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ABSTRACT

u=0

This paper is dedicated to studying the following fractional p-Laplacian problem

{(7A)§u = f(z,u)

where QcRY (N > 2) is a bounded domain with C "' boundary, s€(0,1), 2 < p<NJs, (-A) s the fractional p-Laplacian and fis a (p-1)-superlinear
Carathéodory reaction but does not satisfy the usual Ambrosetti-Rabinowitz condition. By using variational methods and Morse theory, we show
that the equation has at least three nontrivial solutions: among one of them is positive and one is negative.
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Introduction

In recent years, the study of fractional nonlinear boundary value
problem driven by p-Laplacian has been an interesting topic, which
is motivated not only by the significant physical meaning, but
also by the mathematical importance in the nonlocal problem of
fractional order; see [1]. On some basic properties of the fractional
p-Laplacian and the corresponding Sobolev spaces, we refer the
readers to [1-3].

In this paper, we consider the following fractional nonlinear
p-Laplacian equation with Dirichlet boundary

{(—A);u = f(z,u)
u=20

in Q
in Q¢

(1.1)

where Qc RY (N > 2) is a bounded domain with C ! boundary,
s €(0,1), 2 <p < NIs, the fractional p-Laplacian is defined for all
u:R¥— R smooth enough by

— 2lim u(z) — u()["~*(u(@) — u(y))
(=A)pule) =2y Be() |z — y|Ntpo w

and the reaction /: Q x R — R is a Carathédory function (i.e.
for any ¢ € R the map x— f'(x,f) is measurable, and for a.e. x €
Q the map t—f (x, ?) is continuous). We assume that f'is (p-1)-
superlinear growth and does not fulfill the usual Ambrosetti-
Rabinowitz condition (see Section 2 for more details): there exist
6> p and M >0 such that

0<0F(z,t) < f(x,t)t forae. xze€Q andall |t|> M. (AR)

Note that the condition (AR) plays a very important role in
verifying the mountain pass geometry and the boundedness of
Palais-Smale sequence or Cerami sequence for the associated
variational functional. However, (AR) is a very crucial condition,
which implies that f'is (6-1)-superlinear growth at infinity and
eliminates many nonlinearities.

In the comparison principle and weighted Holder regularity up
to boundary for the degenerate fractional p-Laplacian equation
(fractional p-Laplacian is degenerate if p>2) with Dirichlet
boundary have been investigated by the authors [2,3]. Now, let
us introduce some recent research results of equation (1.1) in the
variational framework. By using Morse theory and variational
methods, the multiplicity of solutions has been investigated
by Diizgiin-lannizzotto, lannizzotto-Liu-Perera-Squassina,
lannizzotto-Papageorgiou, lannizzotto-Livrea and Frassu-
Iannizzotto [4-8]. Also, Frassu-lannizzotto obtained extremal
constant sign solutions and nodal solutions by applying variational
methods and truncation techniques [9]. At these mentioned works,
f is not (p-1)-superlinear growth.
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In the celebrated paper, by using Link method and Morse theory,
Wang established three solutions for a semilinear elliptic equation
under the assumptions that /'€ C' (QxRR,R), has no any symmetry
and satisfies the Ambrosetti-Rabinowitz condition [10]. Here our
main purpose is to extend Wang’s results to equation (1.1) with
more mild assumptions on f.

Notation: In this text, for any ACRY, let A¢ denote R¥\ 4. For
every r€[1,00], |||l denotes the standard norm of " (4) (or L (R")).
Let C,C,C,, ... denote some fixed constants possibly different
in different places, and let — and — denote strong convergence
and weak convergence in the corresponding space respectively.

This paper is organized as follows. In Section 2, we introduce
some properties of spaces and fractional p-Laplacian. In Section
3, we demonstrate the existence of constant solutions, and in the
last section, we show the existence of three nontrivial solutions.

Preliminaries

We start with some basic preliminary results on the Morse theory.
Let X be a Banach space. We denote by (:,) the duality bracket
for the pari (X*,X).

Given @€eC' (X) and c€R, we introduce the following notations:
p={ueX:p=z

I(:; ={ue K, :plu)=c}.

)<e}, Ko={ueX:¢'(u)=0},

and

Let (X,,X,) be a topological pair such that X, © X,  X. For every
integer k > 0, we denote by H, (X ,X,) the k" -relative singular
homology group with integer coefficients for the topological
pair (X,X)).

Assume that u € X is an isolated critical point of ¢ with ¢(u)=c.
Then the critical group of ¢ at u is defined by

Crlp,u) := He(e°nU, " NU\{u}) forall k>0,
where U is a neighborhood of u such that KpNep‘NU={u}. By
the excision property of singular homology group, we know the
definition of critical group at u is independent of the choice of
the neighborhood of u.

Recall that {u } < X is said to be a Cerami sequence at the level ¢
((C) sequence for short) if p(u )—c and (1+llu |1)¢’(u,)—0, and
@ is ‘said to satisfy the Cerami condition (&) cond1t10n) if any
(C), sequence possesses a convergent subsequence.

Let ¢ satisfy the (C), condition and inf go(K )> -00. Take c< inf
qo(K ). Then the critical group of ¢ at mﬁmty is defined by

Cr(p, o) == Hp(X,¢") forall k>0.

The second deformation theorem shows that the above definition
is independent of the choice of the number ¢ < inf go(Kq)).

If K, is finite, we can define that

M(t,u) = Zrank(fk{;, u)t*

k>0

for all te R,

and

P(t,c0) =) _rankCy(p,00)t* forall teR.
k>0

The Morse relation says that

D M(t,u) = P(t,00) + (1+1)Q(t) forall teR,
ueK,
where Q(t) =), 50 Bjt" is a formal series with nonnegative

integer coefficients [11].

Next, we introduce the following fractional Sobolev space

vy [ o) uge
gy |o—y[NFPe

wire=fue

———————drdy < o

in Q‘}

and consider the weighted Holder-type spaces with weight
dg, (x) = dist(r, 2°)% endowed with their norms:

and u=0

C(Q) = {ue C°(Q) s u/dy € COQ)},  lufo.s = [[u/da|o

and for all a€(0,1)

C3(Q) = {u € C°(Q) : u/dg, € C*(Q)},
[ulla,s = [[ulo,s + sup lule)/dnlz) - u@ W)/ gl |.
wy xr —y|

The embedding C% () — C?(Q2) compact for all a€(0,1).

Besides, CE (Q) owns a positive cone C?(Q). ={ue CYQ) :u >0
in 02}, which admits a nonempty interior given by
={uecC?M):u

int(CY(0),) (z)/d§(z) >0 in 0}

Letting p€(1,00), then for any ueW > (2), ( A) UEWSP(Q) is in
the sense for any vEW*? (Q)

e = [[ [u(w) — u(@)P2(u() — (@) (eE) -

T — yl:\"+p.9
Lemma 2.1. ( [9], Lemma 2.1]) (- -A) W,
monotone, continuous and (S),-operator.

v(y))

dady.

Wpr (Q)—W=" is

We list the following regularity and maximum principle.

Lemma 2.2. ([8], Propsition 2.5, Proposition 2.6]) Let H(i) hold
and u be a solution of equation (1.1). Then

u € L>=(Q) with ||u]l o < C for some C = C(||ul|) >0
and u € C%(Q) for some a € (0,1).

Lemma 2.3. ( [12], Theorem 1,5]) Let ¢ € C (2 )+ and u€W*»
()\ {0}. If u is a weak supersolution of the equation

(=A)u = —c(z)|u|P~2u in
u=>0 i 0°,

then inf | ds(( )) > 0. Moreover, if u € C2(Q),

Q

then u € int(C2(Q) ).

Recall that the fractional p-Laplacian has first eigenvalue A,
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which is positive, isolated and simple. A, also satises the following
variational characterization:

2
A1 = inf {—H UH

el

cu € WP (Q)\ {0}}.

see [13, Proposition 3.4]. We denote by e, the LP-normalized (i.e.
el —1) eigenfunction associated to 1. Clearly, we have ¢ € int
(C° (©). 0

Constant Sign Solutions

We make the following basic hypotheses on f:

H:f: Q xR—Ris a Caratheodory function such that f(x, 0)=0
for a.e. x€Q and

(i) there exist C> 0 and r € (p, p*)) (p* = NP - is the critical
exponent) such that &
re andall teR;

|f(z,t)] < C(1+[t|""") for ae.

(i) limyg o \(t;:) = +oc uniformly for a.e. x € Q;

(iii) let o (x, ) = fix, £)t — pF(x, t). There exists K > 0 such that
o(x,t)<o(x,t,)+K for a.e. xéQand all 0<¢ <t orall t,<¢<0;
(iv) there exist a function 7, € L* (€)+, n, <A, n,# A, and a constant
7,> 0 such that

limsup <~ < 1 () uniformly for a.e x € Q

t—0 | | Qf -
and
. -{- .
liminf Hz,t) > —ny uniformly fora.e x € Q
t—0 Mp 2t —

It is clear from the assumptions on fthat f(x,-) is (p-1)- superlinear
near + oo and does not satisfy the condition (AR).

We consider the following positive and negative truncations on f:

Filzt) = flz,t7) and f (£ = flot) for me

e (), forall teR,

where r"=max {£,0} and ¢ = min {¢,0}. Obviously, f and /~ are
Carathéodory functions.

Let ¢ be the energy functional of equation (1.1) defined by
1l s .
wlu) = —||ul|P — [ F(z,u)dz,
p J0
and g=:W > (Q)—R be defined by

pi(u) = l:élullp —fFj:{:r.u_)da’,
D 0
where Fly (z,t) = I‘[f f(z, 7)dr.

H (i) implies ¢ € CY(WP(2),R) and o4 € CL(WP(Q),R).
We say that ue W (Q2) is a solution (weak solution) of equation
(1.1) if u satisfies (¢'(u),v) =0 for all v € W7 (Q).

Lemma 3.1. If H(i), (ii), (iii) hold, then ¢ and ¢ =+ satisfy the (C),
condition.

Proof. We only show the results to ¢. By a similar way, the
consequences also hold to p+. Let {u } be a (C) sequence, namely
¢(un) - ¢ and (L4 [lua|)e’(un) — 0.

Then there exist Cl >0 and (ﬂ—>0+ such that

(), B3] < 72

Tt ). (3.1)

We claim that {u } is bounded in W *” (€). If the claim is false,
then up to a subsequence ||lu [l—oo. Let Un

lo(un)ll < €1 and for all h e Wg*(Q

— _Un
llunll

Then |lv Il = 1 and we may assume that

(v=vin W7 (Q) and v —v in L7 (L).) 3.2)

Now, we show v = 0 in Q. Assume by contradiction that v % 0
in Q. Take A={x€Q : v(x) # 0}. Then "meas"(A) > 0. Further we
deduce that u = llu llv, — o a.e. in A. By H (iii), one has

F(z,u,) F(z,u,)

|| wn P N |Un |P

|lvn|? — 00 for a.e. z € A.

Following from the Fatou's lemma, we have

lim inf de = oc. 33
B0 Jq ||u‘n||p ( ’ )
(3.1) implies that there exists C, > 0 such that
F(z,u C 1
/ Btaly o B Lo (3.4)
Ja  llun|P lunllP "~ p

Combining with (3.3) and (3.4), we obtain

F(z,u,
oo = lim inf / Mdm < Ch:
Q

noe Jo lunl? ;
This is impossible. Hence v = 0.

Define y,:[0,1]—>R with Vo () = o(tu,). Let y, (¢ )= max €f0.1] 7,
(9):2€0, 1]} For any i >0, since [lu, || — oo, then we may assume that

e (0,1).

IIRnH

From [3.2], we know that v — 0 in L (€2). By H (i), according
Lebesgue dominated convergence theorem, we conclude that

/ F(z,lv,)dx =0 as n — cc.
Ja

Using ﬁ = (0,1), one hold V. (tn) = 7l ‘“ TamTl)" Thereby

P

":'?(tnun) e ‘PULR) R F{£~ h!n ]Idt’ = _i_!
' 0 <p

which implies

P(tntiy) — 0. (3.5
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Due to ¢, €(0,1), then y '(z )=0. So we have
{H‘jf(tnun}'-.tﬂun} =0. (36)
Putting together (3.5) and (3.6), we obtain

/ J{i‘-. fnﬂ'anT < pcrs(tﬂ u-n} . {}'—”"{rni‘!‘n)z Tﬁ.ﬂ'ﬁ} — 00. (37)
Q

Let 2= u_ in [3.1]. Then there exists C,>0 such that

[ o(z,un)dz < po(un) — (¢ (un), un) < Cs. (3.8)
Jo

Thanks to 0<¢ u *<wu+andu-< t u~ <0, by using H (iii),
we observe

/ (T, taty, )dr < / (x, un )dz + Kmeas(Q). 3.9
Jo 0

In the light of (3.7), (3.8) and (3.9), we deduce

oo = liminf | o(z, thu,)dx <liminf | o(x w,)dze+
n— oo ) s"z n— 0 2 El

Kmeas(QY) < C3 + Kmeas(2).

We get a contradiction. Then {u } is bounded. Thus we have

U, —u in Wy*(Q) and wu, —u in L"(9). (3.10)
By using H (i), (3.10) and Lebesgue dominated convergence

theorem, we have

[ F(@ )

Texting (3.1) with u — u, then lim sup _((- A)s uu—u)<0.
Since (- A)s isa (S) -operator (see Lemma (2.1, "then’ u —u in
Wy (Q).

—u)dr — 0.

Lemma 3.2. [fH(i), (iv) hold, then #=0 is a strict local minimizer
for the functionals ¢ and ¢ =+.

Proof. We only prove the conclusion to ¢, the proof for ¢ + being

similar.
According to H(i), (iv), for any € > 0, we have

t f
F(z,t) = /[; flz,T)dr < L ((m(z)+e

Using (3.11) and the meaning of A, we deduce that for any

C.
)|T|P~3r + =S|r|""21)dr.
E

(3.11)

uwe WiP(Q)

_ 4
[Jul||P — /F{r u)d
TP
>1-|U.||p——/m |1c|pda——/|u|‘°dr—C‘ [|u|‘"d1
p p

cy
% ety [|[F = C.Colul|”
2 5 lll? = 25 el 2ull

> Calul|P(1 = Caljul|""P).

Since p<r, then there exists p > 0 such that
@(u) > @(0) =0 for any ue WyP(Q)\ {0} and |u| < p,
and there exists 0 > 0 such that

inf  (u) =8 = p(0) =0.
ueagpl_(]]v{ )2 ¢(0)

Lemma 3.3. If H holds, then equation (1.1) has at least two
nontrivial constant sign solutions

u, €int(C2(R),) andu_ € —int (C2(2),).

Proof. Arguing as in the proof of Lemma 3.2, there exist p, > 0
and ¢,> 0 such that
pi(u) >4y =9 (0)=0 forall uedB,, (0). (3.12)

From H(i), (ii), we deduce that there exists C > 0 such that

F(z,t) > &ﬂ’ —C forae €@ andall t = 0.
p

Then
tP
wy(ter) = —)\ — / F(z,tey)dr

/\ _A
L ltp—l—( meas (£2)

—tP 4+ C'meas ().
Hence we have that
@+ (te,)— — o0 as t—o.)

(3.13)

By (3.12), (3.13) and the mountain pass theorem (see [14],
Theorem 5.4.6]), there exists u €W (£2) such that

¢, (u)=0 and ¢' (u,)=0.
Since (¢,' (u,),u,)=0, it holds

lul]? < ((—A)pu+,uy) = / fe(z ug)ulde =0,
Jo

from which we obtain u, > 0. By Lemma 2.2, there holds

ut € L%(2)+NCI(9Q). Using H(i), (iv), we deduce that there
exists a constant # > 7, such that

flz,t) > —ntP~! forae xeQ and all t € [0, ||u+||~],
which implies
{—;ﬁ};-t.r.+ + r]-u“j'r_l = f(z,us) + ?mi_l > 0. (3.14)
In view of Lemma 2.3 and (3.14), we conclude
uy € int(CY(Q)4). By a similar way, we can show that there

exists a solution u_of equation (1.1) and u— € —int(C?(2)1).
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Three Solutions
In this section, we assume that K, is finite.

Lemma 4.1. If the hypothesises H hold, then C, (¢,00)=0 for all
k>0.

Proof. By H(ii), one has that for any »  W;"*(Q

)\ {0}

o(t )— —o0 as t — oo, 4.1
Choosing ¢ < 0 small enough, we show that for any vEg*
(¢'(v),0) <0. (4.2)
Actually, from H(iii), we have
0 <o(x,f) + K forany r € R. (4.3)

Using (4.3), we deduce that for any
v € WP (Q) \ {0}

(' (v), v) = [|o]I” L (@, v)vdz

£ p.r.-;(u.) = / U(I, '[-')dl?
< pp(v) + Ix;“meas (£2).

Let ¢ < min{—%mca&(QL inf |, <1 ¢(u)}.Then (4.2) holds. Take

S={uew» (2):Il u l=1}. By (4.2), for any (£,u)€(0,00)xS with
o(tu)y=c, we have

(¢’ (tu), tu)

<0
; .

e Ptu) =

From (4.1) and the implicit function theorem (see [11, Theorem
1.2.17]), we know that there exists a continuous map £ : S — (1,0)
such that ¢(f(u)u)=c. Also, for any (t,u)€(1,0)xS, we have

>c t<fp(u)
=c t=P(u)
<ec t>fp(u).

p(tu)

Hence ¢°={tu:u€S and t€[S(u),»)}. Let E={fu: ueSand t>1}. We
define a continuous deformation h:[0,1] x E—F such that for all
(s,tu)€[0,1]xE

h(s,tu) = {Ei —s)tu + sf(u)u . ~;, a(;

Then
¢° is a strong deformation restrict of E. (4.4)
Further we consider a continuous deformation/ : [0,1] x E — E
defined for any (s,fu)€[0,1]xE by
h{s tu) = (1 —|s)tu + su. 4.5)
We obtain that

Sis a strong deformation restrict of E.

On the other hand, since W (Q) is infinite dimension, then § is
contractible in itself. In the light of the choice of ¢, (4.4), (4.5)
and [14], we have forallk >0

Cr(p, 0) = Hi(WP(),¢°) = He(WSP(), E) =

H (WEP(Q), ) = 0.
By a similar way, we can get a same result to ¢+.
Proposition 4.1. If H holds, then C, (¢=+,20)=0 for all k>0.
Since 0 is a local minimum of ¢ and ¢=, then

Ck(9,0) = Ok oZ

Lemma 4.2. Let H hold. IfK ={0u_,u},then C (p,u)=C,
(p_,u_) = ok, Z, where J denotes the usual Kronecker symbol.

and Ci(¢+,0) = 0 oZ. (4.6)

Proof. We only prove the lemma to ¢,. Notice K, {0 u,}. Take
a,b € Rsuch thata<g, (0)<b<g, (u,). Since ¢*, Cgo [ W””(Q)
then we have the following long exact sequence of smgular
homology group

-+ — Hi(W5P(), %) — He(W5F(Q),9%)

8.
= Hi1(95, 0%) — -

4.7)

By the choices of @, b and [11,Theorem 5.1.27], one has

0 = Ci(p,00) = He(WP(R),0%) and Hi(eh,v%)
= Cr(+,0) = dknZ. (4.8)
By a standard way, we deduce
Cr(ps,uy) = Ho (WP (Q),&5). (4.9)

(Since W (Q)=p.”, then H (W (Q),9.") = H, (p,”,9."). Let
c=¢, (u, ) Due to K N goj”\ ¢.“=2, by the second deformatlon
theorem, we have that ¢.°1s a strong deformation restrict of ¢,”

Hence H, (9.”.0.°) = H, (9,”.¢.”) = C, (¢.%,9.%). From (4.7), (4. 8)
and (4.9), we know that the sequence

O—>Ck[ Py Uy )—MMZ

is exact. Then

rankCy (@4, u4) = rankkerd, + rankimad,
= rank keri, + rankimd,
=rankimd, < 4 ;.
From this fact, we obtain C, (¢,,u,) = 0 if &1 and "rank" C| (¢_,u,)

< 1. Since u, is a mountain pass type solution, then C, (¢_,u,)#0.
Thereby C, (¢,.,u,) = Z.

Lemma 4.3. Let Hhold. If K ={0,u ,u_}, then C (p,u+) =4, Z.
We consider u, (u_ is analogous). Now, we shall demonstrate
Cr(p, u4)

= Cr(p4,us)-

For any ¢ € [0,1], we dene the map £, (u)=(1-)p(u)+tp+ (u). Then
he C' (W (Q),R) forany ¢t € [0,1] and u € K, ) for any t€[0,1].
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Now we show that u, is an isolated critical point of /2, uniformly
for ¢ €[0,1]. Assume by contradiction that there exist {u } CW *®
(\ {u,} withu —u, in W > () and ¢ €[0,1] such that 2, '(u,)=0,
ie.

{(—/_\.];un = (1 —t.)f(z,un) + tn fr(z, un) in Q (4.10)

U, =0 im: £
By Lemma 2.2 we deduce %,, € C'¥(£2) and llu, ll,, < C forall
integer n>0. Since C'(Q2) — CY(Q2) is compact, then u —u,

in C2(Q). Using uy € int(C?(2),), one has un € nt(CY(Q)4)

in the sense of subsequence. From (4.10), we conclude that {u }
is a sequence of solution of equation (1.1), which is a contradiction.
According to [15], Theorem 5.6], there holds C, (p,u,) = C, (¢,.u,).

Last, we show our main results as follows.

Theorem 4.1. If hypothesises H hold, then equation (1.1) has at
least three nontrivial solutions

uy €int(C2(2),), u_ € —int(C2(2),) and @i € C2(2).

Proof. By Lemma 3.3, there exist two solutions
u, €int (CO(2),) and u_ € —int (C2(12),).

If Kw={0,u+,u7}, by Lemma 4.1, Lemma 4.3 and Morse relation,
we have

21+ (—1)° =0.
This is impossible. Then equation has a solution ¢ {0, u-, u_}.
By Lemma 2.2, we know @ € C2(%).
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