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Abstract 
Let p be a prime. A p-group is a group all of whose elements have order a power of p and a 
p’-group is a group all of whose elements have order prime to p, that is, not containing any 
element of order p. A p-group is finite if and only if its order is a power of p. Every group 
theorist knows what are well-known as the three Sylow theorems: Any finite group G has 
 subgroups of order |G |p, where |G |p is the highest power of p dividing the order |G | of G, 
which are called Sylow p-subgroups and are not only maximal with respect to (w.r.t.) order
but also w.r.t. inclusion, whence  every p-subgroup of G is contained in at least one 
Sylow p-subgroup, and  all the Sylow p-subgroups are conjugate, that is, if S1 and S2 are 
Sylow p-subgroups of G, then there exists an element x of G such that x -1S1 x = S2 .1 The set 
of all Sylow p-subgroups of a group G is denoted by SylpG. The theorems and the maximal 
p-subgroups are named after Ludvig Sylow, the great Norwegian mathematician who discovered 
them and published them in December 1872 (see [26.] and https://en.wikipedia.org/wiki/
Peter_Ludvig_Sylow). A Sylow p-subgroup of any group is a p-subgroup, which is maximal 
w.r.t. inclusion. Every p-subgroup is contained in at least one Sylow p-subgroup. A group 
satisfies the Sylow Theorem for the Prime p or the Sylow p-Theorem, if all of its Sylow 
p-subgroups are conjugate, and it satisfies the Strong Sylow Theorem for the Prime p, if each 
of its subgroups satisfies the Sylow p-Theorem. A locally finite group is a group all of whose 
finitely generated subgroups are finite. Sylow Theory of Locally Finite Groups studies when 
they satisfy the Sylow p-Theorem and when even the Strong Sylow p-Theorem and determines 
the structure of those groups. A central concept to that end is the p-uniqueness subgroup of a 
locally finite group, which is a finite p-subgroup being contained in a unique Sylow p-subgroup. 

Otto H. Kegel has since the swinging sixties of last century again and again showed 
interest in Sylow Theory and very especially in how to extend it from finite groups to 
locally finite groups. He summarised findings up to 1973 by him and by others in the 
book [22.], which became a standard book on locally finite groups. When the book was 

1 When G is a finite group, P a p-subgroup of G and S ∈ SylpG, then the operation of P by conjugation on C(G,S ) := 
{S x | x ∈G} has at least one fixed point, that is (∃ x ∈G )(P x⊆ S ), and for P ∈ SylpG exactly one, which means  
 |SylpG | = |G:NG S | = |C(G,S)| ≡ 1 (mod p); hence G satisfies the Strong Sylow Theorem for the Prime p, that means,  
every subgroup U of G conjugates transitively on SylpU, and therefore we have the Frattini argument for G (and p),  
that is, if N is a normal subgroup of G and P ∈ SylpN, then NG P covers G / N, that is, G = N • NG P. ■
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in press, he developed the new paper [11.] on Sylow Theory of Locally Finite Groups and 
presented it in the lectures during 11 December 1973. This paper has two open questions until 
today. 13½ years later he presented on 8 June 1987 in four lectures [12.] a summary of results 
up to 1987 about Sylow Theory of Locally Finite Groups and extended them beautifully from 
locally finite and p-soluble groups for p ≠ 2, according to results by Brian Hartley and Andrew 
Rae, to locally finite groups in general for p ≥ 5. This paper has ten open questions until today. 
The paper at hand presents Otto H. Kegel’s achievements of and merits for Sylow Theory of 
Locally Finite Groups and communicates that it was a “Herzensangelegenheit” (a matter close 
to one’s heart) for him. Otto H. Kegel  passed away on his birthday 20 July 2025 at the age 
of 91. Being in deepest mourning, I miss him dreadfully and will always honour his memory . 
Keywords • p-group • p’-group • Sylow theorems • Sylow p-subgroup • (Strong) Sylow 
Theorem for the Prime p or (Strong) Sylow p-Theorem • locally finite group • p-uniqueness 
subgroup • finite p-subgroup singular in a locally finite group • Sylow-separated (ascending) 
sequence of p-subgroups with its associated sequence of Sylow p-subgroups • (smooth simple 
straight) split sequence of finite p-perfect subgroups with its associated ascending sequence of 
subgroups • (proper) Sylow p-intersection • p-blank of G in H 
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Note 
I tried unsuccessfully to publish this paper inchmeal in the journals Mathematische Zeitschrift, 
Archiv der Mathematik and European Journal of Mathematics. A common feature of all the 
three rejects was that they did not state any reason let alone substantial review comments. I am 
now very happy that the paper can get published in the great JMCA: 

1 Introduction 
I present references to articles on Sylow Theory of Locally Finite Groups by Otto H. Kegel and by 
myself. First I present and summarise the twelve beloved contributions by Otto H. Kegel. Secondly 
I present and summarise the ten enthusiastic contributions by myself, which add thorough comments 
to Otto H. Kegel’s admirable contributions regarding wide generalisations, solve two of his open 
issues and state twelve still open issues most of which, however, I solved already in yet unpublished 
work. Thirdly I draw some conclusions from Otto H. Kegel’s contributions and my contributions 
thereby suggesting very fascinating topics for future research based upon the twelve to this day open 
issues of [11.] and [12.]. I almost close with Acknowledgements and 30 References. “Almost” 
because I add six distinguished historical articles about Sylow Theory: Sylow’s Norwegian paper of 
1867 [25.] with a translation into English, Sylow’s famous paper of 1872 [26.], Waterhouse’s paper 
on the Early Proofs of Sylow’s Theorem [27.], and Scharlau’s German paper on the Discovery of 
Sylow’s Theorems [24.] with an appreciation of his performance and a translation into English. 

2 Otto H. Kegel’s Beloved Contributions 
Otto H. Kegel wrote together with Bertram A.F. Wehrfritz a beautiful book about Locally Finite 
Groups and published it 1973 [22.]. It includes up to date results and many references about Sylow 
Theory by him and by others thereby bridging the gap between 1872 [25.] and 1973. However, it 
forgoes Kegel’s earlier more than 30 ageless contributions in the 1960s and 1970s. Those which are 
related to or are significantly important for Sylow subgroups I cite as well. 

2.1 Early Contributions 
I cite and summarise the nine of them which are related to or are significantly important for Sylow Theory. 
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2.1.1 Caractérisation des sous-groupes accessibles d’un groupe fini [13.] 

Otto H. Kegel presented this out of the ordinary paper on 29 March 1960 in French in the Séminaire 
Albert Châtelet et Paul Dubreil as the Talk no. 18. Let G be a group. A subgroup U of G is called 
accessible if it appears in a composition series of G, that is, if there exists a finite series { Ni } 1 ≤ i ≤ m of 
subgroups of G such that N1 = U, N i is a normal subgroup of N i +1, and Nm = G. The subgroup U is a 
(D)-subgroup of the finite group G if for every prime divisor p of |G | and Sylow p-subgroup S of G the 
intersection S ∩ U is a Sylow p-subgroup of U. Every (D)-subgroup is accessible, and when a subgroup U 
of the finite group G is accessible then for every prime p and Sylow p-subgroup S of G the intersection 
U ∩ S is a Sylow p-subgroup of U. Kegel proves further conditions when a subgroup is accessible. 

2.1.2 Sylow-Gruppen und Subnormalteiler endlicher Gruppen [14.] 

In this paper of December 1962 Otto H. Kegel studies the π-quasinormal subgroups U of a finite 
group G for a set π of prime numbers, which are subgroups where U for each p ∈ π is permutable 
with each Sylow p-subgroup of G, and π-subnormal subgroups U of a finite group G, which are 
subgroups where for each p ∈ π and every Sylow p-subgroup P of G the group U ∩ P is a Sylow 
p-subgroup of U. Subnormal and π-quasinormal subgroups are π-subnormal. With additional premises 
Kegel proves that the subgroup U is subnormal, if U is π-subnormal for the set π of all prime numbers. 

2.1.3 Eine Charakterisierung der Sylowgruppen endlicher Gruppen [15.] 

Otto H. Kegel submitted this very sublime paper on 10 June 1965. He considers a class K of finite 
groups which contains with G also every epimorphic image of each subgroup of G, and calls the 
function f , which assigns to every G ∈K the set f (G) of subgroups of G, a Sylowfunction on K if it 
has four specified properties, one being that f (G) is a class of conjugated subgroups for every 
G ∈K . An example is for the prime p and the class E of all finite groups the function p which 
assigns to every finite group G the set p (G) of all its Sylow p-subgroups. Kegel then proves SATZ 1 
with a ZUSATZ, SATZ 2 and SATZ 3 for Sylowfunctions: see Zbl 0144.01503. 

2.1.4 Über einfache, lokal endliche Gruppen [16.] 

This paper Otto H. Kegel submitted on 12 March 1966 to Mathematische Zeitschrift. It contains 
his famous “approximation principle” for countable simple locally finite groups (see 2.1.5 and 2.2 
and Page 4 of [10.] and the proof in 4.5 Lemma of [22.] with subsequent Remark). For a full 
summary I refer to the excellent Zbl-review by Rüdiger Göbel: see Zbl 0147.27002. 

2.1.5 Locally finite versus finite simple groups [17.] 

This paper of May 1968 is a lecture Otto H. Kegel gave at a regional conference on finite groups (a 
symposium on the Theory of Finite Groups) at Harvard University, which had Part I (19 lectures), 
Part II (seven lectures) and Part III (ten lectures, nº 8 being Kegel’s lecture). Based on his famous 
“approximation principle” “A countably infinite locally finite simple group G has a strictly ascending 
sequence { Ri } i ∈ ℕ of finite subgroups of G with G = ∪ { Ri | i   ∈ ℕ } such that for each natural 
number i there exists a maximal normal subgroup Mi+1 of Ri+1 satisfying Mi+1 ∩ Ri = <1>.” whence G
is a limit of the approximating sequence { Ri / Mi } i ∈ ℕ of finite simple groups ordered by 
“involvement” (see 2.1.4 and 2.2), he reports: • If each of the finite simple groups { Ri / Mi } i ∈ ℕ is 
“known”, then either G contains an infinite elementary abelian p-subgroup for every prime p or there 
is a field F and a natural number n such that G is isomorphic to a subgroup of GL(n,F ). • The 
existence of a non-linear simple locally finite group which for (at least) one prime p has only finite 
elementary abelian p-subgroups (possibly <1>) entails the existence of a family of finite subgroups 
{ Ri } i ∈ ℕ such that each of the simple groups { Ri / Mi } i ∈ ℕ is “new”. Discussing (simple) locally 
finite groups in this spirit, many questions about finite groups come up. 

2.1.6 Strong finiteness conditions in locally finite groups [18.] 

This paper was submitted by Otto H. Kegel on 27 March 1970 to Mathematische Zeitschrift. Kegel 
himself wrote the following summary: “Eine alte Frage in der Gruppentheorie ist es, ob die Gruppen, 
die der Minimalbedingung genügen, einen abelschen Normalteiler von endlichem Index haben. Für 
lokal endliche Gruppen wird diese Frage hier positiv entschieden. [ Dieses Resultat wird auch in V. P.
Šunkov, Algebra i Logika, Vol. 9, No. 2, 220-248, March-April 1970 gegeben (see V. P. Shunkov, On the minimality
property for locally finite groups, Algebra and Logic, Volume 9, 137–151, March 1970, https://link.springer.com/
article/10.1007/BF02218982) ] Wir erhalten dieses Resultat als Spezialfall eines allgemeineren Satzes, 
der sagt, daß die lokal endliche Gruppe G, in der alle Primuntergruppen der Minimalbedingung genügen, 
genau dann eine abelsche Untergruppe von endlichem Index hat, wenn die Menge der Zentrali- 
satoren in G als halbgeordnete Menge der Minimalbedingung genügt.” (see Zbl 0195.03804). 
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2.1.7 Locally finite simple groups [19.] 

Otto H. Kegel presented this paper to the Second International Conference on the Theory of Groups (with 
about 130 participants) held in August 1973 as the Informal Session C in the Department of Mathematics of 
the Institute of Advanced Studies of the Australian National University in Canberra. Kegel himself wrote the 
following summary: “In dieser Note wird beschrieben, wie der Fortschritt im Studium "kleiner" lokal endlicher 
Gruppen von tiefen Klassifikationssätzen in der Theorie endlicher einfacher Gruppen abhängt und wie diese 
Sätze für unendliche Gruppen nutzbar gemacht werden können. Einige naheliegende Fragen werden 
formuliert und motiviert.” (see Zbl 0292.20028). 

2.1.8 Reinhold Baer (1902-1979). Obituary. [20.] 

Otto H. Kegel wrote this detailed while very knowledgeable Obituary for his adored teacher Reinhold Baer, 
who passed away on 22 October 1979, and published it in June 1980. I was present in the lecture where 
Kegel communicated almost tearfully this sad at heart event. 

2.1.9 The structure of locally finite groups with min-p [21.] 

Otto H. Kegel published this paper in December 1982. He discusses the effect of the classification of finite 
simple groups on locally finite groups with min-p. Using this classification he shows how to obtain a very 
strong structural result for locally finite groups satisfying min-p for some prime p. Such a group has a unique 
maximal normal locally p-soluble subgroup Sp(G). Let H := G /Sp(G). If H ≠ <1>, then H has minimal normal 
subgroups. Their join soc(H) is a direct product of finitely many simple groups, and H /soc(H) has an abelian 
normal subgroup of finite rank and finite index. The simple groups referred to, if infinite, are actually known to 
be groups of Lie type over locally finite fields, and this fact plays a central part in the proof. As a direct 
consequence, if the locally finite group G satisfies min-p, then the factor group G /Op’(G) is countable, since 
a linear simple locally finite group must be countable. 

2.2 “Locally Finite Groups”, co-authored with Bertram A.F. Wehrfritz [22.] 

The book mentions the conjugacy part of the Sylow theorems in the Introduction and gives a very profound 
account of the Sylow Theory in Section D “Maximal p-subgroups” of Chapter 1 with its Appendix 
“Conventional Sylow theory and related ideas” and in Section A “A Sylow theory for locally finite groups 
with min-p [ that is, each of their p-subgroups satisfies min ]” of Chapter 3. Instead of studying Sylow p-
subgroups and SylpG, it studies maximal p-subgroups and MaxpG because of the general absence of a 
satisfactory theory for MaxpG along the lines of the theory of Sylow p-subgroups of finite groups. However, 
this is not true for locally finite groups (see [23.]). 

First it collects basic properties of maximal p-subgroups: • The p-subgroup P of the locally finite group G is 
a maximal p-subgroup if there is a local system Σ of G [ a set of subgroups whose union is G and where any 
two of it lie in a third of it ] consisting of finite subgroups such that P reduces into Σ [ i.e., for every subgroup 
S ∈ Σ the intersection S ∩ P is a Sylow p-subgroup of the finite group S ]. If the local system Σ of the group 
G consists of finite subgroups only and is linearly ordered by inclusion (whence G is countable), then there is 
a p-subgroup of G which reduces into Σ . • For a local system Σ of the group G consisting of finite subgroups 
only denote by MaxpΣ the set of those p-subgroups of G reducing into Σ. • If the local system Σ of the 
group G consists of finite subgroups only and is linearly ordered by inclusion, then the following three 
properties of the set MaxpΣ are equivalent: a the elements of MaxpΣ are conjugate in G; b |MaxpΣ| < 2ℵ0 ; 
c the set MaxpΣ is finite. If for some prime p, every countable subgroup of the locally finite group G contains 
less than 2ℵ0 maximal p-subgroups, then in every factor of G the maximal p-subgroups of G are all 
conjugate. If p is a prime and G is a countable locally finite group, then the maximal p-subgroups of G are all 
conjugate if and only if |MaxpΣ| < 2ℵ0. • If the locally finite group G contains a finite maximal p-subgroup P, 
then the maximal p-subgroups of G are all conjugate to P (see also Page 8 f. of [10.]). 

Secondly it summarises heroically with almost fifty (!) references the research work up to 1973 with the sort 
of result “in such-and-such a group the maximal p-subgroups are all conjugate”. For this particularly 
astonishing overview I refer to Page 26, Page 27 and Page 28 of [22.]. 

Thirdly it studies Sylow Theory for locally finite groups with min-p. For a prime p and any group, it calls 
a subgroup P of G a Sylow p-subgroup of G if P is a maximal p-subgroup of G and contains an isomorphic 
copy of every p-subgroup of G. The set of all Sylow p-subgroups of G is denoted by SylpG. It proves: • The 
locally finite group G satisfies min-p if and only if some maximal elementary abelian p-subgroup of G is finite. 
• If G is a locally finite group satisfying min-p, then G contains Sylow p-subgroups and every finite p-subgroup 
of G is contained in a Sylow p-subgroup of G. • Let G be a locally finite group satisfying min-p. If P is a  
p-subgroup of G and if Q is a Sylow p-subgroup of G then the following properties are equivalent: a P is a 
Sylow p-subgroup of G; b P contains an isomorphic copy of every finite p-subgroup of G; c P and Q are 
isomorphic p-subgroups of G. • If G is a locally finite group satisfying min-p, then the p-subgroup P of G is a 
Sylow p-subgroup of G if and only if P contains a conjugate of every finite p-subgroup of G. 
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Fourthly it presents in Chapter 4 “Locally finite simple groups” results related to the study of Sylow 
subgroups in simple locally finite groups which were previously obtained in 2.1 Early Contributions: 
• An infinite group G is simple if and only if it has a local system consisting of countably infinite 
simple subgroups of G. • A countably infinite locally finite simple group G has a strictly ascending 
sequence { Ri } i ∈ ℕ of finite subgroups of G with G = ∪ { Ri | i   ∈ ℕ } such that for each natural number 
i there exists a maximal normal subgroup Mi+1 of Ri+1 satisfying Mi+1 ∩ Ri = <1>. Later the terms 
Kegel cover (Ri, Mi) with Kegel kernels Mi and Kegel simple sections Ri / Mi were introduced. 

2.3 Chain conditions and Sylow’s theorem in locally finite groups [11.] 

Having just published a such detailed account of Sylow Theory up to 1973 (see 2.2), Otto H. Kegel 
presented on 11 December 1973 and published 1976 this new paper which comes with the new and 
really excogitated concept of “Sylow-separated (ascending) sequence of p-subgroups with its 
associated sequence of Sylow p-subgroups” and with a new depiction of the concept of “Sylow 
p-intersection”. I described, summarised, annotated and enlarged the paper on Page 7 to Page 10 
of [10.] including the MR-review and the Zbl-review on Page 21. This paper has two open issues. 

2.4 Four lectures on Sylow theory in locally finite groups [12.] 

Practically no work on Sylow Theory was done since 1973 until Summer was approaching in 1978 
when Otto H. Kegel proposed for my Diplomarbeit – I had just passed the exam for the minor Diplom 
subject with a “sehr gut” – to try to extend Brian Hartley’s tremendous result on Sylow Theory of 
locally p-soluble locally finite groups for p ≠ 2 to locally finite groups in general, in particular to simple 
groups. And then a literally yearslong collaboration between the two of us began until I could publish 
the Diplomarbeit on 8 October 1984 which, however, was rather incomplete since I got hopelessly 
lost in the classification of finite simple groups. Most of my further drafts were completed by Kegel himself, 
who contributed in any case the preponderant part of great ideas, and presented on 9 June 1987. 
I described, summarised, annotated and enlarged his paper on Page 2 to Page 6 and Page 13 of [10.] 
including the MR-review and the Zbl-review on Page 17. This paper has ten open issues. During a 
large number of personal sessions I was first surprised by and then in admiration of Kegel’s very 
great interest in my (!) research subject which showed me that it was a real and sincere “Herzens- 
angelegenheit” (matter close to one’s heart) for him. This is well-documented in [12.], [9.] and [10.]. 

3 Felix F. Flemisch’s Enthusiastic Contributions 
Being retired since October 2016, I extra early rediscovered my loving to work for Mathematics 
and particularly for Group Theory and resumed the topics of my Diplomarbeit of 1984 and 
of Otto H. Kegel’s fantastic paper [12.]. This resulted in enthusiastic contributions since 
2021 adding thorough comments to Kegel’s contributions. I summarise them in the following. 
They end with twelve open issues suggesting fascinating topics for future research. 

3.1 Trilogy about Sylow Theory in Locally Finite Groups [1.] 

The books are based on my Diplomarbeit (see 2.4) and continue my paper “Characterising Locally 
Finite Groups Satisfying the Strong Sylow Theorem for the Prime p ” which appeared in Adv. Group 
Theory Appl. 13 (June 2022) on pp. 13-39 (see [5.]). Since they contain a lot of material which cannot 
be published in a mathematical journal, they were published as Books on Demand (BoD) (see 3.2 
and 3.3). In the following I describe the mathematical subject matter. Regarding the non-mathematical 
contents, including very beloved dedications to famous or by me beloved persons, see the contained four 
careful recensions: Part 1, Page v; Part 2, Page i; Part 3, Page i and Page 42. 

3.1.1 Part 1 [1.1] 

Part 1 “Characterising Locally Finite Groups Satisfying the Strong Sylow Theorem for the Prime p ” 
of the Trilogy [1.1] is based on the BoD-Book “Characterising locally finite groups satisfying the 
strong Sylow Theorem for the prime p – Revised edition” (see under ISBN 978-3-7562-3416-5) 
which in turn has been based on my rather pioneering research paper in Volume 13 of Advances in 
Group Theory and Applications (AGTA) (see https://www.advgrouptheory.com/journal/Volumes/13/
Flemisch.pdf and the good Summary in Zbl 1496.20065). The First edition of Part 1 removes the 
highlights in light green of the Revised edition and adds the albeit very considerably improved Pages 
from i to vi and Pages from 27 to 34 to the AGTA-paper. In addition, Part 1 adds the ten new Pages 
from 35 to 44 to the Revised edition and therefore had to renumber the Pages from xv to xviii into 
the Pages from 45 to 48. It includes the second paper [12.] of Otto H. Kegel about Sylow theory in 
locally finite groups (see MR981832 and Zbl 0659.20024) as Appendix 1 and his first paper [11.] on 
the beautiful subject (see MR414714 and Zbl 0328.20029) as Appendix 2. Finally, it calls to mind 
Kegel’s fine contribution to the conference Ischia Group Theory 2016. 
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Really most importantly, Part 1 introduces the fundamental concepts of the (First) Trilogy about Sylow 
Theory in Locally Finite Groups: locally finite group satisfying the Strong Sylow Theorem for the prime p  
(or the Strong Sylow p-Theorem); singular (Sylow) p-subgroup; (very) good Sylow p-subgroup; p-uniqueness 
subgroup; minimal (w.r.t. order) p-unique subgroup; (numerical) Sylow p-invariant ap; P-invariant Sylow  
p-subgroup; P-isomorphic P-orbit. 

3.1.2 Part 1 – Second edition [1.2] 

The Second edition of Part 1 introduces happily a uniform page numbering, adds page numbers to the 
appendices, improves Pages iv and v, Page 22, Pages 25 to 34 and Pages 39, 45, 49, 50, 75, 76, 105 and 
106, adds Pages 109 to 112, and adds a two-page Table of Contents of the Trilogy. Part 1 has vi + 48 + 
27 + 31 + 8 = 120 pages and includes 15 references according to the AGTA- paper followed by • a two-page 
Postscript about Kegel’s Theorem/Conjecture on simple locally finite groups with the Strong Sylow Theorem 
for the prime p (see Part 2) and about the (First) Trilogy, by • the section “About the author”, by • a Note on 
Kegel’s Theorem/Conjecture, by • a fine section about “Sylow p-intersections and p-uniqueness subgroups”, 
by • the rather illuminating section “Comparison of Kegel’s two papers on Sylow theory in locally finite 
groups”, by • the section “Five personal Notes about Mathematics”, and finally followed by • the very insight 
gaining section “Augustin-Louis Cauchy’s and Évariste Galois’ contributions to Sylow theory in finite 
groups” describing and summarising a very pioneering follow-up paper. It also adds the section “Mathe- 
matical Reviews (MR) (MathSciNet) and zbMATH Open (Zentralblatt MATH)” for the AGTA-paper. 

3.1.3 Part 2 [1.3] 

Part 2 “About the Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups” of the Trilogy [1.3] 
is based on Part 1. It first gives a profound overview of the structure of simple groups, and in particular of the 
simple locally finite groups, and reduces their Sylow theory for the prime p to an old (1987) conjecture of 
Otto H. Kegel, contained in his second paper [4.], about the rank- unbounded ones of the known 19 families 
of finite simple groups: “Let the p-subgroup P be a p-uniqueness subgroup in the finite simple group S 
which belongs to one of the seven rank- unbounded families. Then the rank of S is bounded in terms of P.” 

Part 2 then introduces a new scheme to describe these 19 families, the family T := { abelian p , A
n , 

A = PSL n , B = PΩ odd n , C = PSp n , D = PΩ+
even n , 2 A = PSU n , 2 D = PΩ–

even n , E6 , E7 , E8 , F4 , G2 , 2 B2 , 3 D4 , 
2 E6 , 2 F4 , 2 G2 , sporadic } of types using well-known symbols, defines the rank of each type, and emphasises 
the rôle of Kegel covers. This introductory part presents a unified picture of well-known results with proofs only 
by reference which is the reason why the title of Part 2 starts with “About”. 

Subsequently Part 2 applies rather new ideas to prove the conjecture for the Alternating Groups.
A considerably thorough abstract of this quite pioneering approach is presented on Page ii. 

Thereupon Part 2 remembers the central rôle played by Kegel covers and  -sequences. Finally, it 
presents a plan how to prove and even how to optimise the conjecture step-by-step or peu à peu by 
suggesting a way 1) and a way 2) which leads to further tough conjectures thereby happily unifying Sylow 
theory in locally finite simple groups with Sylow theory in locally finite and p-soluble groups being the work by 
adored professors Otto H. Kegel and Brian Hartley (see Page 27 of Part 1). Part 2 has iv + 20 = 24 pages 
and includes 24 references as well as two figures of the very famous classification of the finite simple 
groups. For any unexplained terminology Part 2 refers to Part 1. 

3.1.4 Part 3 [1.4] 

The Part 3 “The Strong Sylow Theorem for the Prime p in Projective Special Linear Locally Finite Groups” of 
the Trilogy [1.4] continues the program begun in Part 2 to optimise along the way 1) the Theorem there
about the first type Ξ = “An ” of infinite families of finite simple groups step-by-step to further types by 
proving it for the second type Ξ = “A = PSL n”. It first proves the Conjecture 2 from Part 2 about the General 
Linear Groups over (commutative) locally finite fields, stating that their rank is bounded in terms of their  
p-uniqueness, and then breaks down this deep insight to the Special Linear Groups and to the Projective 
Special Linear (PSL) Groups over locally finite fields. A thorough abstract of this three-stage-approach with a 
description of the new ideas regarding the proof for the General Linear Groups and with a figure showing 
the transitions to the Special Linear Groups and the PSL Groups is presented on Page ii. 

Part 3 closes with suggestions for future research • regarding the five remaining rank-unbounded types 
(the “Classical Groups”) and the way 2), • regarding the (locally) finite and p-soluble groups by announcing 
sincerely a first proof of Conjecture 3 from Part 2, thereby somehow rounding off the venerable classical 
Hall-Higman theory, and thirdly • regarding Augustin-Louis Cauchy’s and Évariste Galois’ very pioneering 
contributions to the Sylow theory of finite groups showing three very beautiful rectangles / tableaux (see 
Page 10). These three suggestions culminate in the ambitious announcement of the Second Trilogy about 
Sylow Theory in Locally Finite Groups. Part 3 has iv + 44 = 48 pages and includes 32 references followed 
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by • an insightful Postscript about ► the Alternating Groups, ► the PSL Groups, ► the First Trilogy 
and ► the 19 families of finite simple groups, and finally followed by • the very beautiful four-page 
section “A Contribution to the Mathematical Theory of Big Game Hunting”. Its last Page 42 shows 
the First Trilogy as a beauteous triptych (see https://en.wikipedia.org/wiki/Triptych and Page 49 of 
Part 1 with an inspiring overview of three other triptychs). 

3.2 Review of a Trilogy about Sylow Theory in Locally Finite Groups [2.] 

This comprehensive review of 15 August 2023 concerns the trilogy about Sylow Theory in Locally 
Finite Groups which has been published in four books by Books on Demand (BoD), Norderstedt, 
Germany, namely (see [1.] for an update): Part 1 – ISBN 978-3-7504-0398-7 (November 2023); 
Part 1 – Second edition – ISBN 978-3-7543-6087-3 (March 2023); Part 2 – ISBN 978-3-7568-
3892-9 (December 2022); Part 3 – ISBN 978-3-7568-9853-4 (January 2023). 

3.3 Three Beautiful Books about Sylow Theory in Locally Finite Groups [3.] 

The books are based on my Diplomarbeit (see 2.4) and continue my paper “Characterising Locally 
Finite Groups Satisfying the Strong Sylow Theorem for the Prime p ” which appeared in Adv. Group 
Theory Appl. 13 (June 2022) on pp. 13-39 (see [5.]). Since they contain a lot of material which cannot 
be published in a mathematical journal, they were published as Books on Demand (BoD) (see 3.1 
and 3.2 and https://www.bod.de/buchshop/ and https://www.bod.fr/librairie/). 

3.4 Characterising locally finite groups satisfying the strong Sylow Theorem for the prime p 
– Manuscript on Sylow theory in locally finite groups – Mathematics edition [4.] 

The Mathematics edition (32 pages) extracts from the full editions (see [1.]) the mathematical content 
and omits the fair and very beautiful personal dedications and information ( Richard Wagner, Albert 
Camus, Pablo Picasso, Freiburg i.Br., Herrsching a.A., Marcel Proust, Charles Baudelaire, Bertolt 
Brecht ) almost entirely. It is line numbered for (Scholarly Peer) Review purposes (but the twenty- 
one Footnotes cannot [ and need not ] be line numbered). Besides Sylow Theory of Locally Finite Groups 
(19 pages) the Mathematics edition provides novel but ultimately classical proofs of considerably 
historic relevance for the basic theorems of Lagrange and Cauchy on finite groups (11 pages). 

3.5 Characterising Locally Finite Groups Satisfying the Strong Sylow Theorem for the Prime p [5.] 

During his lectures to the 1987 Singapore Group Theory Conference Otto H. Kegel proposed the 
following question: “If every subgroup S of the locally finite group G contains a finite p-subgroup 
which is singular in S, does G then satisfy the strong Sylow Theorem for the prime p ? ” In this paper 
I answer the question in the affirmative. The paper formed an extremely essential part of my German 
Diplomarbeit of 1984 (the “Charakterisierungssatz ”) (see 2.4), written before I sadly left academia. 
I present the Charakterisierungssatz as Theorem 3.9, and summarise then the result as Theorem 
3.10, stating that if G is a locally finite group and p is a prime, then G satisfies the strong Sylow 
theorem for the prime p if and only if every subgroup S of G contains a finite p-subgroup which is 
singular in S. Subsequently I present a few novel concepts for Sylow theory of (locally) finite groups 
to encourage future research. The paper is divided into four sections: Introduction; Good Sylow 
p-subgroups and p-uniqueness subgroups; Basic theorems of Sylow theory in locally finite groups 
and our Charakterisierungssatz; Novel concepts for Sylow theory in (locally) finite groups. 

3.6 The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups [6.] 

This Research Article continues [5.]. I begin with giving a profound overview of the 
structure of arbitrary simple groups and in particular of the simple locally finite groups and 
reduce their Sylow theory for the prime p to a quite famous conjecture by Prof. Otto H. 
Kegel (see [12.], Theorem 2.4: “Let the p-subgroup P be a p-uniqueness subgroup in the 
finite simple group S which belongs to one of the seven rank-unbounded families. Then the 
rank of S is bounded in terms of P.” ) about the rank-unbounded ones of the 19 well-known 
families of finite simple groups. I introduce a new scheme to describe the 19 families, the 
family T of types, define the rank of each type, and emphasise the great rôle of Kegel covers: 
Prof. Kegel rediscovered from Prof. Philip Hall that an infinite simple group has a local 
system consisting of countably infinite simple subgroups (see [12.], Theorem 2.5) (and 
conversely) and if they are locally finite he discovered ground-breakingly that they have a 
Kegel cover (see [12.], Theorem 2.6), that is, a nested local system {Gn} with maximal 
normal subgroups Mn ≤ Gn such that Gn ∩ Mn+1 = <1> so that Gn embeds into Gn+1 / Mn+1. 
This part presents a unified picture of known results all of whose proofs are by reference. 
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Subsequently I apply new ideas to prove the conjecture for the Alternating Groups. 

Thereupon I am remembering Kegel covers and ⋆-sequences and the classification of simple locally finite groups 

according to their Kegel covers. Next I suggest a way 1) and a way 2) how to prove and even how to optimise Kegel’s 

conjecture step-by-step or peu à peu which leads to Conjecture 1, Conjecture 2 and Conjecture 3 thereby unifying Sylow 

theory in locally finite simple groups with Sylow theory in locally finite and p-soluble groups whose joint study directs 

very reliably Sylow theory in (locally) finite groups. For any unexplained terminology I allow me to refer to [5.]. 

I then continue the program begun above to optimise along the way 1) the theorem about the first type Ξ = “An ” of 

infinite families of finite simple groups step-by-step to further types by proving it for the second type Ξ = “A = PSLn”.  

I apply new ideas to prove Conjecture 2 about the General Linear Groups over locally finite fields, stating that their 

rank is bounded in terms of their p-uniqueness, and then break down this insight to the Special Linear Groups and to the 

Projective Special Linear (PSL) Groups over locally finite fields. I close with pretty good suggestions for future research 

▶ regarding the remaining rank-unbounded types (the “Classical Groups”) and the way 2), ▶ regarding (locally) finite 

and p-soluble groups, and ▶ regarding Cauchy’s and Galois’ contributions to Sylow theory in finite groups. I very much 

hope to enthuse group theorists with these suggestions and I am ready to support and to cöordinate all related work. 

It follows from our two theorems that simple locally finite groups which satisfy the Strong Sylow Theorem for 

even one Prime p are linear and hence countable if they have a local system of countable simple subgroups each having 

a Kegel cover “of alternating type” or “of projective special linear type”. 

I include the beautiful predecessor Research Article [5.] as the First Appendix for good reasons. This Research 

Article had been presented as a slideshow in a Talk at IGT 2024 on April 11. I include its 16 slides as the Second 

Appendix. Slide 1 to Slide 12 had as well been permanently instaled during IGT 2024 as a Permanent Poster. 

The Research Article consists of the following seventeen beautiful Chapters: 

● Sketch of proof for An ; ● Sketch of proof for A = PSLn ;  Introduction;  Proof of Theorem 1; 

 About Kegel covers;  Planning future research – Part 1;  Proof of Theorem 2; 

 Proof of Theorem 3;  Proof of Theorem 4;  Planning future research – Part 2; 

 The First Trilogy and The Second Trilogy and their reviews; ● Acknowledgements; 

● Postscript, Luciano De Creszenzo, Felix F. Flemisch, Conflicts of Interest, Pablo Picasso’s La Joie de vivre ; 

● About the author in Munich, in Freiburg i.Br., in London, in Weiden i.d.OPf., and in Florence in Tuscany in Italy; 

● 75 References; ● Appendix 1 – Reference [5.] with MR Review and Zbl Review; 

● Appendix 2 – Talk by Felix F. Flemisch at Ischia Group Theory 2024. 

3.7 The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups – De Luxe Edition [7.] 

This Research Article extends the JMCA Research Article “The Strong Sylow Theorem for the 
Prime p in Simple Locally Finite Groups” (see 3.6) from 71 pages to 220 pages by adding 
Pages i to viii, -1 to -18, 72 to 266, and ix to x (see Page v). 

Pages i to -18 start with this Abstract and then honour Otto H. Kegel’s beautiful paper [12.] 
thereby explaining its relationship to its main result and to the 71-pages Research Article, and then 
commenting on its final considerations. They then give an overview of the 220-pages Research 
Article, including the Front Cover and a Table of Contents, and explain in great detail the 
relationships of the 71-pages Research Article to JMCA and to the Ischia Group Theory (IGT) 
2024 Conference and its upcoming Proceedings, centred around the Talk given by myself at the 
Conference on April 11, the 100th birthday of Prof. Philip Hall. They close with a List of Open 
Issues some of which I have solved already in yet unpublished work (see Page 11). 

Pages 72 to x start with a dedication to Helga (see Page 15), continue with the PowerPoint 
Presentation at IGT 2024, honour Ludvig M. Sylow, the discoverer and explorer of Sylow Theory, 
recall that Ischia was twice an Artist Colony, remember Philip Hall’s and Graham Higman’s 
fundamental paper “On the p-Length of p-Soluble Groups and Reduction Theorems for Burnside’s 
Problem” thereby explaining its relationship to the 71-pages Research Article, recall Some Historicals 
on Group Theory, in particular Philip Hall’s handwritten Lecture Notes on Group Theory and show 
all these beautiful Lecture Notes, show a considerably reworked presentation of WIKIPEDIA’s 
Classification of finite simple groups, remember Prof. Kegel and Prof. Hall at the Mathematisches 
Forschungsinstitut Oberwolfach (MFO), and finally as the Back Cover refer to Philip Hall’s Archive 
at the London Mathematical Society and again to his Lecture Notes, and in the end close by showing 
Who is Felix F. Flemisch ? & Another Abstract of the 71-pages Research Article. 
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3.8 Felix F. Flemisch – Happy Birthday and Gratitude Greetings  
      to Professor Otto H. Kegel (July 17, 2025) [8.] 

This is the Happy Birthday Postcard which was sent by Felix F. Flemisch on July 17, 2025 to Professor Otto  

Kegel (together with tasty treats) on the occasion of his 91th birthday: . 
Unfortunately, Prof. Otto Kegel could not receive it. 

3.9 Professor Otto H. Kegel out of Great Gratitude for Opening a New and Grandiose  
      Dimension of Mathematics to Me [9.] 

This paper presents my true Happy Birthday Greetings (in German) which I sent per express delivery on July 17, 
2025 to Prof. Kegel together with a Happy Birthday Gift Box with tasty titbits to congratulate him on his 91st 
birthday wishing “À vôtre santé et bon appétit!”. But Prof. Kegel could not receive let alone relish them … . 
I added (in English) two slides of my beautiful talk at IGT 2024 and my rather thorough comments with quite 
a number of improvements on his beautiful and groundbreaking paper “Four lectures on Sylow theory in 
locally finite groups” (see [12.]). I also added the obituaries of Albert-Ludwigs-University in Freiburg i.Br. and of 
his family with comments, the English translation taken from 3.8, reminders to his dedication on the occasion 
of his 70th birthday in the Archiv der Mathematik, his visit to IGT 2016 and honouring him at IGT 2024. 

3.10 Otto H. Kegel’s Beautiful Contributions to Sylow Theory in Locally Finite Groups [10.] 

Otto H. Kegel published two fundamental papers on Sylow Theory in locally finite groups: see [11.] and 
[12.]. The paper [10.] summarises them, compares them and above all provides a list of their Open Issues 
which are still open until the present day. To study crucial configurations, Kegel developed in [12.] the really 
quite excogitated concept of the “(smooth simple straight) split sequences of finite p-perfect subgroups with 
their associated ascending sequences of subgroups ” which is related to his equally very fine concept of the 
“Sylow-separated (ascending) sequences of p-subgroups with associated sequences of Sylow p-subgroups” he 
had developed already more then ten years earlier in [11.]. When I met him personally in July 2022, I tried to 
find out how he had detected these really ingenious ideas, but woefully was unsuccessful, although I was 
really very privileged to witness up very close the creation of the idea of [4.] (see [9.]). A scheduled new 
attempt in July 2025 (see [9.]) could not be realised … . I therefore developed [10.] to honour his so 
fantastic achievements of Sylow Theory. The paper is thought to be a supplement to Mahmut Kuzucuoğlu’s 
beautiful paper [23.] about life and work of Otto H. Kegel. Before publishing it in the JMCA I failed to 
publish it in the journal of AGTA and in the journal Archiv der Mathematik (see Page 22 and Page 23). 

4 Conclusions 
I present in [9.] and [10.] the following List of twelve Open Issues: 

• Open Issue 1: Does the strong Sylow Theorem for the prime p force  
the maximum condition for Sylow-separated sequences of p-subgroups? 

• Open Issue 2: Does the maximum condition for I pG imply  
the strong Sylow Theorem for the prime p?

• Open Issue 3: Extend Theorems 2, 3 and 4 of the JMCA-paper [6.]  
to the remaining four Locally Finite Classical Groups (i.e., the Symplectic  
Groups, the Unitary Groups, the Orthogonal Groups in char ≠ 2 and  
the Orthogonal Groups in char 2). 

• Open Issue 4: Summarise the work by B. Hartley and A. Rae regarding  
λp and pap and the foregoing work on the classical Hall-Higman theory  
regarding λp and pbp, cp , dp , pep and rp by P. Hall, G. Higman, A.H.M. Hoare,  
T.R. Berger, F. Gross, E.G. Bryukhanova and A. Turull. 

• Open Issue 5: Let p be a prime. Let G be a p-soluble finite group,  
λp(G) be its p-length, and ap(G) be its p-uniqueness (see Page 37 of [5.]).  
Then (best possible) λp(G) ≤ ap(G) + 1. 

• Open Issue 6: Deduce the three rectangles/tableaux shown below  
and use them to prove Lagrange’s theorem and Cauchy’s concealed  
second and third group theorems: 

___________________________________________________ 
J Mathe & Comp Appli, 2026          Volume 5(1): 9-135 J Mathe & Comp Appli, 2026              Volume 5(2): 9-136



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory. Journal of  
Mathematical & Computer Applications. SRC/JMCA-278. DOI: doi.org/10.47363/JMCA/2026(5)234 
―――――――――――――――――――――――――――――‒―‒―‒―‒‒‒‒ 

complete 
right 
transversal 
for G in H

the first row consists of all
elements zk of G (1 ≤ k ≤ M )  
acting on H in the following  
rows via multiplication from  
the left by their inverses co

rr
es

po
nd

en
ce

 

setHOrbi(G )  
:= G \H of all  
orbits of H  
under G acting  
by left translation 

t1 := 1 =: z1 z2 z3 … zM ↔ G = 1Orb(G ) 
t2 z2 t2 z3 t2 … zM t2 ↔ Gt2 = t2

Orb(G ) 
t3 z2 t3 z3 t3 … zM t3 ↔ Gt3 = t3

Orb(G ) 
… … … … … … … 
tR z2 tR z3 tR … zM tR ↔ GtR = tROrb(G ) 

rectangle |G| x [H:G] of elements 

set of  
certain orbits  
of H under G
acting by left 
translation 

the first row consists of all right 
cosets Gx1

k of G in H (0 ≤ k ≤ p -1) 
with the powers of some p-blank x1 of 
G in H ; the following rows consist of 
right cosets of G in H with the powers 
of left conjugates of x1  

co
rr

es
po

nd
en

ce
 X := < x1 >;  

set of all orbits of H  
under GX ,  
the simultaneous actions  
of G by left translation and 
of X by right translation 

Gx1
0 t1 = G Gx1 Gx1

2 … Gx1
p-1 ↔ cosets G < x1> = G X  

= double coset G 1 X  

Gx2
0 t2 = Gt2 Gx2 t2 Gx2

2 t2 … Gx2
p-1 t2 ↔ cosets G < x2 > t2  

= double coset G t2 X  

Gx3
0 t3 = Gt3 Gx3 t3 Gx3

2 t3 … Gx3
p-1 t3 ↔ cosets G < x3 > t3  

= double coset G t3 X  

… … … … … … … 

GxS
0 tS = GtS GxS tS GxS

2 tS … GxS
p-1 tS ↔ cosets G < xS > tS  

= double coset G tS X  

tableau p x [H:G] / p of cosets 
set of  
certain orbits  
of H under G  
acting by left 
translation 

the first row consists of all right cosets  
G x1c of G in H (0 ≤ c ≤ |H | p -1) with the 
elements of some Sylow p-subgroup X of 
H , all of whose elements of order p are  
p-blanks of G in H ; the following rows
consist of right cosets of G in H with the 
elements of left conjugates of X  

co
rr

es
po

nd
en

ce
 |X | = |H | p= p b ;  

set of all orbits of H  
under G  X , the  
simultaneous actions  
of G by left translation and  
of X by right translation 

G x10 t1 = G G x11 G x12 … G x1 pb-1 ↔ cosets G {x1c | 0 ≤ c ≤ pb-1}  
= G X = double coset G 1 X  

G x20 t2 = G t2 G x21 t2 G x22 t2 … G x2 pb-1 t2 ↔ cosets G {x2c | 0 ≤ c ≤ pb-1} t2 = 
double coset G t2 X  

G x30 t3 = G t3 G x31 t3 G x32 t3 … G x3 pb-1 t3 ↔ cosets G {x3c | 0 ≤ c ≤ pb-1} t3 = 
double coset G t3 X  

… … … … … … … 
G xT0 tT = G tT G xT1 tT G xT2 tT … G xT pb-1 tT ↔ cosets G {xTc | 0 ≤ c ≤ pb-1} tT

= double coset G tT X  

rectangle |H| p x [H:G] / |H| p of cosets 
• Open Issue 7: Deduce Cauchy’s fundamental theorem of 1812/1815  

from [H:<x>] ≥ |G |, if x is a  p-blank of G in H , that is, an element of H  
of order p with x ∉ G. 
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• Open Issue 8: Determine all the (minimal) p-uniqueness subgroups  
for the known finite simple groups and their natural overgroups,  
the symmetric and the linear groups, and for the (locally) p-soluble groups,  
distinguishing p ≥ 5, p = 3 and p = 2. 

• Open Issue 9: Specify for a finite group the relationships 
of the properties of its p-subgroups which are minimal
(w.r.t. order or w.r.t. inclusion) w.r.t. being contained  
in a unique Sylow p-subgroup to the properties (e.g., 
conjugacy) of its p-subgroups which are maximal
w.r.t. being contained in a (unique) Sylow p-subgroup  
(i.e., its Sylow p-subgroups). 

• Open Issue 10: Introduce for every prime p a generalised p-length  
for locally finite groups which is finite if and only if they satisfy  
the strong Sylow Theorem for p. 

• Open Issue 11: Making a revision of Kegel’s (3.5) Theorem [12.]  
thereby relating it to rarely known articles and extending it to p ≥ 3,  
extend Kegel’s (4.4) Theorem [12.] to the case p = 3. 

•Open Issue 12: Summarise Kegel’s wonderful Sylow paper [12.]  
thereby integrating first of all the AGTA-paper (see https://www.
advgrouptheory.com/journal/Volumes/13/Flemisch.pdf) and then 
secondly the JMCA-paper (see https://www.onlinescientificresearch. 
com/articles/the-strong-sylow-theorem-for-the-prime-p-in-simple-locally-
finite-groups--de-luxe-edition.pdf) and then extending thirdly his main 
Theorem (4.4) [12.] to p = 3 and p = 2 by using the Open Issues 11 and 5. 

I solved the following Open Issues in unpublished draft and partly German work: OI 3, OI 4, 
OI 5, OI 6, OI 7, OI 10 and OI 11. The following Open Issues are without draft work let alone 
published work: OI 1, OI 2, OI 8, OI 9 and OI 12. Therefore I gladly suggest the following 
fascinating topics for future research: • Develop (possibly myself) the Open Issues OI 3, 
OI 4, OI 5, OI 6, OI 7, OI 10 and OI 11 to publishable documents thereby using my draft 
work. ☺ • Develop the Open Issues OI 1, OI 2, OI 8, OI 9 and OI 12 to publishable papers 
thereby using my published work. ☺ I will be happy if this research can be done in 2026. 
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Ludvig Sylow and William Waterhouse and Winfried Scharlau 
After 13 pages created by myself and thus copyrighted, I finally present six short beauteous articles which 
were not created by myself but by Ludvig Sylow and William Waterhouse and Winfried Scharlau: 
● the “Om Systemer af konjugerede Substitutioner, der kunne tilhore irreduktible Ligninger, hvis Grad er 

Primtal” by Ludvig M. Sylow (see [25.]), a forerunner of the very famous [26.] [22 pages]; 
● the translation (by ÜZM GmbH) into English of Ludvig M. Sylow’s article [25.] “On Systems of Conjugate 

Substitutions that could belong to irreducible Equations whose Degree is a Prime Number” [22 pages]; 
● the very famous “Théorèmes sur les groupes de substitutions” by Ludvig M. Sylow (see [26.]) [20 pages]; 
● the famous “The Early Proofs of Sylow’s Theorem” by William C. Waterhouse (see [27.]) [17 pages]; 
● the equally famous “Die Entdeckung der Sylow-Sätze” by Winfried Scharlau (see [24.]) [27 pages]; 
● the translation (by myself) into English “The Discovery of the Sylow Theorems” of Winfried Scharlau’s 

pioneering article [9 pages] (Copyright © 2026 Felix F. Flemisch). 

Ludvig Mejdell Sylow (12 December 1832 until 7 September 1918)  
(see https://en.wikipedia.org/wiki/Peter_Ludvig_Sylow) 

In 1904 Ludvig Sylow was admitted to the German order Pour  
le Mérite für Wissenschaften und Künste (see https://www.orden-  
pourlemerite.de/mitglieder/peter-ludwig-mejdell-sylow and  
https://en.wikipedia.org/wiki/Pour_le_M%C3%A9rite and  
https://de.wikipedia.org/wiki/Pour_le_M%C3%A9rite and  
https://commons.wikimedia.org/wiki/Category:Pour_le_M%C3%A9rite). 

Winfried Scharlau (12 August 1940 until 26 November 2020)  
(see https://en.wikipedia.org/wiki/Winfried_Scharlau) 

            
Winfried Scharlau       Winfried Scharlau        Winfried und 
   im Jahr 2018                im Jahr 2006       Dorothee Scharlau
                                                                        im Jahr 2000 
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Winfried Scharlau at the Mathematisches Forschungsinstitut Oberwolfach (MFO) 
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Om Systemer af konjugerede Substitutioner, der kunne tilhore 
irreduktible Ligninger, hvis Grad er Primtal  
(see https://www.biodiversitylibrary.org/bibliography/62508 and https://ia800501.us. 
archive.org/31/items/mobot31753002493077/mobot31753002493077.pdf) 

        
Fristaden Christiania (Freetown Christiania, see https://en.wikipedia.org/wiki/Freetown_Christiania) 
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On Systems of Conjugate Substitutions that could belong to 
irreducible Equations whose Degree is a Prime Number 
 
I presented Sylow’s original Norwegian paper of 1867 on Page 21 to Page 38. I now owe the 
Übersetzerzentrale München (ÜZM GmbH) (see https://uezm.de/) a rather good translation 
into English, including corrections by myself regarding all the mathematical symbols, which 
I can present on Page 43 to Page 60. In the following I summarise this English Paper: 
 

In his article of 1867 Sylow relates to and comments on works by Évariste Galois [Memoire sur les 
conditions de résolubilité des équations par radicaux, Journal de mathématiques pures et appliquées 1re série, 
tome 11 (1846), p. 381-444; see https://en.wikipedia.org/wiki/%C3%89variste_Galois and https://www.numdam.org/ 
item/JMPA_1846_1_11__381_0.pdf and https://www.bibliotheque-institutdefrance.fr/sites/default/files/memoire- 
equations-radicaux-galois-evariste.pdf], Augustin-Louis Cauchy [see https://en.wikipedia.org/wiki/Augustin- 
Louis_Cauchy], Émile Léonard Mathieu [Mémoire sur l ’étude des fonctions de plusieurs quantités, sur la 
manière de les former et sur les substitutions qui les laissent invariables, Journal de Mathématiques Pures 
et Appliquées (1861), 241-323; see https://en.wikipedia.org/wiki/%C3%89mile_L%C3%A9onard_Mathieu 
and https://eudml.org/doc/235340], Jean-Pierre Serret [Cours d ’algèbre supérieur, Gauthier-Villars, Paris, 
1877-79; see https://en.wikipedia.org/wiki/Jean-Pierre_Serre and https://archive.org/details/coursdalgeb 
super01serrrich and https://archive.org/details/coursdalgebsuper02serrrich], Nils Henrik Abel [Abel equations; 
see https://en.wikipedia.org/wiki/Abel_equation], Theodor Schönemann [Über die Beziehungen, welche 
zwischen den Wurzeln irreductibeler Gleichungen stattfinden, insbesondere wenn der Grad derselben eine 
Primzahl ist, Denkschriften k. k. Akademie der Wissenschaften, Math.-Naturwiss. Klasse (1853); see under 
https://en.wikipedia.org/wiki/Theodor_Sch%C3%B6nemann and https://www.biodiversitylibrary.org/item/247907] 
and Enrico Betti [Sopra l ’abbassamento delle equazioni modulari delle funzioni ellittiche, Annali di SciENZE 
MatEMATICHE e FisICHE, TOMO QUARTO, (marzo 1853), 81-100, by Barnaba Tortolini; see under https://en.wikipedia.org/ 
wiki/Enrico_Betti and https://www.sba.unifi.it/p589.html and https://en.wikipedia.org/wiki/Barnaba_Tortolini]. 
His concern is to describe the systems named in the title and to show how they relate to the works of the 
quoted distinguished mathematicians. He limits his investigations to irreducible equations of prime degree 
whence he is not yet investigating prime powers as he did in his excellent article of 1872. He frequently 
uses the binomial coefficients  := ( n ( n–1 )( n–k+1 ) ) / ( k ( k–1 ) ) = n ! / ( k ! ( n–k ) ! ) for pairs of 
integers n ≥ k ≥ 0 (see https://en.wikipedia.org/wiki/Binomial_coefficient) and says that he has used the 
same symbols as used in Serret’s book. He cites Schönemann’s and Mathieu’s result that for an 
irreducible equation of prime degree n the associated system of conjugate substitutions must contain a 
circular substitution  of the n roots and relates this to Galois’s memoir. He then develops on 15 pages 
his outstanding and hitherto hardly known theory of systems of conjugate substitutions belonging to irreducible 
equations of prime degree n which precedes his famous article of 1872. 
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Mr. B j e r k n e s presented the following paper submitted by Mr. S y l o w :  
O n  S y s t e m s  o f  C o n j u g a t e  S u b s t i t u t i o n s  t h a t  c o u l d   
b e l o n g  t o  i r r e d u c i b l e  E q u a t i o n s  w h o s e  D e g r e e   
i s  a  P r i m e  N u m b e r. 1

According to  G a l o i s ’  famous theory, the condition for a 
rational function of the roots of an algebraic equation to be 
expressed rationally by the coefficients and other known quantities 
is that the numerical value of the function must remain the same 
when the roots are interchanged in certain ways. These permutations 
or  s u b s t i t u t i o n s , also called by  C a u c h y  a “system of 
conjugate substitutions”, i.e. any two of them performed one after 
the other in any permutation of the roots, produce the same result as 
if a certain third substitution of the system had been performed.  
G a l o i s  conceives of the substitutions of the system as defined by 
a “group” of permutations, which are transformed into each other by 
the substitutions. Equations that, under the same conditions, have 
the same system of conjugate substitutions or the same group, thus 
have essential properties in common and could therefore be 
regarded as a distinct class. On the other hand, it can also be proven 
that for any given system of conjugate substitutions there are 
corresponding equations. It would be of great importance to the 
theory of algebraic equations if one could specify which systems of 
conjugate substitutions could belong to equations of a given degree,  
1 Included in the Society’s Proceedings according to the assessment given by gentlemen  
Dr. O.J. Broch and Bjerknes. 
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and especially which ones belong to irreducible equations. This 
problem, as well as other problems related to it, has therefore 
also been addressed by several distinguished mathematicians, 
without, however, succeeding in solving it. 
For equations that can be solved by root signs, the problem has 
proven to be much easier when the degree is a prime number 
than when it is a composite number. This circumstance makes it 
likely that a similar relationship applies to equations that can be 
solved by root signs. Having thus limited my investigation to 
irreducible equations of prime degree, I have, among other things, 
succeeded in completing some results found by M a t h i e u 
(Mémoire sur l’etude des fonctions de plusieurs quantités etc. 
Liouville’s Journal 1861). However, since the development that 
has led me to this point differs in part from M a t h i e u ’s,  
I have thought it appropriate to present it in its entirety. 

In the following, I will use the same symbols as those used in 
the third edition of  S e r r e t ’s Cours d’algèbre supérieur.  
I thus denote the roots of the equation by the same letter, x , 
provided with indices taken from the modulus n , where n
denotes the degree of the equation; a substitution of the roots is 
denoted by indicating which substitution of these indices it 
entails. When a substitution is denoted by a letter, I think of this 
as a function symbol, whereby the index resulting from the substi-
tution is expressed using the original one. The substitution is 
thus understood to be the same as in the substitution , 
where φ(k) denotes a certain function of such a nature that, when k 
assumes the values 0 1 2 ... (n–1), it becomes congruent (mod n) 
with the same numbers in some order. I still think of the system 
of conjugate substitutions belonging to the given equation, deter-
mined by a group of permutations, before, when the substituent 
must be compatible, to be able to speak as much about /of the 
permutations that emerge from each other through the substi-
tutions of the system as about /of the substitutions themselves. 
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S c h ö n e m a n n 1 and later M a t h i e u 2 have proven that 
when the degree of an irreducible equation is a prime number n, 
the system of conjugate substitutions associated with the equation 
must contain a circular substitution of the n roots. Let this be 
denoted by θ, and let the roots be denoted by x0, x1, x2, ..., xn-1 in 
such an order that we have 

θ = (0 1 2 ... (n–1)), i.e. θ = ; 
the equation belonging to the system of conjugate substitutions 
then also contains all powers of θ. For brevity, I will refer to a 
circular substitution together with its powers as a set of circular 
substitutions. If the equation is solvable by root signs, then the 
system contains only this one set; conversely, we also know 
that if the system of conjugate substitutions associated with the 
equation contains only one set of circular substitutions, then the 
equation is solvable by root signs. If, on the other hand, the 
equation is not solvable by root signs, then there must be more 
than one set of circular substitutions in the system; that is, there 
must be a circular substitution θ i such that we do not have: 

θ i  =  θ a

for any value of a. Nor can we have 
θ i a  =  θ b , 

unless both a and b are divisible by n, whereby θ i a and θ b become 
= 1, i.e. indicating, that no change occurs in the position of the roots. 
For from θ i a = θ b follows θ i a c = θ b c, since n is now a prime number, 
1 Über die Beziehungen, welche zwischen den Wurzeln irreductibeler Gleichungen stattfinden 
etc. [On the relationships that occur between the roots of irreducible equations] in the 5th 
volume of Denkschriften der math.-naturw. Classe der kaiserlich. Acad. Wien. Schönemann 
assumes that the coefficients of the equation are rational numbers; however, this restriction is 
not essential for the proof. This proof is undoubtedly one of the most significant advances the 
theory has made since Galois’s death; in particular for the first time, one of the most important 
solutions in Galois’s “Memoire sur les conditions de résolubilité des équations par radicaux” 
has been completed, namely that in Proposition VIII, where it is assumed, without full proof, 
that the group must contain a circular permutation.
2 In the above-mentioned treatise “Memoire sur l’étude des fonctions de plusieurs quantités” 
Liouville’s Journal Year 1861. Page 304. 
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one could, if not a ≡ 0 (mod n), set ac ≡ 1 (mod n) or c ≡ 1/a, 
thereby obtaining 

θ i  = θ b/a

which is contrary to the condition. The system of conjugate 
substitutions in the equation must now contain the substitution 
θ i a θ r θ i - a, or, to use  B e t t i ’s  expression, the derivative of θ r

using θ i a, which is derived in the same way as θ r, i.e., circular. 
First, note that we have 

θ i a θ r θ i - a = (θ i a θ θ i - a)r ;
the substitutions of the form θ i a θ r θ i - a, in which a has the same 
value, thus form a set of circular substitutions, which can thus 
be said to be derived from the set θ r using θ i a. Secondly, the n sets  

θ r, θ i θ r θ i - 1, θ i 2 θ r θ i - 2, θ i 3 θ r θ i - 3, …, θ i (n-1) θ r θ i - (n-1)

are different from each other as well as from θ i r. Namely, 
from θ i a θ r θ i - a = θ i s

immediately followed θ r = θ i s, 
which is impossible. If, on the other hand, 

from θ i a θ r θ i - a = θ i b θ s θ i - b,  
followed θ r = θ i (b-a) θ s θ i - (b-a), 

then θ r / s = θ i (b-a) θ θ i - (b-a).
This equation states that θ, when derived using θ i (b-a), changes 
to one of its powers. But now we know that any substitution 
that, by derivation, changes  to one of its powers must 
itself be of the form ; this substitution is only circular if 
c ≡ 1 (mod n). We must therefore have  

θ i (b-a)  = = θ d. 
but this is impossible when b ≡ a. It has thus been proven that 
θ i r and θ i a θ r θ i - a represent n + 1 sets of circular substitutions; if, 
therefore, the system of conjugate substitutions in the equation 
contains more than one set of circular substitutions, then it contains 
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at least n + 1 sets. However, if it contains more than these, let θ1
be a new circular substitution. The system then contains the 
n sets expressed by  

θ i a θ1
r θ i - a  

which, as proven above, are mutually different and different 
from θ i r. But they are also different from the sets θ i a θ r θ i - a ; for 
if one had  

θ i a θ1
r θ i - a = θ i b θ s θ i - b,

then it follows θ1 = θ i (b-a) θ s / r θ i - (b-a), i.e. θ1 itself belonged to 
one of the preceding sets, which is contrary to our assumption. 
Thus, if the system contains more than those n + 1 sets, then it 
has at least 2n + 1; if it has even more, then we see in the same 
way that it has at least 3n + 1, and so on. In this way, we can 
continue to arrange the circular substitutions belonging to the 
system until they are exhausted; the number of different sets 
must therefore be of the form np + 1. The equations solvable by 
root signs are included in this, as they correspond to p = 0. 
If θ, by derivation using any of the substitutions of the system, 
became a power of itself, then the substitutions of the system 
must all be of the form  

, 
and the equation would belong to those solvable by root signs. 
If it does not belong to these, the system must contain a substi-
tution φ such that φθφ-1 does not belong to the set θ r. Since the 
choice of the circular substitution, which we have denoted by θ i, 
is quite arbitrary, we could assume  

θ l = φθφ-1. 
The set θ i r can then be derived from the set θ r using one of the 
system’s own substitutions; the same applies to the sets θ i a θ r θ i - a. 
If the system now contains more sets of circular substitutions 
that could be derived from θ r using the system’s own substi-
tutions than these n + 1, we could assume that θ1 has the same 
property. We then have  
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θ1 = ψθψ -1,
where φ belongs to the system. It follows that  

θ i a θ1
r θ i - a = θ i a ψ θ r ψ -1 θ i - a = (θ i a ψ) θ r (θ i a ψ) -1 . 

Since θ i a and ψ belong to the system, their product θ i a ψ must 
also belong to the system; but we see that all sets θ i a θ1

r θ i - a

can be derived from the set θ r by the system’s own substi-
tutions. One can therefore repeat the previous reasoning and the 
previous arrangement of the circular substitutions, limiting oneself 
to the sets that could be derived from θ r by substitutions 
belonging to the system. The number of these sets is thus also 
of the form np + 1. It will be shown below that this actually 
yields  a l l  circular substitutions. 
One can derive another set from the set θ r using any substi-
tution belonging to the system; but several of these derived sets 
could coincide with each other or with θ r . In order to obtain a 
relation between the number of substitutions in the system, i.e. 
the  o r d e r  of the system, and the number of sets of circular 
substitutions that could be derived from θ r by the substitutions 
of the system, we would examine how many of the latter could 
give the same derived set. To this end, let φ and ψ be  a n y  t w o 
substitutions by which θ r gives the same set. We then have  

ψθψ -1 = φθaφ -1,
and conversely, which is sufficient for the derived sets to be 
identical. Now  

ψθψ -1 = (ψ(0) ψ(1) ψ(2) … ψ(n-1)) and 
φθaφ -1 = (φ(0) φ(a) φ(2a) … φ(n-1)a) 

Therefore, if ψ(0) = φ(ma), we must have  
ψ(1) = φ((m + 1)a), ψ(2) = φ((m+2)a), ... ψ(k) = φ((m+k)a). 

If we set ma ≡ b (mod n), we get  
ψ(k) = φ(ak + b).

The substitutions that derive the same set as  from 
are thus those contained in the expression , all of these 
and no others. If φ now belongs to the system, then they become  
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substitutions in the  s y s t e m  that satisfy the aforementioned 
condition are the same as those of the form . However, 
if both  and φ belong to the system, then the same 
applies to the product φ-1  or ; conversely, if φ and 

 belong to the system, then the same is true of . 
The number of these substitutions is thus equal to the number 
of substitutions in the system that are of the form . 
Since the system contains the substitution  and its 
powers, we see that the constant b can have all n values; 
similarly, we see that if the system contains the substitution 

 for a value a, then it also contains the substitution 
 for the same value, and vice versa. To examine more 

closely what values a can have, we would denote by ε a 
primitive root of the prime number n and assume that the 
system contains the substitution ; it then contains every 
power of this, i.e. every substitution of the form . If α' is 
now the greatest common factor of α and n–1, we can set  

ξα ≡ α' (mod n–1), 
whereby we obtain    εξα ≡ εα' (mod n);  
furthermore, if       n–1 = α' α'', one sees that the system 
contains the following series of α'' substitutions:  

(1) ... ... . 

If the system contains more substitutions of the form  then 
these, e.g. , it must contain a similar series of substitutions:  

(2) ... ... , 

where β' denotes the greatest common factor of β and n–1, and where 
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n–1 = β' ·β''. It must also contain every substitution of the form:
.

Now, ζ and η can always be given values such that 
ξ α' + η β' ≡ ζ γ (mod n–1), 

where ζ is arbitrary and γ denotes the greatest common factor of 
α' and β'. The system therefore contains the following series of 
γ' substitutions  

... , where γ ·γ' = n–1. 
This series contains all substitutions in (1) and (2). In this way, one  
can continue until all substitutions of the form  in the system 
have been exhausted. All these substitutions are therefore powers 
of a single substitution; if their number is v, then v must be a divisor 
of n–1; if n–1 = v ·v', they could be written as follows: 

... . 
The values that a can have are therefore 1·εν' ε2ν' ... ε(ν –1)ν', i.e. 
all numbers of the form aν' . The substitutions of the form 

 contained in the system are therefore expressed by

, and their number is n·v. 
According to what has been said above, the number of substitutions 
in the system by means of which one can derive a given other set of 
circular substitutions from θ r is equal to n·v; which is also the 
number of those by which the set θ r is derived from itself. If the 
number of sets that can be derived from θ r using the substitutions of 
the system is np + 1, then the order of the system is (np + 1)·n·v. 
It is conceivable that there are more sets of circular substitutions 
than the ones mentioned np + 1. Therefore, let ϑ r be a set that 
cannot be derived from θr by any of the system’s substitutions. 
Since it does not matter which of the system’s circular substitutions 
is denoted by , the following applies, as proven above about θ  
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also applies to ϑ. If the number of sets, that could be derived 
from ϑr by the substitutions of the system, is equal to np1 + 1, 
and the number of substitutions, that change ϑ to its powers by 
derivation, is nν1, where ν1 denotes a divisor of n – 1, then the 
order of the group is equal to (np1 + 1) nν1. We then have  
(np1 + 1) nν1 = (np + 1) nv where v1 ≡ v (mod n), i.e. ν1 = v, 
which again implies p1 = p. The circular substitutions that could 
be derived from ϑr by the substitutions of the system therefore 
constitute as many sets as those that could be derived from θr;  
I add that they are also different from these. For otherwise one 
would have to have an identity of the form  

φ θr φ-1 = ψ ϑr ψ-1,
where φ and ψ belong to the system. From this it follows that  

ϑ = ψ-1 φ θ r/s φ-1 ψ = (ψ-1 φ) θ r/s (ψ-1 φ)-1,
i.e. ϑ could be derived from θ r/s using ψ-1·φ, which belongs to 
the system; but this contradicts the assumption. If there were 
more than np + 1 sets of circular substitutions in the system, 
there would have to be at least 2(np + 1). If there were more 
than these, it can be seen in the same way that there would have 
to be at least 3(np + 1). In short, the number of different sets 
must be a multiple of np + 1; let it be called m (np + 1). But 
according to what has been proven above, we then have

m (np + 1) ≡ 1 (mod n), i.e. m ≡ 1. 
One can therefore set 

m (np + 1) = (nq + 1) (np + 1). 
Each set now contains n–1 circular substitutions (excluding the 
identical substitution); the total number of circular substitutions 
is thus also m (np + 1) (n–1), and this number must be less than 
the total number of substitutions; we thus have 

(nq + 1) (np + 1) (n–1) < (np + 1)·n·v. 
Since n–1 ≥ v, it follows that nq + 1 < n, i.e. q = 0. 

Scientific Society Negotations/Discussions [Vidensk.-Selsk. Forh.] 1867.     8 
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Therefore, there are no more sets of circular substitutions than 
those that could be derived from θr by the system’s own substi-
tutions. It should be noted here that the circular substitution 
denoted by  has been chosen quite arbitrarily; what has 
been proven about this one thus also applies to any other. It should 
also be noted that the equations solvable by root signs are 
included in the general rule, as they correspond to the value p = 0. 
Putting together everything that has been proven above, we have 
the following:  
If a system of conjugate substitutions belongs to an irreducible 
equation of prime degree n, then the order must be a number of the 
form (np + 1)·n·v, where v denotes a divisor of n–1. The number of 
different sets of circular substitutions is np + 1, and each of these 
can be derived from any other set by n·v of the system’s substi-
tutions. If the roots are denoted by the same letter with added 
indices taken from the modulus n, in such an order that one of the 
circular substitutions is denoted by , then v is the number of 

substitutions of the system of the form . 

If it is now proven that the order of any transitive system of 
prime numbers of degree n must be of the form (np + 1)·n·v, 
then it is already clear in advance that there are no systems of 
any order that are numbers of this form. Since the order is a 
divisor of 2·3·...·n, (np + 1)·v must be a divisor of 2·3·...·(n–1). 
But even when this condition is not fulfilled, there are always 
systems of order (np + 1)·n·v. The 7th degree already provides 
several examples of this. 
Thus, the following is easily proven: One cannot have v = 1 , 
except in the case p = 0 , i.e. the Abel equations.
If v = 1, the system has (np + 1)·n substitutions, and of these, (np + 1) 
·(n–1) are circular; thus, there are only np + 1 substitutions in the 
system that are not circular. But now the number of substitutions 
that leave any root xk unchanged must also be = np + 1; the np + 1 
non-circular substitutions therefore leave any root xk unchanged.  
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Since the system has only one such substitution, the identical 
substitution, we conclude: np + 1 = 1, p = 0. 
It further follows that: When p > 0, i.e. when excluding the 
equations solvable by root signs, and n is of the form 4k + 3,  
one cannot have v = 2. 
The system must contain the substitution  or  

(1, n–1) (2, n–2) (3, n–3) ... ((n–1)/2, (n+1)/2),  
which is composed of an odd number of transpositions. But 
now we have the following theorem. 
When a system of conjugate substitutions contains a substitution 
composed of an odd number of transpositions, its order is an even 
number; one half of its substitutions is composed of an odd 
number of transpositions, the other of an even number, and the 
latter constitute a complete system of conjugate substitutions. 
Namely, those of the system’s substitutions that are composed 
of an even number of transpositions: 

1·φ1 φ2 ... φr-1 ... (a), 
then φiφk is also a substitution belonging to the system and 
composed of an even number of transpositions; it is therefore 
included in (a). The substitutions (a) thus form a system of 
conjugate substitutions. Furthermore, if ψ and χ are any two of 
the original system’s substitutions that are composed of an odd 
number of transpositions, then it is obvious that  

ψ, ψφ1, ψφ2, ..., ψφr-1, ... (b) 
are r distinct substitutions of the same kind. Now ψ-1·χ is 
composed of an even number of transpositions, i.e. one of the 
substitutions a. We therefore have 

ψ-1·χ = φk and χ = ψ φk. 
All the substitutions of the original system are thus included in 
(a) and (b); their number is therefore 2r. 
If there were a system of order (np + 1) n·2, there would also 
have to be one of order (np + 1) n, which is only possible if p = 0. 
              8* 
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When one wishes to form a picture of the relationship between 
circular substitutions in derivation, one can imagine the 
equation transformed into another such that for each set of 
circular substitutions belonging to the given equation, there 
corresponds a root in the transformed equation. Since the 
transformed equations thus obtained are also of interest in other 
respects, I shall discuss the matter in more detail. I must thus 
refer to some theorems of the general theory of algebraic 
equations, which I shall insert and provide with proofs, as I do 
not know of any place where they are developed. 
1. Let u be a rational function with known coefficients of the 
roots x0, x1, ... , xn–1 in an algebraic equation, and let its 
numerical value remain unchanged by a substitution θ; if now a 
substitution φ of the system of conjugate substitutions belonging
to the equation changes u to u', then the numerical value of u'
remains unchanged by the derivative of θ using φ. 
Namely  

u = f (x0 x1 ... xn–1) = f (xθ(0) xθ(1) ... xθ(n–1)), 
this relation must continue to hold, even if the substitution φ is 
performed, i.e. 

u' = f (xφ(0) xφ(1) ... xφ(n–1)) = f (xφθ(0) xφθ(1) ... xφθ(n–1)).
Thus, we see that u' remains unchanged by the substitution  

, i.e. by φ·θ·φ–1. 
2. If in the function u0 = f (x0 x1 ... xn–1) one performs the system of 
conjugate substitutions associated with the equation, one obtains a 
number of functions equal to the order of the system, each of which 
corresponds to a permutation in the group of the equation; however, 
several of these could have the same numerical value. If the number of 
mutually different values of u0 is m, and the number of different 
permutations corresponding to u0 is µ, then the order of the system of 
conjugate substitutions associated with the equation is equal to m · µ. 
Namely, if on has 
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u0 = u0' = u0'' = ... = u0
(µ–1)

where u0 u0' ... u0
(µ–1) correspond to different permutations, 

and if these functions assume the substitution values u1 u1' 
... u1

(µ–1)  belonging to a certain equation, then we have 
u1 = u1' = u1'' = ... = u1

(µ–1). 
The number of permutations, that give the value u1, is thus 
at least equal to the number of those that give u0. On the 
other hand, it is also clear that the number of those that give 
u0 is at least equal to the number of those that give u1; so 
both numbers are equal, thereby justifying the assertion. 
3. If we call the mutually different values assumed by u0 in 
the system of conjugate substitutions u0 u1 ... um–1 associated 
with the equation, then these are roots of an irreducible 
equation of degree m, whose coefficients can be expressed 
rationally by known quantities. 
If by a certain substitution φ u0 u1 ... um–1 belonging to the 
equation, we go over to u0' u1' ... u'm–1 , these latter must be 
included in the former; on the other hand, they must be 
mutually different; for from u'i = u'k it follows, by applying 
the substitution φ–1 , that ui = uk , which is contrary to the 
assumption. From this it follows that u0' u1' ... um–1' are the 
same as u0 u1 ... um–1 in some order. Since symmetric 
functions of u0 u1 ... um–1 are unchanged by all substitutions 
belonging to the equation, the equation 

F(u) = (u – u0) (u – u1) ... (u – um–1) = 0
has coefficients that can be expressed rationally by the 
known quantities. The irreducibility of this equation is 
therefore demonstrated. If u0 is a root of an equation F(u) = 0 
whose coefficients can be expressed rationally by the known 
quantities, then it follows immediately from the relations 
F'(u) = 0 that F'(u0) = 0, F'(u1) = 0, F'(u2) = 0, ..., F'(um–1) = 0. 

Since such an equation must therefore be of degree m at 
least, F(u) = 0 is irreducible. 
4. The system of conjugate substitutions belonging to the 
equation F(u) = 0 consists of the substitutions of the roots 
____________________________________________________________________ 
J Mathe & Comp Appli, 2026                         Volume 5(1): 55-135 J Mathe & Comp Appli, 2026              Volume 5(2): 55-136



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory. Journal of  
Mathematical & Computer Applications. SRC/JMCA-278. DOI: doi.org/10.47363/JMCA/2026(5)234 
―――――――――――――――――――――――――――――‒–––––––––––––––––––––––– 

         118 

u0 u1 ... um–1, which are caused by performing the system of 
conjugate substitutions belonging to the given equation in the 
expressions of these quantities as functions of x0 x1 ... xn–1. 
If the latter system is called S and the corresponding system of 
substitutions T , then any rational function of these that is 
unchanged by the substitutions T can be regarded as a function 
of the x’s that is unchanged by the substitutions S , and can thus 
be expressed rationally by the known quantities. A rational 
function of the r’s, on the other hand, which changes value by a 
substitution belonging to T , is a function of the r’s that changes 
by the corresponding substitution in S, and so cannot be expressed 
rationally by known quantities. T is thus really the system of 
conjugate substitutions belonging to the equation F(u) = 0. 
I now return to the aforementioned transformation of the given 
equation. Let y denote a rational function of the roots x0 x1 ... xn–1 , 
whose numerical value is unchanged by the substitutions 

, but is variable by all other substitutions. This y then 
becomes a root in an irreducible equation of degree (n(np+1) ν)/nν
or np + 1, if the coefficients are known quantities. 
If by a substitution φ belonging to the original system of 
conjugate substitutions, which for brevity I will denote by the 
letter S , y is transformed into y', then y' remains unchanged by 
any substitution contained in the expression . On the 
other hand, y' cannot remain unchanged by substitutions other 
than these n·v substitutions; for if, conversely, y' is transformed 
to y by φ–1, it would follow that y remained unchanged by more 
than n·v substitutions. Each value of y thus corresponds to a 
partial system of conjugate substitutions of order n , which is 
equal to the system  and thus contains one and only 
one of the np + 1 sets of circular substitutions in S . Since every 
set can be derived from the set  by substitutions belonging 
to S , there is also a value of y; as a result, two different values  
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of y cannot remain unchanged by the same set of circular 
substitutions. By derivation using the substitutions in S , the np + 1 
sets of circular substitutions will thus correspond to each other 
in a way that can be expressed by the substitutions of the r’s 
caused by the same substitutions. These substitutions of the y’s 
now constitute precisely the system that belongs to the equation 
of the y’s; for brevity, let us denote this system by the letter T . 
T now contains at most (np + 1) · nν substitutions. If it 
contained fewer, T would have to contain substitutions that left 
all y’s unchanged. But if a substitution of the system S leaves 
the function that we initially denoted by y unchanged, then it is  
of the form ; if here avi ≡ 1, it is circular, and according 
to what has been said above, such a substitution will exchange 
the other y’s in p circles, each consisting of n. If, on the other 
hand avi ≡ 1, the substitution leaves an x ; if this is x0, then b ≡ 0. 
Let us denote  by φ for a moment, and let φ y' corres-
ponding to the set θ1

r remain unchanged, then we must have 
φθ1φ–1 = θ1

c , just as we have φθφ–1 = θ av i
. As a result, we get 

φ θ θ1 θ–1 = (φ θ φ–1) (φ θ1 φ–1) (φ θ –1 φ–1) = θ av i
θ1

c θ av i
. 

Since avi ≡ 1, this circular substitution is not of the same set as  
θ θ1 θ–1, and consequently φ does not leave y, corresponding to 
θ θ1 θ–1, unchanged. Since, without changing the circular substi-
tution , any x can be denoted by x0, the same applies to the other 
substitutions of the form , where avi ≡ 1. So it has been proven 
that the system T really contains (np + 1)·n·v substitutions. 
Now as a result, the roots in the given equation can again be 
expressed as rational functions of the y’s. If the y’s are included 
among the known quantities, then, as is well known, under this 
new assumption, the system of conjugate substitutions in the 
given equation will retain only those substitutions in S for which 
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the y’s are unchanged, i.e. it will consist only of the identical 
substitution. Any rational function of the x’s can therefore be 
expressed rationally by the known quantities to which the y’s 
are now counted. 
Any transitive system of conjugate substitutions of prime degree 
n and of order (np + 1) · n · v can thus be derived from another 
transitive system of the same order, but of degree np + 1. 
There are well-known examples of this; for n = 5, 7, 11, there 
are systems where p = 1, namely of order (n + 1) n (n–1) for n 
= 5, and of order (n + 1) n · n–1 / 2 for n = 5, 7, 11, of which the 
5th degree contains all possible substitutions, the other half; 
those of the 7th and 11th degrees, on the other hand, fewer. 
Now, the equations to which these last two systems belong are 
first derived from equations of the 8th and 12th degrees, 
namely from the so-called modular equations in the theory of 
elliptic functions, belonging to transformations of the 7th and 
11th degrees. A closer examination will also show that these 
modular equations really stand in the same relation to their 
reduced forms of the 7th and 11th degrees as the above 
equation of the y’s to the original equation of the degree n . 
Similarly, the modular equation belonging to the transformation 
of the 5th degree can be converted into an equation of the 5th 
degree. Now, according to G a l o i s (Lettre à M. Auguste Chevalier, 
Liouville’s Journal, Volume 11, 1846), equations of degree n , 
whose system of conjugate substitutions is expressed by  

, 
e.g. modular equations, are transformed into other equations of 
degree n only in the cases mentioned. 1 If there are systems of 
conjugate substitutions of degree n and of order (n + 1) n · v, 
where n is a prime number greater than 11, these must be 
derivable from other systems of degree n + 1 than those whose 
substitutions are of the form  
1 This part of G a l o i s’s assertion is not proven in B e t t i ’s work on this subject (Sopra 
l’abbassamento etc. Tortolini’s Annaler 1853). I shall give the proof on another occasion. 
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. 

Of the theorems developed above, the following are proven by 
M a t h i e u  in the frequently mentioned treatise. The number 
of sets of circular substitutions is of the form np + 1; if the 
order of the system is called n r, then r is divisible by a certain 
factor of n – 1; if this is v and n – 1 = v · v', the system contains 
the n v substitutions . The number v is greater than 1, 
and, if n is of the form 4h + 3, also greater than 2; finally, the 
system contains at least r / v sets of circular substitutions, since 
such a number can be derived from one of them using the 
substitutions of the system. To this I have added that the 
number of sets that could be derived using the substitutions of 
the system from any of them is of the form np + 1; this has 
provided a means of proving that these np + 1 sets in fact 
contain all the circular substitutions of the system; from this it 
further follows that the order of the system is the product of the 
three numbers denoting the degree, the number of sets of 
circular substitutions, and the number of substitutions that, 
when derived, leave any set unchanged. It thus becomes 
possible to specify both of these last numbers without knowing 
anything other than the order of the system. Finally, I will give 
a couple of examples of this. 
M a t h i e u  has shown that there are transitive systems of 
degree qr + 1 and of order (qr + 1) qr (qr + 1) r /τ , when q is a 
prime number and q is a divisor of r . If q = 2 and r is a power 
of 2, it may be that qr + 1 is a prime number. We then have 

n = 2r + 1 and (2r + 1) 2r (2r – 1) ) r /τ = n (np + 1)·v , 
from which it follows that 2r (2r – 1) ≡ 2 (mod n) and  
           v = 2 r / τ , which is a divisor of n–1 or 2r , 
    and np + 1 = 2r–1 (2r – 1). 
These systems thus contain 2 r /τ substitutions of the form 

 and 2r–1 (2r – 1) sets of circular substitutions. 
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Another example can be found in systems of conjugate substitutions, 
which are known from those equation theories solvable by root signs. 
Let q be a prime number as before, and let us consider an equation of 
degree qr – 1, whose roots are separated by r indices i, k, ..., m , which 
assume all values according to the modulus q , except for the combination  

i ≡ k ≡ l ≡ ... ≡ m ≡ 0. 
Let us further assume that the system of conjugate substitutions 
belonging to the equation consists of the  

(qr – 1) (qr – q) (qr – q2) ... (qr – qr–1) 
substitutions of the form  

These are now symmetrical functions of the (qr – 1)/(q – 1) systems of 
q – 1 roots, whose indices have the same relation to each other, so that 
these functions are all unchanged by the q – 1 substitutions of the form  

and would only be interchanged with each other by the other substi-
tutions of the system. They are thus roots of an equation of degree 
(qr – 1)/(q – 1), whose system of conjugate substitutions is of the order 

(qr – 1/q – 1) (qr – q) (qr – q2) ... (qr – qr – 1).
If r is an odd prime number, it may be that (qr – 1)/(q – 1) is a prime 
number. If (qr – 1) / (q – 1) = n , it is easy to see that q is a primitive 
root in the congruence z 

r ≡ 1 (mod n), from which it follows that  
(z 

r – 1/z – 1) (z – q) (z – q2) (z – q3)... (z – qr – 1). 
If we now set z ≡ qr ≡ 1, we find  

(qr – q) (qr – q2) (qr – q3) ... (qr – qr – 1) ≡ r (mod n). 
In these systems we have v = r , which is a divisor of n – 1, and  
np + 1 = (qr – q /r) (qr – q2) (qr – q3) ... (qr – qr – 1). 

Copyright © 2026 Felix F. Flemisch 
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Dedication to Professor Otto H. Kegel 
This paper is dedicated to sadly late Professor Dr. Otto Helmut Kegel and especially to his 
contributions to Sylow Theory: see Pages 2 to 9. It is drawing challenging conclusions for 
future research work from Otto H. Kegel’s grandiose contributions: see Pages 9 to 11.     

It is a great honour to commemorate Otto H. Kegel through some photographs: 

Professor Dr.  
Otto H. Kegel  
giving one of  
his fascinating  

lectures on  
Group Theory,  
e.g. at the MFO 
(see https://opc.
mfo.de/detail?

photo_id=23960
and https://opc.
mfo.de/search?
term=Kegel),  

with an outlook 
to challenging  

and very beautiful 
research topics  
thereby offering 

his genuine careful 
supervision ☺.  

Otto H. Kegel (Ischia, 2016) ● courtesy of Nikolay Aleksandrovich Vavilov  
(see https://www.advgrouptheory.com/GTArchivum/Pictures/gtphotos/OttoKegel.jpg)
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