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ABSTRACT
Let Wp be an exponential weight of the form Wp (£

):=|tP exp(-Q(#)) on R := (-
polynomial at the zeros {¢; ,}_, of the orthonormal polynom1a1 of degree n with respect to Wp. A new L’-norm convergence of L, (F.t) is discussed.

o0,00), and let LW (F,t) for F € C(R) be the Lagrange interpolation
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Introduction

This paper gives an improvement of results in [1]. Let /¥ be a
weight of the form W(¢)=exp(-QO(¢)) on R: = (-c0,00). We always
assume that

/. |T|nI'I"?(t)2dt <oo (Yn=0,1,2---).

o —00

We define a class F(C?+) of weights on R.

Definition 1.1. Let /7 be a weight on R of the form W(f)=exp(-O(?)).
(1) We writeW e F(2+), if O: R—>R" := [0,00) is a continuous
and even function, and satisfy the following properties:

(A) O'(?) is continuous in R, with O(0)=0.

(B) Q"(¢) exists and is positive in R\{0}.

(O) lim,__ O(t)=ov.

(D) A function

Q1)

o T

T(t) ==

is quasi-increasing in (0,0) (i.e., there exists C >0 such that 7(s)

< CT(¢) for 0<s <¢) with T(1) > A > 1, t € R\{0}.
(E) There exists C>0 such that
QW QW o
o] =P ot

(F) There also exist a compact subinterval J(= 0)of R, and C,>0
such that

QW) | o, 120
01 Q

. ae. te R\ J

(2) If T'is bounded, then we call /¥ a Freud-type weight. And, if
T is unbounded, then we call # an Erdds-type weight. Note that
if Wis Erd8s-type, limy_,o, T(t) = oo holds.

(3) Let 1</<3/2. We write W & Fy(C*+)if W e F(C?+)and QeC*
(R\{0}), and for [¢}>K>0 (large enough),

Q"(t) Q"(t ) ") _
<

T | = Claml = Gap =€
hold.
(4) Suppose that hm 1/7(¢) exists. Then, we say that W e F(C2+)
is a regular weight 1% u, and p_are finite and u,= u_holds, where

Q'(t) Q1) Q" Q)
=1 and _=1h

o=l m/ on M TR Qw/ aw

Example 1.2. (cf. [4], [6]) (1) Let Q, (1) := [¢|* for & >1. Then
W (1) : = exp(-Q, (1)) € Fa(C* +) (1< A <3/2) and it is a regular
Freud-type weight.

(2) For o>1 and />1 (integer), we define

Qralt) := expy(]t]*) — exp;(0),

where exp,(?) := exp(exp(exp...exp(?))) (/times ). Then W(f)=exp(-
0,, (®) is aregular Erdés-type weight and it belongs to F(C* +)
for every 1<A<3/2.

We recall some notations with respect to W= exp(-Q) € F(C*+).
For ¢ >0, the Mhaskar-Rakhmanov-Saff number (MRS number)
a=a, (W) of Wis defined by a positive root of the equation

2 /l agu@)’ (agu)
=— | ——=—5du.
Tl (1)
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We also use the following notations. Let 6 := {uT(a,)}>" for

>0 and
. 11|t
a_ﬂ ||;/G‘21‘:, — |t|§&-u;
ult) := u (1= [t|/ay +64)"/
‘}Qu(au}a ay < [t],
Furthermore, for n >1, we define
&, (1) := max{l — u dn} and () := ;
" (14 Q)3T (¢)
Here we note that for any constant d >0,
1/3
t
D(t) ~ Q) on d < |,
Q' (1)

and there exists a constant C >0 such that
O(t) < Cd,(t) (1.1)
for n>1 and ¢ € R (see [5, Lemma 3.3]).
Let p>-1 and W e F(C?+). We consider a weight
W,(t) := [t exp(=Q(t)), t € R.

Let P be the orthonormal polynomial of degree n with respect
to W Cthat i is,

/ Py p(t) P p(t) I-i-‘f(t}dt =dmn

holds. The zeros of P, are denoted by

—00 < tnnp <tninp < <tanp <tinp < oc.

For FEC(R), the Lagrange interpolation polynomial L, , (F,¢) with
node {#;np}j_; is defined by

HP(FT( ZF Jn.p ],?I,P() (12)
where
P (1)
o) P .
jnp(f) (1‘-—tj,n.._p)Pr’;.,p(tj-ﬂ-,p) 4

Assumption 1.3. Suppose W(¢) = exp(-0(¢)) belongs to F,(C?
+) (1<A<3/2), and for any M > 1 there exists N,,> 0 such that
forn>=N,

Q(an/4) > (log Q(an))M (1.4)

and
(1.5)

Lemma 1.4. O and Q, in Example 1.2 satisfy the conditions in
Assumption 1.3.

T(an) < C(logn)?

The proof of Lemma 1.4 will be given in section 5.
We are now in the position to state our main result in this paper.

Theorem 1.5. Suppose that the exponent Q satisfies the conditions
in Assumption 1.3. Let W (¢) := [t exp(-Q(¢) with p > 0 and

a,=o(n*?), and 1 < p < o0, l/p < . For F €C(R), there exists a
constant 0 <c <1 such that

(1+ 22TV YA Q ()W, (1) F(t) € Co(R).  (1.6)
then
i B2 W (L p(F) = F)| oy = 0. (1.7)
where C,, (R) :={f'€ C(R); limm% f(®=0} and

0, 1<p<4 (1.8)

(1/2-1/p)" = {

This theorem is an improvement of results in [1]. We recall the
previous results.

1/2—-1/p, 4<p< oo

Result 1 ([1, Theorem 2.1]). Let W € Fy(C*+) with 1<A<3/2
and a = o(n*®). Let F €C(R), f>1/2 and p > 0. If

+t2)52W,(t)F(t) € Co(R),
then
lim ||W,(Ly ,(F)

Result 2 ([1, Theorem 2.2]). Let W e Fy(¢3+) with 1 <A <3/2
and a,=o(n**). Let FE C(R), I<p <2, l/p<fand p>0. If

— F)ll2@m) = 0.

(1+)PPT2 ()@~ YU (W, (1) F(t) € Co(R),

then

Jim ([ W, (Lo p(F)
Result 3 ([1, Theorem 2.3]). Let W € Fy(C*+) with 1 <4 <3/2
and a =o(n*”). Further assume that ¥ is a regular weight and for
M > 1 there exists N,,> 0 such that

— F)lLrm) = 0.

O(a /4) > (logQ(a, )" forn>N,,.
Let FEC(R),2<p<oo, I/p<fandp>0.If

(14 £)PPT2 )@~V W, () F(¢) € Co(R),

then

lim || @' YPW, (L o(F) = F)| 1o(z) = 0.
Theorem 1.5 is new on the following three points, that is, we see
(i) the connected estimates on 1< p <4 of a neighborhood of p=2.

(ii) the improvement of the weight ®">'7 as the weight @ >""

(see (1.1)).

(ii1) no requirement for the regularity of the weight W.

This paper is organized as follows: In section 2, we prepare some
known estimates, which we will use later. In section 3, we prove
the main lemma and then we give a proof of main result. In section
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4, we discuss Laguerre-type weights on [0,00) and show a new
L7 norm convergence of Lagrange interpolation polynomials for
Laguerre-type weights. In appendix, we give a proof of Lemma 1.4.

Throughout, C,C ,C,,... denote positive constants independent of
n,x,t or polynomials P € P,,.The same symbol does not necessarily
denote the same constant in different occurrences. For any nonzero
real valued functions f{(x) and g(x), if there exist constants C , C,
> () independent of x such that ¢, g(x) < f(x) < ¢y g(x) for all x
in the range, then we write / (x) ~ g(x). Similarly, for any two
sequences of positive numbers {¢,, }72 ; and {d,, }22, we define
c ~d.

n

Lemmas for weights belong to class F(C?+)

Throughout this section, we always assume that W=exp(-Q)€
F(C*), p>-1/2 and w, (O=|ty W(2). Recall that a ,7(%),¢, () and
@ are defined by a welght W. On the other hand. AP p}n ° , are
orthonormal polynomials with respect to Wp The zeros of P, o
are -0 <t <t <<t <f <oo p is the class of all

nn.p n-lnp 2,n,p 1np

polynomlals with degree at most 7.

Lemma 2.1. (1) ([6, Lemmas 3.4, 3.5 and 3.8]) (a) Uniformly
for t >0, we have

Qlar) ~ Q.1

v T(ﬂn)
(b) Let L >1. Uniformly for ¢ >0,

T((I-Lt } ~ T(at) .

arg ~ ag,

(2) ([3, Lemma A.1]) (a) Uniformly for » and ¢

Cn+M (t} ~ er(f}a M >0, ‘rcn(tj;n.p) ~ ?‘n(tj+l,n.p): 1 < J <n-— le

and uniformly for |f| < ea,, 0 <e <1, we have

[}
f‘?n(t) ~ 'Yn(t) ~ T:

(b) For any fixed L >1 and uniformly for u > 0,

ay 1

" T(au)

ALu

(3) (I3, Theorem 2.2]) (a) For the minimum positive zero fjy.n,

/2 n.p ~

and for the maximum zero ¢, 0o

t
1— 1np ~ 611‘
n

= (HT(QHD_Q/S-

(b) Forn>1land 1 <j<n-1,

tj,??.,p - f]+1n>p ~ ‘r?n(t.?np)'
(4) ([3, Lemma 4.7]) Let P p = Ynpr" + -+ with v, , > 0.
Then
Jnle g
Tn.p

Lemma 2.2 ([3, Theorems 2.3 and 2.4]). Uniformly for n > 1

sup [P ,(OW (Ot + 2|2 =24 ~ 1 22)
telR n

and

(py, _ .
sup | P, (OW (1) (1t] + 75)"| ~ a, PV 03

Lemma 2.3 ([3, Theorem 2.5], [1, Lemma 3.3]).
(a) There exists 1> 0 such that uniformly for n>ngand 1 <j<n,

Py o(tinp) W () ([Em 0] + f)P ~ on(ting) " lan =t 7%,
(2.4)
Then we also see
il (tyn,) <o 2.5)
[Py p(timp) W (tinp) ([Eimpl +%2)P =~ n '

(b) ([3, Theorem 2.5 (¢)])

) 17 bn .\ pirrr—1 ) An\_p |
max €, (OW () 11+ S0t ) )+ 22077 1,

(2.6)
where £j.n is the fundamental polynomial (see (1.3)).

Lemma 2.4 ([3, Lemma 3.8]). Let 1 <p, g <. There exists C>0
such that forany n € Nand any P € P,,_;.if 1 < g <p < oo, then

N a 1/ ~ a
IW @)1t + ) P@)l ) < CallVPIW @) (1t] + 22 PO)]| 1o,

(2.7)
and

IW,PllLamy < Cay/ T P|W,P|| 1o (w).- (2.8)

If 1 <p<gqg<oo,then
W ()|t + —JPP(t)um) <C —)“P—Wmf’(t)

VT
I+ 2P rmy  (29)

Lemma 2.5 ([3, Theorem 2.7]). Let W(¢) e F(C*+)and 0 <s<r
< oo, Assume pp >-1/2 if 0 <p <o and p > 0 if p = 0. Then we
have forn>2,

{ + N iy,
[ @4 A=YET () P ()W (£) (18] + ) llee)
1/p—r/ . R
n logn fs=rord<pr<oo;
=C ca,la p—s/2 ifs<rand 4 < pr < ooorif pr<4;
an’"? if p = oo,

where (r/4-1/p)* := max{r/4-1/p,0}. Especialy, for s = r =1 and
1 <p <4 we have

W () ([t + =2 Y llLer) < Cay/P72,

and for s=1, =2, 2<p we have

ap

1252 () P p ()W (It + ) o) < Cay/P 12,
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that is,

IBL/27HPT (1) By (W (1) (2] +

where (1/2-1/p)* is defined by (1.8).

Lemma 2.6 ([10, Appendix; Theorem A], [11, Theorem 4.2]). (1)
Letw e F,(c?+)with 1 <1<3/2, and let a, 8, u, v € R. Then we
can construct a new weight W,,..., € F(C*+) such that

T(t)(1+2)"(1+ Q)™ (1 + |1Q () )P W (t) ~ Wpip a,8(t)
holds on R.

) Iz < Cal/P~2 (2.10)

(2) ([11, Theorem 4 and (4.11)]) We put the same assumption in
(1) above. Let us denote MRS number for a weight W, ,=exp(-

0. ﬁ) y a (Q, - ) further we denote the function in Definition
1.1(d) fora welght w, =exp(- Q# e ﬁ) YT, ur Then there exist

C,.C,>0 such that "’

aﬂln(Q#,v.Q.ﬁ) < an(Q} =ap < a‘CQH(Q#,V_.Q‘_.,S)

and Tp,as(t) ~T(t), teR

Lemma 2.7 (cf. [8, Theorem 1.4]). Every weight W € F(C*t)
gives a positive answer to Bernstein’s problem. That is, for every
€ C(R)with W f€ C, (R), there is a sequence of polynomials

{P.}22, with P € P_such that
Tim_|[|[W(f — Pr)|lp(®) =0

Let 1 <p <oo. Lr-type Christoffel function

., W) with a weight
W is defined as follows:

Anpp(Wait) = inf

PcP,_1

[ | PW,|P(w)du /| P(t)|".

The Christoffel number is defined by

/\;np _/\ﬂpz(u an}

Lemma 2.8 ([1, Lemma 4.1], cf. [2,Lemma 2.7]). Let bER. Then
there exist constants C,, C,> 0 such that for an integer n > 1

(2] . e Ay .
G [T T AW M)t + 22) 21+ £,
—an 1<j<n

A
gcgf (1 + £2)bdt.

Lemma 2.9 ([1, Lemma 5.5]). Let W (O)=t)" W(7) (p=0), 1<p=<2
and let 1/p<<f. Let assum that for every F e C(R)

(1+ 32T 2 ()@ VAW, () F(t) € Co(R).
Then for large enough n we have
WL p(F)ll oy < CM,, < C||(1+3)P/2+0/2T12(1)
AW ()F (1) oo (m)»

where

M, = [[(L+ &) PT 202 A OW @) (1 + Y F O] g
(2.11)
Lemma 2.10 ([1, Proof of Lemma 5.5]). Let
(1+ 2TV (1)~ ()W, () F (1) € Co(R).
Let 1 <p <ooand F, be defined (3.3) below. Then we have
IWoLn o (F1)lle(t)<an/2) < CMn,

and for 1 <p <4
IWoLn o (F)lle(t)>a,/2) < CMp.
(see [1, Remark 5.1]).

Lemma 2.11 ([1, Lemma 6.3]). Let 0 < a <1. For n € N, we put

SO= X i )t + P (212)
J [£5.n.p] Z@arn
Then, for || <a ,and || > a,,
W) ([t + ) g(t) <. (2.13)
On the other hand, fora,, <[f(<a,,
W () (Jt] + “")*’Zm < Cflogn + al/| P, (6)W (1)
(i +=2T @)y (2.14)

Proof of Theorem 1.5

In this section we assume that the all conditions in Theorem 1.5
fulfill, that is, W=exp(-Q) € F, (C* +) (1<A<3/2) with a =o(n*?),
and (1.4), (1.5) hold. Let W, (¢) == |t exp(-O(f)) with p > 0.

We begin with two lemmas. First is the following estimate of Q.

Lemma 3.1. Let 0 < ¢ <1 be fixed. For any positive integer &,
there exists N, such that

Q%(a,/4) > (logn)* far n > Ny. 3.

Proof. We take M > 1 such that cM > k +1, then by (1.4), (1.5)
and (2.1), we see

n }CM

cM
> (logC——
)7 2 (log logn

Q%(an/4) = (log Q(an))™ > (log C m
> {(1/2)logn}M > {(1/2)logn}**! > {logn}*,
that is, we have (3.1).

Next is the main lemma for the proof of Theorem 1.5.

Lemma 3.2. Let 1<p <o, 1/p <fand 0 <c <l. Then there exists
C >0 such that for every F' € C(R) and for large enough n € N,
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@822 Wy Lo (F) | Loy

< Cl|(1+2)PPHPETI20 eV QUOW () F (1) L@ (32)

Proof. We put
M* = |1+ )5/ PT (0@ V4 () Q° ()W () F(8) | .= vy

and

M = [+ )T 2 ()@ A0 Q )W (r)

a
(el + ﬁ)pF(t)"Lm(]R}-
Then M, < M* for large enough n. We may assume M* < co.

We can take 1/2<a<1 such that a /4<a_ for all n € N. In fact, by
[6, Lemma 3.11 (3.50)],

c

~ m(l —Q‘) S C(]. —O‘).

'1_@

Qan

If we take o such that C(1 - #)<3/4, then a /4 < a_ . Define

—— F(t)! |t| < a‘n/“l;
) = { 0, an/i<lt] (33)
0, |t| < an/4;
Ba(t) = { F(t), anjd <t < aon
0, Gan < |t|,

and

Fy(t) := F(t) — Fi(t) — Fa(t).
Then we have
12522 W, L o (F) [l o (wy

< ||‘I’511ﬂ_1;p}‘ WoLin,o(F1) | Le(t|<an/2)

+ (|82 VP W, L o (F1) || Lo (1120 /2)

+|| @ 2P W, L, o (Fy) I Lot <asan)

179 1/5)" <xr
+ [|@1/2=1/p) WoLn p(F2)| L2 (t)>a20n)

n ”‘D%UQ_],"P)—H;an,P{Fg)||LrJ(R}
=: .]1+J2+J3+J4+J5'

The condition

(L+ 2T 0@ YA OQ (W, (O (1) € Co(®)

means

(1L + 222V~ A ()W, (1) F(t) € Co(R).
Let
M, = ||(1 + [tPTYV2(0)d~ 4 ()W (1)

y

(It + =P F)llp=)-
Since @ ()< 1, by Lemma 2.10 we have for 1 <p <o
Jy = || @2 YPY W, Ly, ,(FO)ll Le(t1<an /2)
< WLy o (F1) | Lo(jt] <anj2) < CMn <CMy < CM*, (34)
forl <p<4
J2 < WL o(F1)|| Le(t1<a, /2 £ CMp < CM; < CM™ (3.5)
and by Lemma 2.9, for 1<p <2

JyJp J,<CM <CM'< CM".

e s =

(3.6)

Hence we may show the estimate of J, for 4 < p <co, and the
estimates of J,,J,, J, for 2 <p <o,

To estimate J, for 4 < p < o, we use the Lagrange interpolation

formula in the form

Fl (tk.n.,ﬂ}

n
L g(F1,2) = Pap®) 72237 N p Pt ) 7
6\,

L

(3.7)

(see[9,p.243]). Let|t, |<a/4and|>=a /2. Then we see |1, |>

a /4. Using Lemma 2. l'n(]4) and Lemma 2.2 (2.2), we have from (f 7)

>

[tk.n,plSan /4

|F 1(tknp)
t—trinp

|Lnp(F1,1)| < Can| P p(t)] Mool Pr1,p(tien,p)|

| < oMuaz 2P, (0)

n

X Z /\k,n,p{l'v(tk,n:p)(ltk,n,pl + aﬂ/n)p}_Q(l + t?c‘.n,p)_g/QT_lﬂ(tk:n,p)
k=1

3t p)-

Using Lemma 2.8 and the Holder inequality and >1/p, 1/p+1/¢=1,
we have

n

- a — — —
Z Ak.n,p{”’ (tk,n.‘p)(ltk.‘n.pl + ;n)p} 2(1 + t}%,n,p} B'IQT 1/2 (tk.n,;;')‘pl/4 (tk.n,p)
k=1

an
<C | (1+&)Fa

J—an

" 14t < calla,

v —lp

< C(/ " (14 ¢2)PP/2ap)\ /7

which implies
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L p(F1,t)| < Cay/*F19| Py ()| M.

Therefore, by Lemma 2.5 (2.10) and 1/p+1/g=1, we have

Jo = (| @52 ()W () L p(F1, 1) o (tf2ar 2)

< Cag VM | @20 ()W () P p (D) Lo (1200 /2)-
< CajH/arl/eN, < OM?,

and we have for 4 < p <oo

Jy < CM? < CM*. (3.8)

Next, we estimate J, and J,. Ifa /4 < || <a_,
for large n € N. We see

then (1+)) # ~a /

|¢$11/2—1/P)'(tjwr(t)(ltl + a—n)an!p(FQ: t)l
T
< a BBV (W (1) (|t + E)pm 3 (3.9)
n

an A<tk n p|C0an

T(k, 1),

where

J(k,t) = lﬂ(tknp)‘bui(tknp)Q C(tknp)u'r l(tknp)

an —
(il ) kg (B

For J,, we fix || < a,  and take m such that 7 €[¢

m+l,n,p,tm,n.p]' Then’
by Lemma 2.3 (b) we see

Qn

3OO (1] + 72 W tin) (tim ol + T | < €,
j=m,m+ 1.
Therefore, we have
(@422 (W (E)([t] + =) (I (m + 1) + I (m, )]
< CT V¥ (an /42" (an/9)Q(an/4)

X{Ifm+1np(f)|W(f)(|t|+ )PW_l(menp)(lfm+1n,p|Jrl) r

— n
+ € o (BW ()] + 2 )"W (tm,n,p) ([tme+1,ml +-07"
< CT—‘/2(an/4)@'/4(an/4)@—%an/4). (3.10)
Suppose k#m, m+1. For [t |< a, and a,/4 < \tmﬂ| <a,,we see
[t — tk,m,ﬂl ~ Z "Pn{tj.-ﬂsp)
k<j<m—1 or m+2<j<k
t .
> Clk -m|anmin{\/1 - M: \/1 - M}
L) iy (1
Hence, with Lemma 2.3 (2.5) we have fora /4 <7 ~<a, and

k#m, m+l

B2V (W () (Jt] + )T (k. )]
1

Qn

= @/ 1P (1P, ()IW (Ol + —5)°

T2 (tk n p)q’lﬁl{tk , p)Qic(tk n.,p)
(8 = thnp) P p(hnp) Wtk ) (k| + 50)P

af’ TV (tknyp)

n Qc(tk,mp)(t - tk.n,p)
T2 (t )

< OO HPY (1) P, (W (1) (1] + i—”)"l \

< Cay*!/ V0" ()| P (OIW (0)(Jt] + )"

Qg [k — m]
x max{(1 — ﬂ)_1/2, 1- 7|tk”1’p|)_1/2}
1
1/24 (1/2-1/p) / -
< Cala, O (O O 1+ 52 s
TV T (O 2 () max{ (1 — FJ*” 2, (1 - lunal) 2y
n T

1/2g (1/2-1/p)" ; Anyp L
< Cal/*®, O O Q1] + T2 log ) gz

Here we used the facts; if |[f| < a, , then

|f|) 12 (1 - |fk..n,p\)_1/2} <C

‘T

T=2()T /(g n,p) max{(1 —

(Lemma 2.1 (2-b)). Hence with (3.10),

< Cam@ (1/2-1/p)* ()| P () W (£) (|| + )9Q “(an/4)(logn)

+ Col VYR (T2 (a, /4)@‘/4@,1/4)@—%(1“/4)
Thus by Lemma 2.5 (2.10) and Assumption 1.3, we have

T3 < [|RG/2HPT (@)W () (It + %)pLTI,P(FQ:t)||LP(|t|§agaﬂ}
< CM;yay/> 2|8, /20T () Py (8)W (1)
Q“(an/1)(logn)?

+ CM; a7 PT= 12 (an /4) @4 (an/4)Q

a
(el + )7l 2 el <azan)

““(an/4) ||1||LP(|t|gazm}

< CM;?Q (an/4)(log n)2a/?—#
+ CM;a, T~ (a, /)@ (a,,/1)Q ™ (a,, /4)a
< CM:at/PPQ (an/1)(logn)?

< CM; <CM", (3.11)

because of 1/p - <0 and Lemma 3.1 with &k =2.

Next, we consider J,. Let @n/4 < [tin,pl < dan and [t] 2 azan.
First we note

Qan
_ > Claom. — ~
|f tk,n..pl = C(QQQR aan) T(G‘.n) (3.12)
From (3.9) we see
BU/2YET ()W (1) ([t] + =2 — ) (k1)

= 2P (1) Py (W () (1] + 22)7
n

T_l/g(tk,n,p)¢1/4 (tk,.n,p)Q_c{tk,n,.p)
(t— tkn p) n p(tk,,n,p)I’V(tk,n,p)(|tk,n,p| +an/n)?

By Lemma 2.3 (2.5) and (3.12), we have
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T_l/Q (tk‘.ﬂ,.ﬂ)q’l/;l{tk‘.n:P)Q_c(tk,rl,P) \?[:: ﬁI‘S; Egtln/’l?e the Hclltigral onz[-laaniZ’ an/Z] ll;et |t| = a on/2° From
(t — t5 n,p)Pr;,p{tk,nip)I(If-(tk‘.‘n,‘p)(ltk,n,p| + an/n)P |t- k,,,,,,| =Ca, (aﬂ) and Lemma 2.1 (1-a) we have
3/2 . a
ay " T(an) _ e (1/2-1/p) 7 LAY .
<ol - %T V2(t 0 Q™ (tomp) 35 (&)W (E)([t] + . )P Ly p(F3,t)|
n 3/2 1
< CMa;, " T Y% (20n) Q™ (aam) Z an’” T(an)
al/Q 1/2 al/Q |tk n p|>”’mz " n
< L T(a,) T~ "*(a,/4 an4<C‘n T(a.)Q “(a,/4 . U
T e D) e X 2P (1) Py (W (1) (1] + )
/2
ay T(an) 1
< . T* — — - =
= O Qe < CM;ay/* P (logn) e ))lfﬁn“” P (£) P (1)
“C¥T
From this fact, we have W) (|t + an.)P|
vV —_—
(1/2-1/p)* 7 4ny\p
|®;, OW @)t + =) > J(k,1)| )
 an /A<t pl<aan < CM;ya,/*7 (logn) ( )| @, 2P (1) P, L (2)
T(an)
- o - Un
< CON 2P (W (t)(Jt] + gﬂpn.p(f” Z W (t)(|t| + aj)p|_
f"‘lb/‘lé‘tkﬁz_p‘iﬂmt T
a!” Tlan) Therefore, we have for [t <a_ ,
n Q%an/4)
_ . B2 W () (|t + 22V Ly p(F )| 1o _
< Carll/g'ljgll/g_l/p) (t)W’(t)(|t| + ) ‘P ,P£ )l I;{Qn/)4) || { ) ( ){| ‘ n ) ,P{ 35 )"L (|t|§am,al,2)
e 1/2-5 \/T(ﬂn) (1/2-1/p)*
Therefore, from (3.9), Lemma 2.5 (2.10) and Assumption 1.3 s CMpa, (logn) (F—="——=)"%n (&) Pnp(2)
we have
’ | " (179 4 P
Jy < ”(I)%I/Q—IK'P} OW () (1t + ?)pLﬂsP(FmtJHLP(ltthlzqn) W(t)(|t| + ) Iz (Jt1<agn 2)
e 1/2— B —er o iaa(l/2—1/p) -

t , . . .
( |+ ) llze 14> a20m) by Assumption 1.3. Next we estimate the integral on

(-00,-a, |U[a,,,). Noting Lemma 2.1 (1-a), (2-b), from (3.14)

< CMzal/7=B(log n)? 1 we see for |1 > a,,,
o - oz " DU/ ()W (8) (8] + 22 Lo (Fs. 1)
<CM:<CM*. (byl/p<B) (3.13) n ) et

&t 1

e —Ba—1/2 —c n -
Finally, we estimate J. Let n € N and # € R. In the following, we < CMya,"T (aan)Q™(aan) Z n 1—ap/asg,
may assume [¢, |_ , because F, (¢, ) 0ifle, |<a Note ltk.n p|Z@an
that (1+ |z, 2 < Ca, ﬂ Then usin, LemmaZ 3 (2'5), we have . a -

(= e ¢ &, X LY (8) P ()W (£)(H] + 7))
L/ 2VPT ()W (1) (It] + —)an,p(Fs t)l

< CM:a?>PT Y2 (a0n)T(an)Q (aan)
= [P ()W (1) (|| + —)” Z F(tim,p)lem,p(t)]

gl | DL/ 2=LP () Py ()W (2)(J8] + af)""l
< CR2 (1) P (W () (] + 22)7 My T (2000)Q(0am | -
| R T;i | (1)) < Cﬁ.f;a,llfﬁ—,ﬁ' Tl/Q{an) Q—C(agn”@élm—up} (f)Pn,p(t)
Aty
D D T T e (s By an
kil Zaan e R R el T W) (It + 7).
3/2
< OM?a;PT2(a0n)Q (a0n) Z aL'ﬁ 51 | Therefore
n — lkn,p
Tkn.p Z an C gy
: e @727 (W (1)([H] + ) Lo (Fo, )| 15420,
X |2 (1) Py ()W () (18] + )7 (3.14)
n
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< OM;a¥>? T2 (a,) Q(aan) [ 8L/27/7 (1)

- €
P ()W (2) (2] + f)pHLvquazn)

< CMal/PP(logn)Q “(aen) < CM:  (3.16)

Here we used 1/p < and (logn) O (a, ) < (log n) O (a /4) <
C by Lemma 3.1 with k£ = 1. Finally we estimate the integral on

[-a,,-a,,) lVla,,a,] Since Q “(a,)<Q “(a/4)<(logn?)
by Lemma 3.1 with k=2, fora  , <|{ < a,, Lemma 2.11 (2.14)
gives us

|41 (W (1) (1t] + %)"Ln.p (F3,1)]

< CMZRW21P ()W (8) (1] + 22
T

x D

|ten.p|2aan

(1 + f‘?c,n‘.p)7'3/2T71/2(tk,n.‘p)Qic(tk,ﬂ,p)

F— a —
W (thp) (i ol + )7 X [k, ()]
< CM;a, T2 (aan) Q" (aan) 0> P" ()W (£)(1t] + )7
n

P Ay,
x Y Wtk (k] + 2 b 0]

[, n,pl Z@an
< OM:a, 5T Y2 (a00)Q (aan) B2 1P (1)
% {logn + a;/* | Py (OIW (O)(1t] + 22T /*(an)}

< CM;a;,? (logn) 282 VPl (1) {log n + a/?| Pa (1)

W () ([t +=)")

< OMa;,?(logn)~*{logn + al/?|@/21/P" (1) P, (1)
W (1)(|t]+2)7}.

Therefore, we have by Lemma 2.5 (2.10),

a?l

L2 O W () ([t] + ) Lon o (P )| Lo o<l <a20)
< CM;a, (logn) " {lognl|1]Lo(a,, a<ltl<azm)

+ i/ 2| @42 () P g W) (] + T2V 1o(0, il <aza)
< OM;a,"(logn) *{(logn) a,/”

a2 S (1) Py W) + T2l 00 il <azn)
< CM} (logn)2({al/PPlogn + a/P~P} < CM;

(note Assumption 1.3). From (3.15)-(3.17) we have

Js < 8427/ OW (@) (1t] + 22) Loy (3, D)o@y

< CM, < CM*, (3.18)

Consequently, from (3.4), (3.8), (3.11), (3.13) and (3.18) we have
forn=1,2,,

@52 P W L, o(F) | Loy < CM”
and hence we conclude (3.2).
Proof of Theorem 1.5. Let F € C(R) with
(1+2)PPTV2(0)d VA Q ()W, (t)F(t) € Co(R). (3.19)
By Lemma 2.6, There exists W* € F(C*+) such that
(1 + 2)PHARTY2 e~ YA QY ()W (1) ~ W (1),

Since W F € C, (R) by (3.19), Lemma 2.7 implies that there exist
P € Pn_1,n=1,2, such that

lim (1 + )TV (1)@ (0 Q ()W (1)

(F(t)= Paci(8))ll Lo (r) = 0. (3.20)

Since L, (P,.)=P, ,wehave

|8/ 2P ()W, (8)(F (t) = L p(F, 1) || 2wy
< |G/ 2P ()W,p(8) (F (2) = Pa-t1(t)) | o)
+ | @AY ()W, (#) L p(F = Pt t) | oy =2 K1 + Ko (3.21)

By Lemma 3.2 and (3.20), we see K,— 0 as n — 0. On the other
hand

Ky = (|4 P (W, () (F(t) = Pa-i(0))l|om)

<1+ APAT 2@ QAW (O(F (D) — Pa1(8)] =z

X (14 2)FPRPT2@) @4 (H)Q (1) || Lo ()

<|(1+ 2)PRHPTI20) S A QW () (F (£) — Py (1)) l=@)
< [[(1+ ) PRPT 200 (1) Q™(t) | Lo m)-

Since 1/p — <0, we have

(1 +8)PPT 20 6)Q~ ()| e )

< 1+ |f|)_'5||Lv(11e) <C,

so that (3.17) again shows K, —0 as n — oo. Consequently from
(3.21) we have (1.7).

Weighted Lagrange Interpolation Theory on [0,0)
In this section we consider a Laguerre-type weight w of the form
w(x)=exp (-R(x)) on R* :=[0,00). We always assume that

0
/ t"w(z)’dr < oo (Yn=0,1,2,---).
JO

We begin with the definition of a class ﬁ(( 2.
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Definition 4.1.(1) We write w € £(C?),if a function R has the
following propertieS'

(a)v/@R/(2)is continuous in R*=[0,00) with limit 0 at 0 and R(0)=0;
(b) R"(x)>0 exists in R"\{0};
(©) lim_ R(x) = oo.
(dA function
xR (x)
R(z)

T (x) :=

is quasi-increasing in R*\{0} (i.e. There exists C > 0 such that
T (x) <CT" (y) for 0 <x <y) with 7" (x) > A"> 1/2 on R"\{0}.
(e) There exists C > 0 such that

R'(z)
Rz)’

) <c a.e.t € R\ {0}

(2) We call w € £(C?) a Freud-type weight if 7* is bounded,
and otherwise, w is called an Erdds-type weight. Note that if w is
Erdds-type, then lim__ 7"(x) = oo holds.

(3) We write w € £(C2+), if w € £(C?2) further satisfies

R"(x)
Ri(x)

R/ ()
R(z)’

C

Y

a.e. x € RT\J",
with C >0 and some compact subinterval J3 0 of R".

(4) Let 1< A <3/2. We write w € £, (C*+) if w € £, (C*+) and R
€ C* (R*\{0}), and for x > K >0 (large enough),

R R g TR
@) = ) R =

hold.

Example 4.2. (1) For R(x) =x%, > 1/2, w(x) = exp (-R(x)) belongs
to £ (C*+). Since T (x) = 3, w is a Freud-type weight. Moreover
it belongs to £, (C*+).

(2) ([7]) Let I > 1 be an integer, and let 5 > 1/2. Then we define
R, (x) = exp, (xP) — exp, (0), where exp, (x) = exp (exp(exp---

exp(x))) (/ times). Then w(x)= exp(-R, (x)) belongs tof(C*+)
and it is an Erd6s-type weight. Moreover it belongs to £, (C*+).

To describe our result, we prepare some notations. For w—exp(
R)E L(C*+), the Mhaskar-Rakhmanov-Saff number a’ (x>0)is
defined as the positive root of the equation

1 flaruR (a*u
r=— Ti(r)du.

Vu(l—u)

We also use for x >0

1

O (z) := max{l — W

at’ n}

n.

and

B 1 B R(x)
V) AT RER (* T R(x )(1+F(1))2/3)’

Finally, for w € £(C*+) and p >—1/2, we always use the notation

wp(x) == xPw(x) 4.1)
and for p >1,
1 1
o —pt o — 4.2)
2p 4
Note that p*= p in the case p=2.
The n th order Lagrange interpolation polynomial ;, .- (f,x) for a
function fon R* with a weight w - is defined as follows:
TSP, oy P w—vd
— (T — Thp g pr )pnp(z;mp) 4.3)

where {pn_p }neg are orthonormal ploynomials with respect to
the weight w,- and {w1..,- }7_; are the zeros of p, p*With 0 <x
<---<x2np* < X, o < 00,

*

nn,p

By the same argument as in [1, section 7], the following theorem
is deduced from Theorem 1.5.

Theorem 4.3. Assume that w € £ [(C+) with 1<A<3/2 and a »
= o(n*?). Further we assume that for M >0 there exists N, € N
such that for any n> N, , R(a,*/16) > (logR(a, ))" and T" (a <
C (log n)* hold. Let f'€ C(]R+ ), 1<p<oo, 1/p <fand-1/p < 2p.
Iffor0<c<l

(14 2)P2HAT2 ()@ VA (1) R () wpe () f () € Co(RY), (4.4)

then

dim [, (L) (f) = Dllpsny =0. L<p <4 45
and
Jim (@502 P (L7 o (F) = |y =0, 4Sp <00 (46)

To prove the Theorem 4.3, we recall the relations between £ (C*+)
and F (C*+). Let p > -1/2, w € £ (C* +) and put

W(t) := w(t?).

and we put
pr=2p+1/2.
Then

W (1) = [t W (1) = |12+ 2 (i2).

Lemma 4.4 ([1, Lemma 7.5]). Let {p } and {p . ,} be
orthonormal polynomials with respect to We1ghts w (x) X’ w(x)

andw_ ,(x)=x P12 w(x), respectively. We set

an (t) = pn,p(tz)s P2n+1(t) = tpn,p+1f2(t2) (?‘1 = D! 1, 2: o )

Then {P } are orthonormal polynomials with respect to a weight
W #.
P

Lemma 4.4 shows that
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.. _ 42 _ 42 E .
Lijn,p = tj,Q-n._p# = tQ-nfj+1._2'n,p# (_} = ].1 2, y 7!-).

where 0<x, ~<x  <-..<x  arezerosofp, andt,, .
< byt oyt <e l,,,," are zeros of P .~ We note that
tionp# = —ton_jirones (=12, . n). 4.9)

We transform a function fon R* into an even function ' on R

as follows;
F(t)= f(t*), teR.

Note that L;, , (f.x)is the nth order Lagrange 1nterpolat10n
polynomial with respect to a weight w, and Ly, »(F.t) is the 2nth
order Lagrange interpolation polynomial with respect to a weight
w,. We summarize the fundamental facts. Recall that for x = £,
f(x) F(2) and w(x) = W(?).

(1) ([1, Lemma 7.1]) w € L(C*)=>W € F (C*).
(2) ([1, Lemmas 7.2 and 7.3])

al, =a3,, T*(z)=3T(t), ®*(x)=2d(t).
(3) ([1, Lemma 7.4 (1)]) a = o(n**)=>a = o(n*?).

(4) @}, () ~ Pan(t).In fact, since 4 = 22/35,,,. we see

8’ (x) = max{1 — :—;,a;} — max{(1 — %)(1 + %),2”3%}
~ max{(l — ' | oy ) B0} = Ban0).
(5) ([1, Lemmas 7.5 and 7.6]) For p*= 2p+1/2,
Pm (D= p,, (x) and L*W (fx)= LZn.p# (F,0)
(6) ([1, Lemma 7.4 (2)]) For 1<A<3/2,w € L, (C*H)=>WEF, (C*+).

(7) (cf. [1, (VIII) ) Let 2p + 1/p >0 and p*=p+1/(2p)-1/4. Then
for0<c<l,

(1 +2) AT ()@ (2)wpe (2)R7(2)f () € Co(RT)
— (1+ )T ()@ V4 () Wayi1,(DQ () F(t) € Co(R).
(8) (cf. [1, Lemma 7.4 (4)) For M > 0 there exists N, € N such that
for any n > N,,, R(a",/16) > (log R(a3,))™ and T*(a ,) < C(logn)’.

Then W satisfies the Assumption 1 3
Proof of Theorem 4.3. Let | <p <o and2p+ 1/p>0. Then we
see (p* )'=2p"+1/2 =2p + 1/p > 0. We suppose (4.4). Using (1)

~ (8) and Theorem 1.5 for 2p+1/p instead of p there, we have
forl <p<4

llwp(Ly e (F) = Doy

= ‘/D'oc |zPw(x) (L, o (f.2)— f(2)|Pdx

=2 [ Wap(0) Lan ey (F20) - FO)Pr

= [ (Wopt1/p(t) (Langp/p(F 1) = F (1) [Pdt — O

and for 4 <p < oo we have

12502y (L3, e () = Py

:/ |‘I,x(1#z 1/p) () zPw(x) (L npo (fox) = f(x))Pde

J0

<20 j (B2 /7 (6) W (6) Lo, oy (F. 1) — F(2))|Ptt

:c/_'

1/2-1/

By, P () Wapya sp(8)(Langprt/p(Fi 1) — F(#)) [Pt

— 0 as n — co.

Thus we have the result.

Appendix

In this section we show that weights in Example 1.2 satisfy the
conditions in Assumption 1.3. Note that they belong to Fy(C3+)
with 1 <1 <3/2 (cf. [4], [6]).

Lemma 5.1 ([6, Example 1, p.27]). Let O(t) = Q, (¢) = [¢|* for a
> 1. Then 1(f) = o and a ~n"".

This lemma shows (1.4) and (1.5) for O immediately.
Lemma 5.2 ([6, Example 2, pp.29-30]). Let O(1) = O, (1) = exp,

(|1)- exp, (0) for a> 1, =1, where exp, (¢) := exp(exp(exp--exp({)))
(/ times). Then

an = (log;(n))"/*(1 + o(1)), (5.1)
where log, (t) := log(log(log---log(?))) (/ times), and
a.an‘Q (an)
T(f) = W ~ H;=1 ]C!gjﬂ. (52)

Since 1'[3 log n < C (logny’, (1.5) for Q, follows from (5.2).
We dlscuss (1. 4) forQ, .LetM>1and C> 2-4 be constants. We
may assume that M > 2 Then there exists Kcu > M depending
on C,M,l such that

log,(t) = Clog;((logt)™) for t > K¢ iy (5.3)

In fact, for /=1 we see that if ¢ is large enough, then C log ((log")
= CM log(log?) < logt. Inductively, we suppose (5.3) for / > 1.
Put Kcayi = efcMiand ¢ > Kcami. Then log ¢ > Kemi, (5.3) for [
and (log(log?))*> log((log?)*) show

Ko

= log;(logt) > C'log;((log(logt))™)
Z CngI_Fi((ngt)"H}T

which implies (5.3) for /+1. To show (1.4), we remark 2log, (¢)
> log, (2t) and log, (exp, (¢)) = ¢ hold for sufficiently large >0.
Hence (5.3) gives us

2log;(Qralan/4)) = log(Qalan/4) + expy(0)) =
(1/4)%an = (1/4)% log;(exp;(ay;))

(1/4)% log;

log; . 4(t)

(Qualan) + expi(0)) 2 (1/4)*Clog;((log Qralan))™)
>2 IOgI((IOg QL&(QHDJ )
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which shows (1.4) for Q, .
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