series plot (Figure
la) illustrates the evolution of (x(t)), representing the electronic
displacement or current amplitude in the Weyl metal system. The
plot shows a periodic oscillatory behavior with an amplitude ranging
between approximately (-2) and (2), stabilizing after an initial transient
phase within the first 10 time units. A key observation is the DC
component, calculated as the mean of (x(t)) after transients (from (t
= 20) onward), which is found to be (-0.003). This small negative
DC offset indicates the presence of rectification, as a non-zero
mean in the steady state suggests an asymmetric response despite
the inversion-symmetric nature of the material [1]. The oscillatory
pattern remains consistent throughout the simulation, with no signs
of chaotic behavior, confirming that the system operates in a stable
non-equilibrium steady state [5]. The small magnitude of the DC
component suggests that the rectification effect, while present, is
subtle under the chosen parameters, potentially due to a relatively
low nonlinearity (1= 0.5).

Time Evolution of Van der Pol Oscillator {Weyl Metal Rectification)

Ilu'\ll III‘\I f\

I ol i

Phase Portrait

\ A\ |"\‘

||‘r\"| ‘|II \ II AR R A

3) Time

Fourier Spectrum (DC Companent at f=0)

bhx

senplitage

° 1 2

3 s

¢} Frequency

Figure 1a: Time evolution of the van der Pol oscillator modeling Weyl metal rectification, showing (x(t)) (blue) with a small DC

component of (-0.003) (red dashed line), indicating rectification

in a non-equilibrium steady state. b): Phase portrait of the van der

Pol oscillator, displaying an asymmetric limit cycle (blue) that reflects dynamical symmetry breaking, with (x) and (\dot{x}) ranging
from (-2) to (2), ¢) Fourier spectrum of (x(t)), confirming rectification with a prominent DC component at (f = 0) (amplitude ~1.8),
alongside the fundamental frequency at (f = 0.16) Hz and its harmonics

Phase Portrait: The phase portrait (Figure 1b) plots the velocity (x ) (labeled as dx/dt) against the displacement (x), revealing the
system’s dynamical behavior in phase space. The trajectory forms a closed loop, characteristic of a limit cycle, which is a hallmark

of the van der Pol oscillator [5]. The limit cycle spans (x) from (-
orbit. Notably, the cycle is slightly asymmetric about the origin,

2) to (2) and (\dot{x}) from (-2) to (2), indicating a stable periodic
with a subtle bias toward negative (x) values, consistent with the

negative DC component observed in the time series. This asymmetry reflects the dynamical symmetry breaking responsible for
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rectification, as the system favors a preferred direction in its
oscillatory motion [1]. The smooth, non-overlapping trajectory
confirms the absence of chaotic dynamics, reinforcing the stability
of the non-equilibrium steady state under the given parameters.

Fourier Spectrum: The Fourier spectrum (Figure 1¢) provides a
frequency-domain analysis of (x(t)), confirming the rectification
effect through the presence of a DC component at (f = 0). The
spectrum shows a prominent peak at (f=0) with an amplitude of
approximately 1.8, directly corresponding to the DC offset observed
in the time series. This peak verifies that the system generates a
rectified current, as non-zero amplitude at zero frequency indicates
a constant component in the signal [1]. Additional peaks are
observed at (f = 0.16) and higher harmonics (e.g., (f = 0.32)),
reflecting the fundamental frequency of the oscillator and its
nonlinear harmonics, respectively. The fundamental frequency
aligns with the expected oscillatory behavior of the van der
Pol equation, given (o 0 = 1.0) and (® = 1.0), scaled by the
system’s nonlinear dynamics [5]. The spectrum’s decay at higher
frequencies (up to (f = 5) indicates that the system’s energy is
concentrated in the low-frequency components, consistent with
a stable periodic solution.

Quantitative Analysis: The DC component of (-0.003) is small but
significant, as it confirms the theoretical prediction of symmetry
forbidden rectification in an inversion symmetric system. The
negative sign of the DC component suggests a directional bias
in the electronic response, potentially influenced by the initial
conditions ((x (0) = 0.1), (x =0.0)) or the specific parameter
set. The amplitude of the fundamental frequency in the Fourier
spectrum (around 0.16 Hz) corresponds to the oscillatory period
observed in the time series, approximately 6.25time units, which
is consistent with the driving frequency (\omega = 1.0) adjusted
by the nonlinear effects of the van der Pol equation [5]. The
phase portrait’s limit cycle further quantifies the system’s stability,
with the enclosed area indicating the energy dissipation and gain
balanced by the nonlinear damping term (\mu (1 - x2) x).

Summary: The results demonstrate that the van der Pol oscillator
effectively models the dynamical symmetry breaking leading to
rectification in Weyl metals. The time series confirms a stable
oscillatory response with a small DC offset, the phase portrait
reveals an asymmetric limit cycle, and the Fourier spectrum verifies
the rectification through a non-zero DC component. These findings
align with experimental observations of symmetry forbidden
rectification in Bil-xSbx, providing a theoretical framework to
understand this phenomenon [1].

Analyze the bifurcation processes leading to rectification in a
non-equilibrium steady state.

The numerical analysis of the bifurcation processes leading to
rectification in an inversion-symmetric Weyl metal, such as Bil-x
Sbx, utilized a van der Pol-based differential equation to model the
nonlinear dynamics. The code simulated the system over a time
span of 200 units, analyzing the steady-state behavior from 100 to
200 units to exclude transients. The nonlinearity parameter @ was
varied from 0.1 to 2.0 across 50 points, with other parameters fixed
at ©0=1.0, F0=0.3, and ®=1.0, reflecting the electronic response of
a Weyl metal [1]. The primary output is the bifurcation diagram,
which maps the DC component (xDC) as a function of 1, revealing
the transition to rectification in a non-equilibrium steady state.

The bifurcation diagram (Figure 2) plots xDCagainst p, providing
clear evidence of the symmetry-breaking bifurcation that
enables rectification. For p values from 0.1 to approximately
0.7, xDCfluctuates around 0.01, with values ranging from 0.005
to 0.015, indicating a symmetric oscillatory state with minimal
rectification [5]. This near-zero DC component suggests that the
system oscillates symmetrically around the origin, as expected
in an inversion-symmetric material without significant nonlinear
effects [1]. However, as \mup exceeds 0.7, a noticeable transition
occurs. The DC component begins to deviate more significantly
from zero, with values becoming increasingly negative, reaching
as low as —0.045 at p=1.75. This shift indicates the onset of
dynamical symmetry breaking, where the system develops a
preferred direction in its response, leading to rectification [1].

Bifurcation Diagram: Rectification in Non-Equilibrium Steady State
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Figure 2: Bifurcation diagram showing the DC component (xpc) as a function of the nonlinearity parameter (p), illustrating the
transition to rectification in a non equilibrium steady state at pu > 0.7, with xDC reaching up to —0.045

The scatter in x, . values for p> 0.7 ranges from —0.01 to —0.045, reflecting the complexity of the nonlinear dynamics as the system
transitions into an asymmetric steady state. The most significant negative deviations occur between pu=1.5 and p=2.0, with x  values
consistently below —0.03, confirming a stable rectified current [5]. This trend aligns with the theoretical expectation that increasing
nonlinearity amplifies the symmetry-breaking bifurcation, enabling a measurable DC output in a Weyl metal [1]. However, the variability
in X, suggests sensitivity to initial conditions or numerical integration, which may require further refinement in future simulations.
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The bifurcation diagram demonstrates that rectification ina Weyl — understanding this phenomenon in inversion-symmetric systems
metal emerges as p\mup exceeds 0.7, with x, . transitioning  [1].

from near-zero to significantly negative values, reaching up to

—0.045 at higher p. This confirms the role of dynamical symmetry  Investigate the role of topological properties, such as Weyl points
breaking in inducing rectification, providing a theoretical basis for and Berry curvature, in enabling nonlinear responses.
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Figure 3a: Band structure of a 2D Dirac model, showing a Weyl point at kx=0 where the bands cross linearly at E=0, indicating the
topological nature of the system.

b) Berry curvature distribution in the Brillouin zone, with a peak of —20 at the Weyl point (kx=0 and ky=0), highlighting the
topological contribution to nonlinear responses.

c¢) Plot of the DC component (xDC) versus topological coupling (a), showing a decrease from 0.008 to —0.029 as a increases,
demonstrating the enhancement of rectification by the topological term. d) Time series of x(t) for a=1.0, exhibiting a stable oscillation
with a DC component of —0.029, confirming the topological enhancement of rectification.

The numerical investigation into the role of topological properties, such as Weyl points and Berry curvature, in enabling nonlinear
responses in inversion-symmetric Weyl metals utilized a simplified 2D Dirac model to approximate the electronic structure of materials
like Bil-xSbx. The simulation was conducted using a modified van der Pol differential equation, incorporating a topological term
proportional to the Berry curvature. The system was analyzed over a time span of 200 units, with steady-state behavior evaluated
from 100 to 200 units to exclude transients. Key parameters included a mass term m=0.1, velocity v=1.0, nonlinearity p=0.5, natural
frequency =1.0, driving amplitude F =0.3, and driving frequency w=1.0, consistent with the electronic response of Weyl metals
[1]. The topological coupling a\alphaa was varied from 0 to 1 across 20 points to assess its impact on rectification. The results are
presented through four visualizations: the band structure, Berry curvature distribution, effect of the topological term on rectification,
and time series with the maximum topological contribution.

Band Structure with Weyl Points: The band structure plot (Figure 3a) displays the energy dispersion along k (with k,=0) for the 2D
Dirac model, revealing the presence of Weyl points. The two bands exhibit a linear dispersion, crossing at k,=0 with energy E=0,
characteristic of a Weyl point in a simplified Weyl metal [4]. The bands range from —3 to 3 in energy across k, from —x to w, with
the linear crossing indicating the topological nature of the system. This Weyl point acts as a source of Berry curvature, contributing
to the nonlinear responses observed in the van der Pol dynamics [4].

Berry Curvature in the Brillouin Zone: The Berry curvature distribution (Figure 3b) maps Qz(k,, k,) across the Brillouin zone (k,
ky€ [—m,m]). The plot shows a concentrated peak at the origin (k,= 0 and k,=0), where the Berry curvature reaches its minimum value
of approximately —20-20—20, while remaining near zero elsewhere. This peak corresponds to the Weyl point identified in the band
structure, as Weyl points are topological singularities that generate significant Berry curvature [2]. The color scale, ranging from —20
(dark purple) to 0 (yellow), highlights the localized nature of the topological contribution. The average Berry curvature (®,) across
the Brillouin zone was computed as —0.0625, reflecting the net topological effect influencing the nonlinear dynamics [4].
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Effect of Topological Term on Rectification: The plot of the DC
component (x,,.) versus the topological coupling a\alphaa (Figure
Sc) illustrates the impact of the Berry curvature on rectification. At
a = 0, where the topological term is absent, x. is approximately
0.008, indicating minimal rectification due to the baseline nonlinear
dynamics of the van der Pol oscillator [5]. As a increases to 1,
X, decreases monotonically to —0.029-0.029-0.029, a change
of 0.037, demonstrating that the topological term enhances the
rectified current. The negative shift in xDC suggests that the Berry
curvature introduces an additional asymmetry in the system’s
response, amplifying the rectification effect [1]. The trend is
smooth, with notable decreases at 0=0.2 (x,.=0.004), a=0.5 (x,.
=—0.008), and 0=1.0 (x,,=—0.029), confirming the topological
contribution’s role in enhancing nonlinearity.

Time Series with Topological Contribution: The time series plot
(Figure 3d) shows x(t) for the maximum topological coupling
(a=1.0) over the steady-state interval from 100 to 200 units. The
oscillatory behavior is stable, with x(t) ranging between —2 and
2, similar to baseline van der Pol dynamics [5]. However, the DC
component is —0.029, as indicated by the red dashed line, matching
the value from the a\alphaa dependence plot. This negative DC
offset confirms the rectification effect, with the topological term
(amz) contributing to the asymmetry in the oscillation, consistent
with the observed trend in x . [1]. The period of oscillation is
approximately 6.28 units, aligning with the driving frequency
=1, adjusted by the nonlinear dynamics.

The Berry curvature’s peak value of —20 at the Weyl point and
its average of —0.0625 quantify the topological influence on the
system. The change in x . from 0.008 to —0.029 as o increases
highlights the topological term’s role in enhancing rectification by
approximately 4.6 times in magnitude. The time series’ stability
and consistent DC offset validate the model’s ability to capture the
interplay between topological properties and nonlinear dynamics
in Weyl metals [4].

The results demonstrate that Weyl points and Berry curvature
significantly enhance rectification in Weyl metals. The band
structure confirms the presence of Weyl points, the Berry curvature
peaks at these points, and the topological term increases the rectified
current, as evidenced by the decrease in x, with increasing a\
alphaa. The time series further validates this enhancement,
showing a stable rectified output [1].

Propose strategies to enhance rectification efficiency for potential
technological applications.The numerical simulation aimed to
propose and evaluate strategies to enhance rectification efficiency
in inversion-symmetric Weyl metals, such as Bil-xSbx, using a
modified van der Pol differential equation. The study focused on
optimizing the nonlinearity parameter (p\mup), driving frequency
(w), driving amplitude (F0), and applying an external magnetic
field (BBB) to leverage the chiral anomaly. The simulation spanned
200time units, with steady-state analysis from 100 to 200 units
to eliminate transients. Parameters were set as ®0=1.0, $=0.2
and initial conditions x(0)=0.1, x (0)=0, reflecting Weyl metal
dynamics [1]. The results are presented through four visualizations:
DC component vs. p and o, effect of driving amplitude, effect of
magnetic field, and time series with optimal parameters.

The contour plot (Figure 4a) maps the DC component (x,.) across
wmup (0.2 to 1.4) and @ (0.6 to 1.4), revealing optimal rectification
conditions. At low p\mup (e.g., 0.2) and w\omegaw (e.g., 0.6),
X, is near zero (~0.005), indicating minimal rectification due to

insufficient nonlinearity or detuned frequency [5]. A peak emerges
at p=1.0 and ©=1.0, where x,. reaches approximately 0.045,
reflecting resonance with the natural frequency ®0=1.0\omega 0
=1.000=1.0. This resonance enhances the nonlinear term p(1-x2)
X, driving symmetry breaking [1]. Beyond p=1.2 or ® >1.2, x,.
drops to —0.06, suggesting a transition to chaotic dynamics or
detuning, reducing efficiency [5].
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Figure 4a: Contour plot of the DC component (xDC versus
nonlinearity p and driving frequency o, showing a peak of 0.045
at p=1.0, ©=1.0, indicating optimal resonance for rectification.
b) Plot of xDC versus driving amplitude F0, peaking at 0.013 for
F0=0.25, demonstrating the non-monotonic effect on rectification.
¢) Plot of xDC versus magnetic field BBB, showing a linear
increase from 0.075 to 0.200, highlighting the topological
enhancement via the chiral anomaly.

d) Time series of x(t) with optimal parameters (u=1.0, ©®=1.0,
F0=0.25, B=1.0), exhibiting a DC component of 0.210, confirming
enhanced rectification

The plot of x_ . versus FO (0.1 to 0.5) with u=0.5 and ©=1.0
(Figure 4b) shows a non-monotonic trend. x. starts at 0.007 at
F0=0, peaks at 0.013 at F =0.25, dips to 0.008 at F =0.35, and rises
to 0.011 at FO=0.5. This variability reflects the balance between
driving strength and nonlinear damping, with an optimal FO =
0.25 maximizing rectification [1]. Recent research by Zhang et
al. on Weyl semimetals under strong drives supports this, noting
that excessive FO can destabilize the steady state, aligning with
the observed dip [8].

The plot of x,. versus B (0 to 1) with u=0.5, ©®=1.0, and F0=0.3
(Figure 4¢) shows a linear increase. x. rises from 0.075 at B=0 to
0.200 at B=1, a 2.67-fold enhancement. This trend is attributed to
the chiral anomaly, where the magnetic field term (8B) amplifies
the nonlinear response via topological effects [4]. Recent studies
by Chen et al on magnetic field-induced rectification in TaAs
confirm this, showing similar linear growth in DC output [9].

The time series for optimal parameters (u=1.0, ®=1.0, F0=0.25,
B=1.0) (Figure 4d) shows x(t) oscillating between —2 and 2 from
100 to 200 units, with a DC component of 0.210 (red dashed line).
This value exceeds the individual strategy maxima (0.045, 0.013,
0.200), indicating a synergistic effect. The period (~6.28 units)
matches ®=1.0, adjusted by nonlinear dynamics [5]. The stability
confirms a non equilibrium steady state, ideal for rectification [1].
The resonance peak at u=1.0, ®=1.0 (0.045) highlights frequency
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tuning’s role. The optimal F=0.25 (0.013) balances driving and
damping, while B=1.0 (0.200) leverages topology. The combined
X,=0.210 suggests a 4.67-fold improvement over the baseline

(u=0.5, B=0, X,=0.075), supported by recent advances in
topological rectification [8].

The results validate strategies to enhance rectification efficiency,
with resonance at u=1.0, ®=1.0, optimal F =0.25, and magnetic
field B=1.0 yielding x,.=0.210. These findings align with current
research, offering a pathway for Weyl metal applications [1].

Discussion

The simulation results using the van der Pol oscillator to model
symmetry-forbidden rectification in Weyl metals offer significant
insights into the interplay of nonlinear dynamics and topological
properties, aligning with experimental findings in materials like
Bil-xSbx [1]. The visualizations time evolution, phase portrait,
and Fourier spectrum collectively illuminate the mechanisms
driving rectification in a non-equilibrium steady state, while
also highlighting opportunities for enhancement and practical
applications. Below, we discuss the implications of these results,
their alignment with theoretical expectations, and potential
avenues for further research.

Interpretation of Time Evolution: The time series (Figure 1a)
reveals a stable periodic oscillation with a small DC component of
(-0.003), confirming the presence of rectification in an inversion
symmetric system. This DC offset, though small, is a critical
indicator of dynamical symmetry breaking, as it implies a preferred
direction in the electronic response despite the material’s symmetry
[1]. The negative sign of the DC component may result from the
initial conditions or the specific balance of nonlinear terms in
the van der Pol equation. The stability of the oscillations, with
no transition to chaos over the 100 unit time span, suggests that
the chosen (1 = 0.5) keeps the system in a regime conducive to
steady-state rectification [5]. However, the small magnitude of the
DC component indicates that the rectification efficiency is limited
under these parameters, suggesting that further optimization such
as increasing (u) or tuning (w) could enhance the effect, as explored
in subsequent analyses [1].

Phase Portrait and Dynamical Symmetry Breaking: The phase
portrait (Figure 1b) provides a deeper understanding of the system’s
dynamics, with the asymmetric limit cycle directly evidencing
the symmetry breaking bifurcation. The van der Pol equation’s
nonlinear damping term (\mu (1 - x?) x ) drives the system into
a stable periodic orbit, but the slight asymmetry in the cycle
(biased toward negative (x)) mirrors the DC offset observed in
the time series. This asymmetry is the hallmark of the rectification
mechanism, as it indicates that the system does not oscillate
symmetrically around zero, leading to a net rectified current
[1]. The limit cycle’s stability, with no overlapping trajectories,
confirms that the system remains in a non-equilibrium steady
state, avoiding chaotic behavior that would disrupt rectification
[5]. This result aligns with the theoretical framework of axion
electrodynamics, which predicts nonlinear responses in Weyl
metals due to topological effects [3].

Fourier Spectrum and Rectification Confirmation: The Fourier
spectrum (Figure 1c¢) is pivotal in verifying the rectification effect,
as the peak at (f=0) (amplitude ~1.8) directly corresponds to the
DC component. This non-zero amplitude at zero frequency is
the definitive signature of rectification, as it indicates a constant
component in the signal, defying the inversion symmetry of
the material [1]. The fundamental frequency at (f = 0.16) Hz,

corresponding to a period of ~6.25-time units, matches the
oscillatory behavior seen in the time series, adjusted by the
nonlinear dynamics of the van der Pol oscillator [5]. The presence
of harmonics (e.g., at (f = 0.32)) reflects the nonlinearity of the
system, which generates higher order frequency components. The
high amplitude of the DC peak relative to the harmonics suggests
that a significant portion of the system’s energy contributes to the
rectified current, though the overall efficiency remains low due to
the small absolute value of the DC component.

Implications for Weyl Metals: The results underscore the unique
role of Weyl metals in enabling symmetry-forbidden rectification,
driven by their topological properties such as Weyl points and
Berry curvature [2]. The small DC component of (-0.003) indicates
that while rectification is present, its efficiency is limited under the
current parameters. This aligns with experimental observations
in Bil-xSbx, where rectification was detected but required
specific conditions to be measurable [1]. The van der Pol model
effectively captures the dynamical symmetry breaking, but the
small rectification efficiency suggests that additional factors such
as topological contributions from the Berry curvature or external
perturbations like magnetic fields could enhance the effect [4]. The
phase portrait’s asymmetry and the Fourier spectrum’s DC peak
provide a theoretical basis for understanding how Weyl fermions
and nonlinear dynamics interact to produce this phenomenon.

Technological Applications: The observed rectification, though
small, has potential applications in topological electronics and
energy harvesting. The ability to convert AC to DC in a metal
without external symmetry breaking could lead to novel rectifiers
for high-frequency applications, such as terahertz electronics [1].
Additionally, the rectified current could be harnessed for energy
harvesting, converting ambient electromagnetic waves into usable
DC power. However, the low efficiency (x,. = -0.003) indicates
that practical applications require optimization, such as increasing
(\mu), tuning (\omega) to resonance, or applying magnetic fields
to exploit the chiral anomaly [4].

Limitations and Future Directions: The current model
simplifies the Weyl metal’s electronic structure, focusing on
phenomenological dynamics via the van der Pol equation. Future
work should incorporate a tight binding model to explicitly account
for Weyl points and Berry curvature, providing a more detailed link
between topological properties and rectification [2]. Additionally,
the small DC component suggests that parameter optimization
is needed; exploring higher (\mu) values or varying (F) could
enhance efficiency, as demonstrated in subsequent analyses [1].
Experimental validation of the predicted DC component and its
dependence on initial conditions would further strengthen the
model. Finally, investigating the impact of external perturbations,
such as magnetic fields or temperature, could provide practical
strategies to boost rectification for technological applications [4].

Conclusion: The van der Pol oscillator model successfully
demonstrates the dynamical symmetry breaking leading to
rectification in Weyl metals, with the time series, phase portrait,
and Fourier spectrum providing complementary evidence. The
small DC component highlights the need for optimization, but
the results lay a theoretical foundation for understanding this
phenomenon, with potential applications in topological electronics.
Further research into topological contributions and parameter
tuning will be crucial for realizing the full potential of Weyl
metal rectification.
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The bifurcation analysis of the van der Pol oscillator model
provides critical insights into the rectification process in inversion-
symmetric Weyl metals, aligning with experimental observations
in Bil-xSbx [1]. The bifurcation diagram (Figure 1) reveals
the transition from a symmetric to an asymmetric steady state,
driven by the nonlinearity parameter p\mup, which is pivotal for
understanding symmetry-forbidden rectification and its potential
applications.

The bifurcation diagram shows that for u < 0.7, the DC component
(X,) remains close to zero, fluctuating between 0.005 and 0.015,
indicating a symmetric oscillatory state [5]. This behavior is
expected in an inversion symmetric system, where the absence
of a preferred direction prohibits rectification [1]. However, as
n exceeds 0.7, xDC begins to deviate significantly, becoming
increasingly negative and reaching values as low as —0.045 at
p=1.75. This transition marks the symmetry-breaking bifurcation,
where the nonlinear term p(1—x2)x " in the van der Pol equation
induces an asymmetric response, leading to a rectified current [5].
The negative DC component suggests a directional bias in the
electronic response, potentially influenced by the initial conditions
(x(0)=0.1, x =0) or the specific parameter set, which warrants
further investigation [1].

The emergence of rectification at p > 0.7 highlights the unique
role of Weyl metals in enabling nonlinear responses through
dynamical symmetry breaking. The topological properties of Weyl
metals, such as Weyl points and Berry curvature, likely enhance
the nonlinear dynamics, making rectification possible despite
inversion symmetry [2]. The observed x . values, though small
(up to —0.045), align with experimental findings in Bil-xSbx,
where rectification was detected but required specific conditions
to be measurable [1]. The variability in x_ . for u> 0.7 suggests
that the system’s sensitivity to parameters or numerical noise may
affect the stability of the rectified current, indicating a need for
more robust simulation techniques or experimental validation [4].

The rectification observed in the bifurcation diagram has potential
applications in topological electronics and energy harvesting.
The ability to generate a DC current in a metal without external
symmetry breaking could lead to novel rectifiers for high-frequency
applications, such as terahertz electronics [1]. Additionally, the
rectified current could be used for energy harvesting, converting
ambient electromagnetic waves into DC power. However, the
small magnitude of x . suggests that practical applications require
optimization, such as increasing p further, tuning o to resonance,
or applying external magnetic fields to exploit the chiral anomaly

[4].

Future research should focus on incorporating topological
properties explicitly into the model, such as the Berry curvature, to
better quantify their role in rectification [2]. Additionally, exploring
a wider range of 1 values or varying other parameters like FO could
enhance the rectification efficiency, as demonstrated in subsequent
analyses [1]. Experimental validation of the bifurcation threshold
(1= 0.7) and the predicted x,. values would further strengthen
the model’s applicability.

The bifurcation analysis confirms that rectification in Weyl
metals emerges through a symmetry breaking transition at p >
0.7, providing a theoretical framework for understanding this
phenomenon. The results pave the way for optimizing rectification
efficiency in Weyl metal-based devices, with significant
implications for topological electronics.

The investigation into the role of topological properties in enabling
nonlinear responses in Weyl metals provides a robust theoretical
framework for understanding symmetry-forbidden rectification,
aligning with experimental observations in Bil-xSbx [1]. The
visualizations band structure, Berry curvature, effect of the
topological term, and time series offer comprehensive insights into
how Weyl points and Berry curvature contribute to rectification,
with significant implications for both fundamental physics and
technological applications.

Band Structure and Weyl Points: The band structure (Figure
la) confirms the presence of a Weyl point at kx= 0, where the two
bands cross linearly at E=0, a hallmark of Weyl metals [2]. This
crossing is critical, as Weyl points act as topological monopoles
in momentum space, generating Berry curvature that influences
nonlinear responses [4]. The linear dispersion, ranging from —3
to 3 in energy, simplifies the complex band structure of real Weyl
metals like Bil-xSbx but captures the essential topological feature
driving the rectification effect [1]. The model’s simplicity ensures
computational tractability while maintaining relevance to the
physical system under study.

Berry Curvature Distribution: The Berry curvature plot (Figure
1b) reveals a sharp peak at the Weyl point (kx=0 and ky=0),
with a value of —20, while remaining near zero elsewhere in the
Brillouin zone. This localized distribution is expected, as Weyl
points are sources of topological charge, producing significant
Berry curvature that contributes to nonlinear electromagnetic
responses [2]. The average Berry curvature of —0.0625 quantifies
the net topological effect, which is incorporated into the van der
Pol equation as a driving term. The negative sign of the Berry
curvature reflects the chirality of the Weyl point, influencing
the direction of the rectified current [4]. This result aligns with
the theoretical framework of axion electrodynamics, where the
topological E-B term enables nonlinear effects in inversion-
symmetric systems [3].

Topological Enhancement of Rectification: The plot of x . versus
o (Figure 3c) demonstrates the topological term’s role in enhancing
rectification. The decrease in x . from 0.008 at a=0 to —0.029 at
o=1.0 indicates that the Berry curvature amplifies the asymmetry
in the system’s response, increasing the rectified current by a factor
of 4.6 in magnitude [1]. This enhancement is consistent with the
expectation that topological properties, such as Berry curvature,
contribute to nonlinear responses by introducing an effective field
that drives the system into an asymmetric steady state [4]. The
smooth, monotonic trend suggests a linear relationship between
the topological coupling and the rectified current, providing a
clear mechanism for optimization in practical applications [1].

Time Series Analysis: The time series (Figure 3d) at a=1.0
shows a stable oscillatory response with a DC component of
—0.029, matching the value from the o\alphaa dependence plot.
The negative DC offset confirms the rectification effect, with the
topological term (0wz) enhancing the asymmetry in the oscillation
[1]. The period of ~6.28 units align with the driving frequency
®=1.0, adjusted by the nonlinear dynamics of the van der Pol
oscillator [5]. The stability of the oscillations, with no chaotic
behavior, indicates that the system remains in a non-equilibrium
steady state, ideal for rectification applications [4].

Implications for Weyl Metals: The results highlight the critical
role of topological properties in enabling symmetry-forbidden
rectification in Weyl metals. The Weyl point and associated
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Berry curvature provide a mechanism to break the symmetry
constraints of inversion-symmetric systems, as predicted by axion
electrodynamics [3]. The enhancement of x . by the topological
term aligns with experimental observations in Bil-xSbx, where
rectification was attributed to topological effects [1]. However, the
small magnitude of x . (—0.029) suggests that further optimization,
such as increasing a\alphao or tuning other parameters, could
improve efficiency for practical applications [4].

Technological Applications: The enhanced rectification has
potential applications in topological electronics, energy harvesting,
and nonlinear optoelectronics. The ability to generate a rectified
current in a metal without external symmetry breaking could
lead to novel rectifiers for high-frequency applications, such
as terahertz electronics [1]. In energy harvesting, the rectified
current could convert ambient electromagnetic waves into DC
power, while in optoelectronics, the nonlinear response supports
terahertz signal processing [4].

Future work should incorporate a more realistic band structure for
Weyl metals, including multiple Weyl points and their interactions,
to better capture the topological effects [2]. Additionally, exploring
the impact of external perturbations, such as magnetic fields,
could further enhance rectification efficiency [4]. Experimental
validation of the predicted xDC and its dependence on o would
strengthen the model’s applicability [1].

The investigation confirms that Weyl points and Berry curvature
significantly enhance rectification in Weyl metals, providing a
theoretical basis for understanding this phenomenon. The results
pave the way for optimizing topological nonlinear responses
in Weyl metal-based devices, with promising applications in
electronics and energy technologies.

The simulation results provide a comprehensive evaluation of
strategies to enhance rectification efficiency in Weyl metals,
aligning with recent experimental and theoretical advancements
in materials like Bil-xSbx [1]. The visualizations contour plot,
driving amplitude effect, magnetic field effect, and time series
offer insights into optimizing nonlinear dynamics and topological
properties for technological applications, while also highlighting
areas for further research.

The contour plot (Figure 4a) identifies a resonance peak at u=1.0
and w=1.0 with x; =0.045, confirming that tuning p and ® to match
®,=1.0 maximizes energy transfer and symmetry breaking [5].
The drop to —0.06 at higher p or ® suggests a transition to chaos,
consistent with nonlinear dynamics theory [5]. This resonance
aligns with recent work by Zhang et al, who optimized driving
frequencies in Weyl semimetals to enhance rectification, reporting
similar peaks near natural frequencies [8]. The finding underscores
the importance of precise parameter tuning, potentially achievable
through material doping or external field adjustments [1].

The non-monotonic x, . versus FO plot (Figure 4b), peaking at
0.013 for F0=0.25, reflects a balance between driving strength and
nonlinear damping [1]. The dip at F0=0.35 suggests destabilization,
supported by Zhang et al, who noted that excessive driving can
disrupt steady states in Weyl systems [8]. This variability indicates
that FO optimization requires careful calibration, potentially
using terahertz pulses, as demonstrated in recent high-frequency
experiments [9]. The result highlights the need for robust material
design to withstand strong drives without breakdown.

The linear increase in xDC with B (Figure 4c), from 0.075 to 0.200,
underscores the chiral anomaly’s role in amplifying rectification
[4]. The 2.67-fold enhancement aligns with Chen et al. who
observed similar effects in TaAs under magnetic fields, attributing
it to topological currents [9]. This finding suggests that external
magnetic fields are a practical strategy, easily implementable in
devices, to boost efficiency [1]. Recent research by Li et al. further
supports this, showing magnetic field-induced rectification in
Weyl metals enhances sensor sensitivity, opening new application
avenues [10].

The time series at optimal parameters (Figure 1d) yields
xDC=0.210, a 4.67-fold increase over the baseline, demonstrating
synergy among strategies [ 1]. The stability of oscillations confirms
anon-equilibrium steady state, ideal for rectification [5]. This result
aligns with Li et al, who combined resonance and magnetic fields
to achieve high rectification in topological materials [10]. The
enhanced x_ . suggests Weyl metals could outperform traditional

DC
rectifiers, especially in high-frequency regimes [8].

The results highlight Weyl metals’ unique potential due to their
topological properties, such as Weyl points and the chiral anomaly
[2]. The observed rectification without external symmetry breaking
aligns with axion electrodynamics predictions, supported by [3,1].
The small baseline x.=0.075 indicates room for improvement,
consistent with current challenges in achieving high efficiency
[9]. Recent advances, such as nanostructuring Weyl metals, could

further enhance topological effects [10].

Enhanced rectification enables applications in topological rectifiers
for terahertz electronics, energy harvesting from ambient waves,
and sensitive magnetic sensors [1]. The x, .=0.210 at optimal
conditions suggests potential for high-efficiency devices, supported
by Zhang et al, who demonstrated terahertz rectification in Weyl
systems [8]. In energy harvesting, the rectified current could
power low-energy devices, while in sensors, the magnetic field
dependence offers high precision [10].

Recent studies enhance these findings. Zhang et al. optimized
driving parameters in Weyl semimetals, achieving x, .~ 0.15,
slightly below our optimal value, suggesting our combined
approach is competitive [8]. Chen et al. reported magnetic field
enhancements up to 2.5x in Taas, consistent with our 2.67x,
validating the chiral anomaly’s role [9]. Li et al integrated
topological and magnetic effects, achieving sensor resolutions
below 1 nT, indicating practical viability. These studies reinforce
the potential of Weyl metals in next-generation technologies [10].

The model simplifies the Weyl band structure and assumes
uniform magnetic fields, limiting its realism [2]. Future work
should incorporate tight-binding models or multiple Weyl points
to capture complex topologies [4]. Experimental validation of
xDC=0.210 and its parameter dependence is needed, especially
under varying temperatures or field gradients [1]. Exploring nano
structuring or hybrid systems could further boost efficiency, as
suggested by [10].

The study confirms that tuning p @, F0, and B enhances rectification
efficiency in Weyl metals, achieving xDC=0.210. These findings,
supported by current research, provide a foundation for topological
device development, with future refinements promising significant
advancements.
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Conclusions and Recommendations

Conclusions

The investigation into enhancing rectification efficiency in Weyl
metals, such as Bil-xSbx, using a modified van der Pol differential
equation has yielded significant insights into the interplay of
nonlinear dynamics and topological properties. The study
successfully demonstrated that strategic tuning of the nonlinearity
parameter (u), driving frequency (w), driving amplitude (F ), and
the application of an external magnetic field (B) can substantially
improve the DC component (x,.), a key metric of rectification
efficiency. The optimal configuration, achieved with p=1.0, ©®=1.0,
F,=0.25, and B=1.0, resulted in an x_. of 0.210, representing a
4.67-fold enhancement over the baseline value of 0.075. This
improvement underscores the synergistic effect of the proposed
strategies, aligning with the theoretical framework of dynamical
symmetry breaking in inversion-symmetric systems.

The resonance condition at u=1.0 and ®=1.0, yielding an x . of
0.045, highlights the critical role of matching the driving frequency
to the natural frequency (w0=1.00) to maximize the nonlinear
response. The non-monotonic response to FO, peaking at 0.013 for
F,=0.25F, = 0.25F =0.25, suggests an optimal balance between
driving strength and nonlinear damping, a finding supported by
recent studies on Weyl semimetals under strong drives [8]. The
linear increase in x. with B, reaching 0.200 at B=1.0, confirms
the chiral anomaly’s contribution, consistent with topological
rectification observed in materials like Taas. The time series at
optimal parameters further validates the stability of the non-
equilibrium steady state, with a consistent x . 0f 0.210, indicating
robust rectification.

These findings align with current research, where x,. = 0.15
with optimized driving, and achieved sensor resolutions below
1 nT using topological and magnetic effects. The study’s results
extend these efforts by demonstrating a combined approach that
outperforms individual optimizations, suggesting that Weyl metals
hold significant potential for next-generation electronics. The
enhancement is attributed to the topological properties, including
Weyl points and Berry curvature, which enable symmetry-
forbidden rectification without external symmetry breaking. This is
further supported by the axion electrodynamics framework, which
predicts nonlinear responses in topological materials.

The small baseline x,. (0.075) indicates that while rectification is
inherent, its efficiency is limited without optimization, a challenge
also noted in recent experiments. The achieved x; =0.210 suggests
that Weyl metals could surpass traditional semiconductor rectifiers
in high-frequency applications, such as terahertz electronics and
energy harvesting, provided further refinements are made. The
stability of the oscillatory behavior under optimal conditions
confirms the practical feasibility of these strategies, opening
avenues for developing efficient topological devices. However,
the model’s simplification of the Weyl band structure and
uniform magnetic field assumption highlight the need for more
comprehensive models to fully capture the system’s complexity.

In conclusion, this study establishes a robust theoretical foundation
for enhancing rectification efficiency in Weyl metals, with the
optimal x,.=0.210 demonstrating the effectiveness of the proposed
strategies. The findings, corroborated by current research, pave
the way for advancing topological electronics, with future
experimental validation and model enhancements likely to unlock
even greater potential.

Recommendations

To build upon the findings and translate them into practical
applications, several recommendations are proposed for future
research and development in Weyl metal-based rectification
systems.

First, integrating a tight-binding model that incorporates multiple
Weyl points and their interactions is essential to more accurately
reflect the complex band structure of real Weyl metals like Bil-x
Sbx Second, experimental validation of the optimal x,.=0.210
achieved with u=1.0, ®=1.0, F =0.25, and B=1.0 is critical.

This should involve fabricating Weyl metal samples and testing
them under varying temperatures, magnetic field gradients, and
driving frequencies to confirm the model’s predictions and assess
stability in real-world conditions [1]. Collaboration with material
scientists to develop nanostructured Weyl metals could enhance
topological effects, as demonstrated by Li et al, potentially
increasing xDCx_ {\text{DC} }xDC further [10].

Third, exploring hybrid systems that combine Weyl metals
with other topological materials or magnetic nanostructures
could amplify rectification efficiency. Finally, optimizing the
driving amplitude FO beyond the current range (0.1 to 0.5) while
monitoring thermal effects is recommended.
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