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ABSTRACT

A Self-Cooling Simulated Annealing (SCSA) algorithm is introduced for the optimization of nonlinear least-squares problems. In contrast to conventional
simulated annealing techniques that require a predefined cooling schedule, the SCSA algorithm autonomously regulates system temperature based on
the lowest figure of merit (ie. x*) achieved at each iteration. The algorithm incorporates two key enhancements to improve efficiency: the separation of
linear and nonlinear parameters, which reduces the dimensionality of the stochastic search space, and an adaptive Gaussian sampling mechanism that
dynamically updates parameter-specific variances based on recent optimization history. A thermal resistance parameter (K) regulates the cooling rate and
can be adjusted according to problem complexity. Performance benchmarking against standard Monte Carlo and gradient-based methods demonstrates
that SCSA offers greater robustness in avoiding local minima and provides reliable convergence across varying levels of optimization difficulty. These
characteristics make the method broadly applicable to nonlinear data analysis and other complex optimization tasks.
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Introduction

Through the application of mathematical models across different
domains of knowledge, the objective is to discover the minimum
set of parameters that completely describe the system under study
and the laws that relate the values of these parameters to the results
of any set of measurements in the system [1,2]. Furthermore, to
the extent that the values of the parameters can only be obtained
as a result of measurements, one may equivalently consider that
theories impose some relationships between the results of some
measurements. Theoretical relationships can be of two types, either
functional, in which the values of the parameters are precisely
related to the results of the measurements, or probabilistic, where
the probabilistic description of the results of the measurements is
essential to the theory [3].

By definition, the problem we will address in this paper is an
inverse problem, i.e., given information about the values of some
measured quantities, a theoretical relationship will be used to
obtain information about the values of the set of parameters. That

is, the data are the results of some measurements, whose unknown
is a set of parameter values [4,5]. For this reason, parameter
estimation is very important within the field of systems modeling.
In most cases, the systems are non-linear, and the methods
commonly used for estimation are gradient search methods and
Newton search methods that combine the principle of maximum
likelihood. To make these estimates, when the data set is large,
the implementation of codes or/and algorithms becomes necessary
[6,7].

Least squares algorithms(5) are used in natural and social sciences
to find the parameters of functions that best describe a set of
observed data. It is the primary tool for solving curve fitting
problems [8,9]. For a parametric functiony(|§) where & € ®¥and
g are the model vector parameters 6 = (8,,8,,6s,...,6,) the residual
function to be minimized is defined by [10]:

2(6) = gwm —y(ail6))? 1)
Where y, , w, are the experimental data and its weight at the i-th
point, respectively. In the particular case, when the uncertainty
in the experimental point y, follows a normal distribution, w, can
be written as i where o, is the standard deviation of the normal
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distribution corresponding to the error at the i-th point. Thus,
in this condition 2@ become the well-known figure of merit x>

2

It is often convenient to consider the reduced figure of merit
defined by = ¥*/(N-M), where the function is obtained by
normalizing y? by the degrees of freedom (N-M). The minimization
of the y* function can be done by different methodologies, namely,
grid-search, gradient-descendent methods in which the most
popular algorithm was proposed by Marquardt & Levenberg,
and stochastic search parameter thought Monte Carlo methods
among others [11-16].

Ul

Xa(g) — zv: (yi — y(;‘z‘\é))z

Simulated Annealing for Data Analysis

The minimization of the figure of merit, in our case y2, to obtain
physical information from a mathematical model's parameter
requires selecting the most efficient methodology. If the function
is convex with a single minimum, almost any methodology solves
the problem easily. However, for multiple minima, the solution
requires more advanced methods, moreover, gradient-descendant
relies on the calculation of the Hessian matrix which is not always
possible and it could be trapped in a local minimum [17]. For
these problems, Monte Carlo approaches based on Metropolis
algorithm are usually employed. These types of algorithms are
based on accept/reject simulation with a given probability [18].
For the Boltzmann distribution ( B,), the probability to accept a
new state in the k-th simulation is shown in the equation 3 where
T is the temperature of the system (in analogy with a physical
phenomena)

By if x? > x? ,and By > U(0,1)

Pklk—1)=1{ 0. ifx? > x2 ,and B, < U(0,1)

(€))

1. otherwise

Where U(0,1) is a random number with a uniform distribution
between 0 and 1 and the Boltzmann distribution is defined by:

Bi o< exp(—B- [xi — xi-1)) (4)

Where = 1/k, T and T is the temperature of the system (in analogy
with a physical phenomena) and &, is a constant. Simulated
annealing methodology is based on the same accept/reject strategy
but the artificial temperatures are introduced and gradually cooled,
in analogy with the annealing technique in material science, where
the cooling down rate is programmed by the user. Nevertheless,
since the nature of the problem may vary from case to case, the
cooling program may need adjustments. In this work, a self-
cooling algorithm is proposed using as temperature a function of
the best solution found in the k-th iteration thus, the cooling rate
depends on the convexity of the particular problem [19,20]. Also,
a linear/non-linear parameter decoupling is implemented. These
two combined approaches aim to reduce the computation time.
Despite we optimized the ¢? function, the same routine could be
used in other least squares problems.

Linear and Non-Linear Parameters Decoupling

In order to reduce the parameter searching dimension space a
decoupling is proposed based on previous works [21-22]. In this
work, we consider § = (§¢,8") where gL ¢ ®" represents the
linear and gn. ¢ gm-r nonlinear parameters.

o r Ly LNL
y(z,ﬂ)—;ﬁjh(w,ﬁ ) (5)

This strategy allows to compute by means of linear-least squares
algorithms gL in each step, thus, the Monte Carlo searching space
is reduced to M-r and the machine time with it. The minimization
of ¢ function by keeping fixed non-linear parameters is shown
in the equation Eq. 6.

8x% L -NL

X Gy == x* Gt G
a0

=00

(6)

)=0

The resulting 7 linear equations can be written in a matrix form
by the following expression:
(7
_ 1@

(A"-A)-0=A4"-b
Where 4 € R such that4="",—and b € R"™! is such that
b=2  There are plenty of algorithms to invert the Matrix in
equation 7. Nevertheless, some iterations could lead to problematic
points when inverting equation 7. For these cases, the inverse
of the matrix should be computed using using its singular-value
decomposition [23,24].

Self-Cooling Simulated Annealing (SCSA) Algorithm

In the present algorithm, the temperature is regulated by an external
bath which depends on the minimum > found in the given iteration
ky Toasi= TG min) With %= min(,...,x%,)- At the beginning of
the self-cooling procedure, the temperature of the system is
probably high, since ¥* can take large values when parameters
are far away from the optimum solution. As the temperature
selection will depend on the weight of the experimental data,
we can consider using different functions in the temperature
regulation process (see Appendix for some examples). In this
work we simplified the problemtok, 7, =y’ . but other functions
may be tested (see Appendix for other options) depending on the
data weight in equation Eq. 1. In order to avoid abrupt jumps in
temperature, known as quenching, the inertia of the system to
change temperature is included by eq. 8.

Ty =T 1+ K- (Thatn — Tr1)  (®
where, K € (0 ,1] represents the thermal conductivity of the
system which ensure a smooth temperature decay, in other
words smaller K values means larger resistance in analogy with
a physical phenomena (K = 1/ Q with Q the system resistance),
however, quenching is given when K= 1 . Figure 1 shows the
inertial response of the system when a change in the external
bath temperature occurred. Notice that the equation 8 converges
to xexp(-K-k) when K—0. The K constant must be chosen in
function of the desired amount of simulation Ak to achieve the
final temperature, were K=5/4k.
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Figure 1: System' Temperature Decay with Different Conductivity
Values "K"

The Proposed Procedure is Detailed Pseudo-Algorithm at k-th Step
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Results

Testing the Algorithm

To test the Algorithm, a simulated Small Angle X-ray Scattering
(SAXS) pattern of a mix of lamellar bilayer and multilayer
structures was employed (Eq. Al), the choice of the model
was because it combines a series of trigonometric functions
commonly found to test optimization algorithms(26). SAXS is
a well-known technique to analyze several physicochemical and
material science systems which usually employs highly nonlinear
equations. However, the proposed algorithm is generic and it could
be employed in a vast set of mathematical problems involving
least squares procedures.. The algorithm was tested using Python
3.9 scripting and its libraries (Pandas, Numpy, Scipy, Seaborn
and Matplotlib). In order to test the performance of the SCSA
algorithm we employed a composition of non-linear models
usually found in literature (see Supporting Information) with
five nonlinear parameters and three linear parameters. Thirty
nonlinear parameters initial values (seeds) were randomly chosen
in a given range using a uniform distribution while parameters
perturbation were done with an initial normal distribution with
50% of variance from the chosen range of interest (RI). The
RI should be limited to values with physical meaning. For the
experiments, different system thermal resistance (K) from 1 to
0.001 were tested to compute the temperature of the system with
respect to the external thermal bath (Equation 8). Figure 2 shows
the evolution of the y? function for a fixed 3 x 10* steps using K =
1 and K=0.001 for thirty different seeds. For both experiments,
the ? drastically reduced its number during the first 2000-5000
steps while after that, changes were smoother [25].
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Figure 2: Logscale y*> Evolution 30 Random Seeds with a) K =
1 and b) K=0.001

For a deeper insight on the average behavior of the algorithm,
the averaged system's temperature were plotted in logscale in
function of the iteration step (Figure 3). Here, the line represents
the mean value obtained from the tested seeds while the shadowing
region represents the minimum and maximum values obtained
at the k-th step (AT,). In all cases the temperature decrease with
steps, however, the decrease for K = 1 (Fig. Figure 3a) was very
big the first 5000 steps. The AT, becomes smoother with the
decrease in the K value (Figure 3a to Figure 3d). For large K
values (near 1) the system's temperature decreases abruptly and it
may be trapped in a local minimum. Moreover, when temperature
decreases gradually the probability to explore all possible states
increases. To illustrate this concept, the acceptance rate is shown
in Figure 4. Nevertheless, for simple problems with few minimas
K =1 converge faster, therefore, low K values should be employed
for more complex problems.

ul 7
0 A K=1 b)K=0.1
@
5 5
ERLEE 1
&
Q
o
g 10° A 1
'—
10t T T T T T T T
107
) K=0.01 d) K = 0.001
L
3 10° 1
©
[¥]
o
€ 10° g
@
10t T T T T T T T
0 10000 20000 30000 0 10000 20000 30000
Step Step

Figure 3: Logscale evolution of the averaged (black line) and
the temperature range 47, defined between the minimum and
maximum values found at k-th step (shadowed region) of the
system in function of parameter Ka) K=1,b) K=0.1,¢c) K=
0.01 and d) K=0.001

The acceptance rate was defined by the following expression

pzzk:<P(k|k—l)> )
1]

Where <P(k|k-1)> is the averaged probability to accept a change
predefined in equation 4. This value gives a notion of the rate of
the parameter acceptance during the algorithm. Nevertheless,
the accepting rate will strongly depend on the data weight in
equation 1.
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Figure 4: Evolution of the Integrated Averaged Acceptance Rate
P in Function of Parameter K a) K =1, b) K=0.1, ¢) K=0.01
and d) K=0.001

Figure 4 shows that the acceptance rate increased from K =1
(Figure 4a) to K = 0.001 (Figure 4d). Moreover, the average
plateau shifts to higher step values when the thermal resistance
is reduced. Thus, the smooth temperate decay allows the system
to explore a larger amount of states avoiding to be trapped in
a local minimum. Under the current simulations, not only the
plateau value in the averaged curves (continuous lines) reaches
larger values for higher thermal resistance (smaller K values), but
also it is reached at longer simulation steps.

Parameter Space Sampling

One of the issues for MC optimization is the starting guess seeds
and the space of sampling. If this space is large the number of
unproductive simulations will increase and with it the number of
steps required to reach the minimum energy state. However, if the
searching space is too narrow there is a possibility to fall into a
local minima. Here, the updating of the Non-linear parameters was
done with a random number generator with a normal distribution
around the last accepted value according to the proposed algorithm
(equation 3).

NL __

NL
P

ke T N(0, var;)

(10)

Where N(0, varj ) is the random number generator with a normal
distribution with a variance varj. Nevertheless, not all parameters
showed the same impact over the figure of merit. Therefore,
pre-assigned a searching area around a certain value will require
previous information. In this work, a large variance was assigned
then after a certain number of iterations the variance of the normal
distribution of each parameter was updated taking five times the
standard deviation from the last 5 to 10 accepted values. Thus,
the sampling space was optimized, diminishing the computing
cost. Figure 5 shows the logplot evolution of the ¥ function vs
step for a setted random gaussian distribution function for each
nonlinear parameter compared with the one obtained with the
standard deviation from the last 5 accepted values. Small variance
means more steps to reach the optimum value, moreover, after
30,000 iterations the mean value was near one order of magnitude
above the larger variance tested. However, the best results were

obtained by keeping the variance unfixed for each parameter. In
the tested example the largest values were around 0.5 while the
smallest near 0.01.
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Figure 5: Mean y? value in functions of the step for a set random
distribution function reduced variance of 0.01, 0.5 and five times
the standard deviation (std) obtained from the last five accepted
values. 6,=c /6"

Algorithm Performance

The SCSA algorithm was evaluated against commonly used
optimization methods, including Monte Carlo with accept/reject
(MCAR), gradient descent, and related approaches such as Newton-
Raphson and Marquardt-Levenberg. To benchmark performance,
we used a standard set of reference functions described in the
Supporting Information, applied across models with varying levels
of difficulty: two low-difficulty models (Figures s2 and s3), one
medium-difficulty model (Figure s4), and one high-difficulty
model (Figure s5). To ensure fair comparison in computation time,
all algorithms were implemented in Python using standard libraries
such as NumPy and SciPy. The tested methods included MCAR,
SCSAI1 (k= 1) without thermal resistance, SCSAO01 (k= 0.1) with
a preset thermal resistance, and SCSAV, which dynamically adjusts
the variance of the Gaussian sampling based on search history,
as defined by Equation 10. For SCSAYV, the thermal resistance
was also set to k=0.1. Gradient-based methods were also tested
using random seed initializations: Gradient Descent (RSGD),
Newton-Raphson (RSNR), and Marquardt-Levenberg (RSML).
Performance was assessed using multiple metrics: the x> goodness-
of-fit, computation time normalized to the time registered from
the slowest method, the Norm of Difference Between Estimated
and True Parameters (NDETP), and the Norm of Difference
Between the Mean of Estimated and True Parameters (NDEMP).
All methods were tested using the same number of random seed
initializations. For full metric definitions and experimental details,
see Supporting Information [27-29].

The results show that gradient-based algorithms, particularly
MCNR and MCLM, can achieve lower ¥? values than other
methods in low-complexity models. This indicates they can
fit the data more precisely when the optimization landscape is
relatively smooth. However, their performance declines sharply
as complexity increases. These algorithms are prone to becoming
trapped in local minima, especially in rugged parameter spaces
with multiple attractors. This limitation leads to higher NDETP
and NDEMP values, reflecting less accurate parameter estimates
in more complex scenarios (see Tables S4, S6, S8, and S10).
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In contrast, the Self-Cooling Simulated Annealing algorithms,
SCSA1 and SCSAOI1, demonstrated robust and consistent
performance across all levels of model complexity. Although
they did not always achieve the lowest y values, they were more
effective at avoiding local minima and consistently produced
reliable global solutions. Their capacity for thorough exploration
of the parameter space makes them particularly well-suited for
complex optimization landscapes with multiple minima. On other
hand, SCSAV, while capable of reaching acceptable x* values,
generally showed higher NDETP and NDEMP compared to SCSA1
and SCSAO1. This is primarily due to the fact that some parameters
contribute minimally to the ¥* value, which allows for broader
exploration in those dimensions. As a result, although the fit may
appear adequate in terms of 2, the estimated parameters can deviate
more from the true values, especially in regions of low curvature
in the figure of merit.

Computation time varied considerably across methods. Gradient
descent methods like RSGD, RSNR, and RSML, though sometimes
accurate, required significantly more time when multiple random
seeds were used. These methods are faster only when initialized
near optimal regions, which is rarely guaranteed in complex
models. MCAR, while computationally efficient, was the least
effective in reducing y>.

Discussion

The Self-Cooling Simulated Annealing (SCSA) algorithm offers
notable advantages over traditional least-squares approaches for
data analysis-and its flexibility makes it suitable for a broader range
of optimization problems. In this method, the system temperature
is dynamically adjusted based on the best minimum energy state
found. Since initial seeds are typically far from the optimal
solution, the algorithm starts at high temperatures, resulting in a
high acceptance rate during the early steps (Figure 4). Although
local minima may be encountered early, the gradual temperature
decay allows the system to retain enough energy to escape them,
encouraging deeper exploration of the parameter space (Figure 3).
This strategy helps prevent premature convergence and improves
the likelihood of locating global optima.

When multiple equivalent minima are present, users can select
the one most aligned with the physical or experimental context by
running a large number of seeds. In our case-study, we used 3 X
10* steps, and the resulting average NL parameters values closely
approached the optimal solutions (see Supporting Information),
even with variations in the resistance parameter K. For simpler
problems, a high K value (e.g., K = 1) ensures rapid cooling and
convergence. In contrast, more complex problems benefit from
slower temperature decay. However, smaller K values typically
require more steps to achieve convergence.

Parameter correlation should be considered when applying
constraints or restraints, as it can significantly influence
optimization outcomes. The adaptive sampling mechanism of the
SCSA algorithm reduces computation time by rapidly lowering the
¥* value. However, this speed can increase the risk of becoming
trapped in local minima. To address this, a variation of the method—
referred to here as SCSAV—uses Gaussian random sampling
with a dynamic (moving) variance for each parameter, as defined
in Equation 10. In this approach, the variance is recalculated
using the standard deviation from the last 5 to 10 accepted values,
rather than the full distribution. This enhances sampling efficiency
and maintains a flexible exploration range, which is especially
beneficial for systems with many nonlinear parameters.

While SCSAV occasionally achieves lower y? values compared
to other methods, it generally yields higher NDETP and NDEMP
values than SCSAO1 and SCSAL. This is because the probability of
reaching the global minimum depends on the normalized Gaussian
function [ [ N(p(, GP‘NL—pj,tmc,varj), wherep,, )is the true parameter
value and var _j 1s the adaptive variance. In problems where the
curvature of the figure of merit function 0(y?)/ 6(pjk,0 NH)? is steep
(i.e., high convexity), the algorithm converges qulckﬁy to the true
solution. In contrast, when convexity is low, the algorithm explores
a broader parameter space, which increases the likelihood of larger
deviations from the true parameters, leading to higher NDETP
and NDEMP. Nevertheless, this trade-off allows SCSAV to adapt
the sampling range dynamically based on the problem structure,
offering flexibility in balancing exploration and convergence.

While gradient methods may offer faster run times with a
favorable start, their efficiency drops sharply when multiple
seeds are needed to ensure reliability. SCSA algorithms require
fewer seeds to achieve similar or superior reliability, yielding
favorable normalized computation times (Supporting Information).
Additionally, interpreting NDETP and NDEMP as measures of
parameter deviation from true values underscores that lower
values (as achieved by SCSA) strongly indicate better global
convergence and reduced seed-dependence. Overall, the SCSA
algorithm strikes an effective balance between computational
efficiency and optimization accuracy. Its dynamic temperature
regulation allows it to escape local minima more readily, helping
reduce both NDETP and NDEMP values. This makes the estimated
parameters not only more accurate individually but also more
reliable on average. While gradient descent-based methods can
achieve excellent fits-particularly in simple cases such as Gaussian
peak fitting-their tendency to get stuck in local minima and their
sensitivity to initial conditions make them less reliable for complex
optimization landscapes. In contrast, SCSA provides more stable
and consistent results across varying levels of problem complexity,
making it a strong candidate for nonlinear least-squares data
analysis and beyond.

Conclusions

The Self-Cooling Simulated Annealing (SCSA) algorithm
presented herein introduces a dynamic temperature adjustment
mechanism based on the best minimum found at each iteration.
This approach promotes a high initial acceptance rate and allows
the system to progressively focus on regions of the parameter
space with improved solutions. The cooling rate is governed by
a user-defined thermal resistance parameter, enabling flexible
adaptation to problems of varying complexity.

The algorithm also employs a decoupling of linear and nonlinear
parameters, effectively reducing the dimensionality of the Monte
Carlo search and significantly improving computational efficiency.
Additionally, the sampling distribution is autoregulated through
variance updates derived from recent accepted values, allowing
for more targeted exploration of the parameter space.

Benchmarking results indicate that SCSA delivers robust
performance across a range of optimization challenges, particularly
in complex or multimodal landscapes where traditional gradient-
based and Monte Carlo methods tend to underperform. While
the method was applied here to nonlinear least-squares data
analysis, its core principles are generalizable to other inverse
and optimization problems. The algorithm’s ability to balance
exploration and convergence positions it as a competitive and
versatile tool in scientific computing.
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