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Otto H. Kegel’s Beloved Contributions
to Sylow Theory

In memory of my adored masterly teacher

Dipl.-Math. Felix F. Flemisch, M.Sc., Bacc.Math.

Mitterweg 4e, 82211 Herrsching a. Ammersee, Bavaria, Germany

Abstract

Let p be a prime. A p-group is a group all of whose elements have order a power of p and a
p’-group is a group all of whose elements have order prime to p, that is, not containing any
element of order p. A p-group is finite if and only if its order is a power of p. Every group
theorist knows what are well-known as the three Sylow theorems: Any finite group G has
(D subgroups of order |G|,, where |G|, is the highest power of p dividing the order |G| of G,
which are called Sylow p-subgroups and are not only maximal with respect to (w.r.t.) order
but also w.r.t. inclusion, whence @ every p-subgroup of G is contained in at least one
Sylow p-subgroup, and 3 all the Sylow p-subgroups are conjugate, that is, if S; and S, are
Sylow p-subgroups of G, then there exists an element x of G such that x™'S; x = S,.! The set
of all Sylow p-subgroups of a group G is denoted by Syl,G. The theorems and the maximal
p-subgroups are named after Ludvig Sylow, the great Norwegian mathematician who discovered
them and published them in December 1872 (see [26.] and https://en.wikipedia.org/wiki/

Peter_Ludvig_Sylow). A Sylow p-subgroup of any group is a p-subgroup, which is maximal

w.r.t. inclusion. Every p-subgroup is contained in at least one Sylow p-subgroup. A group
satisfies the Sylow Theorem for the Prime p or the Sylow p-Theorem, if all of its Sylow
p-subgroups are conjugate, and it satisfies the Strong Sylow Theorem for the Prime p, if each
of its subgroups satisfies the Sylow p-Theorem. A locally finite group is a group all of whose
finitely generated subgroups are finite. Sylow Theory of Locally Finite Groups studies when
they satisfy the Sylow p-Theorem and when even the Strong Sylow p-Theorem and determines
the structure of those groups. A central concept to that end is the p-uniqueness subgroup of a
locally finite group, which is a finite p-subgroup being contained in a unique Sylow p-subgroup.

Otto H. Kegel has since the swinging sixties of last century again and again showed
interest in Sylow Theory and very especially in how to extend it from finite groups to
locally finite groups. He summarised findings up to 1973 by him and by others in the
book [22.], which became a standard book on locally finite groups. When the book was

1 When G is a finite group, P a p-subgroup of G and S € Syl,G, then the operation of P by conjugation on C(G,S) :=
{§”|x € G} has at least one fixed point, that is (x € G )(P* S §), and for P € Syl,G exactly one, which means
@ ISy1,G | =|G:NGS|=|C(G.S) = 1 (mod p); hence G satisfies the Strong Sylow Theorem for the Prime p, that means,
every subgroup U of G conjugates transitively on Syl,U, and therefore we have the Frattini argument for G (and p),
that is, if NV is a normal subgroup of G and P € Syl,N, then N P covers G/ N, thatis, G=N*NgGP. m
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in press, he developed the new paper [11.] on Sylow Theory of Locally Finite Groups and
presented it in the lectures during 11 December 1973. This paper has two open questions until
today. 13”2 years later he presented on 8 June 1987 in four lectures [12.] a summary of results
up to 1987 about Sylow Theory of Locally Finite Groups and extended them beautifully from
locally finite and p-soluble groups for p # 2, according to results by Brian Hartley and Andrew
Rae, to locally finite groups in general for p > 5. This paper has ten open questions until today.

The paper at hand presents Otto H. Kegel’s achievements of and merits for Sylow Theory of
Locally Finite Groups and communicates that it was a “Herzensangelegenheit” (a matter close
to one’s heart) for him. Otto H. Kegel © passed away on his birthday 20 July 2025 at the age
of 91. Being in deepest mourning, I miss him dreadfully and will always honour his memory %
Keywords ¢ p-group ® p’-group ® Sylow theorems ® Sylow p-subgroup ® (Strong) Sylow
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Note

I tried unsuccessfully to publish this paper inchmeal in the journals Mathematische Zeitschrift,
Archiv der Mathematik and European Journal of Mathematics. A common feature of all the
three rejects was that they did not state any reason let alone substantial review comments. I am
now very happy that the paper can get published in the great IMCA:

d; CIENTIFIC
5 Sl A T

1 Introduction

I present references to articles on Sylow Theory of Locally Finite Groups by Otto H. Kegel and by
myself. First I present and summarise the twelve beloved contributions by Otto H. Kegel. Secondly
I present and summarise the ten enthusiastic contributions by myself, which add thorough comments
to Otto H. Kegel’s admirable contributions regarding wide generalisations, solve two of his open
issues and state twelve still open issues most of which, however, I solved already in yet unpublished
work. Thirdly I draw some conclusions from Otto H. Kegel’s contributions and my contributions
thereby suggesting very fascinating topics for future research based upon the twelve to this day open
issues of [11.] and [12.]. T almost close with Acknowledgements and 30 References. “Almost”
because I add six distinguished historical articles about Sylow Theory: Sylow’s Norwegian paper of
1867 [25.] with a translation into English, Sylow’s famous paper of 1872 [26.], Waterhouse’s paper
on the Early Proofs of Sylow’s Theorem [27.], and Scharlau’s German paper on the Discovery of
Sylow’s Theorems [24.] with an appreciation of his performance and a translation into English.

2 Otto H. Kegel’s Beloved Contributions

Otto H. Kegel wrote together with Bertram A.F. Wehrfritz a beautiful book about Locally Finite
Groups and published it 1973 [22.]. It includes up to date results and many references about Sylow
Theory by him and by others thereby bridging the gap between 1872 [25.] and 1973. However, it
forgoes Kegel’s earlier more than 30 ageless contributions in the 1960s and 1970s. Those which are
related to or are significantly important for Sylow subgroups I cite as well.

2.1 Early Contributions
| cite and summarise the nine of them which are related to or are significantly important for Sylow Theory.
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2.1.1 Caractérisation des sous-groupes accessibles d’un groupe fini [13.]

Otto H. Kegel presented this out of the ordinary paper on 29 March 1960 in French in the Séminaire
Albert Chatelet et Paul Dubreil as the Talk no. 18. Let G be a group. A subgroup U of G is called
accessible if it appears in a composition series of G, that is, if there exists a finite series { N} 1<i<m Of
subgroups of G such that N; = U, N;is a normal subgroup of N .1, and Ny = G. The subgroup Uis a
(D)-subgroup of the finite group G if for every prime divisor p of IG| and Sylow p-subgroup S of G the
intersection SN U is a Sylow p-subgroup of U. Every (D)-subgroup is accessible, and when a subgroup U
of the finite group G is accessible then for every prime p and Sylow p-subgroup S of G the intersection
UnN Sis a Sylow p-subgroup of U. Kegel proves further conditions when a subgroup is accessible.

2.1.2 Sylow-Gruppen und Subnormalteiler endlicher Gruppen [14.]

In this paper of December 1962 Otto H. Kegel studies the t-quasinormal subgroups U of a finite
group G for a set T of prime numbers, which are subgroups where U for each p € T is permutable
with each Sylow p-subgroup of G, and -subnormal subgroups U of a finite group G, which are
subgroups where for each p €  and every Sylow p-subgroup P of G the group U N P is a Sylow
p-subgroup of U. Subnormal and m-quasinormal subgroups are 7t-subnormal. With additional premises
Kegel proves that the subgroup Uis subnormal, if Uis 1t-subnormal for the set 7t of all prime numbers.

2.1.3 Eine Charakterisierung der Sylowgruppen endlicher Gruppen [15.]

Otto H. Kegel submitted this very sublime paper on 10 June 1965. He considers a class K of finite
groups which contains with G also every epimorphic image of each subgroup of G, and calls the
function f, which assigns to every G € K the set f(G) of subgroups of G, a Sylowfunction on K if it
has four specified properties, one being that f(G) is a class of conjugated subgroups for every
G € K . An example is for the prime p and the class & of all finite groups the function p which
assigns to every finite group G the set p(G) of all its Sylow p-subgroups. Kegel then proves SATZ 1
with a ZUSATz, SATZ 2 and SATz 3 for Sylowfunctions: see Zbl 0144.015083.

2.1.4 Uber einfache, lokal endliche Gruppen [16.]

This paper Otto H. Kegel submitted on 12 March 1966 to Mathematische Zeitschrift. It contains
his famous “approximation principle” for countable simple locally finite groups (see 2.1.5 and 2.2
and Page 4 of [10.] and the proof in 4.5 Lemma of [22.] with subsequent Remark). For a full
summary | refer to the excellent Zbl-review by Rudiger Gobel: see Zbl 0147.27002.

2.1.5 Locally finite versus finite simple groups [17.]

This paper of May 1968 is a lecture Otto H. Kegel gave at a regional conference on finite groups (a
symposium on the Theory of Finite Groups) at Harvard University, which had Part | (19 lectures),
Part Il (seven lectures) and Part Il (ten lectures, n° 8 being Kegel’s lecture). Based on his famous
“approximation principle” “A countably infinite locally finite simple group G has a strictly ascending
sequence { R;} ;. y of finite subgroups of G with G = \U{ Rl i € N} such that for each natural
number i there exists a maximal normal subgroup M, of R, satisfying Mi,1 N R; = <1>.” whence G
is a limit of the approximating sequence { R,/ M;} ;. , of finite simple groups ordered by
“involvement” (see 2.1.4 and 2.2), he reports: ¢ If each of the finite simple groups { Ri/ M} ic v is
“known”, then either G contains an infinite elementary abelian p-subgroup for every prime p or there
is a field F and a natural number n such that G is isomorphic to a subgroup of GL(n,F). * The
existence of a non-linear simple locally finite group which for (at least) one prime p has only finite
elementary abelian p-subgroups (possibly <1>) entails the existence of a family of finite subgroups
{Ri}ic n such that each of the simple groups { Ri/ M;}c \ is “new”. Discussing (simple) locally
finite groups in this spirit, many questions about finite groups come up.

2.1.6 Strong finiteness conditions in locally finite groups [18.]

This paper was submitted by Otto H. Kegel on 27 March 1970 to Mathematische Zeitschrift. Kegel
himself wrote the following summary: “Eine alte Frage in der Gruppentheorie ist es, ob die Gruppen,
die der Minimalbedingung geniigen, einen abelschen Normalteiler von endlichem Index haben. Fir
lokal endliche Gruppen wird diese Frage hier positiv entschieden. [ Dieses Resultat wird auch in V. P.
Sunkov, Algebra i Logika, Vol. 9, No. 2, 220-248, March-April 1970 gegeben (see V. P. Shunkov, On the minimality
property for locally finite groups, Algebra and Logic, Volume 9, 137-151, March 1970, https:/link.springer.com/
article/10.1007/BF02218982) ] Wir erhalten dieses Resultat als Spezialfall eines allgemeineren Satzes,
der sagt, daB die lokal endliche Gruppe G, in der alle Primuntergruppen der Minimalbedingung gentigen,
genau dann eine abelsche Untergruppe von endlichem Index hat, wenn die Menge der Zentrali-
satoren in G als halbgeordnete Menge der Minimalbedingung gentgt.” (see Zbl 0195.03804).
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2.1.7 Locally finite simple groups [19.]

Otto H. Kegel presented this paper to the Second International Conference on the Theory of Groups (with
about 130 participants) held in August 1973 as the Informal Session C in the Department of Mathematics of
the Institute of Advanced Studies of the Australian National University in Canberra. Kegel himself wrote the
following summary: “In dieser Note wird beschrieben, wie der Fortschritt im Studium "kleiner" lokal endlicher
Gruppen von tiefen Klassifikationssatzen in der Theorie endlicher einfacher Gruppen abhangt und wie diese
Satze fur unendliche Gruppen nutzbar gemacht werden koénnen. Einige naheliegende Fragen werden
formuliert und motiviert.” (see Zbl 0292.20028).

2.1.8 Reinhold Baer (1902-1979). Obituary. [20.]

Otto H. Kegel wrote this detailed while very knowledgeable Obituary for his adored teacher Reinhold Baer,
who passed away on 22 October 1979, and published it in June 1980. | was present in the lecture where
Kegel communicated almost tearfully this sad at heart event.

2.1.9 The structure of locally finite groups with min-p [21.]

Otto H. Kegel published this paper in December 1982. He discusses the effect of the classification of finite
simple groups on locally finite groups with min-p. Using this classification he shows how to obtain a very
strong structural result for locally finite groups satisfying min-p for some prime p. Such a group has a unique
maximal normal locally p-soluble subgroup S,(G). Let H := G/S,(G). If H# <1>, then H has minimal normal
subgroups. Their join soc(H) is a direct product of finitely many simple groups, and H/soc(H) has an abelian
normal subgroup of finite rank and finite index. The simple groups referred to, if infinite, are actually known to
be groups of Lie type over locally finite fields, and this fact plays a central part in the proof. As a direct
consequence, if the locally finite group G satisfies min-p, then the factor group G /0, (G) is countable, since
a linear simple locally finite group must be countable.

2.2 “Locally Finite Groups”, co-authored with Bertram A.F. Wehrfritz [22.]

The book mentions the conjugacy part of the Sylow theorems in the Introduction and gives a very profound
account of the Sylow Theory in Section D “Maximal p-subgroups” of Chapter 1 with its Appendix
“Conventional Sylow theory and related ideas” and in Section A “A Sylow theory for locally finite groups
with min-p [ that is, each of their p-subgroups satisfies min]” of Chapter 3. Instead of studying Sylow p-
subgroups and Syl,G, it studies maximal p-subgroups and Max,G because of the general absence of a
satisfactory theory for Max,G along the lines of the theory of Sylow p-subgroups of finite groups. However,
this is not true for locally finite groups (see [23.]).

First it collects basic properties of maximal p-subgroups: ® The p-subgroup P of the locally finite group G is
a maximal p-subgroup if there is a local system X of G [ a set of subgroups whose union is G and where any
two of it lie in a third of it ] consisting of finite subgroups such that P reduces into X [ i.e., for every subgroup
S € X the intersection SN Pis a Sylow p-subgroup of the finite group S]. If the local system X of the group
G consists of finite subgroups only and is linearly ordered by inclusion (whence G is countable), then there is
a p-subgroup of G which reduces into X. * For a local system X of the group G consisting of finite subgroups
only denote by MaxpX the set of those p-subgroups of G reducing into X. * If the local system X of the
group G consists of finite subgroups only and is linearly ordered by inclusion, then the following three
properties of the set MaxpX are equivalent: a the elements of MaxpX are conjugate in G; b IMaxpXl < 2“";
c the set MaxpZ is finite. If for some prime p, every countable subgroup of the locally finite group G contains
less than 2%° maximal p-subgroups, then in every factor of G the maximal p-subgroups of G are all
conjugate. If pis a prime and G is a countable locally finite group, then the maximal p-subgroups of G are all
conjugate if and only if IMaxpZl < 2% e Ifthe locally finite group G contains a finite maximal p-subgroup P,
then the maximal p-subgroups of G are all conjugate to P (see also Page 8 f. of [10.]).

Secondly it summarises heroically with almost fifty (!) references the research work up to 1973 with the sort
of result “in such-and-such a group the maximal p-subgroups are all conjugate”. For this particularly
astonishing overview | refer to Page 26, Page 27 and Page 28 of [22.].

Thirdly it studies Sylow Theory for locally finite groups with min-p. For a prime p and any group, it calls
a subgroup P of G a Sylow p-subgroup of G if P is a maximal p-subgroup of G and contains an isomorphic
copy of every p-subgroup of G. The set of all Sylow p-subgroups of G is denoted by Syl,G. It proves: ¢ The
locally finite group G satisfies min-p if and only if some maximal elementary abelian p-subgroup of G is finite.
e If G is a locally finite group satisfying min-p, then G contains Sylow p-subgroups and every finite p-subgroup
of G is contained in a Sylow p-subgroup of G. * Let G be a locally finite group satisfying min-p. If P is a
p-subgroup of G and if Q is a Sylow p-subgroup of G then the following properties are equivalent: a P is a
Sylow p-subgroup of G; b P contains an isomorphic copy of every finite p-subgroup of G; ¢ P and Q are
isomorphic p-subgroups of G. e If G is a locally finite group satisfying min-p, then the p-subgroup P of G is a
Sylow p-subgroup of G if and only if P contains a conjugate of every finite p-subgroup of G.
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Fourthly it presents in Chapter 4 “Locally finite simple groups” results related to the study of Sylow
subgroups in simple locally finite groups which were previously obtained in 2.1 Early Contributions:
¢ An infinite group G is simple if and only if it has a local system consisting of countably infinite
simple subgroups of G. ¢ A countably infinite locally finite simple group G has a strictly ascending
sequence { R} n of finite subgroups of G with G=\U{ R;| i € N } such that for each natural number
i there exists a maximal normal subgroup M, of R4 satisfying Mi,1 N R; = <1>. Later the terms
Kegel cover (R;, M) with Kegel kernels M, and Kegel simple sections R;/ M; were introduced.

2.3 Chain conditions and Sylow’s theorem in locally finite groups [11.]

Having just published a such detailed account of Sylow Theory up to 1973 (see 2.2), Otto H. Kegel
presented on 11 December 1973 and published 1976 this new paper which comes with the new and
really excogitated concept of “Sylow-separated (ascending) sequence of p-subgroups with its
associated sequence of Sylow p-subgroups” and with a new depiction of the concept of “Sylow
p-intersection”. | described, summarised, annotated and enlarged the paper on Page 7 to Page 10
of [10.] including the MR-review and the Zbl-review on Page 21. This paper has two open issues.

2.4 Four lectures on Sylow theory in locally finite groups [12.]

Practically no work on Sylow Theory was done since 1973 until Summer was approaching in 1978
when Otto H. Kegel proposed for my Diplomarbeit — | had just passed the exam for the minor Diplom
subject with a “sehr gut” — to try to extend Brian Hartley’s tremendous result on Sylow Theory of
locally p-soluble locally finite groups for p # 2 to locally finite groups in general, in particular to simple
groups. And then a literally yearslong collaboration between the two of us began until | could publish
the Diplomarbeit on 8 October 1984 which, however, was rather incomplete since | got hopelessly
lost in the classification of finite simple groups. Most of my further drafts were completed by Kegel himself,
who contributed in any case the preponderant part of great ideas, and presented on 9 June 1987.
| described, summarised, annotated and enlarged his paper on Page 2 to Page 6 and Page 13 of [10.]
including the MR-review and the Zbl-review on Page 17. This paper has ten open issues. During a
large number of personal sessions | was first surprised by and then in admiration of Kegel’s very
great interest in my (!) research subject which showed me that it was a real and sincere “Herzens-
angelegenheit” (matter close to one’s heart) for him. This is well-documented in [12.], [9.] and [10.].

3 Felix F. Flemisch’s Enthusiastic Contributions

Being retired since October 2016, I extra early rediscovered my loving to work for Mathematics
and particularly for Group Theory and resumed the topics of my Diplomarbeit of 1984 and
of Otto H. Kegel’s fantastic paper [12.]. This resulted in enthusiastic contributions since
2021 adding thorough comments to Kegel’s contributions. I summarise them in the following.
They end with twelve open issues suggesting fascinating topics for future research.

3.1 Trilogy about Sylow Theory in Locally Finite Groups [1.]

The books are based on my Diplomarbeit (see 2.4) and continue my paper “Characterising Locally
Finite Groups Satisfying the Strong Sylow Theorem for the Prime p” which appeared in Adv. Group
Theory Appl. 13 (June 2022) on pp. 13-39 (see [5.]). Since they contain a lot of material which cannot
be published in a mathematical journal, they were published as Books on Demand (BoD) (see 3.2
and 3.3). In the following | describe the mathematical subject matter. Regarding the non-mathematical
contents, including very beloved dedications to famous or by me beloved persons, see the contained four
careful recensions: Part 1, Page v; Part 2, Page i; Part 3, Page i and Page 42.

3.1.1 Part1[1.1]

Part 1 “Characterising Locally Finite Groups Satisfying the Strong Sylow Theorem for the Prime p”
of the Trilogy [1.1] is based on the BoD-Book “Characterising locally finite groups satisfying the
strong Sylow Theorem for the prime p — Revised edition” (see under ISBN 978-3-7562-3416-5)
which in turn has been based on my rather pioneering research paper in Volume 13 of Advances in
Group Theory and Applications (AGTA) (see https://www.advgrouptheory.com/journal/Volumes/13/
Flemisch.pdf and the good Summary in Zbl 1496.20065). The First edition of Part 1 removes the
highlights in light green of the Revised edition and adds the albeit very considerably improved Pages
from i to vi and Pages from 27 to 34 to the AGTA-paper. In addition, Part 1 adds the ten new Pages
from 35 to 44 to the Revised edition and therefore had to renumber the Pages from xv to xviii into
the Pages from 45 to 48. It includes the second paper [12.] of Otto H. Kegel about Sylow theory in
locally finite groups (see MR981832 and Zbl 0659.20024) as Appendix 1 and his first paper [11.] on
the beautiful subject (see MR414714 and Zbl 0328.20029) as Appendix 2. Finally, it calls to mind
Kegel’s fine contribution to the conference Ischia Group Theory 2016.
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Really most importantly, Part 1 introduces the fundamental concepts of the (First) Trilogy about Sylow
Theory in Locally Finite Groups: locally finite group satisfying the Strong Sylow Theorem for the prime p
(or the Strong Sylow p-Theorem); singular (Sylow) p-subgroup; (very) good Sylow p-subgroup; p-uniqueness
subgroup; minimal (w.r.t. order) p-unique subgroup; (numerical) Sylow p-invariant ap; P-invariant Sylow
p-subgroup; P-isomorphic P-orbit.

3.1.2 Part 1 — Second edition [1.2]

The Second edition of Part 1 introduces happily a uniform page numbering, adds page numbers to the
appendices, improves Pages iv and v, Page 22, Pages 25 to 34 and Pages 39, 45, 49, 50, 75, 76, 105 and
106, adds Pages 109 to 112, and adds a two-page Table of Contents of the Trilogy. Part 1 has vi + 48 +
27 + 31 + 8 = 120 pages and includes 15 references according to the AGTA- paper followed by * a two-page
Postscript about Kegel’s Theorem/Conjecture on simple locally finite groups with the Strong Sylow Theorem
for the prime p (see Part 2) and about the (First) Trilogy, by ® the section “About the author”, by * a Note on
Kegel’s Theorem/Conjecture, by ® a fine section about “Sylow p-intersections and p-uniqueness subgroups”,
by ¢ the rather illuminating section “Comparison of Kegel's two papers on Sylow theory in locally finite
groups”, by ¢ the section “Five personal Notes about Mathematics”, and finally followed by ¢ the very insight
gaining section “Augustin-Louis Cauchy’s and Evariste Galois’ contributions to Sylow theory in finite
groups” describing and summarising a very pioneering follow-up paper. It also adds the section “Mathe-
matical Reviews (MR) (MathSciNet) and zbMATH Open (Zentralblatt MATH)” for the AGTA-paper.

3.1.3 Part2[1.3]

Part 2 “About the Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups” of the Trilogy [1.3]
is based on Part 1. It first gives a profound overview of the structure of simple groups, and in particular of the
simple locally finite groups, and reduces their Sylow theory for the prime p to an old (1987) conjecture of
Otto H. Kegel, contained in his second paper [4.], about the rank- unbounded ones of the known 19 families
of finite simple groups: “Let the p-subgroup P be a p-uniqueness subgroup in the finite simple group S
which belongs to one of the seven rank- unbounded families. Then the rank of Sis bounded in terms of P.”

Part 2 then introduces a new scheme to describe these 19 families, the family T = { abelian,, An,
A=PSL,,B=PQuuqn,C=PSpn,D=PQ%enn,  A=PSU,,?D = PQ evenn, Es, E7, Eg, Fa, G2, *Bz, °Du,
Eg, °F4, 2G,, sporadic x } of types using well-known symbols, defines the rank of each type, and emphasises
the role of Kegel covers. This introductory part presents a unified picture of well-known results with proofs only
by reference which is the reason why the title of Part 2 starts with “About”.

Subsequently Part 2 applies rather new ideas to prove the conjecture for the Alternating Groups.
A considerably thorough abstract of this quite pioneering approach is presented on Page ii.

Thereupon Part 2 remembers the central réle played by Kegel covers and * -sequences. Finally, it
presents a plan how to prove and even how to optimise the conjecture step-by-step or peu a peu by
suggesting a way 1) and a way 2) which leads to further tough conjectures thereby happily unifying Sylow
theory in locally finite simple groups with Sylow theory in locally finite and p-soluble groups being the work by
adored professors Otto H. Kegel and Brian Hartley (see Page 27 of Part 1). Part 2 has iv + 20 = 24 pages
and includes 24 references as well as two figures of the very famous classification of the finite simple
groups. For any unexplained terminology Part 2 refers to Part 1.

3.1.4 Part 3 [1.4]

The Part 3 “The Strong Sylow Theorem for the Prime p in Projective Special Linear Locally Finite Groups” of
the Trilogy [1.4] continues the program begun in Part 2 to optimise along the way 1) the Theorem there
about the first type = = “A"” of infinite families of finite simple groups step-by-step to further types by
proving it for the second type = = “A = PSL,”. It first proves the Conjecture 2 from Part 2 about the General
Linear Groups over (commutative) locally finite fields, stating that their rank is bounded in terms of their
p-uniqueness, and then breaks down this deep insight to the Special Linear Groups and to the Projective
Special Linear (PSL) Groups over locally finite fields. A thorough abstract of this three-stage-approach with a
description of the new ideas regarding the proof for the General Linear Groups and with a figure showing
the transitions to the Special Linear Groups and the PSL Groups is presented on Page ii.

Part 3 closes with suggestions for future research e regarding the five remaining rank-unbounded types
(the “Classical Groups”) and the way 2), ¢ regarding the (locally) finite and p-soluble groups by announcing
sincerely a first proof of Conjecture 3 from Part 2, thereby somehow rounding off the venerable classical
Hall-Higman theory, and thirdly * regarding Augustin-Louis Cauchy’s and Evariste Galois’ very pioneering
contributions to the Sylow theory of finite groups showing three very beautiful rectangles/tableaux (see
Page 10). These three suggestions culminate in the ambitious announcement of the Second Trilogy about
Sylow Theory in Locally Finite Groups. Part 3 has iv + 44 = 48 pages and includes 32 references followed
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by e an insightful Postscript about » the Alternating Groups, » the PSL Groups, » the First Trilogy
and » the 19 families of finite simple groups, and finally followed by e the very beautiful four-page
section “A Contribution to the Mathematical Theory of Big Game Hunting”. Its last Page 42 shows
the First Trilogy as a beauteous triptych (see https://en.wikipedia.org/wiki/Triptych and Page 49 of
Part 1 with an inspiring overview of three other triptychs).

3.2 Review of a Trilogy about Sylow Theory in Locally Finite Groups [2.]

This comprehensive review of 15 August 2023 concerns the trilogy about Sylow Theory in Locally
Finite Groups which has been published in four books by Books on Demand (BoD), Norderstedt,
Germany, namely (see [1.] for an update): Part 1 — ISBN 978-3-7504-0398-7 (November 2023);
Part 1 — Second edition — ISBN 978-3-7543-6087-3 (March 2023); Part 2 — ISBN 978-3-7568-
3892-9 (December 2022); Part 3 — ISBN 978-3-7568-9853-4 (January 2023).

3.3 Three Beautiful Books about Sylow Theory in Locally Finite Groups [3.]

The books are based on my Diplomarbeit (see 2.4) and continue my paper “Characterising Locally
Finite Groups Satisfying the Strong Sylow Theorem for the Prime p” which appeared in Adv. Group
Theory Appl. 13 (June 2022) on pp. 13-39 (see [5.]). Since they contain a lot of material which cannot
be published in a mathematical journal, they were published as Books on Demand (BoD) (see 3.1
and 3.2 and https://www.bod.de/buchshop/ and https://www.bod.fr/librairie/).

3.4 Characterising locally finite groups satisfying the strong Sylow Theorem for the prime p
— Manuscript on Sylow theory in locally finite groups — Mathematics edition [4.]

The Mathematics edition (32 pages) extracts from the full editions (see [1.]) the mathematical content
and omits the fair and very beautiful personal dedications and information ( Richard Wagner, Albert
Camus, Pablo Picasso, Freiburg i.Br., Herrsching a.A., Marcel Proust, Charles Baudelaire, Bertolt
Brecht) almost entirely. It is line numbered for (Scholarly Peer) Review purposes (but the twenty-
one Footnotes cannot [ and need not ] be line numbered). Besides Sylow Theory of Locally Finite Groups
(19 pages) the Mathematics edition provides novel but ultimately classical proofs of considerably
historic relevance for the basic theorems of Lagrange and Cauchy on finite groups (11 pages).

3.5 Characterising Locally Finite Groups Satisfying the Strong Sylow Theorem for the Prime p [5.]

During his lectures to the 1987 Singapore Group Theory Conference Otto H. Kegel proposed the
following question: “If every subgroup S of the locally finite group G contains a finite p-subgroup
which is singular in S, does G then satisfy the strong Sylow Theorem for the prime p ?” In this paper
| answer the question in the affirmative. The paper formed an extremely essential part of my German
Diplomarbeit of 1984 (the “Charakterisierungssatz ) (see 2.4), written before | sadly left academia.
| present the Charakterisierungssatz as Theorem 3.9, and summarise then the result as Theorem
3.10, stating that if G is a locally finite group and p is a prime, then G satisfies the strong Sylow
theorem for the prime p if and only if every subgroup S of G contains a finite p-subgroup which is
singular in S. Subsequently | present a few novel concepts for Sylow theory of (locally) finite groups
to encourage future research. The paper is divided into four sections: Introduction; Good Sylow
p-subgroups and p-uniqueness subgroups; Basic theorems of Sylow theory in locally finite groups
and our Charakterisierungssatz; Novel concepts for Sylow theory in (locally) finite groups.

3.6 The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups [6.]

This Research Article continues [S.]. I begin with giving a profound overview of the
structure of arbitrary simple groups and in particular of the simple locally finite groups and
reduce their Sylow theory for the prime p to a quite famous conjecture by Prof. Otto H.
Kegel (see [12.], Theorem 2.4: “Let the p-subgroup P be a p-uniqueness subgroup in the
finite simple group S which belongs to one of the seven rank-unbounded families. Then the
rank of S is bounded in terms of P.” ) about the rank-unbounded ones of the 19 well-known
families of finite simple groups. I introduce a new scheme to describe the 19 families, the
family T of types, define the rank of each type, and emphasise the great role of Kegel covers:
Prof. Kegel rediscovered from Prof. Philip Hall that an infinite simple group has a local
system consisting of countably infinite simple subgroups (see [12.], Theorem 2.5) (and
conversely) and if they are locally finite he discovered ground-breakingly that they have a
Kegel cover (see [12.], Theorem 2.6), that is, a nested local system {G,} with maximal
normal subgroups M, < G, such that G, N M., = <I> so that G, embeds into G, / My.,.

This part presents a unified picture of known results all of whose proofs are by reference.
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Subsequently I apply new ideas to prove the conjecture for the Alternating Groups.

Thereupon I am remembering Kegel covers and *-sequences and the classification of simple locally finite groups
according to their Kegel covers. Next I suggest a way 1) and a way 2) how to prove and even how to optimise Kegel’s
conjecture step-by-step or peu a peu which leads to Conjecture 1, Conjecture 2 and Conjecture 3 thereby unifying Sylow
theory in locally finite simple groups with Sylow theory in locally finite and p-soluble groups whose joint study directs

very reliably Sylow theory in (locally) finite groups. For any unexplained terminology I allow me to refer to [5.].

I then continue the program begun above to optimise along the way 1) the theorem about the first type E = “A" ” of
infinite families of finite simple groups step-by-step to further types by proving it for the second type = = “A = PSLa”.
I apply new ideas to prove Conjecture 2 about the General Linear Groups over locally finite fields, stating that their
rank is bounded in terms of their p-uniqueness, and then break down this insight to the Special Linear Groups and to the
Projective Special Linear (PSL) Groups over locally finite fields. I close with pretty good suggestions for future research
» regarding the remaining rank-unbounded types (the “Classical Groups™) and the way 2), P regarding (locally) finite
and p-soluble groups, and P regarding Cauchy’s and Galois’ contributions to Sylow theory in finite groups. I very much

hope to enthuse group theorists with these suggestions and I am ready to support and to cdordinate all related work.

It follows from our two theorems that simple locally finite groups which satisfy the Strong Sylow Theorem for
even one Prime p are linear and hence countable if they have a local system of countable simple subgroups each having

a Kegel cover “of alternating type” or “of projective special linear type”.

I include the beautiful predecessor Research Article [5.] as the First Appendix for good reasons. This Research
Article had been presented as a slideshow in a Talk at IGT 2024 on April 11. I include its 16 slides as the Second
Appendix. Slide 1 to Slide 12 had as well been permanently instaled during IGT 2024 as a Permanent Poster.

The Research Article consists of the following seventeen beautiful Chapters:
o Sketch of proof for A" ; @ Sketch of proof for A =PSL, ; @ Introduction; @ Proof of Theorem 1;
® About Kegel covers; @ Planning future research — Part 1; ® Proof of Theorem 2;
® Proof of Theorem 3; @ Proof of Theorem 4; ® Planning future research — Part 2;
@ The First Trilogy and The Second Trilogy and their reviews; ® Acknowledgements;
® Postscript, Luciano De Creszenzo, Felix F. Flemisch, Conflicts of Interest, Pablo Picasso’s La Joie de vivre ;
® About the author in Munich, in Freiburg i.Br., in London, in Weiden i.d.OPf., and in Florence in Tuscany in Italy;
® 75 References; ® Appendix 1 — Reference [5.] with MR Review and Zbl Review;
® Appendix 2 — Talk by Felix F. Flemisch at Ischia Group Theory 2024.

3.7 The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups — De Luxe Edition [7.]

This Research Article extends the JMCA Research Article “The Strong Sylow Theorem for the
Prime p in Simple Locally Finite Groups” (see 3.6) from 71 pages to 220 pages by adding
Pages i to viii, -1 to -18, 72 to 266, and ix to x (see Page v).

Pages i to -18 start with this Abstract and then honour Otto H. Kegel’s beautiful paper [12.]
thereby explaining its relationship to its main result and to the 71-pages Research Article, and then
commenting on its final considerations. They then give an overview of the 220-pages Research
Article, including the Front Cover and a Table of Contents, and explain in great detail the
relationships of the 71-pages Research Article to JMCA and to the Ischia Group Theory (IGT)
2024 Conference and its upcoming Proceedings, centred around the Talk given by myself at the
Conference on April 11, the 100th birthday of Prof. Philip Hall. They close with a List of Open
Issues some of which I have solved already in yet unpublished work (see Page 11).

Pages 72 to x start with a dedication to Helga (see Page 15), continue with the PowerPoint
Presentation at IGT 2024, honour Ludvig M. Sylow, the discoverer and explorer of Sylow Theory,
recall that Ischia was twice an Artist Colony, remember Philip Hall’s and Graham Higman’s
fundamental paper “On the p-Length of p-Soluble Groups and Reduction Theorems for Burnside’s
Problem” thereby explaining its relationship to the 71-pages Research Article, recall Some Historicals
on Group Theory, in particular Philip Hall’s handwritten Lecture Notes on Group Theory and show
all these beautiful Lecture Notes, show a considerably reworked presentation of WIKIPEDIA’s
Classification of finite simple groups, remember Prof. Kegel and Prof. Hall at the Mathematisches
Forschungsinstitut Oberwolfach (MFO), and finally as the Back Cover refer to Philip Hall’s Archive
at the London Mathematical Society and again to his Lecture Notes, and in the end close by showing
Who is Felix F. Flemisch ? & Another Abstract of the 71-pages Research Article.
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3.8 Felix F. Flemisch — Happy Birthday and Gratitude Greetings
to Professor Otto H. Kegel (July 17, 2025) [8.]

This is the Happy Birthday Postcard which was sent by Felix F. Flemisch on July 17, 2025 to Professor Otto

-, GilE 104 G
W -

Kegel (together with tasty treats) on the occasion of his 91™ birthday:
Unfortunately, Prof. Otto Kegel could not receive it.

3.9 Professor Otto H. Kegel out of Great Gratitude for Opening a New and Grandiose
Dimension of Mathematics to Me [9.]

This paper presents my true Happy Birthday Greetings (in German) which I sent per express delivery on July 17,
2025 to Prof. Kegel together with a Happy Birthday Gift Box with tasty titbits to congratulate him on his 91st
birthday wishing “A vétre santé et bon appétit!”. But Prof. Kegel could not receive let alone relish them ... &.
I added (in English) two slides of my beautiful talk at IGT 2024 and my rather thorough comments with quite
a number of improvements on his beautiful and groundbreaking paper “Four lectures on Sylow theory in
locally finite groups” (see [12.]). I also added the obituaries of Albert-Ludwigs-University in Freiburg i.Br. and of
his family with comments, the English translation taken from 3.8, reminders to his dedication on the occasion
of his 70th birthday in the Archiv der Mathematik, his visit to IGT 2016 and honouring him at IGT 2024.

3.10 Otto H. Kegel’s Beautiful Contributions to Sylow Theory in Locally Finite Groups [10.]

Otto H. Kegel published two fundamental papers on Sylow Theory in locally finite groups: see [11.] and
[12.]. The paper [10.] summarises them, compares them and above all provides a list of their Open Issues
which are still open until the present day. To study crucial configurations, Kegel developed in [12.] the really
quite excogitated concept of the “(smooth simple straight) split sequences of finite p-perfect subgroups with
their associated ascending sequences of subgroups” which is related to his equally very fine concept of the
“Sylow-separated (ascending) sequences of p-subgroups with associated sequences of Sylow p-subgroups” he
had developed already more then ten years earlier in [11.]. When I met him personally in July 2022, I tried to
find out how he had detected these really ingenious ideas, but woefully was unsuccessful, although I was
really very privileged to witness up very close the creation of the idea of [4.] (see [9.]). A scheduled new
attempt in July 2025 (see [9.]) could not be realised ... ®. 1 therefore developed [10.] to honour his so
fantastic achievements of Sylow Theory. The paper is thought to be a supplement to Mahmut Kuzucuoglu’s
beautiful paper [23.] about life and work of Otto H. Kegel. Before publishing it in the JMCA I failed to
publish it in the journal of AGTA and in the journal Archiv der Mathematik (see Page 22 and Page 23).

4 Conclusions
I present in [9.] and [10.] the following List of twelve Open Issues:

¢ Open Issue 1: Does the strong Sylow Theorem for the prime p force
the maximum condition for Sylow-separated sequences of p-subgroups?

¢ Open Issue 2: Does the maximum condition for 1,G imply
the strong Sylow Theorem for the prime p?

¢ Open Issue 3: Extend Theorems 2, 3 and 4 of the JMCA-paper [6.]
to the remaining four Locally Finite Classical Groups (i.e., the Symplectic
Groups, the Unitary Groups, the Orthogonal Groups in char # 2 and
the Orthogonal Groups in char 2).

¢ Open Issue 4: Summarise the work by B. Hartley and A. Rae regarding
), and p°r and the foregoing work on the classical Hall-Higman theory
regarding A, and pbp, ¢,, d,, p» and r, by P. Hall, G. Higman, A.H.M. Hoare,
T.R. Berger, F. Gross, E.G. Bryukhanova and A. Turull.

¢ Open Issue 5: Let p be a prime. Let G be a p-soluble finite group,
M(G) be its p-length, and a,(G) be its p-uniqueness (see Page 37 of [5.]).
Then (best possible) A,(G) < a,(G) + 1.

¢ Open Issue 6: Deduce the three rectangles/tableaux shown below
and use them to prove Lagrange’s theorem and Cauchy’s concealed
second and third group theorems:
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complete the first row consists of all § setzOrbi(G )
right elements z; of G (1 <k <M) 8 | =G\Hofall
transversal  acting on H in the following é orbits of H
for Gin H  rows via multiplication from é under G acting
the left by their inverses S | by left translation
Hh=1=z | z» Z3 M « | G=,0rb(G)
5] Zr 1 zZ3 by Zm b g Gtz = ,ZOI'b(G)
13 Zr 1 Z3 l3 Zm I3 > Gl} = leI'b(G)
R Zy IR Z3 IR Zm IR — Gt = ,ROI'b(G)
rectangle |G| X [H:G] of elements
set of the first row consists of all right o | X=<x1>;
certain orbits  cosets Gx;* of G in H(0<k <p-1) % set of all orbits of H
of Hunder G  with the powers of some p-blank x; of 'g under G OV X,
acting by left G in H; the following rows consist of % the simultaneous actions
translation right cosets of G in H with the powers g of G by left translation and
of left conjugates of x; ® lofx by right translation
Gx"t;=G Gx Gxy’ Gx,”"! o | cosets G<x;>=GX
= double coset G1 X
zeo Hh= Gtz ze b Gsz t Gpr_l b Aad cosets G <x;>0h
= double coset G, X
GX30 3= Gt3 GX3 t3 GX32 t3 Gx3p’1 t3 g cosets G <X3>13
= double coset Gz X
sto ts=Gltg Gxstg Gx32 Is G)Csp_1 Is «— | cosets G <xg>fg
= double coset G5 X
tableau p X [H:G] / p of cosets
set of the first row consists of all right cosets | X|=|H|,= 273
certain orbits Gx.of Gin H (0 < ¢ <|H|,-1) with the § set of all orbits of H
of H under G elements of some Sylow p-subgroup X of | 3 under G O U X, the
acting by left H, all of whose elements of order p are é simultaneous actions
translation p-blanks of G in H; the following rows ? of G by left translation and
consist of right cosets of G in H with the S of X by right translation
elements of left conjugates of X
Gxigt; =G G x1y G xnz G X104 < | cosets G {x.|0<c<p’-1}
= GX =double coset G1 X
GXZQ = Glz zel 2] GXZz %) Gprb_] t g cosets G{X2C|OSCSpb-1}t2:
double coset G, X
G)C30 L= Gt3 GX31 13 GX32 13 GX3pb_] 13 g cosets G{X3C|OSCSpb-1}t3:
double coset Gz X
GXTO Ir= Gt‘r Gle It Gxn tt Gprb_l tt g cosets G{xTc| OSCSPb-l} It
= double coset G 1+ X

rectangle |H|, X [H:G] / |H| p of cosets

¢ Open Issue 7: Deduce Cauchy’s fundamental theorem of 1812/1815
from [H:<x>]| > |G|, if x is a p-blank of G in H , that is, an element of H
of order p withx ¢ G.
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¢ Open Issue 8: Determine all the (minimal) p-uniqueness subgroups
for the known finite simple groups and their natural overgroups,
the symmetric and the linear groups, and for the (locally) p-soluble groups,
distinguishing p > 5, p=3 and p = 2.

¢ Open Issue 9: Specify for a finite group the relationships
of the properties of its p-subgroups which are minimal
(w.r.t. order or w.r.t. inclusion) w.r.t. being contained
in a unique Sylow p-subgroup to the properties (e.g.,
conjugacy) of its p-subgroups which are maximal
w.r.t. being contained in a (unique) Sylow p-subgroup
(i.e., its Sylow p-subgroups).

¢ Open Issue 10: Introduce for every prime p a generalised p-length
for locally finite groups which is finite if and only if they satisfy
the strong Sylow Theorem for p.

e Open Issue 11: Making a revision of Kegel’s (3.5) Theorem [12.]
thereby relating it to rarely known articles and extending it to p > 3,
extend Kegel’s (4.4) Theorem [12.] to the case p = 3.

¢ Open Issue 12: Summarise Kegel’s wonderful Sylow paper [12.]
thereby integrating first of all the AGTA-paper (see https://www.
advgrouptheory.com/journal/Volumes/13/Flemisch.pdf) and then
secondly the IMCA-paper (see https://www.onlinescientificresearch.
com/articles/the-strong-sylow-theorem-for-the-prime-p-in-simple-locally-
finite-groups--de-luxe-edition.pdf) and then extending thirdly his main
Theorem (4.4) [12.] to p = 3 and p = 2 by using the Open Issues 11 and 5.

I solved the following Open Issues in unpublished draft and partly German work: OI 3, OI 4,
0I5,016,017,0110 and OI 11. The following Open Issues are without draft work let alone
published work: OI 1, OI 2, OI 8, OI 9 and OI 12. Therefore I gladly suggest the following
fascinating topics for future research: * Develop (possibly myself) the Open Issues OI 3,
Ol 4,015,016, OI 7, OI 10 and OI 11 to publishable documents thereby using my draft
work. © e Develop the Open Issues OI 1, OI 2, OI 8, OI 9 and OI 12 to publishable papers
thereby using my published work. © I will be happy if this research can be done in 2026.
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Ludvig Sylow and William Waterhouse and Winfried Scharlau

After 13 pages created by myself and thus copyrighted, I finally present six short beauteous articles which

were not created by myself but by Ludvig Sylow and William Waterhouse and Winfried Scharlau:

® the “Om Systemer af konjugerede Substitutioner, der kunne tilhore irreduktible Ligninger, hvis Grad er
Primtal” by Ludvig M. Sylow (see [25.]), a forerunner of the very famous [26.] [22 pages];

® the translation (by UZM GmbH) into English of Ludvig M. Sylow’s article [25.] “On Systems of Conjugate
Substitutions that could belong to irreducible Equations whose Degree is a Prime Number” [22 pages];

® the very famous “Théorémes sur les groupes de substitutions” by Ludvig M. Sylow (see [26.]) [20 pages];

® the famous “The Early Proofs of Sylow’s Theorem” by William C. Waterhouse (see [27.]) [17 pages];

® the equally famous “Die Entdeckung der Sylow-Sitze” by Winfried Scharlau (see [24.]) [27 pages];

® the translation (by myself) into English “The Discovery of the Sylow Theorems” of Winfried Scharlau’s
pioneering article [9 pages] (Copyright © 2026 Felix F. Flemisch).

Ludvig Mejdell Sylow (12 December 1832 until 7 September 1918)
(see https://en.wikipedia.org/wiki/Peter Ludvig_Sylow)

The discoverer and explorer of Sylow theory

Sy lowaTheorenm! &;l]né?mﬁ'}mm

|G| = p“m H < HK Svlew psubgroups 1 | |
. ng,=1mod p n,m
|H| = p* H=gKg~' ™ e
Monsieur L. Sylow (Fredenksiald en Norvege): Thiorémes sur los groupes de substitvtions,
Mathemalischie Anaaen 6, Bsue 4 (Decembsr 1877, S84-504
L“dfkﬂ ML Svlow (zae hitps /nk springer comeamal20Esolumes-and-rssuesH4 )
{12 December 1832 untl ?-Sap'lamhar 1918) MR SOSTEE [red fwainw e hips Fmathicnet sl cnglmathacar -5t s s 1508736
{50 Fips Ven wikipedia orgieiiiFeber_Ludwiy_Mejoel_Syiow and hiips imathshisiony Zhl JFM OLOOSEOF (Eregan O N e hion Favew emath orgTie an's 240 0056 1
st-anews 8 Uk Bographies/ Syiowr and hitps:Dien wikipedia orgaiiiSyiow_theorems) and teige weew Serath org BT TIREI0 potfy 3

In 1904 Ludvig Sylow was admitted to the German order Pour

le Mérite fiir Wissenschaften und Kiinste (see https://www.orden-
pourlemerite.de/mitglieder/peter-ludwig-mejdell-sylow and
https://en.wikipedia.org/wiki/Pour le M%C3%A9rite and
https://de.wikipedia.org/wiki/Pour le M%C3%A9rite and
https://commons.wikimedia.org/wiki/Category:Pour _le M%C3%AJrite). ' v e |

Winfried Scharlau (12 August 1940 until 26 November 2020)
(see https://en.wikipedia.org/wiki/Winfried Scharlau)

Do Wit S5lisc o Wl - Linive raitil Munsder Irauer um

Prof. Dr. Winfried Scharlau

der am 26, November 2030 im Alter von B0 Jahnen versiorben st

Winfriad Scharlay wurde am 12. August 1940 in Berlin geboren. Er studierte
Mamnamalik @n dor Rbainischan Friedvich-Wilhalma-Unisarsitil in Boon und dar
Cobambia University in Mew York. 1967 promosierie er bei Friedich Hirzebruch
in Bonn mit ginar Arbeit aus den Gabiaten Zahlentheoria und Algebra. Bereits
1970 wurde ar ;um Ordenslichen Prolessor am Mathematischen Instibat der
Uriversitd! Mungter ermannl, wo er bis o seiner Emeritierang im Jahre 2005
forsciile und lehrie. Er war Suflerst akdiv in seinam Fachbansich und auch mehr- Winfried Scharlau Winfried Scharlau Winfried und

tach desson Descan, Alg Forscher und Lehrar war or genr enfolgreich. Von sesnem i i
ity Mol turton s Mo et " Sehdler im Jahr 2018 im Jahr 2006 Dorothee Scharlau

und Studierede gleichermaen. Er brachée 15 Doidoranden zu Promation, im Jahr 2000
war Verfasser giner Monographie Uber Cuadratsche Formen und weierer -
mathematscher Lehrbicher. 1672 war er invited Speaker beim kniernationaben e Adlashin iy Sl .

Mamamalilerkongress n Vancouser. Er war koraapondiarendes Mitglied dar Wer ist Alcander Crolbendieck?
Akademie der Wissenschafen in Gattingen und 1991/92 Prisident der Deut-

Wer i Alevanider CGrothendicck?

Arurchic, Mathemalik, Spérimlits, Limambrii Amarchic, Mafbormadh, Spdriunalii b mosmbas

schan Mathematikervarainigung (DN, W)

Firek Ttegan s b nr aphi
Er schrieb Biografien der Mathematiker Alaxander Grothendsck pnd Friedich ' g =
Hirzabruch soowée ma einem Kedwior ek historisch odentlens Enilhnng in el L Amacelle Tell 3: Spiriualitit
die Tahlentheorie. Ganz auflerhalb der Mathematik war er leidenschafdicher
Hobbyfetograt und Drnithologe und Autor Zveeser iteranischir Bucher, Wer ist Alexander Grothendieck?
Die Westfilische Wilhelms-Universitit und der Fachbsresch Mathematik und Anarchie, Mathematik, Spiritualitit, Einsambkeit
Informeatik wardan Winfried Scharkau ain efvendes Andenzan bawahran — Eine Biographie von Winfried Scharlau

Der Rekior der Westialischen Wilhelms-Unhvarsitat
Pral, Dr, Johanmes Wessils

Duer Darkean s Fachitwrmchs Malhamlik und Indonmati

At tars

ranlistic i el
Prof. Dr. Xiaoyi Jiang =
Der gesschilsiihrande Dirgkion des Mathematzchen Instiluts
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Winfried Scharlau

Mathemacher des Monats Februar 2017

Winfried Scharlau, ein Doktorsohn von Friedrich Hirzebruch, ist in Fachkreisen fir seine Arbeiten in der Zahlentheorie
bekannt, die an seiner langjahrigen Arbeitsstétte, der Universitét Miinster, entstanden sind, sowie als ehemaliger Président

der DMV — er leitete den Verein in den Jahren 199192, Doch das ist nicht alles: Scharlau hat auch zwei Romane geschrieben:
I megali istoria (die groBe Geschichte) (siehe https://www.mathematik.de/leseecke-article/ 1105-1-megali-istoria) und
Scharife (siehe https://www.mathematik.de/leseecke-article/ 101 1-scharife) = und bedeutende Mathematiker-Biographien,

zum Beispiel Uber den Braunschweiger Mathematiker Richard Dedekind und den geheimnisumwitterten Alexander
Grothendieck sowie den grandiosen Ludvig Sylow (siehe Seite 52 bis Seite 78). Scharlau, seit nunmehr 11 Jahren emeritiert,
dient seinem Fach auch heute noch als Biograph. Gerade erschien sein jlingstes Werk bei Springer Spektrum: “Das Gliick,
Mathematiker zu sein - Friedrich Hirzebruch und seine Zeit”. Grund genug, Winfried Scharlau zum Mathemacher des
Monats zu machen und ihn kurz zu interviewen. Thomas Vogt vom DMV-Medienbiiro sprach mit ihm.

Nachtrag: Zu unserer groBBen Trauer erfuhren wir vom Tode Winfried Scharlaus am 26.11.2020,
Die DMV trauert um ihr Ehrenmitglied und ihren ehemaligen Prisidenten (1991/92).

Auf welchen mathematischen Teilgebieten haben Sie hauptsichlich geforscht?
Algebra, Zahlentheorie, insbesondere Theorie der quadratischen Formen.

Hatten Sie schon immer ein mathematik-historisches Interesse und wann fingen Sie an,
mathematik-historisch zu arbeiten?

Mich haben vor allem Mathematiker interessiert und weniger die Ideengeschichte der Mathematik.
Insofern bin ich eigentlich gar kein richtiger Mathematik-Historiker. Mein Interesse begann

etwa 1980 mit Arbeiten zu Dedekind, an dessen 150. Geburtstag erinnert werden sollte.

Welche Mathematiker-Personlichkeiten haben Sie
besonders in ihren Bann gezogen?
Cardano, Dedekind, Dirichiet, Grothendieck, Hirzebruch, Tits.

Wollten Sie schon langer eine Biegraphie dber Hirzebruch
schreiben, oder war das eine Idee des Verlags?

Ehrlich gesagt, kam mir die Idee am Tag von Hirzebruchs
Beerdigung, als so viele Menschen aus aller Welt sich um

sein Grab versammelten und vielfaltige Erinnerungen aus

der Vergangenheit wach wurden, die alle diesen groBartigen
Mathematiker und so wunderbaren Menschen Hirzebruch
betrafen. Mathe zahit weil — wie Galilei gesaqgt hat — das Buch
der Natur in der Sprache der Mathematik geschrieben ist.

Daher auch die Idee nicht nur Hirzebruch, sondern

auch seine Zelt vor dem geistigen Auge des Lesers
auferstehen zu lassen?

Genaw, Das bot sich hier perfekt an. Hirzebruch war eben nicht nur
gin weltweit wirkender Mathematiker sondern auch = um im Bild zu
bleiben — pragend fir die Wiederauferstehung der Mathematik in
Deutschiand in der Zeit nach dem Zweiten Weltkrieg. Er hat dieser
Winfried Scharlau in seiner Berliner Wohnung Foto: Thomas Vogt  als erster nach dem Krieg internationale Sichtharkeit gegeben.

Wie sind Sie beil der Blographie diber Hirzebruch vorgegangen und wie sind Sie an diesen seltenen,

teils sehr privat anmutenden, Fotoschatz gekommen?

Die Arbeit verdief ziemlich zufillig. Je nachdem wie ich an Infarmationen oder Dokumente kommen konnte, mit welchen Persanen ich sprechen oder
korrespondieren konnte und oft auch, wie mir gerade der Sinn stand, habe ich mal da und mal dort etwas aufgeschrieben und im Verlauf der Arbeit
zusammengefiigt. Fur fast alle Fotos gibt es Quellenangaben. Die meisten wurden mir von Frau Hirzebruch zur Verfligung gestellt; viele habe ich im Laufe
der Jahrzehnte selbst gemacht; viel schwirrt heutzutage auch im Internet herum. Ubrigens habe ich alle Fotos bearbeitet, um ein technisch einigermallen
akreptables Ergebnis zu erzielen. Das ist nicht immer 5o gelungen, wie ich es mir gewlnscht hatte. Auf dem Gehiet bin ich einfach kein Profi! (lacht)

Haben Sie weitere Blographien geplant oder in Arbeit oder was machen Sle sonst noch so, nun, da Sie emeritiert sind?

Es ist nichts Griferes geplant und ware wohl auch gar nicht mehr 2u schaffen, denn das “nun™ in Threr Frage muss man etwas modifizieren;

ich wurde ja schon vor mehr als 11 Jahren ementiert. Allerdings habe ich eine grolle Sammiung von (selbst gemachten) Fotos von Mathematikem,
und diese Sammiung wilrde ich geme noch ergénzen.

Hier an der Wand hdngen aber nur Fotos von Vigeln ..,

(lacht) Ja, Vogelbeobachtung und -fotogralie ist auch so ein Hobby von mir! Das Buch “Das Glck, Mathematiker zu sein = Friedrich Hirzebruch und seine
2eit"” kinnen Sie in der Buchhandiung bestellen oder direkt bei Springer (iber diesen Link: hitps://link. springer.com/book/10. 1007/978-3-658-14757-0,

© 2026 Deutsche Mathematiker-Vereinigung

Winfried Scharlau als Mathemacher der DMV im Monat Februar 2017
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Om Systemer af konjugerede Substitutioner, der kunne tilhore

irreduktible Ligninger, hvis Grad er Primtal
(see https://www.biodiversitylibrary.org/bibliography/62508 and https://ia800501.us.

archive.org/31/items/mobot31753002493077/mobot31753002493077.pdf)
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Peter Ludvig Sylow (1832-1918) entwickelle seine berdhmben Salze Gber endichs Gruppen

Iwar schon um 1862-1864. verdffentichte sie jedoch nicht sofort. Der Durchbruch und die

Publation seinar Ergebnizse In der Fachzeltschiifit Mamematische Annalen ericigien erst

spddor, im Jahr 1872

Cibwohl aft von miner Arbell um 1857 die Riede st (ol im Eonbexd von Vodesungen oder der

Entwickiung oy Grupgenthearis), git:

Darr originahe Artiel (Englisch/Franzisisch): Sylows grandlegencde Arbed is] aul Franedeisch
vorlasst und trigl den Titel “Thbcrémes sur bes groupss de substiutions” (Theorema dber
Substitutionsgruppen), enschienen in Math. Ann. 5, 5. 504-504, 1072,

« Inhall: Sylow bewies, dass ir eine endiche Gruppe G, deren Ordnung durch p" wobel p

vine Primzahl isl) ieilbar isl. eine Unbergruppe der Crdnung p* existiod. Zudem zeigie e,
dass alle diese sogenarnien Sylow-Unlergruppen zusinandes konjugien sind und ibee
Arwahl kongruent zu 1 module @isl.
Knleat 1867: Um diese Zsit (Ende dir 15608 war Sylow mil der Al an den Marus-
kripten und der Verberstung seiner Theoreme beschdfigl, s1and aber in Kortakt mit Camille
Jordan, dessen Werk ~Traité des subssoutions” (1670) Sylows Ergabnisse telweise vonweg-
nahm, was die Publikalion verobgertes,

Zusarmmenlassend: Die bahrbrechenden Ergebnisse wurden von Sylow in den 1880em
erarbedol, sboer de Publikalion erfolgle sk 10-seilige Abhandlung im Jahr 1872

Luchwig Sylow (1822-1918) verfiffentlichie seirn bahnbenchonden Ergebnisse, die alks
Sylow-Zdlor bekarn| sind, richl direk! im Jabe 1887, sondern saine Arbeil begann in dieses
Zoit, wihrend der Héhepunkt seiner VerdManSichungen in den frihen 1870er Jahnen lag.

Hier gind die zentralen Fakeen 2u Sybkows Wiken um 1867:

Der Ursprung (1867): Es handel sich um die Asbeil =0 Sysiemer al konjugerede
Substutioner’  (Uber Systems konjugiemer  Substutonen), die im Videnskabs-
siakatal [ Kinghamia Forfanafingar im Jahe 1867 arschien. In diesar Arbei unbarsischis
af die Grurdlagan dar Gruppenileons, insbesonder pamubierends Unlangiupgsan.

Die Sylow-3alre (1872); D lormale, calailbate BewsslUhiung semner drel beruhmien
Sitze uber die Existenz und Honjugiertheil won Undergruppan won Primzahipoteng-
ordnung (Sylow-Uniergruppen} vercifentichite er spdier, insbesondere in der Arbeit
Thebonderrees sur les growpes de substilutions™ inoden Mathemagischen Annalen (1872}
Hislorisohe Bedeutung: Sylows Arbesit um 128671872 war einn direkie Wisterenbvickiung
i leon aws Galois™ Abweiten (1E20e) wd Couctiys Theomm (18451 Er erwailerie
den Satz von Lagranps, indem er béwies, dass eine Gruppe der Ordnung " m{wobei 5
nlcht m pesht) immer Ustargruppen der Crdnung o ° besicer

Ctwunhl 1867 das Jahr ainor sainer fnlihessen Publicationen zu dinsem Thama s, wardon
e *Hybnw-Bilen” sl enil serinesm Hougilwerk von THT? assazisnen

Y

Fristaden Christiania (Freetown Christiania, see https://en.wikipedia.org/wiki/Freetown Christiania)
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Peter Ludwig Mejdell Sylow

Pater Ludwig Mejdell Sylow, genannt Ludwig brw Ludvig Sylow, (* 12 Derember 10832 in Christiania, heute Osio, 17 Seplember
1275 ebenda) war ¢in norwegecher Mathematier, der grundiegente Arbenen Zur Gruppenthecne verfassie.

Leben | Bearbeten | Guellext bearbesen |

Sylow war der Sohn von Thomas Edvard von Westen Sylow (1792-1875), sinem Haupimann der Kavallsrie und spiier
Hriegaminisler der noreegischen Regienung, und von Magdalena Cecilie Cathrine bejdell (1506=10%0), die insgesaml 2ehn Kinder
nalten, von denen Ludvig Syiow oer Alesle war

Sylow beschie bis 1850 e KathadraBEschule in Ok (damals Chriskania) und siudiere an der Universilal Osio (damals:
Universital Chrisliania) und gévann 16833 einen Malhemaliovetibewerh 1856 erhiell er seinén Abschluss als Leheer fr Mathematik
urid Matursessenscnanen. Danach unlermchiete ef, da &5 kiind Sieihin an der Universilal gab, an oef Harlag Messen Schule n Csio
{einer unabhangigen Madcnenschule, Qegrundel von Syiows Malnemalkprolessor Ok Jacob Broch und dessen Freund Hamvig Missen) und von 1558 bis 1598
untemchiete ef an Ger Schule von Frednkeshald (Hakden). Als SChulleheer war ef weniger erfaigreich, da er hauptsachilch an hihener Mathemati interesshen war
unid Frobderme mit der Disziplin in den Klassen hatte, 1861 pesudhie er mi einem Retsestipendium Berlin, wo er mii Leopold Krneker giskutiene, aber e
“oriesungen von Kar Welersirall nicht basuchen konnle, da dieser krank war, und Paris, wo er bai Michel Chasies Josaph Liousille und Jean-karie Dunamel
sludede Weder in Paris noch in Berlin besuchle er Algc:bra—hbr"e:un'igen JBEIGA war er ersatreers i Broch Dorent an der Unversital Chisdiania, wo er die
Galstheone untemenbele. Dann famnden SiCh NeCh nCh st nach ihm benannlen 1572 verdTenichien Satoe. aber ging Frage m dissem Zusammenhang (ob es
nichl nur 2u Premeanien o6 die Crdnung ener Gruppe eien, LinhErgropgen gibl, Sondem wie @5 fur dén Fall von Primzanipolenden aussiehl) Seime Voresundgen
wurden vom Studenten Sophus Lie Desuchl. Borch wollte, Gass @f auch danach voriesungen fur inn sbemanm, die Schuke von Syiow eneli aber keing Freigabe
Seing rsten Chancen auf cing Universaalsprolessur Kam 1565 fir die Nacholge von Borch, die Unversaat hielt aber sind Stele in réiner Mathemabid fr nichi
angezelgt und pevorzugie angewandie Mamematiker, 50 dass der Lehrstuhl an Cari Anson Blevines ging. Schilefich erhiel er auf Inftiative von Sophus Lie 1898
ginen f0r in speriell geschafienan Lenrstunl an der Universital Oslo. Otwohl er damals schon 65 .Jahne ait war, uniemichtete r 20 Jahee [3ng an der Liniversitst

Dot dri nach ihm benannten Sylow-Satze bewies ef 1672, of hatte skt aber 5chon im Seplember 1870 bewsesen. Zuvor hafle Augustin-Louts Caudhy 1845
pewlesen, dass jede endliche Grippe Untengruppen zu jeder Ordnung hatte, die eine Frimzam war und dee Ordnung der Gruppe telite. Die Syiow-Satze waren die
ersie Erwenenung deeses Satzes und eines oer ersten wichtigen Ergebnisse der abstrakten Gruppeninecns. Daneen verddenticnie er Ober elliptische Funktonen
(speziell deren komplexe Multiplikation), angeregt durch die Arbaiten van Miess Hendk Abel und Can Gustay Jacobl i er 0ber seinen Mathematikprafessar Cle
Jacob Broch kennenkembe. Er war auch an Abels Aufsalr Ober die Aufidsbarked] von akpebraischen Glﬂul‘lu‘{p&n digch Radikale mieressien und kam Ober $einen
Professon Ca Anton Bjerknes von doi 2ur Galosiheonie. Syiow DEnuzie Derm Bewets Seiner Sal2e, die aus Syiows Analyse der Arbeil von Galos entslandén,
Methoden der Galoistheond (Winfried Schaal)

In den 187T0er Jahren stand er in Brigbvechsal mil Julus Peler Chestian Pelessen
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Fupaarimen il Saplius Lie gab Sylow netschen 1T uid 1881 otas gesambe Wik son Hieks Fenik Aled hegaus, wobed vieie Aabeilen sralmats pubilden wonien
(63 gab schon 2uvor (1339 cing Auagabs gesemmelier SChrflen von ADL| ven Domt Michael Helmbos, dem Verganger von Broch an der Universdat Osic). Lout
Lo et Syl chiee rialigeedi b Ariper] (taow geletsiel v due erstim vier Jalive wan er dalls won der Schube beurtaubl. Die Arbei] wurde aul Annegung des
Nonwegiachen Akademic der Wissenschaiten vom Pasrlament finanzierl. 19002 verdfienilichle er mit Eling Halst den Brchwechael von Abel. Sylow halie schon
uvi unverdientic hle Arbeilen von Abel zur Wesdifenllichung an das Crefle’scive Joumal in Bevlin geschick?, wo der Herausgeber Leopold Kionecker allendings
e Varofienllizhung ablehnbe, da er inzwischen seibst die Ergebnisse unabhingly entdeck! halie. 1902 hiell Sylow den Ertfnungsvedrag zur Zvaihundarjabeteler
VI ADRIE GEDUT UMD JUT 0@ QNN SEaNaNFASCHEN MAIMEMITRENCAINEs 1913 i 0510 SIHNE OF DRUERIECEDE DOMUImEnie 2 a0 vor

1883 wamile g7 Jurm ROrnes pOnCR encien uf&ﬂl’dw W Aloaremie e '-\'P&-'F‘:“TS-I:"HHL‘“WM 1 1654 wurce Syl Wlaw e Aria Mathemnaica
ung ernieil die Chrenaorlonvinse G2r Universtal Hepennagen, 2!

SYIOW NCARRGLE NG, B0 TNEKLCET WUrds 15 MUMGanaEl und wanminesZy DELIRRCDEN, I LA EOMMEMENC war &f messlin 00N BONRen, INSDES0ANLI In
Eongavid Faischen Cabo umd Teondiesn, fum Yandein und Sammein won Pllansén

Hr. Bjerknes [remlugde folgende af Hr. Sylow indsendte Af-
handling: Om Systemer af konjugerede Substitutioner, der
kunne tilhore irredukiible Ligninger, hvis Grad er
Primtal.t

Efter Galois berpmte Theori bestaar Betingelsen for, at en
rational Funktion af Redderneien algebraisk Ligning skal kunne
udtrykkes rationalt ved Koefficienterne og andre som bekjendte
antagne Storrelser, deri, at Funklionens numeriske Vardi man
forblive den samme, naar man ombytter Rodderne med hinanden
pan visse Mnaader. Disse Ombytninger eller Substitutioner
danue, hivad Cau ehy har kaldt, et ,System af konjugerede Sub-
‘_‘-mﬂﬁﬂﬂﬂ“, d. e. hvilkesomhelst to af dem, udforte efter hinanden
ien hvilkensomhelst Permutation af Roedderne, frembringe samme
Resultat, som om man havde udfort en vis (redie af Systemets
Substitutioner. Galois tenker sig Systemets Substitutioner de-
fincrede ved en »Gruppe* af Permutationer, som gaa over til hin-
anden ved Substitutionerne. Lieninger, det under samme For-
Wdsetning have samme System al konjugerede Substitutioner eller
Samme Gruppe, have saaledes viesentlige Egenskaber felles ag
kunne derfor opfaties som en swregen Klasse. Paa den anden
Side kan man ogsna bevise, at der il ethvert givel System af
konjugerede Substitutioner findes tilsvarende Ligninger. Det vilde
"fﬁhﬂﬂn viere en Sag af stor Betyduing fur de algebraiske Lig-
Mugers Theori, om man kunde angive, hvilke Systemer al' kon-
Jugerede Substitutioner der knnne henhore (il Ligninger af en

! e
ﬁl“w i Sulskabors Forhawdlinger ifolge Bedonnnelse algiven al Dilrr. D, 0.
Y- Broch og Bjerknes.
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kunde man, hvis ikke « = o (modn), sette qc 1 (mod ») eller

c':-;-, hvorved man fik
]

g'=0-
Livilket er mod Betingelsen. Ligningens System af konjugerede
Substitutioner maa nu indeholde Substitutionen @'« . g7 .8« eller
for at bruge Betti’s Udtryksmaade, den afledede af # ved Hjelp
af f'; den er som ufledel ligedunnet med 6. altsan cirkular.
Man Lbemserker nu for det Feorste, at man har
gia ., Gr 9= (' 0 Q=)
de Sunbstitutioner af Formen #% 6 .6'-e i hvilke a har samme
Veerdi, danne altsaa et Smt af cirkulere Subslitutioner, der saa.
ledes kan siges at veere afledet af Seettet 8- ved Hjwlp af 8.
For det Andet ere de n Set
0, 0076 B4 Gr 0 =2 9ugrgn L glin=l), gr, g n )
furskjellige fra hinanden saavelsom fra #*. Var nemlig
0'5.67. 0% u= s
fulgte sirax 6" — @',
hvilkel er umuligt. Var derimod
@'c.07.0'=" = §%.08:. §'-,
fulgte 6r = @'t-adgs gi-(b-a)

hvﬁl‘ﬂf g'- = E"i-.*. H‘H'—{E— al :
Denne Ligning udsiger, at # ved Afledning ved Hjelp af ¢4
gaar over fil en of sine Potenser. Men nu ved man, at enhver

k

Patenser, selv maa veere af Formen ("k'l'd); denne Substitution

Substitntion, der ved Afledning forandrer (‘H' 1) til en af dens

k

er kan cirkulier, hvis ¢ 1 (mod #). Man maatte sanledes have:
=u) s R
fllb=a) — ( k ) = 8¢,

men detle er umuligt, naar ikke b = 4. Det or sanledes bevisl,
at 8" og 66" 0'~ reprmsentere y |- 1 St civkulere Substitutio-
ner; hvis altsaa Ligningens System al konjnuerede Substitutioner

indcholder mere end et Swt eirknliere Substitutioner, da indehol-
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der det mindst n 4- 1 Swt. Indeholder det imidlertid flere end
disse, veere #;, en ny cirkuleer Substitution. Sysiemet indeholder
da de n Smt, der ere ndirykte ved
Béo. 0" . '
disse ere som ovenfor bevist indbyrdes forskjellige og forskjellige
fra 8. Men de ere ogsan forskjellige fra Swltene @878 «; thi
havde man:
e 8,784 — 8 6" 6,

saa fulgie 6, — @'—al g+ g'~t—a)

d. e. 8, horte selv til et af de foregaaende Swet, hvilket er mod
vor Forudswtning. Indeholder saaledes Systemet flere end hine
n4 1 Swet, da har det mindst 2n | 1: har det endnu flere, ser
man paa samme Maade, at det mindst har 3n 41 0. 5. v. Pun
denne Maade kan man vedblive at ordne de Systemet tilhorende
cirkulere Substitutioner, indtil de ere udtemte; Anlallet af de
forskjellice St maa altsaa veere af Formen np - 1.  De ved Rod-
fegn opleselige Ligninger ere indbefuttede heri, idet de svare til
pP=o.

Hvis 6 ved Afledning ved Hjmlp af hvilkensombhelst af Syste-
mets Substitutioner aik over til en Potens af sig selv, muatte Sy-
stemets Substitutioner som bekjendt alle veere af Formen

(ak 5 h)

k 1
og Ligningen horte til de ved Rodtegn opleselige. Horer den
Altsan ikke il disse, maa Systemet indeholde en saadan Substi-
tution @, at ¢! ikke horer (il Swmttet #. Da Valgel af den
cirkuleere Substitution, som vi have betegnet med &', er ganske

'rilknarligt, kunne vi‘ forudsmite:

0 — qg'.
Swttet 4 lader sig da altsna aflede af Swttet 87 ved Hjelp af en
af Systemets egne Substitutioner; det samme gjelder om Swmitene
6'676'-a. Indeholder nu Systemet flere Siet cirkulire Substitu-
tioner, der kunne afledes af 6 ved Hjrelp af Systemels egne Sub-

slitutioner end disse n+4 1, kanne vi antage at 8, har samme
Egenskab., Man har da:
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6, — oy,
hvor & tilherer Systemef. Heral folger
6'6,70' " = 0" PO Y- 1. 6"~ = (6') & (@' ).

Da @' og ¢ tilhere Systemet, maa deres Produkt #.) ogsan
tilhore Systemet: man ser saaledes, at samtlige Sl #'«f,76' - lade
sig aflede af Seitet §* ved Systemets egne Substilutioner. Man
kan derfor gjentage det foregaaende Rmesonnement og den fore-
ganende Ordning af de cirkuleere Substitutioner, idet man ind-
skreenker sig til de Swmt, der kunne afledes af 6 ved Snbstitutio-
ner, der tilhore Systemet, Antallet af disse Sewet er saaledes ogsaa
af Formen np 4 1. Det skal nedenfor vises, at man herved i
Virkeligheden faar ulle cirkulere Substitutioner.

Man kan al Swmttet 6 aflede et andet ved Hjmlp af hvilken-
somhelst Substitntion, der tilhorer Systemet; men af disse afledede
Seet kunne flere falde sammen med hinanden, eller med #7. For
at opnua en Relation mellem Autallet af Systemets Substilutioner,
d. e. Systemets Orvden, og Antallet af St af civknlere Substi-
tationer, der kuune ufledes uf # ved Systemets Substitutioner,
ville vi umlersage, hvormunge af disse sidste koune give samme
afledede S@l. Lad til den Ende ¢ og & viere (o hvilkesom:
helst Substitutioner, ved hvilke der af 8 alledes saumne Sl
Man har da |

PoY~! = gfeg—,
og omvendt er dette tilstreekkeligt, for at de afledede Sict ckulle
viere identiske. Nu er:
PEY = (Y(0) Y(1) Y(2) . ... Y (n—1)
9829~ = (9(0) ¢(a) (24) . . ... ¢ (n—1)a).

Hvis derfor ¢(o) ~ @lma). maa man have:

P(l) = ltm+4 D) P2) = ¢llm + 2a), . . . .. Gik) = olm | kwe):

Swmites allsan ma — b (mod n), bliver

Uik) = @ (ak+-b).
De Substitutioner, der af (k ; r) B SEEI._I g0

(%), ere altsan de, der indeholdes i Udurykket (#1212, alle
disse, og ingen andre. Tilhgrer nn ) Systemet,' saa blive de
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Substitutioner i Systemet, der fyliesigjore den omtalte Betin-
gelse, de samme som- de, der eve af Formen (¢{"’;‘+b}). Men til-

horer baade (q‘{“i'i bj) og ¢ Systemet, da gjelder det samme om

Produktet ¢ 1. (¢[ﬂ1+b}) eller ("kﬁ'b); omvendt, hvis @ og
|

(dkﬁ', b) lilherer Bystemet, da er det samme Tilfieldet med

(qifﬂail-h])_ Antallet of hine Substitutioner er derfor lig Antallet

af Substitutioner i Systemet, der erc af Formen (ﬂk;l_b)-
Da Systemet indeholder Substitutionen (ké 1 og dens Poten-
ser, ser man, at Konstanten b kan have alle n Veerdier; ligeledes

en Veerdi a. da indeholder det ogsaa Substitutionen T for snmme
Verdi, og omvendt. For nmrmere at undersoge, hvilke Veerdier
@ kan have, ville vi ved ¢ betegne en primitiv. Rod til Primtallet

oy
h 0g untage, at Systemet indeholder Substitutionen (‘*k'i); del

indeholder da enhver Potens af denne, altsaa enhver Substitution

al' Formen (‘H:'k), Er nu o den storste fwelles Faktor for o og
n—1, kan man swette:
Ea— a' (mod n—1),
hvorved man faar- EE—'* ;’f(mmi n .
s®ettes endvidere n—1—a'.a"
SEr man, at Systemet indeholder fwlgende Reekke af a Substitu-

tioner:
@ B EHEH (T,

Indeholder Systemet flere Substitutioner af Formen (‘Lk) o

disse, I Ex. ‘i“"), maa det paa samme Maade indeholde en

ligneude Raekke af Sabstitationer -

34 23. {3”__1;!.1-
kY (s (23 . .r
(2}"”#)(k)( k ) """ ( & )
livor 8¢ betegner den storste frelles Fakior for  og n—1, og hvor
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n—1 = f'.3“. Det maa da ogsaa indeholde enhver Substitution
af Formen : - | o
g.'fﬂ‘+1]ﬁ"k
i

Nu kan man altid give & og 7 saadanne Veerdier, at

o'+ B’ = Ly (mod n—1),
hvor [ er vilkaarlig og v betegner den starsie fwlles Faktor for
a' og §'. Systemet indeholder allsaa folgende Rackke af 3 Sub-
stitutioner

P (7). b g .

Denne Rwkke indeholder alle Substitutioneri (1) og (2). Paa
denne Maade kan man vedblive, til man har udtemt alle Syste-
mets Substitutioner af Formen (';f) Alle disse Substitutioner ere

sanledes Potenser af en eneste Substitution; er deres Antal v,
maa v viere en Divisor af n—1; swltes n—1 = v.v/, kunue de skri-

ves saaledes: * b R
v .. v—1p
() Cet) o) (s 'k)'

De Vmrdier, som a kan h:-ne ere alisaa 1.8" &2 . gh—2

d. e. alle Tal af Formen a . De Substitutioner af l:unuen( ak | f)

som Systemet indeholder, ere altsaa udtrykte ved (“ ‘:—I'b), 04
deres Antal er n.v.

Efter hvad ovenfor er sagt, er saaledes Antallet af de Sab-
stitutioner i Systemel, ved Hjmlp af hvilke man af ¢ kan aflede
et givet andet Bwmt al cirkuliere Substitutioner, lig n.v, hvilkel
ogsaa er Antallet af dem, ved hvilke Siettet #7 afledes af sig selv.
Er nu Aniallet of de Swmt, der ved Hjwlp al Systemets Substitn-
tioner kunne afledes af 67, lig ap | 1, ULliver altsaa Systemets
Orden lig (np-|- 1).n.v. :

Det var tenkeligt, at der gaves flere St ¢irknlmere Substitn-
tioner, end de nmvate ap |- 1. Lad derfur 9 vere et Swt, der
ikke kan afledes af 8 ved nogen af Systemets Substitutioner.
Da det er ligegyldigt, bvilken al Systemets cirkulmre Substitutio-

ner man hetegnar med (ktl.), gjmldﬂr de]_‘ SOLN ﬂfﬁnfgrgrmt
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om 6, ogsaa om & Hvis Auntallet af de Swt, som ved Systemets
Substitutioner kanne afledes af 97, er lig ap, +1, og Antallet of
de Substitutioner, der ved Afledning forandre & til dens Poten-
ser, er mv,, idet v; betegner en Divisor af n—1, saa er Grappens
Orden lig (np; +1).m.v;. Man har da _
(npy +Dn.vy = (np +1)n.v,
hvoraf v, =v(mod ), d. e, vy, = v,
hvilket atter medforer p, — p. De cirkulere Substitutioner, der
ved Systemels Substitutioner kunne afledes af 97, udgjore altsaa
ligesnamange Swel, som de, der kunune afledes af #7: jeg tilfoier,
ot de ogsaa ere forskjellige fra disse. Thi i modsat Fald maatte
man have en Identitet af Formen
Q0 =" = Iy,
hvor o og ¢ tilhere Systemet. Heraf fulgte

T = g9 0 gt p— ($'9).0" (U1 9),

d. e. ¥ lod sig allede af @ v ved Hjelp aof ¢ -'. g, der tilhorer Sy-
stemet: men dette strider jo mod Forndseetoingen. Gaves der
alisna | Systemet flere end np 1 Seet cirkulmre Substitutioner,
maatle der mindst gives 2(up |- 1). Gaves der llere end disse, ser
wan paa samme Maade, at der mindst mantte gives 3(np - 1).
Kort, Autallet of forskjellige Smt moatte veere et Mualtiplum af
np+1; lad det hede m(np - 1) Men efter hvad ovenfor er bevist,
lmr man du

map }-1) =1 mnd n, d. e. m=1.
Muan kan alisan smtte

m(np +1) = (ng 4 1) (ap + 1)

Hvert Seet indeholder nu n—1 ecirkuliere Substitationer (idet den
identiske Substitution fraregnes); det hele Antal af cirknlere Sub-
stitutioner bLliver saaledes (ng + 1) (np+1) (n—1), 0g dette Tal

maa viere mindee end det hele Antal af Substitutioner; man har
tanledes

(mg + 1) (mp 4 1) (n—1) = (mp +1). n.v.

Da nn n—1=v
falger nq+1-r::,d e. ¢g=o0-
Videnak .Sclsk. Forh. 1867, 3
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Der gives altsaa ikke flere Swet cirkulwre Substfitutioner, end de,
der kunne afledes af 8 ved Systemets egne Substitutioner. Man
erindre her, at den cirkuliere Substitulion, der er betegnet med
k"’tl), er valgt ganske vilkaarligt; hvad der er bevist om denne
ojeelder oltsaa ogsan om enhver anden. Fremdeles bemeerkes,
at de ved Rodtegn opleselige Ligninger ere indbefattede i den
almindelige Regel, i det de svave til Veerdien p = o.

Sammenstilles Alt hvad ovenfor er bevist, saa bestaar det
altsan i Felgende:

Tilhorer ot System af konjugerede Substitutioner en irreduktibel
Ligning af Primiulgraden n, moaa dels Orden vere el Tal af Formen
(ap 4 Dn.v, heor v betegner en Divisor af n—1. Antallet af de for-
shjellige Seet of cirkuleere Substitutioner er np+1, og heerl if disse
kan ved w» af Systemets Substitutioner afledes af et hrilketsomhelst
andet Sawi. Benwrnes Rodderne med samme Bogstav med tilfoiede
Indexer, tagne efter Modulen n, i en saadan Orden, at en af de cir-

kuleere Substitutioner bliver atl betegne med (’* i I), saa er v Aniullet

af Systemels Substitutioner af Formen (n: )

Er det nu end bevist, at Ordenen af ethvert (rapsitivt System
af Primtalgraden n man veere af Formen (ap - 1)n.v, saa er det
allerede paa Forhaand klart. at der ikke gives Sysiemer af enhver
Orden, der er et Tal al desne Korm. Da nemlig Ordenen er en
Divisor al 2.3...n, maa (np41)v vaere Divisor af 2.3...(n- 1)
Men end ikke naar denne Betingelse er opfyldt, gives der altid
Systemer af Ovdenen (np 1) n.v. Allerede 7de Grad giver her-
paa flere Exempler,

Saaledes bevises let Felgende: Man kan ikke havev — 1, naar
man undtager Tilfeldel p — o, d. e. de Abelske Ligninger.

Er v =1, har Systemet (np |- 1)n Substitntioner, og af disse
ere de (np+ 1) (n—1) cirkulere; der gives altsna kun np- 1 Sub-
stitutioner i Systemet. der ikke ere cirknlere. Men pu maa An-
tallet af de Substitutioner, der lade en hvilkensomhelst Rod x4«
uforandret, ogsaa vere —ap4-1; de np 4- 1 ikke cirkulsere Sub-
stitutioner lade altsaa en hvilkensomhelst Rod x, uforandret. Da
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Systemet kun har en saadan, den identiske Substitation, slutles:
np+1=1,p—=o.

Heraf folger endvidere: Naar p >> o, d. e. naar man undiager
de ved Rodtegn oploselige Ligninger, og n er af Formen 4h + 3, kan
marn ikke have v = 2.

Systemet maatte nemlig indeholde Substitutionen (Ek) eller

(1.n-1) (2, n—2) (3, 0n—3)..... (";1 . ": ').,
der er sammensat af et ulige Antal Transpositioner. Men nu har
man folgende Smining.

Nuar et System af konjugerede Substitutioner indeholder en
Substitution, der er sammensat af et ulige Antal Transpositioner,
da er dets Orden ct lige Tal; den ene Halvpart af dets Substitu-
tioner er sammensat af et ulige Antal Transpositioner, den anden
af et lige Antal, og disse sidste udgjore et fuldstendigt System uf
konjugerede Substitutioner. .

Ere nemlig de af Systemets Substitutioner, der ere sammen-
satte af el lige Autal Transpositioner :

BB Moo Wy s (a),
saner opsaw g; 4, en Substituation, der tilherer Systemet og er
Sammensat af et lige Antal Transpositioner; den er saaledes ind-
belattet i (¢). Substitutionerne (a) danne altsaa et System al kon-
Jugerede Substitutioner. Er endvidere p og y to hvilkesomhelst
af det oprindelige Systems Substitutioner, der ere sammensatte
al et ulige Antal Trauspositioner, saa er aabenbart
LS TN R S |
r distinkte Substitutioner af samme Slags. Nu er ¢ l.y sammen-
sut al et lige Antal Transpositioner, altsaa en af Substitutionerne
@. Man har altsan
UL = Quy L = PO

Samtlige det oprindelige Systems Substitutioner ere sasledes ind-
lefattede i (a) og (b); deres Antal er saaledes 2r.

Gaves der et System af Ordenen (mp-+-1)a.2, maatte der
0gsaa gives et al Ordenen (np 4-1)nm, hvilket kun er muligt, hvis

P=o.
8%
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Naar man vil gjere sig et Billede af de cirknlere Substitu.
tioners Forhold ved Afledning, kan man tenke sig Ligningen
transformeret til en anden, der er saadan, atl der til hvert Swt
cirkuliere Substitutioner tilherende den givne Ligning, svarer en
Rod i den transformerede., Da de herved fremkomue transforme-
rede Ligninger desuden i andre Henseender eve af Interesse, skal
jeg tale noget n@rimere om Sagen. Jeg maa herved stotte mig
til nogle Swtninger af den almindelige Theori for de algebraiske
Ligninger, som jeg skal hidsette og forsyne med Beviser, da jeg
ikke ved at henvise (il noget Sted, hvor de findes udviklede.

1. Lad » veere en rational Funktion med bekjendie Koeffi-
cienter al Rodderne xoxy .. .. r,; i enalgebraisk Ligning, og lad
dens numeriske Veerdi veere uforandrel ved en Substitntion 83
hvis nu en Subsiitution ¢ af det Ligningen tilharende System af
konjugerede Substitutioner forandrer u til ', da er den numeriske
Vieerdi af »' uforandret ved den afledede af # ved Hjelp af 5.

Er nemlig

u=f(ror-... Tuoy) = f(.rﬂ{mrﬁ(”. i .rﬂ{"_”y
maa denne Relation vedblive at gjelde, om man end udfarer
Substitutionen @, altsan er

'H‘ _f(.r@m]r?(” PR I?{H— D I) -f‘I;‘H(u}Iq‘E ' e I?E{H—"IJ‘):
Man ser saaledes, al «' er uforandret ved Substitutionen

wBik)
(k)

2. Hvis man i Funktionen u, = F®oss, . . . - ®aui) udforer
det Ligningen tilharende System uf konjugerede Substitutioner,
faar man et Antal Fuuktioner, der er lig Systemets Orden, OF
hvoraf hver svarver til en Permutation i Ligningens Gruppe; nl
disse kunne imidlertid flere have samme numeriske Vaerdi. Hvis
nu Antallet af de indbyrdes furskjellige Vierdier af w, er m, 08
Antallet af de til forskjelligze Permuintioner svarende, der ere lige
med uo, er p, saa er Ordenen af det Ligningen tilhorende System
al konjugerede Substitutioner lig m . .

Har man nemlig

) d e ved 9p.8.¢"\.
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i
— o fn—1
Mo = Ho' = Ho™ == o0 = ﬂP- )

hyor w, vy . .. u“m_“ svare til forskjellige Permntationer, og an-
tager disse Fuuktioner ved en vis Ligningen tilharende Substitu-
tion Veerdierne ayu’ ... ;1 saa har man
. R LU SR u,{l‘t_'”.

Antallet af de Permutationer, der give Vardien u,, er saaledes
mindst lig Antallet af dem, der give w,. Paa den anden Side
indsees ligeledes, at Antallet af dem, der give us, mindst er lig
Antallet af dem, der give u,: falgelig er bhegge Antal lige store,
hvorved Paastaunden er retferdiggjort.

3. Kaldes de indbyrdes forskjellige Veerdier, som u, antager
ved det Ligningen tilherende System af konjugerede Substitutioner
Mo b, - .., 1, saa ere disce Redder i en irreduktibel Liguning af
Graden m, hvis Koefficienter lude sig udirykke rationalt ved be-
kjendte Sterrelser.

Gaur ved en vis Ligningen tilhorende Substitution gug u, ... 4.
over il we'w,'. ... w'n_1. maa disse sidste vaere indbefaltede i de
forste; pan den anden Side maa de vemere indbyrdes forskjellige:
thi afw’, = w', fulgte ved Auvendelse af Substitutionen =" : u, = s,
hivilket er mod Forudsmtningen. Herafl sluttes at ug' n,* . ... w'poy
ere de samme som w, U ... .My 1 en eller anden Orden. Da
sanledes enhver symmetrisk Funktion af wguy . .+« ty—1 €r ufor-
andret ved alle Ligningen tilhorende Substitutioner, har Ligningen

F(u) = (n—mug) (w—mw,) . . .. (u—tiy_1) =0
Koefficienter, der lade sig udtrykke rationult ved de bekjendte
Starrelser. Irreduktibiliteien af denne Ligning godtgjeres sanledes :
Er u, Rod i en Ligning F(u) = o, hvis Koefficienter lade sig ud-
trykke rationalt ved de bekjendte Starrelser, san folger af Rela-
tionen

F'(u) = o umiddelbart F'(u) = o, F'(ug) = 0, - - - F'(#tn-1) — 0.
Da en saadan Ligning altsan maa veere af Graden m i det wind-
ste, er F(u) = o irreduktibel.

4 Det System af konjugerede Substitationer, der titherer
Ligningen F(u) = 0, bestaar af de Substitutioner af Redderne
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Mo lly + - .- Um_, der foranrsages, ved at man i disse Sterrelsers
Udtryk som Funktioner af rpx, . ... x,—; udforer det den givne
Ligning tilhorende System af konjugerede Substitutioner.

Kaldes det sidstnmvnte System § og det tilsvarende System
uf Substitutioner af w’erne T, saa kan enhver rational Funktion
af disse, der er uforandret ved Substitutionerne T, betragtes som
en Funktion af r'erne, der er uforandret ved Substitutionerne §,
og kan saaledes udirykkes rationalt ved de bekjendte Sterrelser.
En rational Funktion af «'erne derimod, der forandrer Veerdi ved
en Substitation, der tilherer 7, er en Fanktion af r’erne, der for-
andres ved den tilsvarende Substitution i 8§, og kan altsaa ikke
udtrykkes rationalt ved bekjendte Storrelser., T er saaledes vir-
kelig det System af konjugerede Substitutioner, der tilharer Lig-
ningen F(u) = o.

Jeg kommer nu tilbage til den omialte Transformation af den
givie Ligning. Lad y betegne en rational Funktion af Redderne
Lo Ly« du1, hvis numeriske Verdi er wlorapndret ved Substi-
a’ kb

k

intionerne , men er foranderlig ved alle andre Substitu-

tiﬂner.1Dette y bliver da Rod i enirreduktibel Ligning af Graden
5(1";:—4:7—” eller np + 1, hvis Koefficienter ere hekjendte Storrelser.

Gan.r. ved en Substitution g, der tilherer den oprindelige Lignings
Bystem af konjugerede Substitutioner, som jeg for Kortheds Skyld
vil beveevne med Bogstavet S, y over til ', saa er y' uforandret
ved enhver Substitution, der indeholdesi Udtrykket (?*[ﬂ;{:]+b} .
Paa den anden Side kan y* heller ikke veere uforandret ved andre
end disse n.v Substitutioner; thi da omvendt y' gaar over til y
ved ¢!, vilde deral folge, at y var uforandret ved flere end n-v
Substitationer. Til hver Veerdi af y svarer saaledes et partielt

Systemn af konjugerede Subal‘,i!n‘timler, der er uf Ordenen nv 0g
er ligedannet med Systemet (“‘J i+b , 0g som saaledes indehol-
der et og kun et af de wp | 1 Set cirkuleere Substitationer i S.
Da fremdeles ethvert Swmt lader sig aflede af Swttet iib) -

Substitutioner, der tilhere S, vil der ogsaa til hvert Swt svare en
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Vardi af y; som Felge heraf kan heller ikke to forskjellige Vaer-
dier af y veere uforandrede ved det samme Seet af cirkul@re Sub-
stitutioner. Ved Afledning ved Hjalp af Substitutionerne i & vil
saaledes de np--1 Swt cirknlere Substitutioner gun over fil hin-
anden paa en Maade, som kan udtrykkes ved de Substitutioner
af y'erne, som forasrsages ved de samme Substitutioner. Disse
Substitutioner af y'erne ndgjore nn netop det System, der tilhorer
y'ernes Ligning; lader os for Korthed betegue dette System med
Bogstavet T. 7T indeholder nu heist (up~+ 1)n.v Substitutioner.
Skulde det indeholde fmire, maatte § indeholde Substitutioner,
der lode alle y'er uforandrede. Men lader en Substitution af
Sysicmet § den Funktion, som vi fra forst af betegnede med y,

! ’
uforandret, da er den af Formen (“ 'F' b); hvis hera’ = 1, er
den cirkulier, og efter hvad ovenfor er sagi, vil en saadan om-
bytte de avrige y'er i p Cirkler, hver bestasende af a. Er der-

imod ikke a* = 1, lader Substitutionen et r staa; hvis dette er

..‘l
Ty, €r b==pn. Betegnes for et @ieblik (ﬂh‘k) med @, og lader
© y', svarende (il Swmttet 6,”, uforandret, saa maa man have
%0, ' = 8", ligesom man hor gy ! = g+, Som Folge heraf
bliver
980,06~ = (¢85 ). (98,9~ 1). (.0~ Lg~)) - 87 0,70,

Da pu ikke n""EI, er denne cirkulere Substitution ikke af
samme Swt som 66,61, folgelig lader ¢ ikke det til 6.8, sva-
rende y uforandret. Da man uden at forandre den cirkulwere

Substitution ("'11) kan lade hvilketsomhelst r betegnes med g,

gjelder det samme ogsaa om de gvrige Substitutioner af Formen
“l

(fI i+ b)-. hvor ikke «” == 1. Del er saaledes bevist, at Systemet

T virkelig indeholder (ap 4 1).n.v Substitutioner.

Som Felge heraf vil Radderne i den givne Liguing atter kunne
ndtrykkes som rationale Funktioner af y'erne. Medregnes nemlig
y'erne blandt de bekjendte Sterrelser, vil, som bekjendt, under
denne nye Forudsetuing den givee Lignings System af konjuge-
rede Substitutioner kun beholde de Substitutioner i S, ved hvilke
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yerne ere uforandrede, d. e. det vil kun bestaa at den identiske
Substitulion. Enhver ralional Funktion af z'erne vil altsaa lade
sig udtrykke rationalt ved de bekjendte Sterrelser, hvortil nu
yerne regues,

Ethvert transitivt System of konjugerede Substitutioner af Prim-
talgraden n og af Ordenen (np-| 1).n.v kan sauledes udledes af el
andet transitivt System of samme Orden, men af Graden np | 1.

Man har vel bekjendte Exempler herpaa; for n = 5, 7, 11
gives Systemer, hvor p = 1, nemlig af Ordenen (n+1)n(n—1)
for n =5, og af Ordenen (n | I)H,’fg_! for n = 5,7, 11, hvoraf
de af Bte Grad indeholder, det ene alle mulige Substitutioner, det
andet Halvparten; de af 7de og 1lte Grad derimod ferre. Nn
ere virkelig Ligninger, hvortil disse to sidste Systemer hore, fors
udledede af Ligninger af 8de og 12te Grad, nemlig af de i de
elliptiske Funktioners Theori saakaldte Modularligninger, henhe-
rende (il Transformationer af 7de og 1lte Grad. En ngermere
Undersogelse vil ogsaa vise, at disse Modularligninger virkelig
staa i samme Forhold til sine reducerede af 7de og 11te Grad,
som ovenfor y'ernes Ligning til den oprindelige Ligning af Graden
n. Ligeledes kan Modularligningen, der tilhorer Transformationen
af 8le Grad, omdannes til en Ligning af 5te Grad. Nu kan efter
Galois (Lettre & M. Augnste Chevalier, Liouvilles Journal 11lte

Bind 1846) Ligninger af Graden a, hvis System af kﬂnjugcrede
Substitutioner er udtrykt ved

t:.l'-|-_r‘.|

(£
f. Ex. Modularligningerne, kun i de nevnte Tilfelde transforme-
res lil andre Ligninger af Graden a.' Gives der altsaa Systemer
af konjugerede Substitutioner af Graden n og af Ordenen (u |-1)n-%

hvor n er el Primtal haiere end 11, wmaa disse kunne udledes af

andre Systemer af Graden n4-1, end de, hvis Substitutioner erc
af Formen

' Denne Dol of Gal is's Paastand eor jkke bovist i Betti's Arbeide om denn

Gjenstand (Sopra U'ablassamento ete. Tortolinis Annaler 1853). Jeg skal maa-
ske ved en amden Anleduing give Beviget.
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nk+ b
(r..i':-}-d)'
k
Af de oveufur wiviklede Satninger ere Ielgende beviste af
Muthieu i den oftere omtalte Afhandling. Antallet af Sw®t af
cirkuliere Substitutioner er af Formen up 4 1: kaldes Systemets
Orden pr, saa errdivisibel med en vis Faktor af u —1; er denne v
v L
og n—1 =v.v' indeholder Systemet de nv Buhstilutimwr(" i b)'e
Tallet v er storre end 1, og, hvis n er af Formen 4k { 3, ogsaa

starre end 2; endelig indeholder Systemet mindst : Sl cirku-
lere Substitutioner, idet et saadant Antal kan afledes af et af dem
ved Hjelp af Systemets Substitutioner. Hertil har jeg tilfoict, at
ogsua Autullet uf de Seet, der knnne ufledes ved Hjewlp af Syste-
mels Substitutioner af et hvilketsomhelst af dem, er al Formen
np~41; delte har givet Middel til at Levise, at disse np+41 Seet
I Virkeligheden indeholde alle Systemets cirkuliere Substitutio-
ner: heraf folger videre, at Systemets Orden er Produktet al de
tre Tal, der Letegne Graden, Antallet af Set af cirkulwre Substi-
tutioner, og Antallet af de Substitutioner, der ved Afledning lade
€t hvilketsombhelst Sl uforandret. Det bliver saaledes muligt at
angive begge disse sidste Tal uden at kjende andet end Systemets
Orden. Jeg skal (il Slut anfere et Par Exempler herjaa.
Muthicu har vist, at der gives transitive Systemer af Gra-
den ¢g*4 1 og af Ordenen (¢t g g+ 1) '.':.'-: naar g er Prim-
tal og = en Divisor af r. Er nu g =2 og r en Potens af 2, kan
det hende, at ¢"+ 1 er Primtal. Man har da
n=24 1y (@41). 2 (r—1) = = n(ap1).v;
heraf folger, da F. (2 -1)=2(mod 8)
v 2 _:, hvilket er en Divisor af n—- 1 eller 2+
np+-1=2-1. (2 —1). -
Disse Systemer indeholde sanledes 2. . Substitationer al For-

-

k - -
: (-";‘ )‘ og 2 1(2—1) Seet cirkuliere Substitntioner.

Et andet Exempel kan hentes fra Systemer af konjugerede
Substitutioner, der cre bekjendte fra de ved Rodtegn oplaselige
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Ligningers Theori. Lad ¢ som for vieve el Primtal, og lader os
tienke os en Ligning af Graden g7 — 1, hvis Redder adskilles ved
r Indexer i k,....,m, der antage alle Vaerdier efter Modulen g,
nndtagen Kombinationen
i=k=l=... . =m=o.

Lader os endvidere antage, at det Ligningen (ilhorende Sy-

stem af konjugerede Substitulioner betaar af de
(D@ —P@—¢....(¢—q¢ "

Substitutionen af Formen
{ai-i-bk—}—...—i-rfm-, i bokd- ... Ldimy @y i by kAt deim]

i 3 k by L i

Dennes nu symmeiriske Funktioner af de A 1 vatﬁmm af g -1
Redder, hvis Indexer have samme Forhold til hinanden, saa ere

disse Funktioner samtlige nforandrede ved de g—1 Subslitutioner
af Formen
!m’, ak, .....am
. k!
I-1. kq (R ] m
og ville ved Systemets avrige Substitutioner kun vmbyttes med
-

L
h'i"lﬁ Syﬁl,mn af kUtlJugErE{l{‘ Substitutioner bliver af Ordentd

= . (g _qr—l'}

hinanden. De ere saaledes Rodder i en Ligning af Graden &

I']

Er vu r et ulige Primtal, kan det hende, at ¢ 11:31' et Prim-

I | - .
tul. Smites 5;-_1 ==n, ser man let, at ¢ er primitiv Rod i Kon-

gruentsen = =1 (mod n),
hvoraf felger, at

ar—1 o B -
e elley s7—'4-z7-24 ., | 5| 1= (3=q) (3-4%) (3=q°) ... (3=q""")-
Gjeres nu s=qr =1,

finder man
(¢ Q=g g —¢>...(¢ =g = r (mod n).
1 disse Systemer bliver saaledes v - r, hvilket er en Divisor

af n—1, og np-|-1 =1 :q+{¢'—q’] (" —q% .- (g —¢ ")

—— ——
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On Systems of Conjugate Substitutions that could belong to
irreducible Equations whose Degree is a Prime Number

| presented Sylow’s original Norwegian paper of 1867 on Page 21 to Page 38. | now owe the
Ubersetzerzentrale Minchen (UZM GmbH) (see hitps://uezm.de/) a rather good translation
into English, including corrections by myself regarding all the mathematical symbols, which
| can present on Page 43 to Page 60. In the following | summarise this English Paper:

In his article of 1867 Sylow relates to and comments on works by Evariste Galois [Memoire sur les
conditions de résolubilité des équations par radicaux, Journal de mathématiques pures et appliquées 1re série,
tome 11 (1846), p. 381-444; see https://en.wikipedia.org/wiki/%C3%89variste Galois and https:/www.numdam.org/
item/JMPA 1846 1 11 381 0.pdf and https:/www.bibliotheque-institutdefrance.fr/sites/default/files/memoire-
equations-radicaux-galois-evariste.pdf], Augustin-Louis Cauchy [see https:/en.wikipedia.org/wiki/Augustin-
Louis Cauchy], Emile Léonard Mathieu [Mémoire sur I’ étude des fonctions de plusieurs quantités, sur la
maniére de les former et sur les substitutions qui les laissent invariables, Journal de Mathématiques Pures
et Appliquées (1861), 241-323; see https://en.wikipedia.org/wiki/%C3%89mile L%C3%A9onard Mathieu
and https://eudml.org/doc/235340], Jean-Pierre Serret [Cours d’algébre supérieur, Gauthier-Villars, Paris,
1877-79; see https://en.wikipedia.org/wiki/Jean-Pierre Serre and https://archive.org/details/coursdalgeb
superO1serrrich and https:/archive.org/details/coursdalgebsuper02serrrich], Nils Henrik Abel [Abel equations;
see https://en.wikipedia.org/wiki/Abel equation], Theodor Schénemann [Uber die Beziehungen, welche
zwischen den Wurzeln irreductibeler Gleichungen stattfinden, insbesondere wenn der Grad derselben eine
Primzahl ist, Denkschriften k. k. Akademie der Wissenschaften, Math.-Naturwiss. Klasse (1853); see under
https://en.wikipedia.org/wiki/Theodor Sch%C3%B6nemann and https://www.biodiversitylibrary.org/item/247907]
and Enrico Betti [Sopra I’abbassamento delle equazioni modulari delle funzioni ellittiche, Annali di Scienze
MatematicHe e Fisicre, Tomo Quarto, (marzo 1853), 81-100, by Barnaba Tortolini; see under https:/en.wikipedia.org/
wiki/Enrico Betti and https:/www.sba.unifi.it/p589.html and https:/en.wikipedia.org/wiki/Barnaba Tortolini].
His concern is to describe the systems named in the title and to show how they relate to the works of the
quoted distinguished mathematicians. He limits his investigations to irreducible equations of prime degree
whence he is not yet investigating prime powers as he did in his excellent article of 1872. He frequently

uses the binomial coefficients ( ; ) = (n(n=1)(nk+1))/(k(k=1)) = n!/ (k! (n-k)!) for pairs of
integers n =2 k = 0 (see https://en.wikipedia.org/wiki/Binomial coefficient) and says that he has used the

same symbols as used in Serret’s book. He cites Schénemann’s and Mathieu’s result that for an
irreducible equation of prime degree n the associated system of conjugate substitutions must contain a

circular substitution ( *:1 ) of the n roots and relates this to Galois’s memoir. He then develops on 15 pages

his outstanding and hitherto hardly known theory of systems of conjugate substitutions belonging to irreducible
equations of prime degree n which precedes his famous article of 1872.
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Peter Ludwig Mejdell Sylow

Mr. Bjerkn es presented the following paper submitted by Mr. Sy lo w :
On Systems of Conjugate Substitutions that could
belong to irreducible Equations whose Degree
isaPrime Number.'

b

According to G alo1s’ famous theory, the condition for a
rational function of the roots of an algebraic equation to be
expressed rationally by the coefficients and other known quantities
1s that the numerical value of the function must remain the same
when the roots are interchanged in certain ways. These permutations
or substitutions,alsocalledby Cauchy a“system of
conjugate substitutions”, i.e. any two of them performed one after
the other in any permutation of the roots, produce the same result as
if a certain third substitution of the system had been performed.
G alo1s conceives of the substitutions of the system as defined by
a “group” of permutations, which are transformed into each other by
the substitutions. Equations that, under the same conditions, have
the same system of conjugate substitutions or the same group, thus
have essential properties in common and could therefore be
regarded as a distinct class. On the other hand, it can also be proven
that for any given system of conjugate substitutions there are
corresponding equations. It would be of great importance to the
theory of algebraic equations if one could specify which systems of
conjugate substitutions could belong to equations of a given degree,

! Included in the Society’s Proceedings according to the assessment given by gentlemen
Dr. O.J. Broch and Bjerknes.
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and especially which ones belong to irreducible equations. This
problem, as well as other problems related to it, has therefore
also been addressed by several distinguished mathematicians,
without, however, succeeding in solving it.

For equations that can be solved by root signs, the problem has
proven to be much easier when the degree 1s a prime number
than when it is a composite number. This circumstance makes it
likely that a similar relationship applies to equations that can be
solved by root signs. Having thus limited my investigation to
irreducible equations of prime degree, I have, among other things,
succeeded in completing some results found by Mathieu
(Mémoire sur [’etude des fonctions de plusieurs quantités etc.
Liouville’s Journal 1861). However, since the development that
has led me to this point differs in part from M athie u’s,
I have thought it appropriate to present it in its entirety.

In the following, I will use the same symbols as those used in
the third edition of S err e t’s Cours d’algebre supérieur.
I thus denote the roots of the equation by the same letter, x,
provided with indices taken from the modulus n, where n
denotes the degree of the equation; a substitution of the roots is
denoted by indicating which substitution of these indices it
entails. When a substitution is denoted by a letter, I think of this
as a function symbol, whereby the index resulting from the substi-
tution is expressed using the original one. The substitution is

thus understood to be the same as in the substitution ( T} ),

where (k) denotes a certain function of such a nature that, when &
assumes the values 0 1 2 ... (n—1), it becomes congruent (mod »)
with the same numbers in some order. I still think of the system
of conjugate substitutions belonging to the given equation, deter-
mined by a group of permutations, before, when the substituent
must be compatible, to be able to speak as much about/of the
permutations that emerge from each other through the substi-
tutions of the system as about/of the substitutions themselves.
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Schénemann andlater Mathieu?have proven that
when the degree of an irreducible equation is a prime number 7,
the system of conjugate substitutions associated with the equation
must contain a circular substitution of the n roots. Let this be
denoted by 6, and let the roots be denoted by xg, x1, x5, ..., X,.; In
such an order that we have
0=012..(n-1),ie 0=("");

the equation belonging to the system of conjugate substitutions
then also contains all powers of . For brevity, I will refer to a
circular substitution together with its powers as a set of circular
substitutions. If the equation is solvable by root signs, then the
system contains only this one set; conversely, we also know
that if the system of conjugate substitutions associated with the
equation contains only one set of circular substitutions, then the
equation is solvable by root signs. If, on the other hand, the
equation 1s not solvable by root signs, then there must be more
than one set of circular substitutions in the system; that is, there
must be a circular substitution 0’ such that we do not have:

el — Qa
for any value of a. Nor can we have
eia _ eb :

unless both @ and b are divisible by n, whereby #'“ and 6° become
= 1, 1.e. indicating, that no change occurs in the position of the roots.
For from 6'% = ° follows 6'“ = §°¢, since n is now a prime number,

! Uber die Beziehungen, welche zwischen den Wurzeln irreductibeler Gleichungen stattfinden
etc. [On the relationships that occur between the roots of irreducible equations] in the 5th
volume of Denkschriften der math.-naturw. Classe der kaiserlich. Acad. Wien. Schénemann
assumes that the coefficients of the equation are rational numbers; however, this restriction is
not essential for the proof. This proof is undoubtedly one of the most significant advances the
theory has made since Galois’s death; in particular for the first time, one of the most important
solutions in Galois’s “Memoire sur les conditions de résolubilité des équations par radicaux”
has been completed, namely that in Proposition VIII, where it is assumed, without full proof,
that the group must contain a circular permutation.

2 In the above-mentioned treatise “Memoire sur I’étude des fonctions de plusieurs quantités”
Liouville’s Journal Year 1861. Page 304.
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one could, if not a = 0 (mod »), set ac = 1 (mod ») or ¢ = 1/a,
thereby obtaining
o = gbla
which is contrary to the condition. The system of conjugate
substitutions in the equation must now contain the substitution
00" 0" “ or,touse Betti’s expression, the derivative of 9
using 0'“, which is derived in the same way as @’ i.e., circular.
First, note that we have
9l g’ gi-a = (eia 0 ei—a)r ;
the substitutions of the form 0'* 8” ', in which a has the same
value, thus form a set of circular substitutions, which can thus
be said to be derived from the set 8" using '“. Secondly, the 7 sets
0.0 00", 0720672 07 6703, ... 61 g7 oI D
are different from each other as well as from 6"". Namely,
from 6'° 6" 6" = "
immediately followed " = 6",
which is impossible. If, on the other hand,
from 0" 0" 6" = 6" 0° 0"",
followed " = 6" ¢* 9" “>
then 0" = 9" g 9",
This equation states that 8, when derived using 8'?, changes
to one of its powers. But now we know that any substitution

g c k+ 0
that, by derivation, changes ( ', 1) to one of its powers must

itself be of the form ( ) this substitution 1s only circular if
c =1 (mod n). We must therefore have

git-a) _ k+d) 9e
but this is impossible when b = a. It has thus been proven that
0" and 6'* 0" 0" “ represent n + 1 sets of circular substitutions; if,
therefore, the system of conjugate substitutions in the equation
contains more than one set of circular substitutions, then it contains

ck +d
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at least n + 1 sets. However, if it contains more than these, let 6,
be a new circular substitution. The system then contains the
n sets expressed by
Qia (91}’ 91’ -a

which, as proven above, are mutually different and different
from 6. But they are also different from the sets 8'* " 6'"*; for
if one had _ _ . _

00,0 =0"6°0"",
then it follows 6, = 8@ §*7 9" i.e. 6, itself belonged to
one of the preceding sets, which is contrary to our assumption.
Thus, if the system contains more than those n + 1 sets, then it
has at least 2n + 1; if it has even more, then we see 1n the same
way that it has at least 3n + 1, and so on. In this way, we can
continue to arrange the circular substitutions belonging to the
system until they are exhausted; the number of different sets
must therefore be of the form np + 1. The equations solvable by
root signs are included in this, as they correspond to p = 0.

If 6, by derivation using any of the substitutions of the system,
became a power of itself, then the substitutions of the system
must all be of the form
( ak + b
k b

and the equation would belong to those solvable by root signs.
If it does not belong to these, the system must contain a substi-
tution @ such that 8¢~ does not belong to the set #”. Since the
choice of the circular substitution, which we have denoted by 6’,
1s quite arbitrary, we could assume
0'=opbo.

The set 6'" can then be derived from the set 6" using one of the
system’s own substitutions; the same applies to the sets 6°° 6" §'“.
If the system now contains more sets of circular substitutions
that could be derived from 6" using the system’s own substi-
tutions than these n + 1, we could assume that 8; has the same
property. We then have
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6, =vyOy™,
where ¢ belongs to the system It follows that
ela 91 el a __ ela \|] er\v 91 a __ — (ela ) Hl" (Qla \|])

Since 6" and y belong to the system, their product 9’“ v must
also belong to the system; but we see that all sets 0 §,” §"“
can be derived from the set 6" by the system’s own substi-
tutions. One can therefore repeat the previous reasoning and the
previous arrangement of the circular substitutions, limiting oneself
to the sets that could be derived from 6" by substitutions
belonging to the system. The number of these sets is thus also
of the form np + 1. It will be shown below that this actually
yields all circular substitutions.

One can derive another set from the set 8" using any substi-
tution belonging to the system; but several of these derived sets
could coincide with each other or with 8" . In order to obtain a
relation between the number of substitutions in the system, i.e.
the order of the system, and the number of sets of circular
substitutions that could be derived from 6" by the substitutions
of the system, we would examine how many of the latter could
give the same derived set. To this end, let o and ybe any two
substitutions by which 6" gives the same set. We then have
Yoy~ = 0%,
and conversely, which 1s sufficient for the derived sets to be
identical. Now
Yoy = = W(0) y(1) w(2) ... y(n-1)) and
¢0°9" = (¢(0) 9(a) 9(2a) ... (n-1)a)
Therefore, if y(0) = ¢(ma), we must have
y(1) = o((m + a), y(2) = o((m+2)a), ... y(k) = o((m+k)a).
If we set ma = b (mod n), we get
y(k) = o(ak + D).
The substitutions that derive the same set as ( i ) from ( 7 )

k b
are thus those contained in the expression ( v ; } ), all of these
and no others. If ¢ now belongs to the system, then they become
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substitutions in the sy stem that satisfy the aforementioned
oG ak + b
condition are the same as those of the form ( " . } ). However,

if both ( mak:b} ) and ¢ belong to the system, then the same
. 1 t.p{ak+b} ak + b
applies to the product ¢ ( ) ( ) conversely, if ¢ and

ak + b
(Y i ) belong to the system then the same is true of ( *“}" ).

The number of these substitutions is thus equal to the number
of substitutions in the system that are of the form ( i

Since the system contains the substitution ( : ) and 1its
powers, we sec that the constant b can have all n values;
similarly, we see that if the system contains the substitution
( a“b) for a value a, then it also contains the substitution
( + ) for the same value, and vice versa. To examine more
closely what values a can have, we would denote by ¢ a
primitive root of the prime number n» and assume that the
system contains the substitution ( ik ); it then contains every
power of this, i.e. every substitution of the form ( E:k ). Ifa'is

now the greatest common factor of o and n—1, we can set
Ea=a' (mod n—1),

whereby we obtain &% = & (mod n);

furthermore, if n—1 = a' a", one sees that the system

contains the following series of o'’ substitutions:

e G e

If the system contains more substitutions of the form ( ﬂ: ) then

e k - - - - - . .
these, e.g. ( *, ), it must contain a 51m11ar series of substitutions:

SCECE ).

where 3’ denotes the greatest common factor of B and n—1, and where
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n—1 =B'-B". It must also contain every substitution of the form:

g
)
Now, C and n can always be given values such that
go'+np'=Cy(modn-1),
where ( 1s arbitrary and y denotes the greatest common factor of

o’ and B’. The system therefore contains the following series of
v' substitutions

(:) ( E;k ) ( Ez;ck ) ( a“”:“’k ),Wherey°y'=n—l.

This series contains all substitutions in (1) and (2). In this way, one
can continue until all substitutions of the form ( . ) in the system

have been exhausted. All these substitutions are therefore powers
of a single substitution; if their number is v, then v must be a divisor
of n—1; if n—1 = v-v’, they could be written as follows:

(G O )

The values that a can have are therefore 1-€" ¥ ... eV V' i.e.

all numbers of the form a'. The substitutions of the form

k+b . .
( & . contained in the system are therefore expressed by

P
( . k; £ ), and their number is n-v.

According to what has been said above, the number of substitutions
in the system by means of which one can derive a given other set of
circular substitutions from 6" is equal to n-v; which is also the
number of those by which the set " is derived from itself. If the
number of sets that can be derived from 6" using the substitutions of
the system is np + 1, then the order of the system is (np + 1)-n-v.

It is conceivable that there are more sets of circular substitutions
than the ones mentioned np + 1. Therefore, let 3" be a set that
cannot be derived from 6" by any of the system’s substitutions.
Since it does not matter which of the system’s circular substitutions

is denoted by ( k; 1 ) , the following applies, as proven above about
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also applies to 3. If the number of sets, that could be derived
from 9" by the substitutions of the system, is equal to np; + 1,
and the number of substitutions, that change 9 to its powers by
derivation, is nv;, where v; denotes a divisor of n — 1, then the
order of the group is equal to (np; + 1) nv,. We then have
(np, + 1) nvy = (np + 1) nv where v; = v (mod n), i.e. v = v,
which again implies p; = p. The circular substitutions that could
be derived from 9" by the substitutions of the system therefore
constitute as many sets as those that could be derived from 6";
I add that they are also different from these. For otherwise one
would have to have an identity of the form
0O ¢ =y 9y,
where ¢ and y belong to the system. From this it follows that
=y 90" o y=(y" 9) 0" (yv" 9,
i.e. 9 could be derived from 6" using y'-¢, which belongs to
the system; but this contradicts the assumption. If there were
more than np + 1 sets of circular substitutions in the system,
there would have to be at least 2(np + 1). If there were more
than these, it can be seen in the same way that there would have
to be at least 3(np + 1). In short, the number of different sets
must be a multiple of np + 1; let it be called m (np + 1). But
according to what has been proven above, we then have
mmp+1)=1 (modn),i.e. m=1.
One can therefore set
mmnp+1)=(ng+1)(mp+1).
Each set now contains n—1 circular substitutions (excluding the
identical substitution); the total number of circular substitutions
is thus also m (np + 1) (n—1), and this number must be less than

the total number of substitutions; we thus have

(ng+1)(np+ 1) (n-1)<(np+ 1)-nv.
Since n—1 > v, it follows that ng + 1 <n, 1.e. ¢ = 0.

Scientific Society Negotations/Discussions [Vidensk.-Selsk. Forh.] 1867. 8
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Therefore, there are no more sets of circular substitutions than
those that could be derived from 8" by the system’s own substi-
tutions. It should be noted here that the circular substitution

denoted by ( kII ) has been chosen quite arbitrarily; what has

been proven about this one thus also applies to any other. It should
also be noted that the equations solvable by root signs are
included in the general rule, as they correspond to the value p = 0.

Putting together everything that has been proven above, we have
the following:

If a system of conjugate substitutions belongs to an irreducible
equation of prime degree n, then the order must be a number of the
form (np + 1)-n'v, where v denotes a divisor of n—1. The number of
different sets of circular substitutions is np + 1, and each of these
can be derived from any other set by n-v of the system’s substi-
tutions. If the roots are denoted by the same letter with added
indices taken from the modulus n, in such an order that one of the

: P k+1 :
circular substitutions is denoted by ( ; ) then v is the number of
k
substitutions of the system of the form ( ﬂk )

If it is now proven that the order of any transitive system of
prime numbers of degree n must be of the form (np + 1)-n-v,
then it is already clear in advance that there are no systems of
any order that are numbers of this form. Since the order is a
divisor of 2:3-...-n, (np + 1)-v must be a divisor of 2-3-...-(n—1).
But even when this condition is not fulfilled, there are always
systems of order (np + 1)-n-v. The 7th degree already provides
several examples of this.

Thus, the following is easily proven: One cannot have v = 1,
except in the case p =0, i.e. the Abel equations.

If v =1, the system has (np + 1)-n substitutions, and of these, (np + 1)
‘(n—1) are circular; thus, there are only np + 1 substitutions in the
system that are not circular. But now the number of substitutions
that leave any root x; unchanged must also be = np + 1; the np + 1
non-circular substitutions therefore leave any root x; unchanged.
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Since the system has only one such substitution, the identical
substitution, we conclude: np + 1 =1, p=0.

It further follows that: When p > 0, i.e. when excluding the
equations solvable by root signs, and n is of the form 4k + 3,
one cannot have v = 2.

The system must contain the substitution ( -: ) or

(1, n—1) (2, n-2) (3, n-3) ... (n—1)/2, (n+1)/2),
which 1s composed of an odd number of transpositions. But
now we have the following theorem.

When a system of conjugate substitutions contains a substitution
composed of an odd number of transpositions, its order is an even
number; one half of its substitutions is composed of an odd
number of transpositions, the other of an even number, and the
latter constitute a complete system of conjugate substitutions.

Namely, those of the system’s substitutions that are composed
of an even number of transpositions:
1’([)1 Q2 ... Opq ... (CZ),

then @; @, 1s also a substitution belonging to the system and

composed of an even number of transpositions; it is therefore

included in (a). The substitutions (a) thus form a system of

conjugate substitutions. Furthermore, if y and y are any two of

the original system’s substitutions that are composed of an odd

number of transpositions, then it is obvious that

Y, YO1, Y@, ..y YOpi, ... (D)

are r distinct substitutions of the same kind. Now -y is

composed of an even number of transpositions, 1.e. one of the

substitutions a. We therefore have

v =grand 3=y @

All the substitutions of the original system are thus included in

(a) and (b); their number is therefore 2r.

If there were a system of order (np + 1) n-2, there would also

have to be one of order (np + 1) n, which is only possible if p = 0.
g#
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When one wishes to form a picture of the relationship between
circular substitutions in derivation, one can imagine the
equation transformed into another such that for each set of
circular substitutions belonging to the given equation, there
corresponds a root in the transformed equation. Since the
transformed equations thus obtained are also of interest in other
respects, I shall discuss the matter in more detail. I must thus
refer to some theorems of the general theory of algebraic
equations, which I shall insert and provide with proofs, as I do
not know of any place where they are developed.

1. Let u be a rational function with known coefficients of the
roots xy, X, ... , X,1 in an algebraic equation, and let its
numerical value remain unchanged by a substitution 8; if now a
substitution ¢ of the system of conjugate substitutions belonging
to the equation changes u to u’, then the numerical value of u'
remains unchanged by the derivative of 6 using o.

Namely

u :f()C() X1 ... xn_l) :f(XQ(()) Xo(1) «-- XQ(n_l)),
this relation must continue to hold, even if the substitution ¢ is
performed, 1.e.

u' =f(x(p(0) Xo(1) -+ -x(p(n—l)) :f(x(pg(()) Xoo(1) «- X(p@(n—l))-
Thus, we see that u' remains unchanged by the substitution
( F’TEJ ), i.e. by (p-<9-(p_1.

2. If in the function uy = f(x x; ... x,_1) one performs the system of
conjugate substitutions associated with the equation, one obtains a
number of functions equal to the order of the system, each of which
corresponds to a permutation in the group of the equation; however,
several of these could have the same numerical value. If the number of
mutually different values of u, 1s m, and the number of different
permutations corresponding to uq is u, then the order of the system of
conjugate substitutions associated with the equation is equal to m - u.

Namely, if on has
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—1
Uy — Z/l()’: Ll()”: cee Mo(u )

where ug uy' ... uo(“_ ) correspond to different permutations
and 1f these functions assume the substitution values u; u;’
. ;"D belonging to a certain equatlon then we have

(u—l)
u — M1 = Ul U .

The number of permutations, that give the value u;, is thus
at least equal to the number of those that give uy. On the
other hand, it is also clear that the number of those that give
uy 1s at least equal to the number of those that give u;; so
both numbers are equal, thereby justifying the assertion.

3. If we call the mutually different values assumed by u in
the system of conjugate substitutions ug u; ... u,,_; associated
with the equation, then these are roots of an irreducible
equation of degree m, whose coefficients can be expressed
rationally by known quantities.

If by a certain substitution ¢ uy u; ... u,_; belonging to the
equation, we go over to uy' u;' ... u',_1, these latter must be
included in the former; on the other hand, they must be
mutually different; for from u'; = u'y it follows, by applying
the substitution (p that u; = u;, which 1s contrary to the
assumption. From thls it follows that uy' u;’ ... u,_" are the
same as uy U ... U, In some order. Since symmetric
functions of u u; ... u,_; are unchanged by all substitutions
belonging to the equation, the equation

Fu)=w—uy) (u—uy) ... (u—u,1)=0
has coefficients that can be expressed rationally by the
known quantities. The irreducibility of this equation is
therefore demonstrated. If 1 1s a root of an equation F(u) =0
whose coefficients can be expressed rationally by the known
quantities, then it follows immediately from the relations

F'(u) = 0 that F'(ug) = 0, F'(u;) = 0, F'(uz) =0, ...., F'(tt. 1) = O.

Since such an equation must therefore be of degree m at
least, F(u) = 0 1s irreducible.

4. The system of conjugate substitutions belonging to the
equation F(u) = 0 consists of the substitutions of the roots
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up Uy ... Uy 1, which are caused by performing the system of
conjugate substitutions belonging to the given equation in the
expressions of these quantities as functions of xy xy ... x, ;.

If the latter system i1s called S and the corresponding system of
substitutions 7', then any rational function of these that is
unchanged by the substitutions 7" can be regarded as a function
of the x’s that is unchanged by the substitutions S, and can thus
be expressed rationally by the known quantities. A rational
function of the 7’s, on the other hand, which changes value by a
substitution belonging to 7, is a function of the r’s that changes
by the corresponding substitution in S, and so cannot be expressed
rationally by known quantities. 7 is thus really the system of
conjugate substitutions belonging to the equation F(u) = 0.

I now return to the aforementioned transformation of the given
equation. Let y denote a rational function of the roots xo x; ... x,, 1,

whose numerical value is unchanged by the substitutions

( "H";b ), but is variable by all other substitutions. This y then

becomes a root in an irreducible equation of degree (n(np+1) v)/nv
or np + 1, if the coefficients are known quantities.

If by a substitution ¢ belonging to the original system of
conjugate substitutions, which for brevity I will denote by the
letter S, y is transformed into y’, then y' remains unchanged by

pla"k+b) ) On the

(k)
other hand, y’ cannot remain unchanged by substitutions other
than these v substitutions; for if, conversely, y' is transformed
to y by ¢ ', it would follow that y remained unchanged by more
than n-v substitutions. Each value of y thus corresponds to a
partial system of conjugate substitutions of order n , which is

any substitution contained in the expression (

equal to the system ( “HTE’) and thus contains one and only
one of the np + 1 sets of circular substitutions in S. Since every
set can be derived from the set ( k:b ) by substitutions belonging
to §, there is also a value of y; as a result, two different values
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of y cannot remain unchanged by the same set of circular
substitutions. By derivation using the substitutions in S, the np + 1
sets of circular substitutions will thus correspond to each other
in a way that can be expressed by the substitutions of the »’s
caused by the same substitutions. These substitutions of the y’s
now constitute precisely the system that belongs to the equation
of the y’s; for brevity, let us denote this system by the letter 7.
T now contains at most (np + 1) nv substitutions. If it
contained fewer, 7" would have to contain substitutions that left
all y’s unchanged. But if a substitution of the system S leaves
the function that we initially denoted by y unchanged, then it is

of the form ( ‘ Tb ); if here ¢” = 1, it is circular, and according
to what has been said above, such a substitution will exchange
the other y’s in p circles, each consisting of n. If, on the other
hand ¢” = 1, the substitution leaves an x ; if this 1s x,, then b = 0.
Let us denote ( “;k) by ¢ for a moment, and let ¢ ' corres-
ponding to the set ¢," remain unchanged, then we must have

06,0 ' =6,°, just as we have ¢fp ' = 0"  Asa result, we get

900,07 =000") (009" (@0 9 )=0" 60"
Since @ = 1, this circular substitution is not of the same set as

06,0, and consequently ¢ does not leave y, corresponding to
0 0,0, unchanged. Since, without changing the circular substi-

tution ( k; : ) , any x can be denoted by x,, the same applies to the other

substitutions of the form ( "HT 2 ), where @” = 1. So it has been proven
that the system 7 really contains (np + 1)-n-v substitutions.

Now as a result, the roots in the given equation can again be
expressed as rational functions of the y’s. If the y’s are included
among the known quantities, then, as is well known, under this
new assumption, the system of conjugate substitutions in the
given equation will retain only those substitutions in S for which
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the y’s are unchanged, i.e. it will consist only of the identical
substitution. Any rational function of the x’s can therefore be
expressed rationally by the known quantities to which the y’s
are now counted.

Any transitive system of conjugate substitutions of prime degree
n and of order (np+1)-n-v can thus be derived from another
transitive system of the same order, but of degree np + 1.

There are well-known examples of this; for n = 5, 7, 11, there
are systems where p = 1, namely of order (n + 1) n (n—1) for n
=5, and of order (n+1)n-n-1/2 forn =75, 7, 11, of which the
5th degree contains all possible substitutions, the other half;
those of the 7th and 11th degrees, on the other hand, fewer.
Now, the equations to which these last two systems belong are
first derived from equations of the 8th and 12th degrees,
namely from the so-called modular equations in the theory of
elliptic functions, belonging to transformations of the 7th and
11th degrees. A closer examination will also show that these
modular equations really stand in the same relation to their
reduced forms of the 7th and 11th degrees as the above
equation of the y’s to the original equation of the degree n.
Similarly, the modular equation belonging to the transformation
of the 5th degree can be converted into an equation of the Sth
degree. Now, according to G al o1 s (Lettre a M. Auguste Chevalier,
Liouville’s Journal, Volume 11, 1846), equations of degree n,
whose system of conjugate substitutions is expressed by

ak + b
ck+d
k 9

¢.g. modular equations, are transformed into other equations of
degree n only in the cases mentioned. ' If there are systems of
conjugate substitutions of degree n and of order (n + 1)n-v,
where n 1s a prime number greater than 11, these must be
derivable from other systems of degree n + 1 than those whose
substitutions are of the form

! This part of Galois’s assertion is not proven in Betti’s work on this subject (Sopra
I’abbassamento etc. Tortolini’s Annaler 1853). I shall give the proof on another occasion.
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ak + b
ck+d
k

Of the theorems developed above, the following are proven by
Mathieu in the frequently mentioned treatise. The number
of sets of circular substitutions is of the form np + 1; if the
order of the system is called n r, then r is divisible by a certain

factor of n—1; if this 1s v and n—1 = v - v/, the system contains

the n v substitutions ( ° Tb ) The number v 1s greater than 1,

and, if » is of the form 44 + 3, also greater than 2; finally, the
system contains at least »/v sets of circular substitutions, since
such a number can be derived from one of them using the
substitutions of the system. To this I have added that the
number of sets that could be derived using the substitutions of
the system from any of them is of the form np + 1; this has
provided a means of proving that these np + 1 sets in fact
contain all the circular substitutions of the system; from this it
further follows that the order of the system is the product of the
three numbers denoting the degree, the number of sets of
circular substitutions, and the number of substitutions that,
when derived, leave any set unchanged. It thus becomes
possible to specify both of these last numbers without knowing
anything other than the order of the system. Finally, I will give
a couple of examples of this.

M athieu has shown that there are transitive systems of
degree ¢ + 1 and of order (¢" + 1) ¢ (¢" + 1)r/t, when g is a
prime number and ¢ is a divisor of . If ¢ = 2 and r is a power
of 2, it may be that ¢" + 1 is a prime number. We then have

n=2"+land 2"+ 1)2"2"-1))r/t=n(np+ 1) v,
from which it follows that 2" (2" — 1) =2 (mod n) and

v=2r/t, which is a divisor of n—1 or 2",
andmp+1=2""12"-1).

These systems thus contain 27/t substitutions of the form
ak r— r - . .
( L ) and 2! (2" — 1) sets of circular substitutions.
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Another example can be found in systems of conjugate substitutions,
which are known from those equation theories solvable by root signs.

Let g be a prime number as before, and let us consider an equation of
degree ¢" — 1, whose roots are separated by 7 indices i, £, ..., m, which
assume all values according to the modulus g, except for the combination
i=k=l=..=m=0.
Let us further assume that the system of conjugate substitutions
belonging to the equation consists of the
G@-DG -G ~9)..(d -4
substitutions of the form
ai+bk+..+dm, aji+bk+..+dm, .., a_ji+b_ k+..+d_m
{ ] . k e m }
These are now symmetrical functions of the (¢'—1)/(¢—1) systems of
g — 1 roots, whose indices have the same relation to each other, so that
these functions are all unchanged by the g— 1 substitutions of the form
{ a, Ay s
L e
and would only be interchanged with each other by the other substi-
tutions of the system. They are thus roots of an equation of degree
(¢'—1)/(g—1), whose system of conjugate substitutions is of the order
¢ -1/g-D)"-9) (@ -9 . (d—q).
If 7 is an odd prime number, it may be that (¢"—1)/(¢g—1) is a prime
number. If (¢"—1)/(g—1) = n, it is easy to see that ¢ is a primitive
root in the congruence z” = 1 (mod #), from which it follows that
(z'=1/2-1) (z—q) (z2—¢°) (2= ¢)... (z—¢" 7).
If we now set z=¢" = 1, we find
G -9 -a)(q ~)...(¢"— g ) =r(mod n).
In these systems we have v = r, which 1s a divisor of n—1, and

np+1=(q"-q/N (¢ -G ~q)...(¢—4).
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Théoremes sur les gronpes de subslitutions,

Par M. L. Syrow 4 Freperiksuarnp en NorvEGE.

On sait que si lordre d'un groupe de substitutions est divisible
par le nombre premier 2, le groupe contient toujours une substitution
d’ordre n. Ce théortme imporlant est contenu dans un autre plus
géuéral que voici: ,,Si l'ordre d'un groupe est divisible par n%, n dtant
premicr, le groupe contient un faisceau partiel dordre 2=¢. La dé-
wonstration méme du théortme fournit quelques autres propriétés
générales des groupes de substitutions. J'y ajouterai encore quelques
propositions moins géndrales qui s’y ratachent ou qui en écoulent,
dont quelques uncs pourtant sont <éjiv connmues par un travail de
M. K. Mathieu.

Les notations et les termes employés sont ceux de M. C. Jordan.

I. 8i & est un groupe de substitutions dont lordre N est divisible
par le nombre premicr 7, on sait que G contient une substitution
d'ordre 7, mais nous pouvons supposer plus généralement quil con-
tienne un groupe g d'ordre n%, dont par conséquent chaque substitulion

est d'un ovdre divisenr de m*. Nous désignerons les substitutions
de g par

1 al 9? LI ]
tandis que les substitutions de G en général scront désignées par

Lt Pyiiiees
Enfin nous supposerons que G ne contient aucun gronpe partiel
dont T'ordre cst une puissance de 1 supérieure & n®. Or @ contient
towjours des subslitutions permutables & g, savoir les substitutions de
ce dernier elles-mémes, mais il est possible qu'il en contient un nombre
plus grand; en tons cas ces substitutions forment wn groupe ¥, qui
contient g, et dont Tordre sera désigné par n*v: ee nombre est & son

1
tour un diviseur de N; nous pouvons done faire:

N=nv},
Les substitutions du groupe y seront désigndes par

LD & o e
Les 6 sont donc comprises parmi les g, ainsi que celles-ci parmi les y.
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Théorémes sur les groupes de substitutions. 585

Cela posé, nous allons d’abord démontrer que le nombre v doit
étre premicr & n. Soienl zy z; , . ... les lettres que le groupe G
pecmute entre elles, et soit y, une fonction ratiounelle des z, invariable
par les substitutions de g mais variable par toute autre substitution.
Cette fonction prend par les substitutions de p les v valeurs difféventes

YoYUy Yz reoeYr—1-
Chacune de ces fonctions est invariable par les subslitutions de g
mais variable par toute autre substitution. En cffet, si y, se déduit
de ¢, par la substitution ¢, y, est invariable par le gronpe transformé
de g par ¢,, mais variable par toute autre substitution; mais ¢, étant
permutable & g, le groupe transformé se confond avee g. Or si l'on
opere dans les o les substitutions de p, on aura entre ces quantités
un groupe 3 nécessairement transitif et isomorphe a y. Pour en avoir
Pordre il faut diviser celui de y par le nombre des substitutions ¢ qui
Nalterent avcune des y, clest-h-dire par n2. Llordre de p est donc 2.
Si maintenant » était divisible par n, ¢° devrait contenir une sub-
stitution d'ordre m; une substitution correspondante ¢, de » devrait
remplir la condition
Q" =0,.

Mais puisque @, est permutable & g, on voit que dans ce cas les sub-
stitutions 0, ¢,? formeraient un groupe d'ordre n%+! contenu dans
G. Cela étant contraire & Phypothise, on conclut que » cst premier & n.

Notons ici que les © sont les seules substitulions de y dont les
ordres sont des puissances de 2. En effet, si ¢, est une substitution
de y étrangere i g, les substitutions 8, forment un groupe dont
Vordre est égal & nem, m désignant l'exposant de la puissance la
moins élevée de ¢, qui appartient & g. Or on voit sans peine que
les seules puissances de ¢, qui appartiennent & g sont celles dont les
exposants sout des multiples de m, d'odt il suit immédiatement que m
est un diviseur de lordre de ¢,. Si donc lordre de ¢, était une
puissance de 22, on aurait m = nf, ce qui est impossible, le groupe
des 0, nc pouvant étre d'ordre ne+7.

Le nombre . nest pas non plus divisible par 2. Pour le [aire
voir imaginons une fonction rationnelle des = invariable par les sub-
stitutions de 7, mais variable par toute autre substilution. Soit z,
cette fonction, et représentons par

ﬁuglgzot- -zﬂ_—l
les  valears quelle prend par les substitutions de G. Effectuons
dans les z les substitutions dc gj par cela #, ne varie pas, mais
chacune des autres z prend un nombre de valeurs qui est un diviseur

de Yordre de g, c'est-d-dire unc puissance de n. Cetle puissance ne
peut se réduire & l'unité; si par exemple 2, était invariable par g
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586 L. 8vrow.

et que 2z, se déduise de z; par la substitution ¥,, 2, devrait étre in-
variable par le groupe transformé de ¢ par ¥,~'; or, le seul groupe
d’ordre n* contenu dans y étant g, ¥~ 1 devrait étre permutable i g,
ce qui n'a-pas liew. Si done on partage les fonctions 2, . ... 2,y en
systemes, en réunissant ensemble celles qui se permutent entre elles
par les substitutions de g, le nombre de fonctions contenues dans
chaque systtme sera une puissance de n. Par conséquent le nombre
ko est de la forme np 4 1. Lordre de g égale done la plus grande
puissance de n qui divise l'ordre de G. Les résultats obtenus se
résument ainsi:

Théoréme 1. Si me désigne la plus grande puissance du nombre
premier n qui divise Vordre du groupe (G, ce groupe contient un auire
g de Vordre ne; si de plus n*v ddsigne Uordre du plus grand groupe
contenw dans G- dont les substitutions sont permutables G g, Uordre de
G sera de la forme n®v (np 4 1).

2. Lvidemment g nest pas le seul groupe d'ordre %® contenu dans
G, excepté seulement le cas p==0. Mais on pourrait demander si
G en contient d’antres que g et ses transformés par les substitutions
de (. Voili ce que nous allons rechercher. Soit g un groupe d’ordre
n® contenu dans G mais différent de g, et soient

I RS
ses substitutions. Effectuons ces substitulions dans les fonctions g,
et réunissons en systémes celles qui par ccla s'échangent entre clles.
Comme nous l'avons déja dit, le nombre des fonctions contenues dans

chaque systeme doil étre un diviseur de n%; on doit donc avoir une
égalité de la forme

np - 1=n"+ a4 n° 4. ..

n®, w, w°. .. désignant le nombre des fonctions contenues dans les
divers systémes. Mais cela exige qu'au moins un des exposants
abe ... soit nul; en d'autres termes, il faut qwau moins une des
fonctions # soit invariable par toutes les substitutions de g'. Soit z;
cette fonction, el supposons quelle se déduise de z, par la sub-
stitution 4. On 2 n'est invariable que par les substitutions w,— Ypatly;
de plus ¥~ 1, ¢y est semblable & ¢,, et parmi les ¢, il 0’y a que
les 6 dont les ordres sont des puissances de 2. Il faut done quon ait
0 = ¥~ 1029
pour toutes les valeurs de b. Le groupe ¢ est done le transformé de
g par P.

S1 d’aillenrs on remplace ¥, par @, 9;, on a dvidemment le méme
groupe transformé, De lautre coté ¥ ne peut étre remplacée que
par @,¢:. KEn effet, si Ton a

Ui 0athr = Y10, ¢
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Théortmes sur les groupes de substitutions, 581

pour toute valeur de a, il s’ensuib
Yty 10 =" = 0,
d’ott 'on conclul
P~ = @,

Y= Py ¥ .
On peut douc énoncer ce théoréme:

Theéoréme 1. Tout dtant posé comme aw (héoréme précédent, le
groupe G contient précisément np + 1 groupes distinets d'ordre n®; on
les obtient tous en transformant Uun quelconque dentre eur par les
substitutions de G, tout groupe étant donné par n®v transformantes
distinctes.

Par un raisonuement analogue on voit que tout groupe contenu
dans G dordre nf, B étant moindre que @, ecst le transformé d'un
groupe contenu dans g par une substitution de G, et quil y a au
moins n®v manitres de Iobtenir par transformation. Il est en effet
possible quil y en ait plus, puisque de la relation

Pty 0 PPt = B
wid’k_l = @r

i moins quelle n’ait lieu pour toute valeur de a.

3. Nous allons maintenant nons occuper du groupe g. Formons
les transformées des substitutions 16,0, .. .. par une delles; comme
par cela on ne fait que les reproduire dans un autre ordre, on a une
substitution entre les substitutions 6 elles mémes. Si on les trans-
forme successivement par toutes les substitutions de g, on a un groupe
de substitutions; cela résulte en effet immédiatement de l'identité:

ﬂ&‘lﬁ‘,_lﬂrﬂa 0 = {Eaeg.)_lﬁr (E}nﬂﬂ) .

Le groupe entre les 8 qu'on obtient de cette manitre est nécessairement
intransitif, la substitution identique aun moins étant invariable par les
transformations; mais il y a aussi d’autres substitutions invariables,
comme nous allons voir. En effet on peut réunir en systtmes celles
des substitutions qui s'échangent entre elles par les tm{tg.fﬂrmationa;
cela fait, les transformations produiront un groupe trapsitif entre les
substitutions de chaque systtme. Or le nombre de substitutions ©
contenues dans un systeme est un diviseur de Tordre du groupe cor-
respondant; mais on voit par un raisonnement familier que 'ordre l]t:.
ce groupe est égal i n® divisé par le nombre des transformations qui
ne font varier auncune des substitutions du sysleme considéré. Ainsi
donc le nombre de substitutions contenues dans chaque systeme est
une puissance de 7. La substitution identique étant invariable, on
doit avoir une égalité de la forme

ne=14ns 40" 4.

i

on ne peul conclure
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ol In%n®... sont les nombres des substitutions des divers systemes.
Cela exige qu'au moins # — 1 des exposants ab. . . soient nuls. Tl ya
donc dans le groupe g au moins n substitutions, y comprise la sub-
stitution identique, qui sont invariables; en d'autres termes il y a
dans g au moins n substitutions échangeables i toutes les substitutions
du groupe,

Or puisque, deux substitutions étant dechangeables, leurs puissances
le sont également, il y aura toujours parmi les substitutions échan-
geables i toutes les autres unc substitution dordre n. Soit 0, cette
substitution, ¢t soit y, une fonction rationnelle des x, invariable par
0,7 mais variable par toute auire substitution, et représentons par

YoUs Yp e o v s
les n®=1 valeurs qu'elle prend par les substitutions de g. Bn effectuant
dans les y les substitutions de g on aura entre ces fonctions un groupe
isomorphe & g, dont l'ordre est évidemment n=—1, En vertu de ce
qui vient d'étre démontré ce groupe doit contenir une substitution
d'ordre n échangeable a toutes les substitutions du gronpe. Soit main-
tenant 0, une substitution correspondante de g. Effectuée n fois de
suite 0, doit ramener toutes les y i leurs places primitives, done
0," = 0,°.
De plus, si & désigne une substitution quelconque de ¢, 8, doit pro-
duire entre les y la méme substitution que sa transformée par 8, c¢'est-
i-dire, on a
910,49 = 0,°0, .

Les substitutions 6,78* constituent évidemmenl un groupe d'ordre
n?. 31 maintenant on forme une fonction rationnelle des z invariable
par les 6,6,%, mais variable par toute autre substitution, et qu'on
raisonne sur cette fonction, comme nous avons raisonné sur y,, on
voit que g doit contenir nne subslitution 8, qui remplit les conditions

{}211 —— U.ucﬂ,ld
»ﬁ'_lﬂﬂﬂ'n B“'EEIIEQ .
En continuant ainsi on démontre le théortme suivant:
Theorcme ITI. St Vordre d'un groupe est ne, n dtant premier, une
substitution quelconque & du groupe peut étre cxprimée par la formule
'ﬂ' _ Brjielke?{ @@ Ba—lr
PRt 1
Idt — Hﬂn
0," = 6,°6,°
0," == 0,40,¢0,

ot
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Théorémes sur les groupes de substitutions. H39

et ou lon a S G110, =6,
9-16,8 = 0,0,
910, = 0,70,%0,
9—10,0 = 6,°6,56,70,

On voit que les facteurs de composition du groupe s?n‘t tous égoaux
& 2, nous pouvons done énoncer comme corollaire In proposition suivante:

Si Vordre d'une équation algébrique est une puissance d'un nombre
premier, Uéquation est résoluble par radicau.

Supposons que le groupe g soit transitif et que le nombre des
lettres soit égal & nf. Dans ce cas la substitution que nous avons
nommée 6, est régulitre, c'est-d-dire quelle déplace toutes les lettres,
et que toutes ces cycles en contiennent un méme nombre; car nu'frcn!ent
elle ne serait pas évidemment échangeable & toutes les subst}tut}uus
du groupe. De plus le groupe sera imprimitif; en effet les substitutions
remplaceront les lelires contenues dans un méme cyele de 6, par des
lettres d'un méme eycle. Done l'équation le partagera par la réso-
lution d'une équnation de degré nf—-1 en nf—1 équatiiuns_ de {.lﬂgrl": n.
Lvidemment les groupes de ces dernidres équations, ainsi que celui de
I'équation auxiliaire, ne contiendront que des substitutions dont les
ordres sont des puissances de n; les équations de degré n seront par
suite abéliennes. Done:

Théoréme IV. 8i le degré dune équation irréductible est 2%, n
ctant premicr, et que Uordre de son groupe soil également unc ijfSSﬂHGﬂ
de n, Uune quelconque de ses racines se détermincra par une suile de i
cquations abéliennes de degre n.

Pour le cas n = 2 cette derniere proposition a été démonirée par
M. J. Petersen (Om de Ligninger, der kunne léses ved Kvadratrod
ete. Kjobenhavn 1871). :

Ces résultats peuvent méme &lre généralisés. En cffct, si T'ordre
du groupe d’'une équation est égal & nom, m étant mnindr'e que 2,
on a, en employant le théoréme I, p=0, m = 7. Par smte‘ toutes
les substitutions du groupe sont permutables au gronpe pn.rt:e} que
nous avons désigné par g. Le groupe se réduit done a g, sl l’m::
adjoint les fonctions que nous avons désignées par ¥y, ..., eb qui
sonl les racines d’une équation dont lordre et le degré Sﬂl;lt- égﬂ.ux
i m. Si done l'équation auxiliaire est résoluble par radicaux, léquffi.mn
donnée Vest également. De la s'ensuit comme conséquence immédiate :

Théoréme V. Si Uordre dune dquation algébrique est
nEN,AN,TNGS ...,
0Ny Ny Ny . ... clant premiers, si de plus on a
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H90 .. SyLow.

"> HINuNm ...

Pt o T

Ba > MM, s,
Véquation est résoluble par radicau.

4. De ce qui précéde on tire aussi une démonstration simple du
théortme de M. E. Mathieun: Tout groupe transitif entre m* Jdeltres,
n désignant un nombre premicr, conticnt une substilution réguliére d'ordre
#. (Voir le journal de M. Liouville 1861.)

Soit G un gronpe trausilif de degré nem, ct soit N son ordre.
Or N est divisible par n=m; faisons donc

N =ne+im N,
N’ étant supposé premier d n; soit de plus G’ le groupe d’ordre nf N’
qui contient les substitulions de @ qui ne déplacent pas #,. Maintenant
G contient un groupe g d'ordre ne+8, et les substitutions de ce dernjor

qui ne déplacent pas #, forment un groupe g, dont nous désignerons
Vordre par n?., Or ¢ est évidemment conlenu dans G', done on a

y 8.

Mais si 'on désigne par » le nombre des places qui sont succes-
sivement occupées par z,, quand on effectne toutes les substitutions
de g, on a, comme on sait,

rat = netf

done g e

Le nombre » est nécessairement une puissance de 2; dailleurs ce
qui vient d’étre démontré pour z, a aussi lieu pour chacune des z.
Done chaque lettre prend par le groupe g un nombre de places qui
est une puissance de n égale ou supérieure i ne.

Si maintenant on suppose m — 1, on voit que ¢ doit &tre transitif.
Cela étant, g doit contenir une substitution régulitre comme nous
lavons déja dit. Le théoréme est donc démontré,

Il'y a un autre cas ot Ton peut également démontrer l'existence
de substitulions régulitres. Supposons en effet & =1 avec m < n.
Puisque %% > mn, on conclut que chaque lettre prend par les sub-
stitutions de g précisément n places différentes. Si done m réunit dans
un méme systéme les lettres qui s’échangent entre elles, on aura m
systemes de n lettres chacun. Boit maintenant ¢ un cycle d’une sub-
stitulion de g, ¢ représentera une substitution circulaire des u letires
Q'un méme systeme. Or si une autre substitution de g fait subir aux
mémes lettres un déplacement, ce déplacement ne sera autre chose
qu'une puissance de ¢, car dans le eas contraire on pourrait des deux
substitulions dériver une troisitme qui me soit pas dlordre 2. Soit
donc 0 une substitution de ¢, on a
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0=—¢C.u.-0C

¢x désignant une substitution cireulaire entre les lettres du " systeme.
Si maintenant » << m, le groupe g doit contenir unc substitution 8,
qui permute les lettres du (r 4 1)™° systeme, et d'aprés ce qui vient
d’étre dit on a

0, =0C26" ¢t G Crp1Cr g2 e lry
les nombres & & ... & pouvant étre nuls. On en fire

0r0, = ¢+l . .ot 1br s - -G

Or, puisque le nombre des systémes est inférieur & n, on peut
déterminer p de sorte qu'aucun des nombres p 408, p4&,...p+ ¢
ne soit égal & zéro. On obtient ainsi ume substitution ayant » 4
eycles. Si 9 - s << m, on déterminera de la méme manitre une sub-
stitution de ¢ qui a plus de r 4 s cycles; en conlinuant ainsi on
finira par tronver une substitution réguliére. ‘

Théoréme VI, Une groupe transitif entre nn lellres, n ctant premcr,
¢t m < n, contient une substitution réguliére dordre n.

Eu vertu de ces deus théorémes tout groupe tramsitif entre un
nombre de lettres moindre de 12 contient des substitutions régulieres.
Mais déja pour le degré 12 il existe des groupes transitifs qui en sont,
dépourvus. Ainsi les substitutions du groupe dérivé de

0y = (2, 2,) (232, %5) (Xs; %)
0; == (&3, %;) (@sts®7) (Lo %10%n1)
@ == (&o Ty &y Ty %) Ty T @,,) (%, %, T;%9)

sont semblables les unes i 6,, les autres aux puissances de P- Un
autre exemple est le groupe dérivé de 6, 0, et des substitutions suivantes

(o @y @y By) (%, 23) (% T3 %41) (Z5210)
(@0 @ @, &) (%,%5) (@392, Z11) (Z5210) -
Ces deux groupes sont d'ordre 72, et caractérisent des équations réso-
lubles par radicanx. ‘
5. Considérons maintenant les groupes transitifs de degré premier.

Soit n le degré, IV l'ordre du groupe. Puisque N est divisible par =
mais non divisible par »?, on a

N=nv (np+ 1)
Supposons les lettres rangdes dans un ordre tel qu'une substitution
circulaire du groupe est exprimée par
8=k &+ 13

alors les substitutions permutables au groupe dérivé de 6 sont de la

forme
|k ak <4 D]

J Mathe & Comp Appli, 2026 Volume 5(2): 77-136



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory. Journal of
Mathematical & Computer Applications. SRC/JMCA-278. DOI: doi.org/10.47363/JMCA/2026(5)234

002 L. Syrow.

Or nv est égal & Tordre de ce dernier groupe, donc » est égal au
nombre des substitutions du groupe donné qui sont de la forme
|k ak|; v est donec un diviscur de # — 1. On a done ce théoréme:

Lhéoreme VII. L'ordre dwn groupe tramsitif entre un nombre
premier de lellres est de la forme nv (np4- 1), ott n est le degié,
np - 1 le nombre des substitutions réguliéres essenticllement différentes,
cest-a-dire, qui me sont pas des puissances les unes des autres, ot oii v
est le nombre des substitutions de la forme |k al|, wne substitution
circulaire quelconque dant désignée par |k T 4= 1].

Ces résultals soni en partie counus par les recherches de M. E.
Mathieu, qui a démontré que le nombre des substitutions circulaires
essentiellement différentes est de la forme np 4 1, et quil y en a an

moins ﬂ, un tel nombre pouvant &tre déluit des |k % - B] en les

transformant par les substitutions du groupe. Ce qu'il faut ajouter
aux propositions de M. Mathieu pour avoir le théortme ci-dessus ¢'est
done que toutes les substitutions cireulaires peuvent étre déduite de la
maniére mentionnée, un point sur lequel M. Mathien semble avoir
conservé des doutes.

Qu'on se rapelle iei ces deux pmpusmnm également  dues i
M. E. Maihieu:

1) Si p > 0, v ne peut étre égal @ 1.
2) Sip >0, et que n soit de la forme 41 4 3, v nc peut
étre cgal a 2.

Etant donné l'ordre N d'un gronpe transilif entre n lettres, notre
théoreme permet de déterminer le nombre des substitutions anuimms
et le nombre des substitutions permutables au groupe dérivé d'une
substitution circulaire. En effet 2, étant moindre que n, ecsl com-
pletement déterminé par la congruence

N
— = v mod n:
7 ?

et puis on a
np -+ 1= ﬂ-,

Prenons pour exemple le groupe dn degré gg s g ¢étant un nombre

premier, que Fon peut déduire du groupe lme-'ure i r indices. Si 3

X
est un nombre premier impair, il peul arriver gne 'f? 11 est un

nombre premier. Faisons done

n=0=1
-1
N=l"0—0@—a). . ¢—¢Y.
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Or on voit aisément que g est une racine primitive de la congruence
"= 1 mod n;
par suite on a
=t Atk e L), (e s (e )
Si maintenant on fail
r=qr=1,
on obtient _
=@ —a)...(—g-)=r.

N
n

¢'est-i-dire

I

r

Si donc on choisit les indices de sorte qu'une substitution circulaire
est représentée par |k £ - 1|, le groupe contiendra » substitutions
de la forme |k ak| savoir les |k ¢'k|; le nombre des substitutions

circulaires essentiellement différentes sera ng_i" (@"—q%)...(¢"—q~Y).

La formule N =nv (np -4 1) réduit considérablement le nombre
des diviseurs du produit 2.3....n propres a désigner l'ordre d’un
groupe transitif. Si par exemple on fait # =7, » doit étre égal a 6
ou & 3, excepté pour les équations résolubles par radicaux. Mais s'il
existe un groupe d'ordre 7T (Tp 4 1)6, il y en a aussi un d'ordre
T(Tp+ 1) 3 contenant celles des substitutions du premier groupe qui
équivalent & un nombre pair de transpositions. Pour avoir les valeurs
de 7p + 1 il suffit donc d'examiner le cas n=3; donc Tp 4 1 doit
¢tre un diviseur du nombre 2, 5. 4. 3, et par conséquent égal & un des
nombres 1, 2%, 5. 3, 5. 3. 2%, dout le troisitme doit &lre rejeté,
puisquil n’y a pas de groupe d'ordre 5. 3 entre 6 lettres. Pour 2 = 11
il n’y aura que 15 cas & examiner ete.

Examinous maintenant la composition des groupes en question.
Soient done G et H deux groupes transitifs, et soit (¢ contenu dans
H et permutable & ses substitutions. Soit de plus n (np -4 1) v V'ordre
de G, et désignons par 0,0, ... 0,, ses substitutions circulaires essen-
tiellement différentes. G contient donc les #p + 1 groupes d’'ordre n:
8,", 6,", ... 8,". Bi l'on transforme ces groupes par une substitution
circulaire quelconque de H, qui sera désignée par 8°, on doit les re
produire dans un autre ordre; on i donc uve substitution entre les
np -+ 1 groupes. Mais on voit sans peine que si un groupe 67 n'est
pas invariable par la transformation, il doit faire pmrtie d'un eyele de
n groupes. Donc au moins un des groupes est invariable par la
transformation. 5i nous supposons que c'est 8,", ce groupe ést permu-
table & ©’, d'o I'on conclut

0" = 0,°.
En effet, si I'on choisit les indices de sorte que
Mathematische Annalen. V. as
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o=k k4 1],
il n'y a parmi les n (n — 1) substitutions [k al -4 b|, seules permu-
tubles & 8,7, que les |k % <4 b| qui sont d'ordre n. Toutes les sub-
stitutions circulaires de H font done partie de G.
Réciproquement, si G et H contiennent les mémes substitotions
circnlaires et que H contienne G, H est composé avee G. Soit tou-
jours n (np 4 1) v lordre de G, celui de H sera n (np 4 1) vy, v,

n—1

étant un diviseur de + Les snbstitutions de la forme [k ak| con-

tenues dans H sont les punissances d'une seule d'entre elles; désignons
celle-la par ¢; celles qui appartiennent & G seront par conséquent les
puissances de gn. Or il est facile & voir que H dérive des substi-
tutions 6, 0, . . . 0,, @. En effet lc groupe dérivé de ces substitutions
est contenu dans H; de l'autre coté son ordre ne peut éfre moindre
que n (np - 1) vv,, puisqu’il a np 4 1 substitutions cireulaires et »2,
substitutions |k a%|. De méme G dérive des substilulions 6,8, . ..
0,p g". G est donc permutable aux substitutions de I, 81l est per-
matable & @. Or cela a licu, car premidrement les transformées de
B, 0, ... 0np par ¢ sout des subslitutions circulaires appartenant a H
et par suite & G; secondement @* est échangcable i o.

Ainsi nous avons démontré le théoréme suivant:

Thiéoréme VIII. Powr qu'un groupe transitif de degré premicr soit
composé avee un groupe particl, il faut cf il suffit que le second groupe
posséde toutes les substitutions circulaives du premicr.

Soit donnée une équation dont le groupe est H. Si l'on forme
une fonction des racines invariable par les substitulions de &, mais
variable par toute autre substitution, elle sera évidemment racine dune
équation abélienne de degré »,. En adjoignant cette fonction on réduit
le groupe de l'équation & G.

Si done une équation irréductible de degré n est composde, elle
devient simple par l'adjonction de la racine d'une équation abélienne,
dont le degré est un diviseur de n — 1.

En supposant p = 0, on retombe sur une propriété connue des
équations résolubles par radicanx.

Sylow, L.

Theorems on the theory of substitutions. (Théorémes sur les groupes de substifuiions.)
(French) JFM 04.0056.02

Clebsch Ann. V, 584-594 (1872).

Bereichnet n” die hischste Poleny der Primzahl 2, welche die Ordnung von (7 theill, so enthiilt diese
Gruppe eine andere von der Ordnung »". Hieran schliessen sich dhnliche Theoreme iiber enthaltene
Gruppen. Wenn die ﬁnlmmﬁ‘uimir algﬂhmix-::l‘l:m Gleichung = nom"vny 2. ist, wobei n, my, m,
Primzahlen sind, und i > ny 1 12 2 ..., 1y > mo2 ... 181, S0 18t die Gleichung durch Wurzeln losbar.
Es folgt eine Untersuchung der wichtigsten Eigenschafien transitiver Gruppen.

Reviewer: Metto, Dr. (Berlin)
https://zbmath.org/04.0056.02 and https://zbmath.org/pdf/02718820.pdf
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Abstract

The paper describes Sylow's discovery of the theorems named after him. He was led to this discovery by his study of Galois” work, in
particular of Calois' criterion for the solvability of equations of prime degree, It is explained how Sylow used methods from Galois

theory in his prools. The paper also disousses relevant commespondence between Sylow, Jordan, and Petersen,

Zusammenfassung
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Diese Arbeit behandeltr Sylows Entdeckung der Sdtze, die nach ihm benannt sind. Er gelangte zu ihnen durch seine Beschdftigung mit
Galois' Arbeiten Ober die Aufldsbarkeit von Gleichungen vom Primzahlgrad. Es wird beschrieben, wie Sylow im Beweis seiner Sitze
Methoden aus der Galois-Theorie benutzt, Es wird weiterhin auf die diesbezigliche Korrespondenz zwischen Sylow, Jordan und
Petersen eingegangen.

Résumé

Cet article traite de la découverie par Sylow do thisoréme gui porie depuis son nom, 1 troové ce thsoréme en @iudiant les travaux de
Galwis sur la résolubilité des éguations dont le degré est un nombre premier. On y indigue comment Sylow utilise dans sa
démonstration les méthodes de la théone de Galois. De plus, on étudie dans cet article la correspondance & oo propes entre Sylow,
Jordan et Petersen.
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prédee inpoiase fimee. Th moni impad & woine égand ane amiiif miclectaelle qui m'a
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e Geschichie einer mathematischen Theorie s vor allem die Geschichee der
renfralen Saize und ticfen Crpebmisee dieder Theonie, Entsprechend verdienen dic
Sybow-Sanre besomdere Aufmerisambeil im Rahmen ciner allpemeineren Ge.
schichte der Goappenitbeonic. Exist dan Yerdiensa von Waberowse [ 1380], ersamals
eime wolche Untériuchung vorgelegl ru haben, der von der mathematiseben Sub-
stanz her nur wenig hinrmrufligen ist und die vor allem eine amfessembe Masaek
lwng verschisdenar—hewta =, T. fast verg — Beweisvanasian enthilt. Die
wonlicgende Wotee=die als FErginamg oo der Arbeit von Waterhonse angesehen
werden kann—beschiftiel sich mehr mit der histonschen Seite der Emdeckune
der Sybow.S8ze. Wahrend Waserhouse die Feit nach der ersien Vendffentlichung
ey Sylow-Sitee im Jahee 187} behandell, pehl ox uns vor allem um die Feit vor
I¥TI. Es wird der rage nachgegangen, wie Sybow 2u Jder Frobiematalleng seiner
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Diese Frogenm kbmnen nichi alle ganz cimdeutng und wollstamliy braniworiet
werdan, sber o5 168 sich dach lelgendes Fealstellon:

1. Sybaw ist ganr offensichilich von der Thearie der alpebwass hens Sbeiclnmgen
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denkbar wiirc—von ciner abatrakteren Theone der Permutstions-Gruooen im
Sinme Canchys {1789 1857). Darlber hanaus war (e tha Ureppestheons aoch
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ne, und e verwandee galois-theoretische Koastruktionen und Schiusse an Siel
len, die wparer reim gruppentheotelsch behandel warden. Seine ersten heiden
HNawptsbiee (Exisiene, Aneahl und Konjugierbeil der p Bvlow Gruppen) hat e in
ummitiefarem Anschull an ¢wn Ergebnis von Galods (1811-1832) zunachst in
einem sehr speascllen Fall (nhmbch p-Sylow-Gruppen cimer Untergnapps der 5.
gelunden und anschbietend verallgenseanert. He dieser Verallgemeinerung kbnnte -
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Die Entdeckung der Sylow-Satze

WINFRIED SCHARLAU

Mathematisches Institut der Universitit Miinster, Einsteinstr. 62, D<4400 Miinster, Germany

HERRM H. WUSSING ZUM 6. GEBURTSTAG, AM 15, OKTORER 1987 cEWINDMET

The paper describes Sylow's discovery of the theorems named after him. He was led 1o
this discovery by his study of Galois' work. in particular of Galois® criterion for the solvabil-
ity of equations of prime degree. It is explained how Sylow used methods from Galois theory
in his proofs. The paper also discusses relevant correspondence between Sylow, Jordan,
and Petersen. © 1988 Academic Press, Ine

Diese Arbeit behandelt Sylows Entdeckung der Sitze, die nach ihm benannt sind. Er
gelangte zu ihnen durch seine Beschiftigung mit Galois® Arbeiten iiber die Auflésbarkeit von
Gleichungen vom Primzahlgrad. Fs wird beschrieben, wie Sylow im Beweis seiner Sitze
Methoden aus der Galois-Theorie benutzt. Es wird weiterhin auf die diesbezugliche Korre-
spondenz zwischen Sylow, Jordan und Petersen eingegangen. © 1988 Academic Press, Inc.

Cet article traite de la découverte par Sylow du théoréme qui porte depuis son nom. Il a
trouve ce théoréme en étudiant les travaux de Galois sur la résolubilité des équations dont le
degré est un nombre premier. On y indique comment Sylow utilise dans sa démonstration les
méthodes de la théorie de Galois. De plus, on étudie duns cet article la correspondance i cc
propos enire Sylow, Jordan et Petersen.  © 198 Acudemic Tress, Ine.
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1. EINLEITUNG UND ZUSAMMENFASSUNG

Diese Arbeit beschiftigt sich mit der Entdeckung der Sylow-Sitze, die ungefihr
in das Jahr 1870 fillt. Sie behandelt damit cin wichtiges Ereignis der friihen Ge-
schichte der Gruppentheorie und schlieBt unmittelbar an cine Arbeit von Wa-
terhouse [1980] an. Fiir eine knappe, aber sehr prignante und die wesentlichen
Punkte deutlich hervorhebende Darstellung der Geschichte der Gruppentheorie in
dem hier interessierenden Zeitraum wird auf Dieudonné [1978, Kapitel 3.4.1]
verwiesen, fir eine auBcrordentlich grindliche Diskussion vieler Einzelheiten und
Zusammenhiinge auf das bekannte Buch von WuBling [1969].

Weil es in wenigen Zeilen geschehen kann (selten genug bei einem historischen
Thema), soll zunachst an die Aussagen der Sylow-Siitze erinnert werden: Es sei G
eine endliche Gruppe der Ordnung n = p*m wobei p eine Primzahl und m kein
Viclfaches von p ist. Dann enthilt G eine Untergruppe P der Ordnung p* (eine p-
Sylow-Gruppe). Je zwei solche Untergruppen P;, P, sind konjugiert, d.h. es exi-
stiert g € G mit P, = gP,g~!. Die Anzahl der p-Sylow-Gruppen ist einerseits ein
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Teiler von n, andererseits von der Form pk + 1. SchlieBlich ist jede Gruppe P der
Ordnung p* auflisbar, genauer es existiert eine Folge von Normalteilern P, C. .
C P, = Pmit |P)| = pl.

Die zentrale Bedeutung dieser—vielleicht technisch und abstrakt erscheinen-
den—Siitze fiir die Theorie endlicher Gruppen kann hier nicht erliutert werden.
Es mub geniigen festzustellen, daB mit ihnen der Grundstein fiir die gesamte
Strukturtheorie endlicher Gruppen gelegt ist [1]. Thre fundamentale Wichtigkeit
wurde auch von dem fithrenden Gruppentheoretiker des vorigen Jahrhunderts, C.
Jordan (1838-1922), sofort erkannt. In [Jordan 1873, 40], cincr Arbeit, die erste
Anwendungen enthélt, schreibt er:

Cette propositlion mérite assurément par sa simplicité, sa netteté et sa généralité, d'étre
considérée comme fondamentale; et nous ne doutons pas qu'elle ne donne lieu a d'impor-
tantes conséquences.

Dieses Urteil brauchte Jordan nie zu revidieren; noch im Juli 1907 schrieb er an
den inzwischen 75-jihrigen L. Sylow (1832—1918) inzwischen auf eine fast vierzig-
jihrige personliche und wissenschaftliche Bekanntschaft zuriickblickend:

Vous me parlez i la fin de votre lettre des nombreux travaux dont la théorie des groupes a fait
I'objet dans ces derniers temps; . . . . El ces travaux devraient vous plaire, n’élant que le
développement naturel de vos beaux théorémes, dont j'ai été le premier, si je me ne trompe a
prédire I'importance future. lls m'ont inspiré & votre égard une amitié intellectuelle qui m'a
fait me réjouir i la vue de votre écriture. [2]

Dic Geschichte ciner mathematischen Theorie ist vor allem die Geschichte der
zentralen Siitze und ticfen Ergebnisse dieser Theorie. Entsprechend verdienen die
Sylow-Sitze besondere Aufmerksamkeit im Rahmen ciner allgemeineren Ge-
schichte der Gruppenthcorie. Es ist das Verdienst von Waterhousc [1980], erstmals
eine solche Untersuchung vorgelegt zu haben, der von der mathematischen Sub-
stanz her nur wenig hinzuzufiigen ist und die vor allem eine umfassende Darstel-
lung verschiedener—heute z. T. fast vergessener—Beweisvarianten enthilt. Dic
vorliegende Note—die als Erginzung zu der Arbeil von Waterhouse angesehen
werden kann—beschiiftigt sich mehr mit der historischen Seite der Entdeckung
der Sylow-Sitze. Wihrend Waterhouse die Zeit nach der ersten Veroffentlichung
der Sylow-Sitze im Jahre 1872 behandelt, geht es uns vor allem um die Zeit vor
1872. Es wird der Frage nachgegangen, wie Sylow zu der Problemstelling seiner
Sitze gekommen ist, welche Hilfsmittel und Methoden er zur Verfiigung hatte, ob
und gegebenenfalls welche Anregungen er von Zeitgenossen erhielt, wie er selbst
seine Siitze einschitzte, welche Hoffnungen und Erwartungen er mit ihnen ver-
band, wic sic sich vielleicht in ein umfassenderes ‘‘Forschungsprogramm’
einordnen lassen.

Dicse Fragen koénnen nicht alle ganz eindeutig und vollstindig beantwortet
werden, aber es lalbt sich doch folgendes feststellen:

1. Sylow ist ganz offensichtlich von der Theorie der algebraischen Gleichungen
und der Galois-Theorie zur Gruppentheorie gekommen und nicht—was auch
denkbar wire—von einer abstrakteren Theorie der Permutations-Gruppen im
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Sinne Cauchys (1789-1857). Dariiber hinaus war fiir ihn Gruppentheorie noch
praktisch ein Teil der Galois-Theorie, gewissermaBen angewandte Galois-Theo-
rie, und er verwandte galois-theoretische Konstruktionen und Schliisse an Stel-
len, die spiter rein gruppentheoretisch behandelt wurden. Seine ersten beiden
Hauptsitze (Existenz, Anzahl und Konjugiertheit der p-Sylow-Gruppen) hat er in
unmittelbarem AnschluB an ein Ergebnis von Galois (1811-1832) zuniichst in
einem sehr speziellen Fall (namlich p-Sylow-Gruppen einer Untergruppe der Sp)
gefunden und anschlieBend verallgemeinert. Bei dieser Verallgemeinerung kénnte
Cauchys bekannter Satz (Existenz cines Elementes der Ordnung p in einer
Gruppe mit durch p teilbarer Ordnung), der auch im Beweis benutzt wird, eine
Rolle gespielt haben [Cauchy 1845].

2. Sylow ist zwar ganz unabhiingig von anderen Autoren zu der Entdeckung
seiner Sitze gekommen, aber die Gruppentheorie hatte zu dieser Zeit ein
Entwicklungsstadium erreicht, daB strukturelle Fragen dieser Art nahelagen und
die Zeit fur die Entdeckung der Sylow-Sitze reif war. Schon bei Galois und
Dedekind (1831-1916) finden sich in lange Zeit unveroffentlicht gebliebenen
Manuskripten Teilaussagen der Sylow-Sitze. Weiterhin war etwa gleichzeitig mit
Sylow der déanische Mathematiker J. Petersen (1839-1910) [3] im Zusammenhang
mit Konstruktionsproblemen auf das Problem der Auflésbarkeit der 2-Gruppen
gestoBen. Uber diesen Fragenkreis existiert cine Korrespondenz zwischen Sylow
und Petersen aus den Jahren 1870/71.

3. Wenn auch—wic gerade gesagi—die Zeit fiir die Untersuchung der inneren
Struktur der endlichen Gruppen gekommen war, so riickten diese Probleme doch
nicht sofort in das Zentrum des Interesses der Gruppentheoretiker. Das eigentlich
zentrale Problem der Gruppentheoric im ganzen 19. Jahrhundert seit Cauchy und
Galois war das Klassifikationsproblem oder, genaver und sinnvoller, das Problem
der Klassifikation transitiver Permutationsgruppen, wobei von vornhercin nahe-
liegend war, nach Ordnung, Grad und Transitivitatsgrad vorzugehen. Wesentliche
Beitrage stammten vor allem von Jordan [1961] und E. Mathieu (1835-1890) [4].
Wie aus seinem NachlaB und dem Briefwechsel mit Jordan ersichtlich ist, stand
dieses Problem auch bei Sylow im Vordergrund des Interesses, Auf diec Sylow-
Sitze stieB er vielleicht eher beildufig. Er versuchte, sic sofort auf dieses Problem
anzuwenden, und in seinen Briefen klingt etwas Enttiiuschung an, daB sie bei der

Bearbeitung dcs Klassifikationsproblemes sich nicht von du rchschlagendem Nut-
Zen erwiesen,

2. DAS ERBE GALOIS®

Unserc heutige (Lehrbuch-) Literatur suggeriert insofern ein etwas unzutref-
fendes Bild, als man den Eindruck gewinnen konnte, daB Galois’ Hauptleistung
darin bestand, das gefunden zu haben, was wir heute Galois-Theoric nennen. Dies
ist nur sehr eingeschrankt richtig: ein Kernpunkt der Galois-Theorie, nimlich die
Bedeutung der Gruppen fiir die Behandlung algebraischer Gleichungen, war
schon vorher im Prinzip bekannt. Inshesondere war J. J. Lagrange (1736-1813) in
seiner groBen Arbeit zu diesem Thema schon dem *‘Hauptsatz der Galois-Theo-

: -136
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rie’’ sehr nahe gckommen—und zwar nicht nur im *‘generischen Fall’’ unbe-
stimmter Koeffizienten der betrachteten algebraischen Gleichung, sondern im all-
gemeinen [Lagrange 1770/71, insbesondere Artikel 104]. Auch hatte er die
prinzipielle Bedeutung der Gruppentheorie fiir dieses Problem erkannt. Vielleicht
wiirde es zu weit gehen zu behaupten, dafi Lagrange den Hauptsatz der Galois-
Theorie schon kannte, aber er hatte zweifellos klare und richtige Vorstellungen
davon, in welcher Richtung die Theorie der algebraischen Gleichungen zu
entwickeln sei [5]. Die eigentliche Leistung von Galois besteht darin, daB er schon
weit iiber “‘abstrakte Galois-Theorie™ hinausgeht und, angeregt von dem Problem
der Auflosung algebraischer Gleichungen durch Radikale, mit einer eingehenden
Untersuchung der Struktur endlicher Gruppen beginnt. Zu diesem Zweck—und
das ist sicher eine seiner beeindruckendsten Ideen—erfindet er die Theorie der
endlichen Kérper, um namlich durch Darstellung der Gruppe in einer passenden
linearen Gruppe iiber einem endlichen Korper Auflosbarkeitsaussagen zu gewin-
nen. Damit ist mit einem Schlage ein weites Spektrum gruppentheoretischer Pro-
bleme und Konzepte angesprochen: die Untersuchung der inneren Struktur end-
licher Gruppen, das Problem der Bestimmung auflosbarer Gruppen, die Be-
schreibung von Gruppen als lineare Gruppen iiber endlichen Kérpern und damit
eine erste ldee einer allgemeinen Darstellungstheorie, etwas spezicller und
konkreter dann die Bestimmung der auflosbaren Untergruppen alfiner oder pro-
jektiver linearer Gruppen, und, weil Galois-Gruppen als transitive Permutations-
gruppen operieren, die Untersuchung transitiver Gruppen nach Ordnung, Grad
und Transitivititsgrad. Auf diesem Gebiet ist Galois praktisch ohne Vorganger
und aus dem Nichts heraus zu Ergebnissen gekommen, von denen Bourbaki
[1971, 70] noch hundert Jahre spiter sagen konnte, dall sie **zu den scharfsinnig-
sten der Theorie zihlen’'. Galois selbst hat dic Bedeutung und Tragweite dieser
Zusammenhinge selbst hervorgehoben, als er schrieb:

C’est surtout dans la théorie des permutations, ou I'on a sans cesse besoin de varier la forme
des indices, que la considération des racines imaginaires des congruences parait indispensa-
ble. Elle donne un moyen simple et facile de reconnaitre dans quel cas une équation primitive
est soluble par radicaux, comme je vais essayer d’en donner en deux mots une idée. [Galois
1962, 125]

Eines der bemerkenswertesten Einzelergebnisse Galois” war sein Kriterium fiir
die Auflosbarkeit irreduzibler Gleichungen vom Primizahlgrad, das sich rein glei-
chungstheoretisch formulieren lieB (in heutiger Sprechweise: p(x) = 0 ist auflosbar
durch Radikale genau dann, wenn der Zerfallungskorper durch je zwei beliebige
Wurzeln erzeugt wird). Vergleiche die Bemerkung:

Pour qu'une équation irréductible de degré premier soit soluble par radicaux, il faut et il suffit
que deux quelconques des racines étant conncus, les autres s'en déduisent rationellement.
[Galois 1962, 69]

Bekanntlich hat Galois weder Zeit gehabt noch sich diec Zeit genommen, sein
algebraisches und gruppentheoretisches Programm auszufiithren. Es kann aber
kein Zweifel bestehen, daB er mehr gewuBt hat, als sich in seinen Aufzeichnungen
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oder gar seinen Publikationen findet. So kann auch kaum verwundern, daf} er
offenbar den wesentlichen Teil der Sylow-Siitzc gekannt hat, wie sich aus einer
unveroffentlichten Randbemerkung ergibt, auf die wohl als erster Dieudonné
[1978, 117] hingewiesen hat. Es heiBt dort [Galois 1962, 72):

Théoréme. Si le nombre des permutations d’un groupe est divisihle par p" (p élant premier),
le group aura pour diviseur un groupe de p* permutations.

Es ist miiig, dariiber zu spekulieren, ob Galois diesen Satz wirklich bewiesen
oder nur erraten hatte. Sicher hatte er die Fihigkeiten und Mittel zum Beweis.
Andererseits ist zu bedenken, daB der Satz, so wie er formulicrt ist, fast die
Auflosbarkeit der p-Gruppen mit einschlicBt. Da sein Hauptziel gerade Auflos-
barkeitskritcrien waren, wire ¢s dann eigentlich naheliegend gewesen, ihn auch in
diesem Zusammenhang zu erwiihnen.

Es ist oben gesagt worden, daf Galois’ Werk fiir jeden Mathematiker dieser
Generation eine Heraustorderung darstellen muBte. Einer, der dicse Herausfor-
derung (in spiter beiseite gelegten Untersuchungen) annahm, war Dedekind
[1932; 1981]. Es ist nicht notwendig, darauf noch einmal niher einzugehen. Was
die Gruppentheorie betrifft, sollen nur drei Feststellungen gemacht werden: 1) Fiir
cinen Mathematiker vom Range Dedekinds bestanden um die Jahrhundertmitte
keine grundsitzlichen Schwierigkeiten mehr, eine abstrakte Gruppenthcorie zu
konzipieren und mit einer Ausarbeitung zu beginnen, 2) als eines der ersten Pro-
bleme stellte sich das Klassifikationsproblem [Dedekind 1932, 439; Cayley 1878).
3) ausgehend von Cauchys schon erwithntem Satz scheint eine Untersuchung der
inneren Struktur der endlichen Gruppen immer in Richtung auf die Sylow-Sitze
zu verlaufen: Dedekind zeigt, daB eine p-Gruppe ein nicht-triviales Zentrum hat;
da er den Begriff der Faktorgruppe kannte, hiittc er daraus ohne weiteres die
Aufiosbarkeit der p-Gruppen folgern konnen [6, 7).

Uberhaupt kann man feststellen, daB die Galois-Theorie in den fiinfziger und
sechziger Jahren recht schnell bekannt wurde: eine groBBere Zahl von Mathemati-
kern in verschiedenen Lindern beschiftigten sich mit ihr, darunter auch weniger

bekannte oder solche, die an abgelegenen Orten wirkten, wie Sylow sclbst oder
der schon erwihnte Petersen.

3. SYLOWS WEG ZU DEN SYLOW-SATZEN

Aus der vorhandenen Literatur und cinigen weniger bekannten Arbeiten Sy-
lows, scinem NachlaB und seinem Briefwechsel 146t sich rekonstruieren, wann
und wie Sylow zu seinen gruppentheoretischen Untersuchungen gekommen ist.
Wir stiitzen uns vor allem auf den von Kragemo [1933] verfaBten Lebenslauf, auf
Sylows eigene Arbeiten [1867] und [1872] und auf den im Nachlaf befindlichen
Briefwechsel mit Jordan und Petersen [8].

Von Kragemo erfahren wir zunichst, daB Sylow sich schon wihrend seines
Lehramtsstudiums mit der Theorie der Gleichungen beschiftigt hat, und daB er
sich von ca. 1856 an, angeregt durch seinen Lehrer C. A. Bjerknes (1825-1903),
intensiv mit Abels (1802-1829) z. T. fragmentarischen Untersuchungen iiber al-
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gebraische Gleichungen beschiftigt hat. Unabhiingig von Kronecker (1823-1891)
gelang es ihm, ein Fragment von Abel zu vervollstindigen. 1860 reichte er diese
Arbeit bei Crelles Journal ein; die Arbeit wurde aber von Kronecker abgelehnt.
1861 erhielt er ecin Stipendium, reiste nach Berlin, Leipzig und Paris, ‘‘um die
Bekanntschaft der bedeutendsten Mathematiker zu machen und die Theorie der
Gleichungen und die Theorie der Gruppen zu studieren’. Spitestens zu dieser
Zeit muB er auch begonnen haben, sich intensiver mit Galois zu beschiiftigen,
dessen Arbeiten in Scrrcts Cours d’algébre supérieure allgemein bekannt gewor-
den waren. Schon im Friahjahr 1863 hielt Sylow eine Vorlesung iiber Galois-
Theorie, zu deren Horern auch Lie (1842—-1899) gehdorte.

Einige Jahre spiter publiziert er dann seine erste selbstindige Arbeit [Sylow
1867] iiber Gruppentheorie, die der Sache nach genau zwischen Galois’ schon
crwahnter Arbeit liber irreduzible Gleichungen vom Primzahlgrad und seiner
eigenen spateren Arbeit Gber die Sylow-Sitze steht. Sylow beweist namlich in
dieser Arbeit die Aussagen der Sylow-Sitze im Spezialfall einer Untergruppe der
symmetrischen Gruppe S, vom Primzahlgrad » fur diese Primzahl n. Ausgangs-
punkt dieser Untersuchung war offensichtlich die naheliegende Frage nach den
moglichen Ordnungen der Gruppe einer irreduziblen Gleichung vom Primzahl-
grad. Er schreibt diese Ordnung in der Form n(np + 1)v (wobei v also der Index
einer n-Sylow-Gruppe in ihrem Normalisator und np + 1 der Index dieses Norma-
lisators ist); es verdient hervorgehoben zu werden, daf er auch in seiner spiteren
Arbeit genau diese Bezeichnungen verwendet. Damit liegt die Vermutung nahe,
dall die beriihmte Arbeit von 1872 unmittelbar aus diesen Untersuchungen
erwachscen ist.

Dics wird durch den Briefwechsel mit Petersen bestitigt, der Ende der sechzi-
ger Jahre an seiner Dissertation iiber Konstruktionen mit Zirkel und Lineal ar-
beitete. Er versuchte, die in diesem Zusammenhang zentrale Frage zu losen,
welche algebraischen Gleichungen die Koordinaten von konstruierbaren Punkten
erfilllen miissen. Er war schon ungefihr zu der richtigen Vermutung geckommen,
deren gruppentheoretischer Kern besagt, dall die Galois-Gruppe cine 2-Gruppe
sein mul}. Da er das Problem jedoch nicht vollstindig losen konnte, wandte er sich
in einem Brief vom 19.7.1870 an Sylow mit der Bitte um Auskunft, ob Galois
etwas zu dieser Frage gesagt hitte. Sylow antwortete daraufhin in einem Brief
vom 17.9.70 unter anderem folgendes [9]:

Aus Ihrem Brief schlieBe ich, daB es nur einen Punkt gibt (nimlich 5) fiir welchen lIhnen der
Beweis noch fehit. Ich glaube, hieriiber versichern zu konnen. daB es sich wirklich so verhilt,
wie Sie vermuten. Wenn sich eine irreduzible algebraische Gleichung vom Grad 2" mit Qua-
dratwurzelzeichen auflosen liBt, dann kann jede Wurzel durch n Quadratwurzeln rational
ausgedriickt werden, so dall jede Kombination der Vorzeichen dieser Wurzeln eine neuc
Waurzel der Gleichung gibt. Ausgehend von einem Satz der Substitutionentheorie, den ich
schon lingere Zeit gekannt, aber noch nicht verdffentlicht habe, bin ich imstande, dies zu
beweisen. Ich habe in diesem Winter den ersten Entwurf einer Abhandlung, wo dieser Satz
unter andercn bewiesen werden soll, ausgearbeitet. Da ich aber wihrend der letzien zwei
Jahre die auslindischen Zeitschriften nicht ordentlich verfolgt habe, habe ich sie zur Seite
gelegt, weil ich erst feststellen will, ob jemand anders in der letzten Zeit dieselben Dinge
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bewiesen hat. Hiermit bin ich jetzt beschiftigt, und wenn ich nach Frederikshald zuriick-
komme, wird es vermutlich meine ersie Arbeit sein, diese Abhandlung fertig zu machen.
Wenn ich von den Resultaten dieser Abhandlung ausgehen kann, wird der Beweis fiir Punkt
5) in Ihrem Brief cinfach scin. Es wird ein Spezialfall eines allgemeinen Theorems iiber
Gleichungen vom Grad p* sein, deren Auflosung aufl die sukzessive Losung von n **abel-
schen’ Gleichungen vom Grad p reduziert werden kann.

Sylow driickt sich weder hier noch in folgenden Briefen vollig eindeutig iiber die
von ihm entdeckten Sitze aus; es hort sich aber ganz so an, als ob cr die Sylow-
Satze zu diesem Zeitpunkt schon einige Zeit lang gckannt und bewiesen hatte. Er
gibt auch keine Andeutung einer Beweismethode und iiberliBt es insbesondere
Petersen, den Fall p = 2 selbst zu erledigen. In seiner Verdffentlichung von 1872
weist er auf Petersens Arbeit hin, ohne anzudeuten, daB cr diecsen Satz schon
friher und unabhingig von Petersen gekannt hat.

4. GRUPPENTHEORIE ALS GALOIS-THEORIE

Sylow ist also unzweifelhaft von der Theorie algebraischer Gleichungen und
Galois-Theorie zur Gruppentheorie gekommen. Es soll jetzt diskutiert werden,
welche Konsequenzen sich aus diesem Ansatz ergaben und wie die Beweise von
Sylows Siitzen vor diesem Hintergrund zu lesen sind. In dicsem Zusammenhang
ist als erstes festzustellen, daB allen Mathematikern dieser Generation offenbar
die Tatsache geliufig war, daB jede Permutationsgruppe als Galois-Gruppe reali-
siert werden kann, und daB3 man sich somit bei der Untersuchung beliebiger Grup-
pen auf Galois-Gruppen beschriinken kann [10]. Ein besonders eindrucksvoller
Beleg dafiir findet sich in einem Algebra-Lehrbuch aus dieser Zeit, das von dem
schon mehrfach erwihnten Petersen verfaBt worden war. Dort heilit es [Petersen
1878, 325]:

Der obenstehende Beweis zeigt, dass keine anderen transitiven Gruppen von der Ordnung p*
(n > 1) existieren als imprimitive. Der Beweis setzt freilich voraus, dass es eine Gleichung
giebt, welche die gegebene Gruppe hat. Indessen entspricht jeder Gruppe eine Gleichung,
nimlich die allgemeine Gleichung vom Grade der Gruppe, wenn man dieser eine Function der
Wurzeln, die durch die Substitutionen der Gruppe und nicht durch andere Substitutionen
unverdndert bleibt, adjungiert denkt.

Kirzer und lakonischer konnte man wohl auch heute nicht die iibliche Konstruk-
tion ciner Gruppe als Galois-Gruppe abhandeln, und man wird annchmen kénnen,
daB dieser Gedankengang allgemein bekannt war, wenn er so knapp beschrieben
wurde. Auch Sylow [1867] schreibt zu Beginn seiner erwihnten Arbeit ohne na-
here Ausfithrungen:

Auf der anderen Scite kann man auch beweisen, dal zu jedem gegebenen System von konju-
gierten Substitutionen [d.h. zu jeder Gruppe] cine entsprechende Gleichung existiert.

Wie noch ausgefiihrt werden wird, machte er in seiner Arbeit iiber die Sylow-
Sitze von dieser Tatsache implizit Gebrauch. SchlieBilich ging Kronecker schon
einen Schritt weiter, indem er namlich bereits 1853 das Problem aufwarf, welche
Gruppen cigentlich als Galois-Gruppen iiber Q realisiert werden kénnen, wobei
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die Realisicrbarkeit tiber einem passenden Korper mit unbestimmten Elementen
fiir ihn wohl selbstverstandlich war:

Ja, man konnte cigentlich gar nicht wissen, ob . . . {iberhaupt noch irgend welche Glei-
chungen existiren, welche die gegebenen Auflésbarkeits-Bedingungen erfilllen. Noch weniger
konnte man solche Gleichungen bilden. . . . [Kronecker 1853, 3]

Es ist durchaus amisant zu verfolgen, wie Sylow und auch Petersen von der
Realisierung cincr beliebigen Gruppe als Galois-Gruppe Gebrauch machen. Sieht
man sich die heutigen Beweise der Sylow-Sitze an, so ist ein Kernpunkt immer,
eine geeignete Operation der Gruppe anzugeben. Vom Standpunkt der Galois-
Theorie ist nichts einfacher und natiirlicher als das: die Galois-Gruppe operiert
eben auf den Wurzeln der Gleichung bzw. den Konjugierten irgendeines passen-
den Elementes. Auch kann man in der Sprache der Galois-Theorie die abstrakt-
gruppentheoretische Konstruktion der Faktorgruppe nach einem Normalteiler
umgehen: diese ist cinfach die Galois-Gruppe des entsprechenden Normalkor-
pers. In &hnlicher Weise braucht man auch keine Nebenklassen nach einer Unter-
gruppe; diese werden ebenfalls durch Konjugierte eines passenden Korperele-
mentes ersetzt. Nach diesen Vorbemerkungen liest sich der Beweis von Sylows
erstem Satz dann in ganz natirlicher Weise wie folgt [vgl. Waterhouse 1980]: Es
sei G die Galois-Gruppe der Korpererweiterung L/K, ferner P eine maximale
Untergruppe von p-Potenzordnung, N ihr Normalisator und F der Fixkorper von
N. Wegen der Maximalitit von P enthdlt N/P keine Elemente von p-Potenz-
ordnung, und nach dem Satz von Cauchy ist [N/P| teilerfremd zu p. Es sei jetzt x
= x, primitives Element von F mit Konjugierten xy, . . . , xs. Wir betrachten die
Operation von P auf den x;. Trivialerweise wird x, festgelassen. Dies kann aber fur
kein anderes x; = gx,, g € G, gelten, denn aus Pgx, = gx, folgt g7 'Pgx, = x;, also
g~ 'Pg C N. Dann gilt aber sogar g"'Pg = P, denn alle Elemente von p-Potenz-
ordnung von N liegen schon in P. Es folgt g € N, also x; = x;. Die Menge
{x1, . . . , xu} zerfillt also unter der Operation der p-Gruppe P in Bahnen, von
denen nur eine 1-elementig ist. Es folgt A = 1 (mod p) und damit der erste Sylow-
Satz.

In ganz dhnlicher Weise geht Petersen in seinem Lehrbuch beim Beweis der
Aufiosbarkeit der p-Gruppen vor. Wie wir in dem oben angefithrten Zitat gesehen
haben, hebt er diesen Ansatz auch ganz ausdriicklich hervor. Es ergibt sich dann
eine etwas andere Aussage und ein anderer Beweis als heute iiblich fiir diesen
Satz; scin eigentliches Anliegen ist ein Satz iiber dic Auflosung algcbraischer
Gleichungen, den er so formuliert:

Die nothwendige und ausreichende Bedingung dafiir, dass eine Gleichung mit Hiilfe von
Abelschen Gleichungen p'** Grades aufgelost werden kann, besteht darin, dass die Ordnung
ihrer Gruppe eine Potenz von p ist. Thr Grad ist dann auch eine Potenz von p.

In heutiger Terminologie beweist Petersen folgendes: Ist G eine p-Gruppe und H
eine Untergruppe, so cxisticrt cine Folge von Untergruppen G = Hy, D H, D H, D

. . D M, = H, so daB H;;; normal vom Index p in [1; ist. Sein galois-theoreti-
scher Beweis verlduft in heutiger Ausdrucksweise folgendermaBen: Sei G die
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Galois-Gruppe von L/K und F der Fixhorper von /1 mit einem primitiven Element
x. Wir betrachten die Operation von H auf den Konjugierten von x. Da x festgelas-
sen wird, missen wenigstens (p — 1) Konjugierte x,, . . . , X, auch festgelassen
werden, liegen also in F. Es gibt ein o € G mit ox, = x5, dlso crf' F. Also ist o
ein nicht-trivialer Autﬂmorphlsmus von F, etwa der Ordnung p'. Es sei F, der
Fixkorper von o? ' und H, D H die zugehnnge Galois-Gruppe. Dies Verfahren
wird dann fortgesetzt.

Es ist interessant, zum Vergleich cinen Blick auf Sylows eigenen Beweis dieses
Satzes zu werfen: In seinem ersten und wesentlichen Teil ist es genau der bis
heute iibliche; G operiert durch Konjugation auf sich selbst, und man stellt fest,
dal das Zentrum nicht-trivial ist. Weil er den Begriff der Faktorgruppe nicht kennt
oder nicht benutzen will, kommt Sylow anschlieBend auf seine galois-theoretische
Betrachtungsweise zuriick, um die Induktion zu Ende zu fiihren.

Mit diesen Beispielen sollte hinreichend deutlich geworden sein, wic eng in dem
betrachteten Zeitraum dic Gruppentheorie noch mit der Galois-Theorie zusam-
menhing und wie die genannten Mathematiker von gleichungstheoretischen Fra-
gestellungen ausgingen. Es sollte jedoch noch auf einen Punkt in diesem Zusam-
menhang eingegangen werden, ndmlich die wesentliche Rolle, die der Satz vom
primitiven Element in den diskutierten Beweisen spielte. Bei Sylow wird er in
folgender Form gebraucht: Ist H eine Untergruppe der vollen Permutationsgruppe
von m Unbestimmten, so existiert eine rationale Funktion in dicsen Unbe-
stimmten, die genau unter den Substitutionen aus 7/ invariant bleibt. Diese
Funktion ist also ein primitives Element des Fixkorpers von H (aufl dem rationalen
Funktionenkorper in den m Unbestimmten operierend gedacht) iiber dem Korper
der symmetrischen Funktionen. Es verdient hervorgehoben zu werden, daB
dieser Satz (oder eng verwandte) einer der Kernpunkte beim Aufbau der Galois-
Theorie war; er hingt ja auch mit dem Hauptsatz der Galois-Theorie ¢ng zusam-
men. Er spielte eine wesentliche Rolle bei Galois selbst [Galois 1962, 47 ff.] als
auch in spiteren Darstellungen der Galois-Theorie [Dedekind 1981, 81]. Insofern
wurde cr von Sylow (und auch Petersen) wie selbstverstindlich benutzt [12].

5. GRUPPENTHEORIE IN DER GENERATION NACH GALOIS

Es wiirde iiber die Fragestellung dieses Aufsatzes hinausgehen zu versuchen,
eine vollstindige Darstellung der Hauptentwicklungstendenzen in der Gruppen-
theorie nach Galois zu geben. Es soll darauf nur so weit eingegangen werden, daf}
dcutlich gemacht werden kann, wie Sylows Arbeiten sich in diese Tendenzen
cinpassen. Insgesamt ergibt sich ein Bild von bemerkenswerter Einheitlichkeit.
Sowohl Cauchys Theorie der Permutationsgruppen als auch die Galois-Theorie
(die die abstrakte Gruppentheorie um Begriffe wie Normalteiler, Faktorgruppe,
auflosbare Gruppe etc. bereichert hat) fithren in natiirlicher Weise zu der Untersu-
chung (transitiver) Gruppenoperationen. Dieses Problem steht, wie schon in der
Einleitung hervorgehoben, (neben dem der Untersuchung lincarer Gruppen) ganz
cindeutig im Vordergrund des Interesses.

Es ist meines Erachtens nicht angebracht, den Gegensatz zwischen abstrakter
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Gruppentheorie und Theorie der Permutationsgruppen in dieser Zeit {iberzube-
tonen. Es scheint vielmehr, daB das Konzept einer abstrakien Gruppentheorie
den Mathematikern dieser Generation durchaus gegenwiirtig war und den (oft
unausgesprochenen) Hintergrund ihrer Arbeiten bildete. Zumindestens Cayley
[1878] und Dedekind [1981] hatten auch schon in den fiinfziger Jahren ganz expli-
zit eine abstrakte Gruppentheorie konzipiert. Beide stellen in diesem Zusam-
menhang auch das Problem der Klassifikation aller (endlichen) Gruppen als zen-
trale Frage auf. Andererseits ist der Satz von Cayley, daB jede abstrakte Gruppe
als Permutationsgruppe realisiert werden kann, eine solche Trivialitit, dal er
sicher cbenso allgemein bekannt war wie die Identitit der Begriffe Permutations-
Gruppe und Galois-Gruppe. Es gab also fiir dic Gruppenthcoretiker diescr Zeit—
insbesondere sowcit sic an konkreten Fortschritten in dieser Theorie und nicht
wie Dedekind an abstrakter Algebra interessiert waren—kaum ecinen Anlal,
scharl zwischen abstrakten Gruppen, Permutationsgruppen und Galois-Gruppen
zu unterscheiden. SchlieBlich ist auch vom rein mathematischen Standpunkt die
Untersuchung der Permutationsgruppen naheliegender und erfolgversprechender
als abstrakte Gruppentheorie. Stellt man sich z. B. das naheliegende Problem der
Bestimmung mehrfach transitiver Gruppen, wie es Mathieu und Jordan getan
haben, so kommt man bald zu tiefen Ergebnissen und schwierigen Problemen, die
auch heute noch nicht gelbst sind.

Aus allen vorhandenen Dokumenten ergibt sich ganz eindeutig, dall Fragen
dieser Art es waren, die auch Sylow sein ganzes Leben lang beschiiftigt haben und
die sein mathematisches Werk gepriigt haben. Es ist schon ausgefiihrt worden,
wie er sich im Anschluf an Galois die Frage nach den Untergruppen der S, gestellt
hat, und wie er dadurch zu secinen Theoremen gekommen ist. Diese Sitze ver-
sucht er noch in derselben Arbeit von 1872, auf Probleme iiber transitive Grup-
penoperationen anzuwenden, wobei er Resultate von Mathieu verallgemeinerte
[Sylow 1872, Théoreme VI, VII und VIII]. An Jordan schreibt er um diese Zeit
liber seine weiteren Absichten:

Je me suis proposé le probléme de trouver toutes les groupes de degré net d'orde (n + 1)n - v,
mais je n'ai cncorc pu le résoudre. . . . L'insuffisance des mes efforts pour résoudre ce
probléme ayant un peu rebaissé I'opinion que je m'étais d’abord formée sur I'utilité de mon
théoréme. . . . Quand vous me honorez d'une seconde lettre, je vous prie Monsieur de
vouloir bien me dire si I'on a fait I'énumération des groupes transitifs pour des degrés plus
grands de 7, et ol cela est imprimé. . . . (Brief vom 20.8.1872)

Je vais mantenant m'occuper du nombre p dans 1'égalité 0 = n*v(np + 1) et de la forme des
groupes d’ordre n°. . . . (Bricf vom 6.12.1872)

Dans le temps évulée depuis ma derniére letire je me suis principalement occupé des groupes
d'ordre n°, en me bornant pour le moment aux groupes transitifs. . . . (Brief vom 8.2.1873)

Jordan seinerseits wendet, unmittelbar nachdem er bei seinem Besuch in Christi-
ania (Oslo) von Sylows Siitzen erfahren hatte, diese—ganz im Sinne des be-
schriebenen “‘Forschungsprogrammes’'—an, um Abschiatzungen fiir den hochst-
moglichen Transitivititsgrad einer Permutationsgruppe zu erhalten. Mit Unter-
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suchungen dieses Problems hatte er sich schon frither in mehreren Noten beschéf-
tigt [Jordan 1961]. Um diese Fragestellung geht es hauptsichlich in seinen Briefen
an Sylow aus dieser Zeit; er publiziert diese Resultate in [1873] und hebt in der
Einleitung die Bedeutung von Sylows Ergebnissen hervor (vgl. das Zitat in Ab-
schnitt 1).

Sylow selbst hat nur noch einmal [1888] eine groBere gruppentheoretische Ar-
beit publiziert, die wohl viel frither entstanden war und sich unmittelbar an frithere
Untersuchungen von Galois, Jordan und ihm sclbst anschlieBt. Hatte er in der
Arbeit [1867] transitive Gruppen vom Grad p untersucht. so geht es in dieser
Arbeit um transitive Gruppen vom Grad p®. Er bestimmt weitgehend vollstindig
in diesem Fall die Struktur der maglichen p-Sylow-Gruppen, ihrer Normalisatoren
und die moglichen Ordnungen dieser Gruppen. Galois und Jordan hatten sich mit
den auflosbaren Gruppen dieser Art beschiftigt, iber dic Galois einc Vermutung
geauBert hatte, die von Jordan berichtigt, vervollstandigt und bewiesen worden
war. Sylow erweitert dicsec Untersuchungen also auf nicht-auflésbare Gruppen.
Aus seinem unverdffentlichten NachlaB [vgl. Skolem 1922] ist ersichtlich, daB er
sich auch intensiv mit hoheren Graden, inshesondere dem Fall p’, aber auch
zusammengeselzien Graden wie 2p beschiftigt hat. Zu abschlieBenden Resultaten
und Publikationen ist er aber nicht mehr gekommen.

Sylow wirkte als Gymnasiallehrer im abgelegenen Frederikshald weitab von
allen Zentren mathematischer Aktivitit, und cr klagte oft in seinen Briefen iiber
seine vollige Isolierung. Wohl deshalb und auch wegen anderer zeitraubender
Verpflichtungen (Abel-Ausgabe, Mitherausgabe der Acta Mathematica) hat er nur
cinmal eine bahnbrechende Arbeit verdffentlicht. Seine wirkliche Originalitiat und
mathematische Kraft ist deshalb nur schwer abzuschitzen. In seinem gruppen-
und galois-theoretischen Werk hat er sich jedenfalls mit zentralen Problemen
beschiftigt. Es bleibt sein Verdienst, cincs der lHHauptergebnisse der Struk-
turtheorie endlicher Gruppen entdeckt zu haben, auch wenn diese Entdeckung
um diese Zeit fast als historische Notwendigkeit erscheint.

FUSSNOTEN

I. Z. B. heiBt es in Hupperts umfangreichem Handbuch [1967, 35): Die Sitze 7.3 bis 7.6 [das sind
die Sylow-Sitze] sind von grundlegender Bedeutung fir die Theorie der endlichen Gruppen. Wir

werden sie immer wieder verwenden, und cin nicht geringer Teil unserer Arbeit wird die Suche nach
Ausdehnungen dieser Sitze sein.

2. Die Briefe Jordans an Sylow werden mit dam NachlaB Sylows in der Universititsbibliothek Oslo
aufbewahrt. Ich danke T. Gulliksen fiir die Beschaffung von Fotokopien und der Universitétsbi-
bliothek fur die Genehmigung zur auszugsweisen Verbffentlichung.

3. J. Petersen war offenbar ein guter und kenntnisreicher Mathematiker, der eine Reihe ausgezeich-
neter Lehrbiicher verfallt hat. Eine wissenschaftliche Biographic fiber ihn, dic scine Bezichungen zu
anderen Mathematikern beschreibt und etwas Licht auf den Entwicklungsstand der Mathematik in den
skandinavischen Landern wirll, wiire wilnschenswert.

4. Im Sinne der These, daB die Geschichtsschreibung einer mathematischen Theorie sich vor allem
mit den tiefen Resultaten befassen sollte, wire eine Untersuchung iiber Mathieus bemerkenswertes
Werk, insbesondere seine Entdeckung der nach ihm benannten einfachen Gruppen, héchst wiin-
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schenswert. Hier ist ein Vorgriff auf eine Entwicklung zu sehen, die erst fast 100 Jahre spiter wirklich
aktuell wurde.

5. Bei Lagrange [1770/71, 403] heiBt es: Voili, si je ne me trompe, les vrais principes de la
résolution des équations et I'analyse la plus propre 4 y conduire: tout se réduit, comme on voit, i une
espéce de calcul de combinaisons, par lequel on trouve a priori les résultats auxquels on doit s atten-
dre.

6. Galois, Dedekind und Sylow erwiihnen alle drei im Zusammenhang mit den Sylow-Siitzen
zundichst den Satz von Cauchy.

7. Dedekinds gruppentheoretische Studien werden in WuBings grundlegender Untersuchung [1969]
nicht erwiihnt; auch der hier diskuticrte Problemkreis wird nur sticfmiitterlich behandelt. Insgesamt
erscheinen einige Korrekturen an dem von Wussing gezeichneten Bild notwendig: 1.) Dic Idee ciner
abstrakten Gruppentheorie schien schon lange, bevor sie explizit formuliert wurde, den Gruppen
theoretikern durchaus gegenwirtig gewesen zu sein, und half ithnen, Ordnung und Struktur in ihre
Lintersuchungen zu bringen. 2.) Zumindest die Theone endlicher Gruppen hat sich iiberwiegend wohl
doch aus der Galois-Theorie entwickelt. Eine ausfuhrliche Diskussion ist hier nicht moglich.

8. Der Briefwechsel Petersen-Sylow wird an der Universitiit Oslo aufbewahrt; vgl. Funote 2. Dic
Briefe von Sylow an Jordan befinden sich in der Bibliothéque centrale de I'école polytechnique in
Palaiseau. Ich danke Frau Cl. Billoux fir freundliche Unterstiitzung bei der Beschaffung der Briefe.

9. Ich danke J. Hgyrup fiir Hilfe bei der Entzifferung und Ubersetzung dieser Bricfe.

10. In diesem Zusammenhang ist es wohl eher nebensichlich, ob und wieweit der abstrakte Grup-
penbegriff und die Darstellung abstrakter Gruppen als Permurtationsgruppen bekannt war.

11. Dieses Buch, dessen dinische Originalausgabe ein Jahr frither erschienen war, ist ein be-
merkenswert klares, verstindliches und vollstindiges Lehrbuch der Algebra, weit besser als Serrets
und vermutlich eines der besten vor Webers Algebra. Es verdiente, etwas besser bekannt zu sein.

12. In diesem Zusammenhang meine ich, daB Waterhouse [1980, 280] sich etwas miverstindlich
ausdriickt, wenn er schreibt:

But historically more interesting (and making the proof much harder to read) is the fact that
Sylow does not explicitly have the concept of action on cosets. What appears in its place is a
theorem of Cauchy which is hardly remembered now: If H is any group of substitutions ot n
variables, then there is a function of those variables left invariant by the substitutions in H
and by no other substitutions.

Es geht im wesentlichen einfach um den Satz vom primitiven Element!
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The discovery of the Sylow theorems. (Die Entdeckung der Sylow-Satze.) (German)
Hist. Math. 15, No. 1, 40-52 (1988).

The auther notes the discovery of Dieudonné that Galois had assened the essence of the Sviow theotems in a marginal note, According 1o
the author, it was Dedekind who took up the challenge in Galois' legacy. The basis of the author's thesis s that there were no essential
barmcades o the development of an abstract aoouin.thenoe alter 1850, thal Caochy's theorem ponted m the direchon of a classihication ol
finite groups which would necessarily lead to the Sylow theorems, and that Dedekind, knowing that a p-group has a non-trivial center, could

have deduced the sohvability of p-groups directiy.

The author traces the route followed by Sylow from his studies, while a student of Bjerknes, of Abel's incomplete works on algebraic
equations, through his first publication (in 1867) of a theorem intermediate between that of Galois and the full Sylow theorems, to a letter of
19 September 1870, in wiuch he indicates that he s in possession of the full theorem, though he apphes o only lor p= 2 and gives no
proot, Sylow's statement of the theorem 5 in terms of Galois groups rather than abstract groups, tor reasons the author makes clear in the

subsequent section.
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Die Entdeckung der Sylow-Siitze. (English and French summaries)
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The author evokes primarily the works of Sylow that antedate
1872—the date of the first publication of Sylow’s famous theorems
—and proposes to provide answers to the following questions: How
did Sylow arrive at the formulation of his theorems, what were the
mathematical techniques at his disposal, what was the influence of
his contemporaries, and what hopes did Sylow have for his work?

The author points out that this article may be considered to be
a complement to a paper by W. Waterhouse [Arch. Hist. Exact Sci.
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Sylow undertook his research at a time when the works of Galois
were already very widely known, and the author shows us to what
extent Galois’s legacy had a determining influence on Sylow’s
thinking, which would lead him from the theory of algebraic
equations to the formulation of his renowned theorems (derived
from his research on the subgroups of permutation groups).

Relying also on Sylow’s correspondence with some of his illustri-
ous contemporaries (Petersen, Jordan), the author underlines the
fact that abstract group theory was implicit in the works of most
mathematicians of that era who had an interest in groups, even if
they actually did not feel the need to make a distinction among
abstract groups, permutation groups and Galois groups.
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The paper describes Sylow's discovery of the theorems named after him. He was led
to this discovery by his study of Galois’ work, in particular Galois’ criterion for the
solvability of equations of prime degree. It is explained how Sylow used methods from
Galois theory in his proofs. The paper also discusses relevant correspondence between
Sylow, Jordan, and Petersen.  © 1985 Academis Press, Tn

Diese Arbeit behandelt Sylows Entdeckung der Sitze, dic nach ihm benannt sind. Er
gelangte zu thnen durch scine Beschiftigung mit Galois™ Arbeiten diber dic Auflasharkeit
von Gleichungen vom Primzahlgrad. Es wird beschricben, wic Sylow im Bewceis scincr
Siitze Methoden aus der Galois Theorie benutzt. Es wird weiterhin auf die diesbeziigliche
Korrespondenz zwischen Sylow, Jordan und Petersen eingegangen.  © 1968 Acsdcmic Press, Tnc.

Cet article traite de la découverte par Sylow du théoréme qui porte depuis son nom. 1
a trouvé ce théoréme en éludiant les travaux de Galois sur la résolubilité des équations
dont le degré est un nombre premier. On y indique comment Sylow utilise dans sa
démonstration les méthodes de la théorie de Galois. De plus, un étudie dans cet article la
correspondance A ce propos entre Sylow, Jordan et Petersen. @ 1988 Academic Press, lnc.

AMS 1980 suhject classification: 01ASS,
KEY WoORDS: Ludvig Sylow, Sylow theorems, Galois theory, group theory.

1. INTRODUCTION AND SUMMARY

This paper deals with the discovery of the Sylow theorems, which occurred around 1870. It
thus addresses an important event in the early history of group theory and directly follows a
paper by Waterhouse [1980]. For a concise yet highly succinct presentation of the history of
group theory during the period under consideration, highlighting the essential points, see
Dieudonné [1978, Chapter 3.4.1], for an exceptionally thorough discussion of many details
and interrelationships, see the well-known book by WuBing [1969].

Because it can be done in just a few lines (rare enough for a historical topic), let us first
recall the statements of the Sylow theorems: Let G be a finite group of order n = p"m, where
p is a prime number and m is not a multiple of p. Then & contains a subgroup P of order p*
(a p-Sylow group). Any two such subgroups £, P> are conjugate, i.e., there exists a g € &
such that P; = gPig"'. The number of p-Sylow groups is, on the one hand, a divisor of n, and
on the other hand, of the form pk + 1. Finally, every group P of order p* is solvable; more
precisely, there exists a sequence of normal subgroups P, = ... © Py = P such that |P| = p'.
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The central importance of these—perhaps seemingly technical and abstract—theorems for
the theory of finite groups cannot be explained here. It must suffice to state that they lay the
foundation for the entire structural theory of finite groups [1]. Their fundamental importance
was also immediately recognised by the leading group theorist of the previous century,
C. Jordan (1838-1922). In [Jordan 1873, 40], a paper containing initial applications, he writes:

Cette proposition mérite assurément par sa simplicité, sa netteté et sa génfralité, d'étre considérée comme
fondamentale; et nons ne doutons pas qu'elle ne donne lien 3 d'importantes conséquences

Jordan never had to revise this judgment; in July 1907 he wrote to the now 75-year-old L. Sylow
(1832-1918), now looking back on almost forty years of personal and scientific acquaintance:

Yous me parlez & la fin de votre letire des nombreux travaux dont la théorie des groupes a fait I'objet dans ces demiers
temps: ... Gt ces travaux devraient vous plaire, n'étant que le développement naturcl de vos beaux théortmes, dont §"ai éé
le premier, st je me a trompe & prédire 1" importance future, Ils m'ont inspiré & votre égard une amitié intellectuelle qui
m’"a fail me réjouir a la vue de volre écriture. [2]

The history of a mathematical theory is above all the history of that theory’s central theorems
and profound results. Accordingly, the Sylow theorems deserve special attention within the
framework of a more general history of group theory. It is to Waterhouse’s credit [1980] that
such an investigation was first presented, to which little can be added in terms of
mathematical substance and which, above all, contains a comprehensive presentation of
various—now partly almost forgotten—proof variants. This note—which can be seen as a
supplement (0 Walerhouse’s work—is more concerned with the historical aspect ol the
discovery of the Sylow theorems. While Waterhouse deals with the period after the first
publication of Sylow's theorems in 1872, our focus is primarily on the period before 1872.
We will investigate how Sylow arrived at the problem posed by his theorems, what tools and
methods were available o him, whether and, il so, whalt suggestions he received from
contemporaries, how he himself assessed his theorems, what hopes and expectations he

associated with them, and how they might be integrated into a broader “research program”.

These questions cannol all be answered completely and unambiguously, but the following
can nevertheless be established:

1. Sylow quite obviously arrived at group theory from the theory of algebraic equations
and Galois theory, and not—as would also be conceivable— from a more abstract theory of
permutation groups in the sense of Cauchy (1789-1857). Moreover, for him group theory was
still practically a part of Galois theory, in a sense applied Galois theory, and he used Galois-
theoretical constructions and inferences in places that were later treated purely from a group-
theoretical perspective. He derived his first two main theorems (existence, number, and
conjugation of p-Sylow groups) directly from a result by Galois (1811-1832), initially in a
very specific case (namely, p-Sylow groups of a subgroup of §,) and subsequently generalized them.
Cauchy’s well-known theorem (existence of an element of order p in a group with order divisible
by p), which is also used in the proof, may have played a role in this generalisation [Cauchy 1845].

2. Although Sylow arrived art the discovery of his theorems entirely independently of other
authors, group theory had reached a stage of development at that time where structural questions
of this kind were obvious and the time was ripe for the discovery of Sylow’s theorems. Even
in manuscripts by Galois and Dedekind (1831-1916), which remained unpublished for a long
time, partial statements of Sylow’s theorems can be found. Furthermore, around the same
time as Sylow, the Danish mathematician J. Petersen (1839-1910) [3] encountered the problem
of the solvability of 2-groups in connection with construction problems. A comrespondence
between Sylow and Petersen on this topic exists from the years 1870/71.

3. Although—as just mentioned—the time had come for the investigation of the internal
structure of finite groups, these problems did not immediately move to the center of interest of
group theorists. The truly central problem of group theory throughout the 19th century, since
Cauchy and Galois, was the classification problem, or, more precisely and meaningfully, the
problem of classifying transitive permutation groups. From the outset, it seemed obvious to

J Mathe & Comp Appli, 2026 Volume 5(2): 126-136



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory. Journal of
Mathematical & Computer Applications. SRC/JMCA-278. DOI: doi.org/10.47363/JMCA/2026(5)234

proceed according o order, degree and degree of tansitivity. Significant contributions came
primarily from Jordan [1961] and E. Mathieu (1835-1890) [4]. As is evident from his papers
and correspondence with Jordan, this problem was also of paramount interest to Sylow. Ile
may have come across Sylow's theorems rather incidentally, He attempted to apply them
immediately to this problem, and his letters reveal a certain disappointment that they did not
prove of decisive use in addressing the classification problem.

2. GALOIS’ LEGACY

Our current (texthook) literature suggests a somewhat inacenrate picture, as one might get
the impression that Galois's main achicvement was discovering what we now call Galois
theory. This is only partially true: a key aspect of Galois theory, namely the importance of
groups for the treatment of algebraic cquations, was alrcady known in principle. In particular,
J. L. Lagrange (1736-1813) had already addressed the “Fundamental Theorem of Galois
Theory” in hie major work on this topic. Lagrange came very close to the fundamental
theorem of Galois theory—not only in the “generic case” of indeterminate coefficients of the
algebraic equation under consideration, but in general [Lagrange 1770/71, especially Article
104]. He had also recognized the fundamental importance of group theory for this problem.
Perhaps it would he going too far to claim that Lagrange already knew the fundamental
theorem of Galois theory, but he undoubtedly had clear and correct ideas about the direction
in which the theory of algebraic equations should be developed [5]. Galois’s real achievement
lies in the fact that he goes far beyond “abstract Galois theory™ and, prompted by the problem
of solving algebraic equations by radicals, begins a thorough investigation of the structure of
finite groups. To this end—and this is certainly one of his most impressive ideas—he invents
the theory of finite fields, namely, to obtain solvability statements by representing the group
in a suitable linear group over a finite field. At once, a wide spectrum of group-theoretical
problems and concepts is addressed: the investigation of the internal siructure of finile groups,
the prohlem of determining solvable groups, the description of groups as linear gronps aver
finite ficlds and thus a first idea of a general theory of representation, somewhat more
specifically and concretely then the determination of the solvable subgroups of affine or
projective lincar groups, and, because Galois groups operate as transitive permutation groups,
the investigation of transitive groups with respect to order, degree and degree of transitivity.
In this area, Galois arrived at results practically without predecessors and out of thin air,
results which Bourbaki [1971, 70] could still say a hundred years later were “among the most
insightful in the theory.” Galois himself emphasised the significance and scope of these
connections when he wrote:

Clest surtout dans la théoric des permutations, ou 'on a sans cesse besoin de vasier la fore des indices, que la

consldération des racines 1I'I'Ii]g!l'iﬂl.[€£ des CONEMIEneEs pﬁ.l'ﬂl[ lndispensame. Elle donng un moyen SH'I'IP]E er Tacile de

reconnaitre dans quel cas une équation primitive est soluble par radicaux, comme je vais essayer d en donner en deux
mots une idée, |Galois 1962, 123]

One of Galois’s most remarkable individual results was his criterion for the solvability of
irreducible equations of prime degree. which could be formulated purely in terms of equation
theory (in modern terms: p(x) = 0 is solvable by radicals if and only if the splitting ficld is
generated by any two roots). Compare the remark:

Four qu’une équation iméduchible de degré premier sonl soluble par radicaux, il Taut et il sullin gue deux quelcongues
des racines &lant conneus, les autres 2" en déduisent rationellement. [Galois 1962, 69]

As is well known, Galois neither had the time nor took the time to carry out his algebraic and
group-theoretical program. However. there can be no doubt that he knew more than what he
revealed in his writings or even in his publications. It is thus hardly surprising that he apparently
knew the essential part of the Sylow theorems, as can be seen from an unpublished marginal note,
which was probably first pointed out by Diendonné [1978, 117]. It reads there [Galois 1962, 72]:

Théortme Si le nombre des permutations d'un groape est divizible par p {p Aant premier), 1= gronp sura poor divieeor
un groupe de p permuotations.
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It is pointless to speculate whether Galois actually proved this theorem or merely guessed at
it. He certainly had the skills and means to prove it. On the other hand, it must be considered
that the theorem, as it is formulated, almost implies the solvability of the p-groups. Since his
main goal was precisely resolvability criteria, it would have been natural to mention him in
this context as well.

It has been stated above that Galois’ work must have posed a challenge for cvery
mathematician of that generation. Une who accepted this challenge (in investigations later set
aside) was Dedekind [1932; 1981]. It is not necessary to elaborate on this further. Regarding
group theory, only three observations should be made: 1) For a mathematician of Dedekind’'s
caliber, there were no longer any fundamental difficulties around the middle of the century in
conceiving an abstract group theory and beginning to develop it; 2) One of the first problems
that arose was the classification problem [Dedekind 1932, 439; Cayley 1878]; 3) Starting
from Cauchy’s theorem already mentioned, an investigation of the internal structure of finite
groups always seems to lead in the direction of the Sylow theorems: Dedekind shows that a
p-group has a non-trivial center; since he knew the concept of the factor group, he could
easily have deduced the solvahility of p-groups from this [6, 7].

In general, it can be observed that Galois theory became known guite quickly in the 1850s
and 1860s; a large number of mathematicians in various countrics worked on it, including
lesser-known ones or those working in remote locations, such as Sylow himself or Petersen,
alrcady mentioncd.

3. 5YLOW’'S PATH TO THE SYLOW THEOREMS

From the existing literature and some of Sylow's lesser-known works, his papers, and his
correspondence, it is possible to reconstruct when and how Sylow arrived at hie group-
theoretical investigations. We rely primarily on the curriculum vitae written by Kragemo
[1933], on Sylow’s own works [1867] and [1872], and on the correspondence with Jordan and
Petersen found in his estate [8].

From Kragemo we learn [irst that Sylow had already been studying the theory of equalions
during his teacher training, and that from ahout 1856 onward, encouraged by his teacher C. A
Bjerknes (1825-1903), he intensively studied Abel’s (1802-1829) partly fragmentary
investigations on algebraic equations. Independently of Kronecker (1823-1891). he succeeded
in completing a fragment by Abel. In 1860, he submitted this work to Crelle’s Journal;
however, it was rejected by Kronecker. In 1861, he received a scholarship and traveled to
Berlin, Leipzig, and Paris “to make the acquaintance of the most important mathematicians
and to study the theory of eguations and the theory of groups.” At this time at the latest, he
must also have begun to study Galois more intensively, whose work had become widely
known in Serret’s Cours d’algebre supérieure. As early as spring 1863, Sylow gave a lecture
on Galois theory, which was attended by Lie (1842-1899).

A few years later, he published his first independent work [Sylow 1867] on group theory,
which, in essence, lies precisely between Galois's aforementioned work on irreducible
equations of prime degree and his own later work on the Sylow theorems. In this work, Sylow
proves the stalements of the Sylow theorems in the special case of a subgroup ol the
symmetric group 8, of prime degree n for this prime number n. The starting point of this
investigalion was evidently the obvious guestion ol the possible orders ol the group ol an
irreducible equation of prime degree. He writes this order in the form n(np + Dy (where v is
the index of an n-Sylow group in its normaliser and np + 1 is the index of this normaliser); it
is worth emphasising that he uses precisely these notations in his later work as well. This
strongly suggests that the famous work of 1872 arose directly from these investigations.
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This is confirmed by the correspondence with Petersen, who was working on his
disscrtation on constructions with compass and straightcdge at the cnd of the 1860s. He was
attempting to solve the central question in this context which algebraic equations must be
satisfied by the coordinates of constructible points? He had already arrived at the correct
conjecture, the group-theoretical core of which states that the Galois group must be a 2-group.
However, since he could not completely solve the problem, he wrote to Sylow on July 19,
1870, asking whether Galois had said anything about this question. Sylow replied in a letter
dated September 17, 1870, stating, among other things, the following [9]:

Auz Threm Brief schliebe ich, daB ez nur einen Punkt gibt (nimlich 5) fiir welchen Thnen der Beweis noch fehlt. Ich

glaube, hieriber versichern zu kiinnen, daB es sich wirklich so verhalt, wie Sie vermuten. Wenn sich eine imreduzible

algebraische Gleichung vom Grad 2" mit Quadratwurzelzeichen auflisen 1Bt dann kann jede Wurzel durch »

Quadratwurzeln rational ansgedrickt werden, so dab jede Kombination der Vorzeichen dieser Wurzeln eine neus

Wurzel der Gleichung gibt. Ausgehend von einem Satz der Substitutionentheorie, den ich schon lingere Zeit gekannt,

aber noch nicht verdffentlicht habe. bin ich imstande, dics zo bewcisen. Ich habe in dicsem Winter den crsten Entwurf

einer Abhandlung, wo dieser Salz unter anderen bewiesen werden soll, ausgearbeitel. Da ich aber wihrend der letzten
zwei Jahre die auslindischen Feitschrifien nicht ordentlich verfolgt habe, habe ich sie zur Seite gelegt, weil ich erst
feststellen will, ob jemand anders in der letzten Zeit dieselben Dinge bewiesen hat. Hiermit bin ich jetzt beschaftigt,
und wenn ich nach Fredenkshald zuriickkomme, wird es vermutlich meine erste Arbeit sein, diese Abhandlung fertig
eu wachen. Weonn wch vou den Resullaten dicser Ablamllung ausgelen kann, wisd e Beweis (i Puokt 5) in Huew
Briel einfach sein. Es wird ein Spezialfall eines allgemeinen Theorems ithber Gleichungen vom Grad p® sein. deren
Auflésung aof die sukzessive Lisung von n “abelschen™ Gleichungen vom Grad p reduziert werden kann.

Sylow does not express himself completely nnambignonsly abont the theorems he discovered,
either here or in subsequent letters; however, it sounds very much as if he had already known
and proven the Sylow theorems for some time at this point. He also gives no indication of a
proof method and, in particular, leaves it to Petersen to work out the case p = 2 himself. In his
1872 publication, he refers (0 Pelersen’s work without indicating (that he had known (his
theorem earlier and independently of Petersen.

4. GROUP THEORY AS GALOIS THEORY

Sylow undoubtedly arrived at group theory from the theory of algebraic equations and
Galois theory. We will now discuss the consequences of this approach and how the proofs of
Sylow’s theorems should be read in this context. First, it should be noted that all
mathematicians of this generation were apparently familiar with the fact that every
permutation group can be realized as a Galois group, and that one can therefore restrict oneself
to Galois groups when investigating arbitrary groups [10]. A particularly impressive piece of
evidence for this can be found in an algebra textbook from this period, written by Petersen,
whom we have already mentioned several times [11]. There it states [Petersen 1878, 3235]:

Der obenstchende Beweis zeigt, dass keine anderen transitiven Gruppen von der Ordnung p° (n > 1) existieren als

imprmitive. Der Beweis setzt freilich voraus, daf es eine Gleichung giebt, welche die gegebene Gruppe hat. Indessen

entspricht jeder Gruppe eine Gleichung, nimlich die allgemeine Gleichung vom Grade der Gruppe, wenn man dieser eine

Fumction der Wureeln, die durch dic Substitutivnen der Gruppe und nichit durch andere Substlativoen unveriodert

bleibt, adjungiert denkt.

Even today, one could hardly treat the usual construction of a group as a Galois group more
concisely and laconically, and one can assume that this line of reasoning was generally known
if it was described so succinctly. Sylow [1867] also writes at the beginning of his afore-
mentioned work, without further elaboration:

Auf der anderen Seite kann man auch beweisen, daB #u jedem gegebenen System von konjugierten Substitutionen
[d.h. #u jeder Gruppe] eine entsprechende Gleichung existien.

As will be explained later, he made implicit use of this fact in his work on the Sylow
theorems. Finally, Kronecker went a step further by raising the problem as early as 1853 of
which groups could actually be realized as Galois groups via (), whereby the realizability
over d suitable lield with indelerminate clements was probably sell-evident (o him:
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Ja, man konnte cigentlich gar nicht wisscn, ob ... @berhaupt noch irgend welche Gleichungen existiren, welche dic
gegchenen Auflésbarkeits-Bedingungen erfiillen. Moch weniger konnte man solche Gleichungen bilden. ...
[Eronecker 1853, 3]

It 1s quite amusing to follow how Sylow and also Petersen make use of the realisation of an
arbitrary group as a Galois group. If one looks at the modern proofs of the Sylow theorems, a
key point is always to specify a suitable operation of the group. From the standpoint of Galois
theory, nothing is simpler and more natural than this: the Galois group simply operates on the
roots of the equation or the conjugates of some suitable element. In the language of Galois
theory, one can also circumvent the abstract group-theoretic construction of the quotient
group by a normal subgroup: this is simply the Galois group of the corresponding normal
field. Similarly, one does not need cosets by a subgroup; these are also replaced by conjugates
of a suitable field element. After these preliminary remarks, the proof of Sylow’s first theorem
then reads quite naturally as follows [cf. Waterhouse 1980]: Let & be the Galois group of the
field extension L/ K, furthermore P a maximal subgroup of p-power order, NV its normaliser,
and F the fixed field of N. Because of the maximality of P, N/ P contains no elements of
p-power order, and by Cauchy’s theorem, N/P is coprime to p. Now let x = x| be a primitive
element of N with conjugates a3, ... , xy. We consider the operation of I" on the x;. Trivially,
X is fixed. However, this cannot hold for any other x; = gx;, g € G, because from Pgx, = gx;
follows that g'Pgx, = x, whence g'Pg = N. Then, however, even g'Pg = P holds, since all
clements of p-power order of N are already in P. It fullows thal g & N, so x; = x. The set
{x1, ..., x5} thus splits under the operation of the p-group P into orbits, of which only one is a
singleton. It follows that & = 1 (mod p) and therefore the first Sylow theorem.

Petersen proceeds in a very similar way in his textbook when proving the solvability of
p-groups. As we saw in the quotation ahove, he also explicitly emphasises this approach. This
results in a somewhat different statement and a different proof than is customary today for
this theorem; his actual concern is a theorem abourt the solution of algebraic equations, which
he formulates as follows:

Die notwendige und ausreichende Bedingung dafir, dab eine Gleichung mit Hulfe von Abelschen Gleichungen pe

Grades aufgeltst werden kann, besteht darin, dag die Ordnung (hrer Gruppe eine Foteng von p ist Ihr Grad ist dann
awuch cine Potenz von p.

In modern terminology, Petersen proves the following: If & is a p-group and H a subgroup,
then there exists a sequence of subgroups G = Hy o> Hy © H> O ... D H, = H, such that Hy, is
normal to the index p in H;. His Galois-theoretical proof proceeds in modern terms as follows:
Let G be the Galois group of L/ K and F be the fixed field of H with a primitive element x. We
consider the operation of H on the conjugates of v Since v is fixed, at least (p - 1) conjugates
Xz, ... , X; must also be fixed, and thus lie in F. There exists a 0 £ G such that ox; = 1, i.e,,
o F = F. Therefore,  is a non-trivial automorphism of F, say of order p". Let F; he the fixed
field of G”M and f; = H the comresponding Galois group. This procedure is then continued.

It is interesting to take a look at Sylow's own proof of this theorem for comparison: In its
first and essential part, it is exactly the one still in use today; G operates on itself by conjugation,
and it 1s found that the center 1s non-trivial. Because he does not know or does not want to use
the concept of the factor group, Sylow subsequently returns to his Galois-theoretical approach
to complete the induction.

With these examples, it should have become sufficiently clear how closely group theory
was still related to the period under consideration. Galois theory and how the aforementioned
mathematicians proceeded from questions of equational theory. However, one point in this
context should be addressed further, namely the essential role that the primitive element
theorem played in the proofs discussed. Sylow uses it in the following form: It H is a
subgroup of the full permutation group of m indeterminates, then there exists a rational
function in these indeterminates that remains invariant precisely under the substitutions from H.
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This function is thus a primitive element of the fixed field of H (conceived as operating on the
rational function field in the m indeterminates) over the field of symmetric functions. It
deserves emphasis that this theorem (or closely related ones) was one of the key points in the
construction of Galois theory; indeed, it 1s closely related to the fundamental theorem of
Galois theory. It played an essential role for Galois himself [Galois 1962, 47 ff.] as well as in
later presentations of the Galois theory [Dedekind 1981, 81]. In this respect, it was used by
Svlow (and also Petersen) as a matter of course [12].

5. GROUP THEORY IN THE GENERATION AFTER GALOIS

It would go beyond the scope of this essay to attempt a complete account of the main
developmental trends in group theory after Galois. It will only be addressed to the extent
necessary to demonstrate how Sylow’s work fits into these trends. Overall, a picture of
remarkable uniformity emerges. Both Cauchy’s theory of permutation groups and Galois
theory (which enriched abstract group theory with concepts such as normal subgroups, factor
groups, solvable groups, etc.) naturally lead to the study of (transitive) group operations. This
problem, as already emphasized in the introduction, is (along with the study of linear groups)
clearly at the forefront of interest.

In my opinion, it is inappropriate to overemphasize the contrast between abstract group
theory and the theory of permutation groups during this period. Rather, it seems that the
concept of an abstract group theory was quite present for mathematicians of this generation
and formed the (often unspoken) background of their work. At least Cayley [1878] and
Dedekind [1981] had already explicitly conceived of an abstract group theory in the 1850s. In
this context, both also posed the problem of classifying all (finite) groups as a central
question. On the other hand, Cayley’s theorem that every ahstract group can be realized as a
permutation group is such a triviality that it was surely as widely known as the identity of the
terms permutation group and (alois group. Thus, for the group theorists of this time—
especially insofar as they were interested in concrete advances in this theory and not, like
Dedekind, in abstract algebra—there was hardly any reason to sharply distinguish between
abstract groups, permutation groups, and Galois groups. Finally, from a purely mathematical
standpoint, the investigation of permutation groups is more obvious and promising than
abstract group theory. If one poses, for example, the obvious problem of determining multiply
transitive groups, as Mathieu and Jordan did, one soon arrives at profound results and difficult
problems that remain unsolved even today.

All available documents clearly show that questions of this kind occupied Sylow
throughout his lite and shaped his mathematical work. It has already been explained how,
following Galois, he posed the question of the subgroups of 5, and how he thereby arrived at
his theorems. In the same work of 1872, he attempts to apply these theorems to problems
concerning ftransitive group operations, generalizing results from Mathieu [Sylow 1872,
Théoréme VI, VII and VIII]. At this time he wrote to Jordan about his future intentions:

Je me suis proposé le problem de trouver toutes les groupes de degré n et d'orde (n + iw v, mais je n'sl encore pu le

résoudre.... Linsuffisance des mes efforts pour résoudre ce probléme ayant un peu rebaissé 'opinion que je m'étais

d’abord formée sur IMutilité de mon théoréme.... Quand vous me honorez d'une seconde lettre, jo vous pric Monsicur de

wouloir bien me dire si 'on a fait I'énumération des groupes transitifs pour des degrés plus grands de 7, et ol cela est
o, ... (leve of aviil 20, 1372)

Je vais maintenant m'occuper du nombre p dans 1"égalité 0 = n™winp+1) et de la forme des groupes d'orndre n°, ...
(letire of décembre 6, 1872)

Dans le temps évulée depuis ma demiére letire je me suis principalement occupé des groupes d'ordre #°, en me bomant
pour le moment aux groupes transitifs. ... (lettre of février 8, 1873)

Jordan, for his part, immediately after learning of Sylow’s theorems during his visit to
Christiania (Oslo), applies them—entirely in keeping with the described “research program”™—
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to obtain estimates for the highest possible degree of transitivity of a permutation group.
He had already dealt with investigations of this problem earlier in several notes [Jordan 1961].
This question is the main subject of his letters to Sylow from this period; he publishes these
results in [1873] and emphasizes in the His letters to Sylow from this period primarily revolve
around this question; he published these results in [1873] and, in the introduction, emphasized
the significance of Sylow’s findings (see the quotation in Section 1),

Sylow himself published only one more major work on group theory [1888], which was
likely wnitten much earher and directly follows previous investigations by Galois, Jordan, and
himself. While he had investigated transitive groups of degree p in his work [1867], this work
deals with transitive groups of degree pl. In this case, he largely determines the structure of
the possible p-Sylow groups, their normalizers, and the possible orders of these groups. Galois
and Jordan had studied solvable groups of this kind, about which Galois had formulated a
conjecture that was subsequently corrected, completed, and proven by Jordan. Sylow thus
extended these investigations to non-solvable groups. His unpublished papers [cf. Skolem 1922]
revedl that he also intensively studied higher degrees, particularly the case of p1, but also composite
degrees such as 2p. However. he never achieved any conclusive results or published his work.

Sylow worked as a secondary school teacher in the remote town of Fredenkshald, far
removed from any centers of mathematical activity, and he often complained in his letters
about his complete isolation. Probably for this reason, and also due to other time-consuming
commitments (editing Abel’s works and co-editing Acta Mathematica), he published only one
groundbreaking work. His true originality and mathematical power are therefore difficult to
assess. In his work on group and Galois theory, he certainly addressed central problems. His
achievement lies in having discovered one of the main results of the structure theory of finite
groups, even if this discovery at that time seemed almost a historical necessity.

FOOTNOTES

1. For example, Huppert's comprehensive handbook [1967, 35] states: The Theorems 7.3 1o 7.6 [these are the Sylow
theowems] are of fundamental importance for the theory of finite groups. 'We will use them again and again, and a
considerable part of our work will be the search for extensions of these theorems.

2. Jordan's letters to Sylow are kept with Sylow's estate in the Oslo University Library. [ thank T. Gulliksen for
providing photocopics and the University Library for permission to publish excerpts.

3. 1. Petersen was evidently a skilled and knowledgeable mathematician who authored a number of excellent textbooks,
A scholarly biography of him, describing his relationships with other mathematicians and shedding some light on the state of
mathematical development in the Scandinavian countries, would be desirable.

4. In line with the thesis that the historiography of a mathematical theory should primarily focos on its profound resulis,
an investigation into Mathieu’s remarkable work, especially his discovery of the simple groups named after him, would be
highly desirable. Here we see a foreshadowing of a development that only became truly relevant almost 100 years later.

5. Lagrange [1770/71, 4031] states: “Voila, si je nec me trompe, les vrais principes de la résolution des équations et
I"analyse la plus propre & ¥ conduire; tout se réduil, comme on voit, & une espéce de calcul de combinaisons, par lequel on
trouve & prior les résultats auxguels on doit 5" attendre.”™

6. Galois, Dedekind, and Sylow all first mention Cauchy’s theosem in conrection with Sylow’s theorems.

7. Dedekind’s group-theoretical studies are not mentioned in Wubing's fundamental study [1969]; also the problem area
discussed here is only treated as an orphan. Overall, several corrections to the picture painted by Wubing seem necessary: 1.)
The idea of an abstract group theory appears to have been quite present in the minds of group theorists long before it was
explicitly formulated, and it helped them to bring order and structure to their investigations. 2.) At least the theory of finite
gromps likely did, in fact, develop predominantly from Galois theory A detailed discusgion is not pocsible hene

8. The Petersen-Sylow comespondence is kepd at the University of Oslo; see footnote 2. Svlow’s letters o Jordan are
located in the Bibliothéque centrale de 1'école polytechnique in Palaiseau. I thank Ms. Cl. Billoux for her kind assistance in
obtaining the letters.

9. 1 thank J. Heyrup for his help in deciphering and translating these letters.

10, In this context, it is probably rather irrelevant whether and to what extent the absiract concept of groups and the
representation of abstract groups as permutation groups were known,

11. This book, whose Danish original edition appeared a year earlier, is a remarkably clear, understandable, and complete
textbook of algelwa, far superion to Scret’s and probably one of the best before Webed™s Algelwa. Tt descrves to be better kiown.
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12, In thiz context, | think that Waterhouse [1980, 280] expresses himeell scomewhat misleadingly when he writee:

But historically more intercating (and making the proof much harder to read) is the fact that
Sylow does not explicitly have the concept of action on cosets. What appears in its place is o
theorem of Canchy which is hardly remembered now: If  is any group of substitutions of »
vanables, then there 15 a function of those variables left invariont by the substitutions in M
and by no other substitutions,

Essentially it’s simply a matter of the pnmitive element theorem!
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Dedication to Professor Otto H. Kegel

This paper is dedicated to sadly late Professor Dr. Otto Helmut Kegel and especially to his
contributions to Sylow Theory: see Pages 2 to 9. It is drawing challenging conclusions for
future research work from Otto H. Kegel’s grandiose contributions: see Pages 9 to 11.

It is a great honour to commemorate Otto H. Kegel through some photographs:

Professor Dr.
Otto H. Kegel
giving one of
his fascinating

lectures on [alar”_ N | . . T
Group Theory, i
e.g. at the MFO -:"'li_ 5
(see https://opc. 5.—,"- £

mfo.de/detail?
photo 1d=23960

and https://opc.
mfo.de/search?

term=Kegel),
with an outlook
to challenging
and very beautiful
research topics
thereby offering
his genuine careful
supervision ©.

. o
p 2t WK
Otto H. Kegel (Ischia, 2016) e courtesy of Nikolay Aleksandrovich Vavilov
(see https://www.advgrouptheory.com/GTArchivum/Pictures/gtphotos/OttoKegel.jpg)

The Mathematical Institute in Freiburg im Breisgan

"T-—Cr":; Y7
-y - = ..f
lﬁﬁlﬁ \/ Tﬂ

LI
- T Y L |

a

Y
ey 70

This is e Mathemnatical Institute st Albert-Lodwigs-Usiversity in Freiburg lm Brelsgan in Germany
where from 1975 until 1959 Prof. Kegel occoupied his chair, gave hesatifol leciunes ssd seminars
imvited reseanchers over researchers, and hosted siudents in the moming olfering a cup of colfee
o 1w theveby doing carclul supervision work and suggesting lascmating research topics.
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