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and complex domains.

In this study, our objective is to conduct a detailed investigation into the properties of quaternion algebra and its matrix representations in both the real

*Corresponding author

Tugui Andreea-Elena, Doctoral School of Mathematics, Ovidius University of Constant, Romania.

Received: December 01, 2023; Accepted: December 12, 2023, Published: January 12, 2024

Keywords: Quaternions, Complex Quaternion, Matrix of
Biquaternions, Matrix Representations.

Introduction

Quaternion matrices, a complex extension of traditional matrices,
have become a focal point in applied mathematics and practical
fields.

Recognized for their versatility, they find numerous applications
in various real-world domains. This article explores the significant
role of quaternion matrices in key sectors such as computer
graphics, robotics, electrical engineer-ing, machine learning,
medical sciences, com-munications, and virtual reality.

As powerful mathematical tools, quaternion matrices contribute
significantly to technological advancements, enriching our daily
lives.

Quaternion matrices, owing to their versatility, bring substantial
benefits across different fields.

Within expert systems, they facilitate the representation and
manipulation of three-dimensional knowledge, proving useful
in spatial data analysis and decision-making in complex situations.
In the realm of deep learning, quaternions can be integrated into
neural network architectures to enhance the understanding and
modeling of complex spatial information.

This translates into practical applications, such as object
recognition in 3D images or three-dimensional simulations,
where the efficient representation of orientations and spatial
transformations is essential.

Thus, adapting specific technologies and considering the
complexity of quaternion matrix calculations can significantly
contribute to the efficient management and processing of spatial
and three-dimensional information in these domains.

The real quaternion algebra is denoted by H. This algebra has
elements respecting the following form: h=ata, f +a, f+a, f,
where a. € R, n={0,1,2 ,3},
f12 = f22 =fy=-1
fife =—f2fi=fs fafs = —fsfa = fufafy = —fifs = fo

The set of quaternions over the real numbers is a division algebra
(which means any non-zero quaternion admits an inverse). H, is
associative but does not satisfy the commutative property (so they
are non-commutative).

One of the bases of real quaternions is {1, 1, f, f;}-

Starting from the matrix form of complex numbers I will represent
the matrix form of complex quaternions in the following chapter.

The Complex Matrix Representations of Quaternions
We consider the field P that has the form

P = {(2 _ZZB) |24, 2 € ]R}.

The map

Z —Z
PPy )=, "),

Where i#=—1 is a field morphism and
z, -z
P(z) = (ZE zab)’ is called the matrix representation of the

element
z=2z,+z,1 €C

The complex quaternion algebra is denoted with HC and this
algebra has the elements of the following form:
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Z =1 +nfi +nf; + 133

To, T, 1,13 €EC, fZ =fF = ff = —1and

fie=—Hhh=f.fbfs=—fGf=f Hh=-fifs =

The form of the complex numbers r,, r,, r, and 1, is the next one:
Yo = Zgo + 1Zp0. Zaos Zno € R,

7 =Zg1 +1Zpy . Zq1,Zp1 ER,

o = Zgo + T:sz, Zgo, Zpo € R and

T3 = Zgz + 123, 23, Zp3 € R where i>=-1.

Biquaternionic algebra (or complex quaternions) is a vector space
of fourth dimension over the field of complex numbers.

The canonical basis of biquaternions -H is {1, f,, f,, f;}, and 1
has the role of a unit element. Biquaternions belong to a special
class of Clifford numbers.

Clifford algebra is an algebra generated by a vector space with
a quadratic form and is an unital associative algebra. Also, it
generalizes the real numbers, complex numbers, quaternions, and
several other hypercomplex number systems.

Clifford numbers are hypercomplex numbers that come from real
numbers and complex numbers.

Hypercomplex numbers are obtained by generalizing the
construction of complex numbers starting from real numbers.

The important part of the study of complex quaternions is to
systematically present their algebraic structures and to determine
a complete computational theory.

Biquaternions-H is not part of the algebra with division, because
Ja,,a, € Hc such that a, - a,=0.

Proof

A well-known fact about the algebra of complex quaternions is
that it is algebraically isomorphic to the 2x2 total matrix algebra
C?? through the bijective map I H ¢ —C*? satisfying:

ray=(3 )
rgn=(5 )
ry=(] 3
ra =02 )

The matrix representations I'(1), I'(f, ), T'(f, ), I'(f; ) are called the
Pauli matrix. Based on this bijective map, we can introduce the
following result:

The matrix representation of
He = rytr fitr, /77, f, € Hc with
r € €n=10,1,2,3} over the set of complex numbers is given by
the following expression:
_ (T + i
F(hc) - (?‘2 - ?‘31'

—(r, + Tsi)) € £2%2[9],
Ty — 1

Remark
Here are some known basic properties of complex quaternions
listed below.

Theorem 1
Considering

hic =19 +1ifi +rafa +13f5
hoc = wo +wify + wof; +wif; € He

And A € C.

Then we have
L hie = hye & T'(hye) = T'(hao).
2. I'(hyc + hac) = I'(hyc) + I'(hae)-
3. I'(hyc - hye) = I'(hye) - I'(hye)-
4. I'(A-hye) =I'(hye - 4) = A (hye)

5.MD=G 9=H%

Lptnfitnfitnfz=witwfitw.fotwifz o

(ro +ni

?‘2—?‘3[' ro_rli

To +wo + (1, + wy)i
Z.Fh h =(0 0 1 1'
(hac + hac) Ty + wy — (ry + wy)i

Ty + 1l

Mue) +T(hao) = (10 70

1o+ wo + (1 + wy)i

I(hyc) + I'(hae) = (r2 +w, = (13 + ws)i

to + tyi
tz - tgl

3. I'(hyc - hae) = (

F(hm 'F(hzc)

ta - tll

_(rz + ?‘31‘:)) _ (WO + Wli

_(tz + t3i)) _ (Tﬂ + Tli
?‘2 —rgi

—(w, + Wai))_

Wy — Wil Wy — wyl

—(rp+wy)— (3 + Ws)i)
To + wo — (ry +wy)i

—(ry, + rgi)) n (WO + wyi
r—ni

—(r +wy) — (3 + w3)i

—(w, + Wsi))
W, — Wil Wo — Wyl
) = I'(hyc + hae)

—(wa, + W‘3i)) —

Wy — Wy

To +wo — (ry +wy)i

—(?’2 + ?‘31)) . (WO + Wli
ro - r1i W2 - ng
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_ (Ao + i) —A(ry +73i)
41010 =300 T8 Gersnn)

_ . (rotmi —(r2+r3i))_ ]
rue) =2 (217 T ) =G b

Remark: In the following example, we will apply properties 2, 3, and 4 to quaternions /¢ and /,¢.

Example 1

We consider h,¢=2+3f,-f, +4f,, h,c=1-2f+f,—f,€H¢
and A=3+€EC.

Then we have

3. h1C+h2€:3+f1+3f3

3+i —3i
F(hm"‘hzc):( I 3_1

3 ) (1

[
2431 l—4i)|
—1—-4i 2-3i
1-2i —-1+4i 3+i0 —3i
+ = 2);
(1+z‘ 1+2i) (31' 3—i)()'
(1)=(2).
4. hl&] " h2[ﬂ == 13 - 4’f1 - 4f2 + 3f3
13—-4i 4-3i
I'Chie-h = 1):
(hyc - hag) (_4_&. 13—41')()'
24 3i 1—4i) (1—2i —1+£)

I'(hye) +F(h2t)=(

I(hye - T(hye) = (

—-1—-4i 2-3i 1+i 1428
13 —4i 4-3i
(—4—31' 13—4-1') @)

(D=(2).
5.(1-hyg) =BH)(2 + 3f1 — 5 + 4f3) = (6F2D)H(9+31) f1- (3H) foH(12+4) f5.

(34110 7 —110y ..
F(‘l'hm)_(1+13i 9—75)(1)’

(2430 14
Ar(hye) = B +10) (71+7 s 2- 39
_(B+u 71

1+ 13i 9—7;')(2);

(D=(2).

Remark: In the following, I will introduce some information about complex quaternions.
For h¢ = r tr f+1, f,+1, f, € H, the dual quaternion of /¢ is
h_m: =19 —nif1 —Taofa — 13f3;
The complex conjugate of /¢ is
hg =19 + 11f1 +12fa + 13fs;
The Hermitian conjugate of /¢ is
—

he = E_Flfl _Efz _Efsi

The semi-norm of /¢ is
n(he) = ¢ + 1§ +vF + rf.[9]
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Example 2
For h¢ = 2+3f, - if +4f,€ H,
The dual quaternion of /¢ is
he =2 = 3f, +if, — 4fy;

The complex conjugate of /¢ is

he =2+ 3f; + (Do + 4fs;
The Hermitian conjugate of /¢ is

he =2-3f, — (-Df; — 4fs;
The semi-norm of /¢ is

n(he) = 22 + 3% + (—i)? + 4% = 28

Theorem 2
Considering

hitﬂ =To + ‘rlfl + ?’sz + T3f3 € ]HI@. Then,
— 0 1 0 -1 —
1. F(hlt) = (_1 0) Fr(hm) (1 0 )where hic =19 —11fi —12fz — 1313

2. I'(hig) = (_ (1)) - I'(hye) - (2 _01) where hi; = hyg.

S T
3. r ((huc) ) =T(hy¢) =T (hyg)". the conjugate transpose of the complex matrix I'(4,C) .
4. det(I(hyg)) = r¢ + rf +r} +rZ, is the semi-norm of Alc .

5. hye :i'Ez'r(hm)'E_the?eEz =(1-ifi, L +ifs).

6. h 1C is invertible if and only if T (h1 c ) is invertible. In this case, we know
I *(hye) = I'l(hye) ] and (hye) ™t = %' Ep- T Y(hyg) - E [1-9].
Proof

_ -yl r2+r3i)
L F(hlc) ( —ry + 130 1+ 7y and

(O )rrao-( D=0 et rIEE
(_01 g,)'f"r(hm)'(? _01):(—;3:;3?1') —Eiz_—r:;i))(g _01)

(_01 1)-1”7(}11@) _ ((13 —1) _ ( ol 2t rs{) = ().

0 0 -1 +1r3l 1y + Tyl

p+ni —(m +?31))
2. F(hla ( 2 _f'zl- ro _T'II and

(G o Tma- (G ) =5 (i W)@ o)

+ + i -
(% o) mmo- (¢ =, 2@
(% ) Fmo-(C )= ~wr ) - oo,

3. If follows from a direct verification.
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—(rz + 730)
g — 1l

| i
11y +?1l.
lry — rgi

4. det(r(hye)) =

= raz — 1yl + rprii + rlz + .'r'22 — 1yl + 1yral + r32

det(I(hic)) = 1§ + 17 + 1§ +rf.

5. It follows from a direct verification.

6. It follows from a direct verification.

The Real Matrix Representations of Quaternions
The set of quaternions over the real numbers is a division algebra
(which means any non-zero quaternion admits an inverse).

Definition 1

The conjugate of h=a, o, fL-i-ac2 St f,= Re(h)y+Him(h)€H, where
a,0,,0.,,0,ER is defined as h=o- o, f,- a, f,- a, /= Re(h) - Im(h)
with a,, a,0,,0,ER.

Definition 2
Let’s consider a quaternion A€M with the form h = a o, f+a,
Syira, f,. The real number |kl = Ja§ + af + a3 +af represents

the norm of the quaternion.

The semi-norm is then defined as ||h,|| = a§ + a? + a? + a3.

Definition 3
Any quaternion h # 0,

h=ata, f+a,f+a f, € Hisinvertible and h ' can be written as

h
TES because
N h _mﬁ_mﬁ_l
|hI2 = [nl2 "~ IR[2
Definition 4

In [5], the map for the quaternion algebra H is defined as follows:
¢:h=a,t o, f+o,f+o, f,€ H— M, (R), where ¢(/) has the form
presented below:

ayg —0; —A; —a3

a G —az ap

o) =, « a, —a
2 3 0 1

However, h = o ta, f+a, f2+a3' /€Ml is an isomorphism between
H and the algebra of the matrices

ayp —@ —0; —ag
@y @y —03 Ay
B= Ay a3 apg —q

az —a, O, (24}
o, 01, 05,05 € R

We can remark that the matrix #(h)€M, (R) has as columns the
coefficients in R of the basis {1, f,./,.f;} for the elements {2,

120 S0 /3

The matrix ¢(h) is called the left matrix representation of the
element heHl.

Definition 5

Analogously with the left matrix representation, for the element
th=o o, f+a, fro, f,€H, in [13], the right matrix representation
was defined as follows:

y: H—M, (R), where y(%) is given by:

a, —ap —a —aj

i a, @ a3  —
v(h) = a, —az «ap a;
a3 d; —a; Qo

However, v is an isomorphism between H and the algebra of the
matrices

ay —a; —a; —Qj

¥ @z —dy

C= a, —az; dg a,
a; a —a; ag
,qg, 0y, 0y, a3 € R

The matrix y(%) is called the right matrix representation of the
quaternion 4 € H.

To define the matrix representations of imaginary units, consider

the following expressions:For the first imaginary part f, of

quaternions h=f,, the matrix representation ¢(f,) is given by:

0 -1 0 0
{1 0 0 o0
s =0 o o %)

00 1 0

where f| is the initial imaginary component of the quaternion h=f,
and ¢(f)) represents this part in matrix form.

For the second imaginary part f, of the quaternion h
= f,,the matrix representation ¢(f,) is defined as:

0 0 -1 0

(0 0 0 1
AR B |

0 -1 0 0

where ¢(f)) serves as the matrix representation of f,, the secondary
imaginary component of the quaternion h=f,.

The matrix representation ¢(f,) for the third imaginary part of the
quaternion h=f} is given by:
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0 0o 0 -1 1
({0 0 -1 0 _
¢(f3)_ 0 1 0 0o f H'E4 = _fl 'fl :E‘l-.fl'
10 0 0 f2

—f3

This matrix, ¢(f,), represents f;, the third imaginary part of the

quaternion h=f,. iii. For & = ata, f+a, f,+ o, f, € H, we have f, h = a,+a [, - a,
The unit matrix is considered Ji+a, f,. It results that
1 0 0 O —a; —@y Q@3 —@
_[0 1 0 0 _| % o —a; —ag
L=10 0 1 o0 ¢(fr-h) = -y @, -—a; —a,
0 0 0 1 @ A3 Ty —0y
Remark: In what follows, I will employ the matrix forms 0 -1 0 0 oy, —a; —a, =—;
presented in Proposition 1. 1 0 0 0 a, @, —a; a
: . : IT-d(h) =
Let's examine the matrix ¢(h) 0 0 0 -1 a, a a, —a,
0 -1 0 0 0 0 1 0 0z —dy 04 Qo
(1 0 0 0
=l o o —1]7¢0) —a; —@y az; —@
0o 0 1 0 a - - -
. . oM =\_p o —0 -a
Next, consider the matrix 2 1 Y
a; ag dy —0q
1
E,=(L—fu—fy—f)" =~ fi So the required relationships are obtained.
s=~fu—fa=fa) = —fa | Remark: As follows, I will present two matrix representations
—f3 ofha quaternion 4, which has the form & = a* o, f,+ o, f,+ o, f,,
where o € R.
Proposition 1
If h=ata, [ 1+a, f 2+, £, where o, € R, then we have: We denote with ¢(h) = H}the left matrix representation and with
L @(hyE,=E h. y(h) = Hj, the right matrix representation.
. I-E,= E f
L o(f;- h) H¢(h) and ¢(/:f,) = $(h) -I1[10-14]. G —@ —a —az
aq (o)) —as3 (24}
@ —a; —Qy —ag 1 ¢(h) = Hj, = a, a3 @ —a|’
; (h)-E, = @ @ —az a | —-f az; —a, a Qg
: 4 az 6[3 ﬂ!O _al —f2 a —a —a —a
_ 0 1 2 3
(o a, a ay —f3
g _[®1 G Gz O
y(h) = Hy = @ —az Qo a
Ao + arf1 + azfy + asfs G @ —a @
_ | —afitasf; —axfs
¢(h) - E, = a, —asf; — apf, + a4 f-
2 8/1 0/2 /3 Theorem 3
az + ayfi — a1 f, — apfs Consider the quaternion
=aq+a f+o, f+
ao + artfi + azf; + asfs h=agrofrofra € H
o(h)-E, = —filao + ayfi + azf; + asf3) The two matrix representations of a quaternion satisfy the
4 —fo(ag + a1 fi + aof, + asfs) following three properties:
—Jfsl@g+ o1+, +
fs(ao 1h 2f2 3f3) L (H,ﬂ)z Y
1}( 2 P =y
1
ol A (a0 + a1 /1 + azf; + asfs) 3. (u))H) = ) (HL) [14].
—f3 Proposition 2
0 -1 0 0 1 fi Lgti?.cogsidetr g :b Yo© v, [, v, /7 v,/ EHL. The vector representation
. 100 o) —f, (1 of y is denoted by
’ 4 0 0 0 —1 —fa f ¥ = [¥o, ¥1,¥2, 31" So for all
0 0 1 0 —f3 —f2 h=a+ a, f+a, fa, f,€H,

h,= /)’+ﬂf+ﬂf+ﬂfE]HI we have
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hy -y = ¢(hy) - 5;

yeohy =y(h)-y;
hy -y -hy = @(hy) -y(hy) J_; =y(hy) - ¢p(hy) ')_":
@ (hy) - y(hy) = y(hy) - ¢(hy)[O].

Proof
We can observe that j = ¢ (y)g], and

¥ = y(y)B] where B, = (1,0,0,0)
Ry = ¢(h)BE = ¢p(h)SGIBT = p(hy)F
yhy = y(0R)DBT = y My (h)B] = y(hp)§

hiyhy = hi(yhy) = ¢(hy)(vhy) = ¢(h1)}’(h1)5;
hyyhy = (hyy)h, = y(hy)(hyy) = y(hy) g (hy)y;

Lemma 1

Let’s consider & = Re(h)+Im(h) € H given.
Moreover, let a,,a,,0.,a, be coefficients in the field of real numbers.
Then, we can assert that the quaternion's diagonal is (o 70y Oy ao),
and it satisfies the following unitary similarity factorization

Equality
C:; 0 g g 0] —ay —az —a3
%o aq 2] — a3 @3
Sslo 0 a 0 |S*= € R*¥4,
a2 a3 o -y
0 0 0 a as - a, @, @

Where the matrix S is written as:

1 A £ f
§=5*= % :1{: —If;; fla _f}:z which is a unitary
- £ —fi 1

matrix over H.[5]

Remark: Two quaternion matrices ¢(h,) and ¢(h,) of the same
order mxn are considered equal if all of their components are equal:

a,; :'Bi,,/’ foralli €{l,---,m}, jE{1, - ,n}.

Lemma 2

Either h,=a Vo, f,+o,f,+vo, €M, h,=F B f,+B,1/, 5, /,€H and
n€ER (a real scalar number).

Then

(1) h, = h, if and only if (h ) = ¢ (h,),

tp —@; —ay —d3

51 Ap —d3 @2
where ¢(h,) = o  a @ -a; )

a3 -a; a1 o

B —B. B —PBs
(B B B B
) =lp, B B —p )

Pz —p p1 Bo

(2) ¢ (hy+hy)=¢(hy) + P(h3)
¢’(h1h2) = ‘f’(hﬂ‘ib(hz)

d(hy) = ne(hy):;
1 0 0

(31 =

o o O
== =]

1 0
0 1
0 0
() hy = 3 Ap(h) Ay Ay = (Lfy, fo, f3) and

A; = (1, _fll _fZJ _f3)T'

(M ¢(hy) = T (ny).

(5)¢" (h)p(hy) = ()@ (hy) = |1y L.

(6) p(hiH) = ¢~ (hy), = h, is non-zero.

(7) det[¢p(hy)] =
[20)] —q — Uy —3
ay g —az s 4
@ o, N [y [*[7].
[24:] — Xy [14)]

Proof

(D) agta, fita, ftos f,= Bt B AT B Sty S,

If and only if
ap Ty —y —us3 Bo B —B2 —Bs
ay 0] — a3 @z _ B Fo =P B2
ay az ) —a |\ B B3 Bo — b
@z —dz %o Bz —F K Fo

(2) hl+h2=a0+ﬂ0+a1f1+a2f2+a3f3+ﬁ1f1+ﬁ2f2+ﬁ3f3 hl+h2=
a0+ﬁ0+al+ﬁlfl+a2+ﬂ2f2+a3+ﬁ3f3

¢(hy + hy)=
agtpfo —Nay+p) —A(ap+p) —(as+p3)
ay + By @y + Bo — (a3 + B3) a + B
ay + B a3 + B3 @y + Po —(a; + B1)
az+fz3 —a;+pf; a; + By ag+ Py
Qg —@ —ax —az Bo —B1 —B2 —Ps
(@ % -as ap ) Bi Bo -B3 B
a; Qi &y - B2 PBs Bo -H
az -az a g Bs -B B Bo
= ¢(hy) + p(hy).
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Lemma 3
Left matrix representation for the quaternion
h=ata, f+o, f,+o, f,EH is given by:

Remark
Now we are trying to prove this expression:

@(hy - hy) = ¢(hy) - @ (hy).

g — - —U3
I will start by multiplying two quaternions and then I will write r a; ag as  —as
the corresponding matrix representations. y(h) : =R (h)R = a, —az g a, |
24 28] — 24
hy - hy = (apBo — a1y — azfz — a3f3) !
where
+(aofy + Poay + azfz — Praz)fy
1 0 0 0
+(aoB; + Boay + azf; — Pzai)f; r_[0 -1 0 0
+(aofz + foaz + @187 — f1a3)f3, g g _01 _01

We will mark the brackets above with x, v, z, t, as follows:

x=(apBo — 181 — @27 — @3f3)
y=(aoB1 + Boay + @33 — Baatz)
z=(app; + Poaz + azf — fzay)
t=(aofs + Pots + a1 B> — fraz).

Here are some basic properties for y(h):

y(hy + hy) = y(hy) +y(hy),
y(hy - hy) = y(hy) - y(hy),

y(hy) =T (o).

The determinant of y(h) is given by:

Then the final form of the multiplication of the two quaternions % o T :ag
Wlll be: det[}’(h)] _ ay Ty a3 @z
a; —as g a
hy -hy=x+yfi+zfs +tfs. 3 “ —a o
x -y -z -t detly ()] = |RI*.[9]
y x -t oz
¢(h1 ' hz) = —
z t X y Proposition 3
£t -z y x For each quaternion h = o+ a, f+ a, f,+ a, f,€H, we have:
@y oy @y —a Bo —P1 B b detH! = detH! [14
_[e @ —az ap | [ B o —Ps P2 | " n 14
- L8] a3 2] -y ﬁz 63 180 - ,81 Proof
BT ;@ “o P = 5(2 ) ’?1( ) Po ag  —ay  —0y  —a3
= ¢(hy) - p(hy). a a —a a
. . . detHf, = al cro a ’ — ?r
To prove this equality ¢(n - 2,) =n -¢(h_1) we will calculate 5/, 2 3 0 1
as follows: n-h,= na+ n o, f,+ na, f,;+ na f,. a3  — & a o
The matrix representation of the quaternion # - 4, is:
detH}, = (ai + a? + a3 + a2)? = |h|~.
¢ -hy) =
nag  —nay —na; —nas Qg —a; —0y —ds3
nay Nty —Tnas na; 51 ap a3 —a;
= : detH}, =
na; a3 Nty —nay h=la, -—a3 ] ay
naz  —na; nay g as az — o
detH], = (af + a? + a2 + a2)? = |n|*.
g —tq — s — 3
Y — ay g — a3 a; Preposition 4
¢ -h) =n- ay oz e -y Let's consider the matrix N, where
2 @ Ty TE, 1
Ng ={_.") therefore we have —> N§ - Ny = 1[14].
E4 4
=1-¢(hy).

The relations from (3),(4),(5),(6),(7) are obvious.
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Proof
To demonstrate this relation we must determine the extended form
of the matrix N8 as follows:

fi

1
fa
—f>
-1
fi
f2
fa

N8=

Now we will determine the product of Ng and N8.
NI Ng =
h
f3
g | 2
f

f2
f3

h 1 o o -1 A f

Proposition 5
Let’s take € € M, (R) and & = o+ a, f+a, f+a, f, €EH. If we
consider € a matrix that has this form:

[= =R =
corR o
|
[aY

Then we can say:

Lep(h)e = ¢p(h7),
where h* = ag + ayfy — ayf, — azfs 2. ey(h)e = y(h"),
where h* = ay + a, fi — ayfo — azf3.[14]

Proof 1: ep(h) ¢ =

1 0 0 0 @y T —a —az
_ 01 0 0 ay Qo — Qg az
00 -1 0 az [24:] gy -
00 0 -1 ¥z T ap a ap
1 0 0 0
01 0 0
00 -1 0
00 0 -1
ep(h)e=
o — —az —az 1 0 0 0
_| % Qo — Q3 ] 01 0 0
—a; —d3 — o 00 -1 0/
—az ay - — @ 00 0 -1

o —a  ap az

ay g g - ap
ep(h)e =

—az Taz3 dp T @

g a, ay [20]

And the matrix representation of

h* =ag+ayf) —ayf, —azfs is

ao —ap  ap a3
o(h") = ay 24} a3 —

—ay —a3 @y T

—ag as a; To

= ep(h)e.

Proceeding in the same way as for property 1, I will also determine
the other two equalities.

2. ey(h)e=
1 0 O 0 @y —@; —a —ag
_ 01 0 0 @y @y a3 @y
0 0 -1 0 | \a —az el a
0O 0 0 -1 as as - Oy
1 0 0 0
0 1 0 0.
0 0 -1 0/}
0 0 0 -1
ey(h)e =
24 —@ T a —ag 1 0 0 0
_| % 4] as —ay 0 1 0 0
—ay az —@y Ty 0 0 -1 o0/
—a3 — oy a —dyp 0 0 0 -1
Qo - a; ag
aq (24 —Q@3 O3 .
EY(h)E = a’z f— ag a’o a‘l = Y(h )'
—asz —a; T O
Conclusion

This article is structured into two distinct chapters.

In the first chapter, it explores the algebra of complex quaternions
and its connections with 2x2 matrices. Complex quaternions
are represented through a matrix formulation and the theorems
and properties presented contribute to the development of a
fundamental understanding.

The isomorphism with 2x2 matrices and details related to
conjugation and norms provide a robust framework for the efficient
manipulation of these complex mathematical entities.

In the second chapter, we conducted a study on the matrix forms
of quaternions on the set of real numbers and introduced two real
matrix representations: the right matrix representation and the left
matrix representation.

Based on these matrix representations, we detailed several
theorems and propositions with their corresponding proofs.
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This article represents a significant starting point for further
research on matrices of biquaternions and real quaternion matrices.
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