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ABSTRACT

Thiz Research Article extends the JMCA Research Article “The Strong Sylow Theorem for the Prime p in Simple Locally Finite
Groups™ ( zee hitps:/'www onlinescientificresearch com/articles/the-strong-sylow-theorem-for-the-prime-p-in-zimple-locally-finite-
groups.pdf ) from 71 pages to 220 pages by adding Pages i to viii, -1 to -18, 72 to 266, and ix to x (see Page v).

Pages i to -18 start with thiz Abstract and then honour Prof. Otto H. Kegel's beautiful paper [44] thereby explaining its relationship
to itz main result and to the 71-pages Research Article, and commenting on its final considerations. They then give an overview
of the 220-pages Research Article, including the Front Cover and a Table of Contents, and explain in great detail the
relationships of the 7l-pages Research Article to JMCA and to the Ischia Group Theory (IGT) 2024 Conference and its
upcoming Proceedings, centred arcund the Talk given by the author at the Conference on April 11, the 100th birthday of Prof
Philip Hall. They close with a List of Open Izsues some of which the avthor has solved already in vet vnpublished worlk.

Pages 72 to x start with a dedication to Helga (see Page 15), continne with the PowerPoint Presentation at IGT 2024, honour
Ludvig M. Sylow, the dizscoverer and explorer of Sylow Theory, recall that Tschia was torice an Artist Colony, remember Philip
Hall’s and Graham Higman’s fundamental paper “On the p-Length of p-Soluble Groups and Reduction Theorems for Burnside's
Problem™ thereby explaining its relationship to the 71-pages Research Article. recall Scome Historicals on Group Theory, in
particular Philip Hafl's hand-written [ ecture Notes on Group Theory and show these beautiful Lecture Notes, show a presentation
of WIKIFEDIA s Claszzification of finite simple groups. remember Prof Kegel and Prof. Hall at the Mathematizches Forschungs-
institut Oberwolfach (MFO), and finally az Back Cover refer to Philip Hall's Archive at the London Mathematical Society and
again to hiz [ ecture Notes, and close by showing Who is Felix F. Flemizch 7 & Another Abstract of the 71-pages Research Article.
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Four lectures on Sylow theory in locally
finite groups

O.H. Kegel

The AGTA Research Paper [15] “Characterising Locally Finile Groups Satisfying the Strong Sylow Theorem for
the Prime p” and the IMCA Research Article “The Strong Sylow Theorem for the Prime p in Simple Locally Finite
Groups” (see doi.org/ 1047363/ IMCA/2025(4)198) are both based on this beautiful paper [44] by Prof. Otio H.
Kegel each one proving a conjecture of it: the AGTA paper answers the question on page 10 and the IMCA paper
finds a proof for the “inspection™ of (2.4) Theorem on page 13 both being centred around the gay concept of a
p-unigueness subgroup which is a finite p-subgroup being contained in a unigue Sylow p-subgroup. We show the
main result of Kegel™s paper and comment his final considerations. See also our comments on Page 3 and Page 4.

Introduction

In their wording some theorems about finite groups also make sense for
infinite groups; however, since there are counter examples, most of them
cannot be proved. Narrowing down the class of groups considered more
theorems of finite origin will become provable. In general, assuming the
validity of some theorem about finite groups for some infinite group is a
strong finitenesa condition, and one might wonder what other finiteness
conditions may be deduced from it. A good class in which to study such
phenomena is the class of locally finite groups, i.e. the class of those groups
in which every finite set of elements generates a finite subgroup.

The basic result on finite groups is the Sylow Theorem stating that for a
fixed prime p the maximal p-subgroups of a finite group G are conjugate in
(. This statement makes sense in arbitrary groups, but it is false in general,
as we shall see even in locally finite groups. We shall refer to the discussion
of the validity of the Sylow Theorem for the prime p or some variation or
generalisation of it in some class of infinite groups as Sylow Theory. More
than anyone else, Brian Hartley has contributed to Sylow Theory in locally
finite groups. If not only in the locally finite group G itself, but also in
every subgroup of G, the maximal p-subgroups are conjugate we shall say
that G satisfies the strong Sylow Theorem for the prime p. For locally finite,
locally p-soluble groups satislying the strong Sylow Thecrem for the prime
p Hartley exhibited in [10] a very strong finiteness property, if p # 2. An
extension of a weak form of Hartley's finiteness result is

If for the prime p > 5 the locally finite group G satisfies the strong
Sylow Theorem then there 18 a finile sertes of normal subgroups N, of G
with

GIHug...;H;:_?NH[;...2”;:“}
such that the factors N; [N,y of this series are either a direct product of
finitely many linear simple groups or locally p-soluble.

Hartley's result allows one to refine the series so that the locally p-
goluble factors N; /N,, , are either p-groups or p'-groups.
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It is this result that [ want to explain in these lectures. | hope that on
the way the audience will get a few glimpaes of the landscape of locally finite
groups in general and of the importance that definite results in the theory of
finite groups may have for the theory of locally finite groups. Occasionally,
questions on finite groups have been motivated by possible applications to
locally finite groups.

Prof. Kegel then presents his four lectures on Sylow theory in locally finite groups

Lecture 1 : Varlations on Sylow's Theorem

Lecture II : Singular p-subgroups and simple locally finite groups
Lecture III : The study of crucial configurations

Lecture IV : The strong finiteness results

which culminate in a detailed refinement of the result from Page ii:

(4.4) Theorem. If the locally finite group G satisfies the strong Sylow
Theorem for the prime p > 5, then there are characteristic subgroups

()€ 0,(C) S 0, (G) € 0y s (G) S B (G) S SCAC PC G

such that S/S,(G) = soe(G/S,(G) 1s a direet product of finitely many
locally finite simple linear groups, A/S is an abelian group of rank bounded
by the number of simple direct factors of S/8,(G), the factor group P/A
i2 a finite soluble group of order bounded by the number and a funetion of
the types of the simple direct factors of S/8,(G), and the factor group G/ P
permules these direct factors faithfully. If none of the characteristics of the
underlying locally finite fields of the infinite simple direct factors of S /S, (G)
s p, then the factor group G /0, (G) satisfies the minimum condition for p-
subgroups. In any case, the factor group G /O, . ,(G) 15 countable.

Here S,((G) denotes the largest normal locally p-soluble subgroup of G.

Making a suitable definition for the p-length of the group S/8,(G) -
possibly simply the number of simple direct p-perfect factors - one gets that
with this extended notion of p-length the locally finite group G satislying
the strong Sylow Theorem for the prime p > 5 will have finite p-length.

The author has defined in unpublished work for every prime p such a generalised p-length for
locally finite groups which is finite if and only if they satisfy the strong Sylow Theorem for p.

It seems desirable to remove the restrictions on the prime p in the above
result. This would mean finding an argument in the finite soluble case to
prove a qualitative result like (2.1) and finding a rather different argument
to prove (3.5) which might use different properties of finite simple groups.

The qualitative result like (2.1) is Conjecture 3 (see Pages 9, 12, 13 and 100). Making a revision
of Kegel’s (3.5) Theorem thereby relating it to rarely known articles, the author was able to
extend Kegel’s (4.4) Theorem to the case p =3 without using special properties of finite
simple groups. Note also that our results for simple groups are valid for all primes p.

Acknowledgementa. For the presentation of these ideas T am in-
debted to the efforts of my former student Felix Flemisch. - B. Hartley
pointed out an embarrassing error in Lecture III.

J Matke & Comp Appli, 2025 Valume 4(3): iii-x



Citation: Felix F Flemisch {2025) The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups - Dve Luxe Edition. Journal of Mathematical & Computer

Applications. SRC/TMCA-239. DOL: doi org/10.47363/TMCA2025(4)206

The author leamed Locally Finite Group Theory in the 1970ies through the beautiful book [43] and in
the 1980ies through personal education by Prof. Otto H. Kegel in the course of developing this paper [44]:
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The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups
— De Luxe Edition

This 220-pages JMCA Research Article extends the 71-pages JMCA Research Article “The
Strong S}rlow Theorem for the Prime p in Simple Locally Finite Groups” (see under
it (e conlinesscie h.comournal-ofn I-computer-applicaions-okd-articies php Tioumal-fmcal Av-488i-1 y-20258&m-February &
Mﬁmuﬂimmmiﬁumhmwamnlemh&su_mg;ﬂ meuem -jor-the-prime-p-in-simple-locally-finite-groups pdf & PﬂgE 1to PﬂgE ?1 },
by its smart Abstract (see hups:wwwoniinessienticresearch.comisbetractihe-strong-sylaw:theorem:for-the-prime-p-in simpie-osally-Sile-gmups-
enonml & Page -12 and Page -13) and its fine PowerPoint Presentation (see hips:iwww.srscholarmeda
com/powsrpoint-prasentztions.php?page no-1 & hitps:iwew srcscholarsmedia comippt-artiched ak-by-diok math-fefis-f-Bemisch-m-sc-bacc-math-al-ischiz-groug-
theory-20e4-int-2004-s0.ml & Page 73 to Page 84) and a great lot more (see Page -1) thereby applying
not the consecutive page numbering 1 to 220 but a page numbering which keeps the numbering

1 1o 71 for the 71-pages Research Article and allows for pages which include two original pages

(Pages i to viii, -1 to -18, 1 to 71, 72 to 266, and ix to x):

» Front Cover front — The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups
& Professor Otto H. Kegel on the occasion of his 90" birthday on July 20™, 2024 & Talk on the 120™
birthday of Professor Philip Hall & The Periodic Table Of Finite Simple Groups (May 2025 Issue)

» Front Cover back — MEMOIRE Sur le Nombre des Valeurs gu’une Fonction peut acquérir,
lorsqu’on y permute de toutes les maniéres possibles les quantités qu’elle renferme

» Internet appearance of IGT 2024 (only Home, Agenda and Proceedings)

» Scientific and Organizing Committees of IGT 2024 & Editorial Board of the IGT 2024 Proceedings

# Submissions for the IGT 2024 Conference Proceedings

» JMCA Volume 4, Issue 1 Articles

» Absiract of the following Research Article

s The IGT 2024 Conference Proceedings (May 2025 Issue)

» List of Open Issues

» Research Article

» L "amour immortel, éternel et infini de I'auteur pour Hélga et les mathématiques

» Talk by Felix F. Flemisch at IGT 2024 — PowerPoint Presentation

» The Discoverer and Explorer of Sylow Theory

» |schia was twice an Artist Colony

» On the p-Length of p-Soluble Groups and Reduction Theorems for Burnside's Problem

» Some Historicals on Group Theory

» Philip Hall's hand-written Lecture Notes on Group Theary

» WikiPpEDIA — Classification of finite simple groups

# Prof. Otto H. Kegel and Prof. Philip Hall at the MFO

# Back Cover front — Philip Hall Archive & Lecture Notes on Group Theory

» Back Cover back — Who is Felix F. Flemisch ? & Research Article Summary

Ischia — Castello Aragonese
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Ischia — Sant’Angelo (see Page 96 and Page 97)

At the wonderfully beautiful Lake Ammersee in Bavaria ©

s
Long live Group Theory and in particular Sylow Theory | of Locally Finite Groups!
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Dipl.-Math. Felix F. Flemisch, M.Sc., Bacc.Math.

The Strong Sylow Theorem for the Prime p
in Simple Locally Finite Groups

— De Luxe Edition
May 2025 Issue

=284 Dedicated to Professor Otto H. Kegel on the occasion of his
90™ birthday on July 20™ — Ischia Group Theory 2024 from April 8 to April 13
Talk presented at IGT 2024 on Thursday, April 11'", that is, on the

Fhilip Hall
Lactarn Fomnes s g ey

— =

120" birthday of Professor Philip Hall

The Periodic Table Of Finite Simple Groups

Dhynkin Mhagrams of Semple Le Alpebras
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The family T of types of known finite simple groups { abelian -,
A", A=PSL,, B=PQuun, C=PSps, D=PQ cenn, " A=PSU,, ’D = PQ cuuenn,
Es, E.,Es, F,,G,, "B, D,, °Eg, ’F,, *G,, sporadic. } is beautiful.
It contains 18 infinite families and one finite family:
the abelian groups, seven rank-unbounded infinite families,
ten infinite families with a fixed rank, and 26 sporadic groups.
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IGT 2024 Home ( see hitps://sites.google.com/unisa.it/igt/home )
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IGT 2024 Agenda ( see hitps://sites.google.com/unisa.it/igt/agenda )

MONDAY, APRIL 8th

15.00 Registration
16.00 Opening permanent Poster Session
18.30 Welcome Cocktall

TUESDAY, APRIL 9th

9.10 Welcome greetings

9.20 Chairman: Dieter Kilsch

9.25 Mahmut Kuzucuodlu

Unigueness of x-existentially closed groups

10.10 Luise-Charlotte Kappe

On the nonabedian tensor product of cyclic groups of odd order
10.50 Viji Z. Thomas

On the size and the exponent of Schur multiplier of p-groups
11.15 Cofiee break

Chairman: Ted Hurley

11.45 Peter J. Cameron

Inverse group theory

12.25 Leonid A. Kurdachenko

Groups and left braces: common approaches, different resuits
13.00 Lunch break

15.00 Chairman: Andrea Caranti

15.05 Bernhard Amberg

Factorized groups and solubility

15.50 Pavel Shumyatsky

Profinite groups whose elements have prime power order
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16.25 Coffee break

Chairman: Tullio Ceccherini Silberstein

16.55 Massimiliano Sala

On NP=coNP and its implicafions to cryptography and group theory
17.35 Stephen Glasby

Classifying finite groups with 3 automorphism orbits

18.15 Elena Bunina

Bi-interpretability and elementary definability of Chevalley groups
18.40 End Session

21.30 Recital of classical Neapolitan songs (Sala Aragonese)

WEDNESDAY, APRIL 10th

9.10 Chairman: Carlo M. Scoppola

8.15 Dan Segal

Axiomatizing groups

10.00 Marston Conder

Soluble quotients of triangle groups

10.40 Evgeny Khukhro

Rank type conditions on commutators in finite groups
11.15 Coffee break

Chairman: Anatolii Tushev

11.45 Benjamin Klopsch

The lower p-seres of p-adic analytic pro-p groups and Hausdorff dimension
12.25 Martino Garonzi

On pyramidal groups of prime power degree

12.50 Picture

13.00 Lunch break

15.00 Chairwoman: Bosemary Bailey

15.05 Alexei Stepanov

Nikolai Vavilov and subgroups of Chevalley groups over rings
15.50 Eugene Plotkin

Faces of bounded generation

16.25 Coffee break

Chairman: Tengizi Bokelavadze

16.55 Rostislav |. Grigorchuk

Liftable self-similar groups and scale groups

17.35 Adolfo Ballester-Bolinches

Central nilpotency and solubility of skew left braces
18.15 Natalia Maslova

On Gruenberg—Kegel graphs of finite groups

18.55 Antonio loppolo

Groups gradings and graded maps on algebras
19.20 End Session

19.40 Concert of Barogque music for flute and cello (Chiesa Santa Maria di Portosalvo)

THURSDAY, APRIL 11th

8.10 Social trip

13.00 Lunch break

15.00 Chairwoman: Daniela Nikolova

15.05 Wolfgang Willems

in memoriam Prof. Dr. Berfram Huppert

15.50 Gustavo A. Fernandez-Alcober

Around conciseness

16.30 Thomas M. Keller

Bounding the number of conjugacy classes of a finite group in terms of a prime
16.55 Coffee break

Chairman: Alessio Russo

17.25 Urban Jezemik

Babai's conjecture for classical groups with random generators
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18.05 Felix F. Flemisch
The strong Sylow theorem for the prime p in simple locally finite groups
18.30 End Session

FRIDAY, APRIL 12th

9.10 Chairman: PrimoZ Potofnik

9.15 Gemot Stroth

Zvonimir Janko and the finite simple groups

10.00 Eugenio Giannelli

On Sylow branching coefficients

10.40 Bachel Camina

The Amit and Amit—-Ashurst conjectures for finite niljpotent groups
11.15 Coffee break

Chairman: Paoclo Papi

11.45 Delaram Kahrobaei

Post-guantum Blockchains using hash functions using higher dimensional special linear
groups over finite fields as platforms

12.25 Gunnar Traustason

Some special classes of powerful p-groups

13.00 Lunch break

15.00 Chairman: Péter P. Paliy

15.05 M. Dolores Pérez-Ramos

Together with Rex and Arny: an adventure in the world of Fitting classes
15.50 Cindy (Sin Yi) Tsang

Factorizations of groups and skew braces

16.30 Mark L. Lewis

A lower bound on the size of maximal abelian subgroups

17.10 Gerard Hiss Here you can download all the Abstracts:
The eigenvelue one property of finite groups htto=:idive google comfikid/fuSusTHE, e 1kSnEya0ogE0QeBEN oNiview,
17.50 Closing Here you can download some Slides of the Talks:

jFaF JzrsgURAAY P TheD BEFROIGT Jusp=chaning .

20.30 Social dinner (Sala Aragoneseg)

IGT 2024 Proceedings ( see htips://sites.google.com/unisa.it/igt/proceedings )

Conference proceedings will be published in the Springer Proceedings in Mathematics & Stafistics
(PROMS). The PROMS series and its content are indexed in MathSciNet/MathReview, ZzbMATH,
and Scopus. The submission deadline is January 31, 2025 (23:59 CET).

Here you can find more details about the preparation of your article and about the submission.
Article template: https://drive.google.com/drivedfolders/1 X QSNITTUSJIhgMsebld4nwalf UT/ wHi H.
Link to submit your article: https:/equinocs springemature. com/service/igt2024.

If you have any doubt, please contact us: Patrizia Longobardi [ plongobardi@unisa.it ],
Carmine Monetta [ cmonetta@unisa.it ] or Marialaura Noce [ mnoce@unisa.it .

>
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Scientific Committee of IGT 2024 & Organizing Committee of IGT 2024
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Editorial Board (PC Chairs) of the IGT 2024 Proceedings

It consists of the six members of the Scientific Committee of IGT 2024 and two members
of the Organizing Committee of IGT 2024, Carlo M. Scoppola being the Editor-in-Chief.
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Submissions for the IGT 2024 Conference Proceedings
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We submilted three submissions for the IGT 2024 Proceedings. All three were rejected by the Editorial Board.

Reports of the first Submission
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We protested against and even complained about the Rejection nol as such bul because it ® did not give
any reason, ® claimed wrongly to have not pre-screened our presentation so that we are allegedly not
enlitled to have it published in the Conference Proceedings, # claimed unjustified (!) thal the resulls
presented are not sufficiently significant Lo warrant inclusion in the Conference Proceedings, and o did
in fact by arrogant and overbearing attitude decide not to send our paper to peer review. The Rejeclion
gets crowned by the incredibly impertinent suggestion to review papers published in reputable journals
and proceedings, without being able to quote some of those (1), to assess whether our paper aligns with
those standards. Our protest and complaint remained without any reaction by the Editorial Board. We
then sent a Reprimand for the Rejection supported by some group theorists. No reaction again & !

J Matke & Comp Appli, 2025 Volume 4(3): -6-18



Citation: Felix F Flemisch {2025) The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups - Dve Luxe Edition. Journal of Mathematical & Computer
Applications. SRC/TMCA-239. DOI: doi.org/10.47363/TMCA [2025(4)206

Report of the first Submission again
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We nevertheless submitled a Second Edition of our beautiful paper where we corrected all presumed
shortcomings thereby adding even more beauly and complied fully with the submission guidelines of
Springer’s PROMS series (see hitps://www.springernature.com/gp/authors).

Reports of the second Submission
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This Second Editlon was not even read let alone reviewed but simply rejected with the comment “Please refer
to the rejection letter of your first submission.”, a sheer incredible impertinence. We presented the paper in a Talk
at IGT 2024 (see Page 1) and submitted an Abstract (see Page 57) to be included at hups:/fdrive google com/
file/d/ludve TER MzLIk5SnByaOgqEOQcBEM | gNl/view (see Page -4). But the Committees did not include it ... .
Also, we were not included in the list of Maln Speakers (zee hitps://zites. google.comiuniza.ivigthome).

Since we did not receive any reaction at all by the Editorial Board of IGT 2024 again. we reworked the Second
Edition from Springer’s PROMS format to the format for a submission for the Persian International Journal of
Group Theory (LJGT). They made a slovenly review of the first few pages. claimed wrongly that it has been
published before (see Page 7). and rejected it withoul giving reasons as well instead of requiring an update. We
submitted nevertheless a Third Editlon which remained without any reaction & .
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Reports of the third Submission
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We then submitted as the third Submission just our Talk at IGT 2024, which has 18 slides in contrast to
the underlying research paper which has about 70 pages, and requested to find a place in the Conference
Proceedings. But it was treated as our second Submission irrespective of that the rejection letter of our
first Submission cannot apply to the third Submission. Geiling not any reaction we remained speechless.

The third Submission — Slide 1 to Slide 9
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The third Submission — Slide 10 to Slide 18
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While the third Submission to the IGT 2024 Conference Proceedings, the beautiful Talk by Felix
F. Flemisch at IGT 2024, was rejected by 1ts Editorial Board without giving any reason, it was
accepted by the Joumnal of Mathematical & Computer Applications (JMCA) (see Page 73 to Page 84).

We puzzle over the disrespectful treatment of our Three beautiful Submissions for the IGT 2024
Conference Proceedings. Possible answers are given by the following quotations:

Realizing that we were not welcome neither at the IGT 2024 Proceedings nor at the IJGT, we
decided to terminate our king-size patience with both of them and to try to publish our beautiful
paper as a Research Article in the great Journal of Mathematical & Computer Applications (JMCA).
We and the IMCA know each other since 2023 when we could publish in September our Review
Article “Three Beautiful Books about Sylow Theory in Locally Finite Groups™ i1 Volume 2 Issue 3
of IMCA (see hitps:/'www.onlinescientificresearch.com/journal-of- mathematical-computer-applications-
old-articles phpTjournal=imcad Sov=2 8 8&1=3& &v=2023& &m=5eptember). We reworked and extended
and grew more beautiful our paper “The Strong Sylow Theorem for the Prime p in Simple Locally
Finite Groups™ into a Fourth Edition which_ after a number of fine improvements, was accepted for
publication in Volume 4 Issue 1 of IMCA (see Page -10 and Page -11 & Page 1 to Page 71) @ . It comes
with an Abstract (see Page -12 and Page -13 & Page 1) which can well serve as a detailed overview.
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JMCA Volume 4, Issue 1 A
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The IGT 2024 Conference Proceedings

Sine= IGT 24 i1 datficsted tn Prof. Ottn H. Kegel m the ooossion of hin 90* hivthdsy oo ) July
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After publication of the IGT 2024 Conference Proceedings we shall not only answer our question from

Page -14 but also provide quite a number of comments (see Page -17 and Page -18).
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List of Open Issues

# O 1 Extend Theorems 2, 3 and 4 to the remaining Locally Finite Classical Groups
(i.e., the Symplectic, Unitary. Orthogonal in char # 2 and Orthogonal in char 2 Groups).

® O 2 Summarise the work by B. Hartley and A. Rae regarding 4 , and p% and
the foregoing work on the classical Hall-Higman theory regarding 4 ; and pr,
¢p. dp, pF and r, by P. Hall, GG. Higman, A.H.M. Hoare, T.R. Berger,
F. Gross, E.G. Bryukhanova and A. Turell.

# O1 3 Let p be a prime. Let G be a p-soluble finite group, 1(() be its p-length,
and agl(7) be its p-unigueness. Then (best possible) LG < adG) + 1.

# Ol 4 Deduce the three rectanglesftableaux of Page 13 and use them to prove
Lagrange's theorem and Cauchy’s concealed second and third group theorems.

® 01 5 Deduce Cauchy’s theorem of 1812/1815 from [H:<x>] = |G, if x is a p-blank
of ¢ in H, that is, an element of H of order p withx = G.

& Ol 6 Determine all the (minimal) p-uniqueness subgroups for the known fNnite
simple groups and their natural overgroups, the symmetric and the linear groups,
and for the (locally) p-soluble groups, distinguishing p= 5. p=3 and p=2.

& O1 7 Introduce for every prime p a generalised p-length for locally finite groups
which is finite il and only il they satisfy the sirong Sylow Theorem for p.

# O] 8 Making a revision of Kegel's {3.5) Theorem [44] thereby relating it to
rarely known articles, extend Kegel's (4.4) Theorem [44] to the case p = 3.

® O1 9 Summarise Kegel's Sylow paper [44] thereby integrating
the AGTA paper [15] and this JIMCA paper and extending his
main Theorem (4.4) to p=3 and p = 2 by using O1 & and O 3.

Issues of the De Luxe Edition

This is the May 2025 Issue of the De Luxe Edition being characterised by still waiting for the
announcement of the IGT 2024 Conference Proceedings. Future (monthly) issues, in particular the
<month> 2025 Issue when the IGT 2024 Proceedings have been announced to be published, will
consist of updates only of Page -1 to Page -18 and the eigth-page Front Cover and possibly the Back
Cover, that is, of 28+-pages documents. and for Page 1 to Page 266 the De Luxe Edition will refer
to the May 2025 Issue. The simple reason is that the Research Article itself. its Abstract and its
PowerPoint Presentation, as published by JIMCA, will not change.
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The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups

Felix F. Flemisch
Mitterweg de, 82211 Herrsching a. Ammersee, Bavaria, Germany

ABSTRACT

Thiz Rezearch Article continnes [15]. We begin with giving a profound overview of the structure of arbitrary simple
groups and in particular of the simple locally finite groups and reduce their Sylow theory for the prime p to a quite famous
conjecture by Prof. Otto H. Kegel (zee [44], Theorem 2 4: “Let the p-subgroup P be a p-uniqueness subgroup in the finite
simple group § which belongs to one of the seven rank-unbounded families. Then the rank of 5 iz bounded in terms of P.7)
about the rank-unbounded ones of the 19 well-known families of finite simple groups. We introduce a new scheme to
describe the 19 families, the family T of types, define the rank of each type, and emphasise the great réle of Kegel covers:
Prof. Kegel rediscovered from Prof. Philip Hall (zee [46]) that an infinite simple group has a local system consisting of
countably infinite simple subgroups (see [45], [46] and [44]. Theorem 2.5) (and conversely) and if they are locally finite he
discovered groundbreakingly that they have a Kegel cover (see [44], Theorem 2 .6), that iz, a nested local system {Gy} with
maximal normal subgroups My = Gy such that Gy M My = <1> so that &y embeds into Gy /M. This part presents a
unified picture of known results all of whose proofs are by reference.

Subsequently we apply new ideas to prove the conjecture for the Alternating Groups.

Therenpon we are remembering Kegel covers and +-zequences and the classification of simple locally finite groups
according to their Kegel covers. Next we suggest a way 1) and a way 2) how to prove and even how to optimize Kegel's
conjecture step-by-ztep or pew a peu which leads to Conjecture 1, Conjecture 2 and Conjecture 3 thereby unifying Sylow
theory in locally finiie simple groups with Sylow theory in locally finite and p-soluble groups whose joint study directs very
reliably Sylow theory in (locally) finite groups. For any pnexplained terminology we allow vs to refer to [15].

We then continue the program begun above to optimise along the way 1) the theorem about the first type = = “A™” of
infinite families of finite simple groups step-by-step to further types by proving it for the second type E="A =P3L,". We
apply new ideas to prove Conjecture 2 about the General Linear Grouwps over locally finite fields, stating that their rank is
bounded in terms of their p-uniqueness, and then break down this insight to the Special Linear Groups and to the Projective
Special Linear (PSL) Groups over locally finite fields. We cloze with good suggestions for future research P regarding
the remaining rank-unbounded types (the “Classical Groups™) and the way 2), B regarding (locally) finite and p-soluble
groups, and B regarding Cauchy’s and Galoss”™ contributions to Sylow theory in finite proups. We much hope to enthuse
group theorists with these suggestions and are ready to support and to cordinate all related work.

It follows from our two theorems that simple locally finite groups which satisfy the Strong Sylow Theorem for even cne
Prime p are linear and hence countable if they have a local system of countable zimple subgroups each having a Kepgel
cover “of alternating type™ or “of projective special linear type™.

We include the beauntiful predecessor Research Article [15] as the First Appendix for good reasons. Thiz Research
Article had been presented as a slideshow in a Talk at IGT 2024 on April 11. We include itz 16 slides as the Second
Appendix. Slide 1 to Slide 12 had as well been permanently instaled during IGT 2024 az a Permanent Poster.

The Besearch Article consists of the following seventeen beautiful Chapters:

# Sketch of proof for A" o Sketch of proof for A =PELy; @ Introduction; @ Proof of Theorem 1;

% About Kegel covers; % Planning future research — Part 1; (5) Proof of Theorem 2;

Proof of Theorem 3; Proof of Theorem 4; {E} Planning future research — Part 2;
(@) The First Trilogy and The Second Trilogy and their reviews; ® Acknowledzements;

® Postzeript. Luciano De Creszenzo, Felix F. Flemisch, Conflicts of Interest, Pablo Picasso’s La TJote de TITHE
& About the anthor in Munich_ in Freiburg i Br_in London, in Weiden 1.d OPf_ and in Florence in Toscany in Italy;
& 75 References; ® Appendix 1 — Reference [15] with ME Review and Zbl Beview;
# Appendix 2 — Talk by Felix F. Flemisch at Tzchia Group Theory 2024,

* Corresponding author
Felix F. Flemisch, Mitterweg 42, 82211 Herrsching a. Ammersee, Bavaria, Germany. ORCID: hitps://orcd org/0000-0003-1612-8810.
Received: December 20, 2024; Accepted: December 31, 2024; Published: January 27, 2025
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i? /
il Dedicated to Prof. Otto H. Kegel on

the cccasion of his 90% birthday on 20 July 2024
—Ischia Group Theory 2024 from April § to Apnil 1.3

[=ee hitps: /. advgrouptheory. com/GT ArchivumFiclures/gtphotosOttoiKegel jpa )

Talk presented at IGT 2024 on 11 April 2024, that is,

=

on the 120% birthday of Prof. Philip Hall
[=ee hitps:/imathshistory. st-andrews ac.uk/Bicgraphiesball )

Keywords » singular (Sylow) p-subgroup = (very) good Sylow
p-subgroup » p-unigueness subgroup » minimal punique subgroup
» very beauntiful {numerical) Sylow p-invariant p-uniqueness a_
» locally finite proup satizfiying the Strong Sylow Theorem for the
Prime p. equivalently, the Strong Sylow p-Theorem » simple
group » pested local system » family T of types of known finite
simple groups » simple locally finite grovp of upe =€ T, aof
alternaiing fype and of profeciive special linear fype » rank of a
locally finite simple group » classification of the transitive G-zets
# beautiful Kegel cover » +-zequence » Kegel sequence s simple
locally finite group which i finitary, of 1-type, of p-type, and
of co-type » P-invariant Sylow p-subgroup  conjugacy class
* Poizomorphic P-orbit » beantiful p-length of a p-soluble finite
group = classical Hall-Higman Theory = locally finite field &
= algebraic closure of the beantiful prime field in characteristic p
= General Linear Group = Special Linear Group » Projective Special
Linear (PSL) Group = G-module over some (locally finite) field F
= irreducibility « complete reducibility » (non-Ymodular G-module
* Gisomorphic G-modules = Jordan normal form e Classical Group
* Group of Lie type » twisted Chevalley Group

Note — The rank of a known locally finite simple group is defined
below. For PSL{n. F). and hence for GL(n. F) and SL{n_ F), it
iz simply n= dim{'?n]. So we have a rather simple concept of
rank of a linear group which, however, does not contradict any
of the elaborate concepts of rank in the excellent book [13].

Let p be a prime: 2.3, 3, 7. 11, 13_ 17,19, 23 29 31_ 37, 41,
43 -IT 33,39, 61, 67,71, 73, 79, 23, 39 g7, 101, IDJ 107, 109, 113,

: 131_ 1::.'_ 139, 1-19_ 151, 13.' 163, 16'-'__ 173, 179, 181, 191, 193,
19'.", 199211, 223, 227 229 233, ""9, 241, 251,257, 263, 269, 271,
277, 281, 283, 203, 307, 311, 313, 317, 331, 337, 347, 349, 353, 339,
367, 373,579, 383 380 397 401,400,419 421 431 433 430 443
449_ 457, 461, 463, 467,479, 487, 491, 400_303, 500, 321, 523, 341,
347, 557, 563, 569, 571, 577, 387, 593, 3990, 601, 607, 613, 617, 619,
631, 641, 643, 647 633, 659, 661, 673, 677, 683, 601, 701, 709, 719,
127, 733, 739, 143, 731,757, 761, 769, 713, 787,797, 809, 811, 821,
823, 427, 829_ 830 853, 857, 859 B63, 877, BE1. BB3. BET 907, 911,
010, 920, 037, 041, 94" 033 96 9 1, 977, 983, 991, 097, IDDQ'

1013, 1019, 1021, I{BI_ 1033, IDJS' 1049_ 1051, 1".]61_ 106: 1D
In thiz paper we prove Kegel's conjecture for A® and for
A = PSL,. It continues [15] F.F. FLEMIECH: “Characterising

Locally Finite Groups Satisfyving the Strong Sylow Theorem
for the Prime p”, Adv. Group Theory Appl. 13 (June 20212,

13-39 (see MER4441651 and Zb] 1496.20065). We included that
beautiful predecessor paper completely as an Appendix, although
it iz open access, since the current paper cannot be understood
without that predecessor paper — so one needs to have it present
when reading the enrrent paper — and inclnded as well the MR
Eeview and the Zbl Review and an important comment ©.

Sketch of proof for A"

Let the finite p-group P act on A", Let a be a point and let
Fy={x £ P|a" = a} S P be the stabiliser of &. We denote by
U(P) the set of all subgroups of F and for every U7 £ U{P) by
B(F.L = {Ux | x € P} the set of all night cosetz of L7in P.
Then P operates by multiplication from the right for every I7 S
U(P) transitively on R(P, 1)) with CorplU = {7 | x & P} as the
kernel. The claszification of tranzifive P-setz reads as follows:
E‘I-'E‘.P:I.' transitive P-zet © # @ iz P-isomorphic to B{F Fyg) for all
a € Q. and for arpy U, V' £ U(FP) the two setz R{P, L") and B{F, ")
are P-isomorphic iff and only if U and V are conjugate in P.
Hence for the action of P we have a bijection between the class
J(P of all P-izomorphizm types of transmtive P-zets and the set
of all conjugacy classes (in F) of subgroups of P, and therefore
TP = ga(|P]) = the number of conjugacy classez of subgroups
of F. Therefore for every P-zet Q the class J(P.Q) of P-iso-
morphizm types of P-orbits on Q has at most gp(F) elements
and since every subgroup of P iz a subset containing 1. we can
now summarizing deduce | (P, Q)| < go|P)) = UP) <271
If P is a p-subgroup of " which is contained in exactly k £ N
Sylow p-subgroups of 8" and ifm =k + p+ 1, thean<m-
PlegAlP)-landn=(p+2)*27" 1 fork =1 (see Page 5),
whence, if not so, P has at least m many P-isomorphic P-orbits
on Q = {1, 2, ., n} (zee Page 5). We are then able to deduce
from thiz fact the central observation that {5 € Sylﬁﬂ s
FP.invariant} =: S}']F{QQ,P} > Sy,S" 2 m -22k+ 1 by using
beautiful new ideas (szz Page 6). O

Sketch of proof for A=PSL,

We are applying a three-stage-approach whilst first provine the
theorem for the General Linear Groups over {commutative)
locally finite fields (Theorem 2), then for the Special Linear
Groups over locally finite fields (Theorem 3) and finally for
the Projective Special Linear (PSL) Groups over locally finite
fields {Theorem 4), thereby vsing that GL{n ) = SL{n F) = F'*
and PSL({n_F) = SL{nF)/ Z(SL{n.F)) (zee Page 11 and Page 12).
This can be shown with a very beautiful diagram:

-l:'l.'—‘-:"

SZ(V)—— Z(V) 2 F* 4= (pryn

SL(V)C L GL(V) —2, pe
Theorerm 3 Theorem 2

PSL(V)C y PGL(V) ——— F* /(F* )"
Theorem 4 | Theweem 4 |
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The major work is required for the General Linear Groups
with two different and both very beauntiful approaches for
characteristic # p and characteristic p. In characteristic = p we
pze that, if for a finite p-group F which is operating on a finite-
dimenzional vector space I” over a locally finite field and a
direct decomposition of 7 into irreducible P-submodules, there
are k many of the P-zubmodules P-izomorphic, then at least
éSj.-'l_p_Ski Sylow p-zubgroups of GL(F) are P-invariant (zee
Proposition 7 a)). In characteristic p we use that if k iz the
dimension of the P-submodule Cy(P) = {v = F| v = v for all
x £ P} of a non-trivial modular P-module V| then again there
are at least 'S}'Ips_k many F-invariant Sylow p-subgroups of
GL(F) (see Proposition 7b)). We then are able to argue that
from Proposition 7 follows thatn < (p = 2) = F';2 -1fora
p-uniqueness subzroup P of GL(n, F) (see Lemma 2 on Page 11).
For the transition from GL(n, F) to SL{n, F) we are using thata
p-uniqueness subgrovp of SL{n, T) is a p-uniqueness subgroup
of GL{n, F) as well. For the tranzition from SL(n, F) to PSL{n, F)
we uze that P = 0 = D{S8L{n, T/ D({5L{n,F)) iz a puniqueness
subgronp of PSL{n, F) when @ iz a puniqueness subgroup of
SL(n.F), and conversely, together with the Proposition 4 and
the Proposition 6 to get the lower bound p + 2 whenece F lies in at
least [Sylp87 " Y| Sylow p-subgroups of PSL(n. F). O

1. Introduction

For any unexplained notation we refer to [13].

Bring to mind that a group is called simple if itself and <1
are its zole normal subgroups and that a local system for a
group & iz a family T of subgrovps such that every element of
G lies in a E-group and for every two I-groups there exists
another F-group which containz both The local system T for
the group & is said to be nesied if there exists a sequence {L |
o0 € N} of subgroups of G such that U © Up foralln e N
and £ = {I}|n < N} If Gis a countable group and {x; |0 = W}
an enumeration of G, let I = <x, x1, .., x> (n & N); then
{UL | n € M} is a nested local system for G_ If the locally finite
group & has such a nested local system, then & is countable. If
an infinite group G =<0 | I/ £ £ > possesses a local system T
consizting of simple subgroups, it iz simple: suppoze N = <1> i3
4 normal subgroup of G; if N N I'=<1> for all I € ¥ then
N=<NNU|Uelr=<1>hence NN U=Uforsome '€ £
andso N F=Fforal FeE Esince I VS Wioreach F£ X
with some W £ I; thus N = G_ An infinite simple group has,
according to Philip Hall (zee [48], p. 137, which introduces the
beantifol term “bountiful™), some local system consisting of
countably infinite simple subgroups (see [42], p. 18, [43]
Theorem 4.4, [44], Theorem 2.5, and [45] O H. KEGEL: “Remaris
on pancountable simple groups”, in° Proceedings of Ischia Group
Theory 2016, It J Group Theory 7 (2018)). Thus simplicity is
definitely a countably recognisable group theoretic property
(see [2]). Periodic linear groups are locally finite (zee [43],
Theorem 1L.1) and satizfy the Strong Sylow Theorem for
every Prime p (see [34] and [44]. 1.7). Simple periodic linear
groups are countable (zee [43], Theorem 11.2).

If G iz a countably infinite locally finite simple group, then
there will exist a nested local system {R; | n & N} for G of
finite subgroups such that for each n £ M the group By is perfect
and there exists some maximal normal subgroup Ay of Rpy
satisfying My N By = <1>, o that Ry /My iz simple and By
= Rps / My (zee Chapter 3); such a nested local system is
called Kegel cover (or =-sequence) for G. We define the family
T of types of known finite simple groups by using some assumed
well-known symbolz: T = {abeliany A" A=PS1, B=PQ4x.
C =PSpy. D =POQ s "A=PSU,. D =POQ o, Es. E-.
Es. Fu. Gu. “Ba, “Da. “Es. “Fu. °G. sporadic = }. If G is a known
finite simple group of type = € T, we call p resp. n resp. 2 resp. 4
resp. 6 resp. 7 resp. 8 resp. * (= the order of G) the rank r{G)
af . A countably infinite locally finite simple group is called to
beoftipe = = T, if it just has a Kegel cover T= {{By M) |k = N}
in such a way that infinitely many of the R/ Mi=1's belong to
= (wherefore we can replace T by theze infinitely many Ry.1°g),
and iz called to be of alternating type if it iz of type A" Note
that such a group could a prion be of several types but we may
placidly azsume by the well-known pigeonheole principle (zee
https://en wikipedia org/'wikiPigeonhole principle} that in fact
all Rp-1 /M 11%s belong to the same of the 19 known families.

The following figure (© 2012 by Ivdin Andruz [zee hitps:)
irandrus filez weordpress com2012/06/periodic-table-of-groups pdf
and hitps:/irandms wordpress com/2012/06/1 7 'the-periodic-table-
of-finite-simple-groups/]) depicts the 19 families of known finite
simple gronps in a beantiful arrangement called “Periodic Table™:

The Periodic Table Of Finite Simple Groups

wyds 1w g

| o | e | o -u-n"\-.-';\.--' L #
| it gy e SRE e -
= b . | | }
Rt [ | | e | | R | e - .
=T -—Nﬂ_--—i--rl'- | - '
. | l--lhp.yu.'-vn'llun'\-u - i
TR | —-r::m"....,..,i___inl__ -
|
s | i | e | || | Rk | e -
——— :|-+ s L e e | e | )

If the locally finite group & satisfies the Stronz Sylow
Theorem for the Prime p it contain: a p-uniqueness subgroup
(zee [15]. Thecrem 3.9, and [44], Theorem 1.3, 1n conjunction
with [13]. Proposition 2.3). Thus, if for a countably infinite
locally finite simple group G with Eegel cover {{Ry M) |k £ N}
and p-unigueness subgroup F we could prove that the ranks of
the Ri:+;/My=1"s are bounded in terms of P, then we could very
straightforwardly deduce Prof Otto H. Kegel's Theorem 2.7
(zee [44]): “For the lpcally finite simple group G the following
are equivalent: (i) Every couniable simple subgroup of G
containg a p-uniguensss subgroup; (i) G satisfies the Strong
Svlow Theorem for the Prime p; (Tif) & is linear.™) and his central
Theorem 3.4 (see [44]): “If {Fi}i=w is a smooth simple straight
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split sequence of finite p-perfect subgroups of the locally finite
group G, then the cownably infinite group U=<F;; i S N>
has 27 maximal p-subgroups.”).

Note — To study crucial configurations, Kegel developed in [44)]
the quite excogitated concept of “(Gmooth simple straight) spiit
sequences of finite p-perfect subgroups with their associated
ascending sequences of subgroups” which iz related to his
equally very fine concept of the “Sviow-separated fascending)
sequences of p-subgroups with asseciated sequences of Sylow
p-subgroups” he had developed already nearly ten years earlier
in “0OH. KEGEL: *Chain conditions and Sylow’s theorem in
locally finite groups’. in® Symposia Matematica, Volome XVIL
Convegno sui Gruppt Infiniti, Istituto Nazionale di Alta Mate-
matica (j[§5AM) TFrancesco Severi’, Roma, 11-14 Dicembre
1973, Academic Press, London-New York (1976), 231-259.
ISBN 978-0-12612-217-67

So, in his four workshop lectores on Sylow theory in locally
finite groups at the famed and such eminent Singapore Group
Theory Conference of June 1987, Kegel stated az a theorem
and proved “by inspection” what iz actoally a conjecture (zee
[44]. Theorem 2.4} “Let F be a p-unigueness subgroup of the
finite simple group § which belongs to one of the seven rank-
unbounded families. Then the rank of S 1s bounded in terms of P.°
In this paper we prove the conjecture for the caze that the finite
simple group 5 is some A” (o € N) thereby getting Kegel's
Theorem 2.7 and Theorem 3.4 for the caze that the countably
infinite locally finite simple group iz of alternating type.

If £ iz a local system of countably infinite simple subgzroups
of the simple locally finite group G with (& countable = X =
{G}) and P" for each T-group [7is a p-uniqueness subgroup of L7,
which exists if & zatisfies the Strong Sylow Thecrem for the
Prime p (zee [15]), and {{(Re M) [k E N} isforeach I'E X a
Kegel cover for U of alternating tvpe, then for each U7 £ T will
existak=Kk(L) € N with ¥ C R, whenee PV» M5/ M7 =
PUPYN My s a p-uniqueness subgroup of Ra®/ Mu" for all
m = KL, and we could deduce eazily from the following
Theorem 1 that the raniks {r{(Rp"/ My ) | m = (1)} are bounded
by £,(/P]) for all I € T, so that all T-groups would be linear
{zee [47]) and so G would be linear, too, and so also countable.

Theorem 1 (zee [14]). Lot n = N and let p be a prime
such that p < n. Let P be a finite p-group acting on A"
Let gp(|P)) be the number of conjugacy classes of
subgroups of P and let k be the number of P-irvariant
Sylow p-subgroups of A® Then gp((P) =271
a) If isomorphic subgroups of P are conjugate and
b = log,|P| (o that |P| = p"), then gs(|P)) <
A0 20-2 4 0- 2 4- (- 2+0-D12-90 pr_ 1y(p- 1) +25.
byletm =k+p=1 ThennZm= |P| =g F)- L
Fk=1,thena <H(P)=(p+2) =P =271 1.

Having proved Theorem 1 we state a way 1) and a way 2) how
to optimise Theorem 1, make a covple of remarks and suggestions
on Planning future research and state three conjectures.

A periodic linear group is locally finite (zee [43], Theorem
11.1) and satizfies the Strong Sylow Theorem for every Prime p
(see [34] and [44], 1.7). As the next undertaking we are proving
Conjecture 2 of Page 8 regarding the General Linear Groups
over locally finite fields (zee [14]):

Theorem 2. Let n N and lat p be a prime.

Let F be a locally finite fcommutaiive) field

a} If' F has chavacteristic p and a, = a(GL(n, F))
thenn < {p+2)=pF-1

b) If F has characteristic # p and a, = aj(GL{n, F))
thenn<(p+2)=p2_1.

Afterwards we are breaking down Theorem 2 to the Special
Linear Groups over locally finite fields:

Theorem 3. Let n £ N and lst p be a prime.

Let F be a locally finite fcommutaiive) field

a) If' F has characteristic p and ap = a(3L(n, FY)
thenn<(p+2)=p?-1

b) If F has characieristic = p and ap = ap{SL(n. F))
thena<(p+2)=pr-1

We contimie with breaking down Theorem 3 to the Projective
Special Linear (PSL) Groups over locally finite fields:

Theorem 4. Let n = N and let p be a prime.

Let F be alocally finite (commutative) field and

let P be a minimal p-unique subgroup af PSL{n, F).

a) If F has characteristic p and ap = a(PSL{n, F))
themn S f|PN) = (p+ = pP- 1.

b) If F has characteristic = p and ap = ay(PSL{n, F))
thenn <f(\P) =(p+2)pF-1.

An infinite simple locally finite group G always has a local
system ¥ consisting of countably infinite simple locally finite
subgroups and each ¥-group [T has a Kegel cover {{er,!kti.;[} [
k £ N} (see Page 3). If all the factors B,"/ A" of the Kegel
covers for all E-groups LMare of type E="A =PSL,", then G iz
called to be of projective special linear fype. If G zatisfies the
Strong Sylow Theorem for the Prime p, then each E-group UV
has a p-unigueness subgroup P[_(see [15]x

For each I/ € ¥ exists some k= k (I)) € N with P = R .
whence PX = ML/ Mt = PY PP NV is a great p-unigueness
subgroup of Rp"/ My~ for all m = K(I). If G is of projective
special linear type, it follows from Theorem 4 that the ranks
{r{Rp/ My) | m = (L)} will be bounded by i:p{FL} for all the
Z-groups U7, which hence are linear and so & will be linear and
therefore also countable (zee [47]). Summarizing we can zee the
conzequences of the Strong Svlow Thecrem for the Prime p
according to Theorem 1 and Theorem 4:
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Theorem 5. Let G be a simple locally finite group

af alternating type or of projective special linear type
satisfving the Strong Sylow Thearem jor the even

one Prime p. Then G iz linear and countable. O

Having proved Theorems 1, 2, 3 and 4 we make a couple
of further remarks and suggestions on Planning future research
and announce very beautifully The Second Trilogy.

2. Proof of Theorem 1

Frogft We begin with some general remarks. For any group G
we denote by U(G) the set of all its subgroups and for every
Ue UG wR(G,L) = {Lx | x £ G} the set of all right cosets
of Vin G. Then G operates by multiplication from the right for
every U £ U(() transitively on B(G,L) with Corgll = {U" |
x € P} as the kemel. If G acts (from the right) on a set Q. so
that 2 i1z a G-zef, and a € Q iz any point. then G, = {x € & |
o =a} T G is the stabiliver of a. Another G-zet ¥ iz said to be
G-isomorphic to £ in case there exists a bijection £ : Q — 7
such that &a™ = Ha) for all the o0 € © and x ©G. The
classification of transitive G-sets reads as follows (zee [30],
Chapter 6): Every transitive G-set @ = @ iz G-isomorphic to
B{G.Gg) for all @ € Q, and for oy two U] F £ T(G) the two
sety R{G, L") and B(G, V) are G-isomorphic if and only if U and
are conjugare in G. Hence for the action of P we will have a
bijection between the class J(P) of P-isomorphism types of
transitive P-sets and the set of all conjugacy classes (in F) of
subgroups of P, and so |[{P) = g4|”). Thus for every F-zet Q
the clazs J(P,%2) of P-isomorphizm types of P-orbits on €2 has
at most gp(|P]) elements and since every subgroup of F i3 a
snbzet containing 1. we can summarizing deduce that | J{P. Q)
SgAP)EUPy <291

Consider now some n € N and a p-subgroup F of 8" for some
prime p which iz contained in exactly k £ W Sylow p-sub-
groups of 3" Then n<(k+p+ 1)« [Pl=gp(|P)-1 ™.

FRATIONALE — Suppose n = (k+ p + 1) = |P| = gp{|F)). Then G =
F iz a finite group which operates on the set @ = {1. 2, ... n}
with [O] = (k+ p + 1) » |G| » gp{|G[). We show that the number
of G-izomorphic G-orbits on €2 must be at leastk + p+ 1. The
group & partitions © mto r orbits ¥y, ¥, . 'F,. Since the orbit
lengths ¥, [Py, ... [¥| dovide the group order |G, it follows
that Q| =Z{%; |1 =1=r} =1+ |G henceifr = (k+p+ 1)~
[T(G, Q). then by the pigeonhole principle there will be at least
k+p+ 1 many G-isomorphic G-orbits on . w Therefore F
has at least k + p + 1 many P-izomerphic P-orbitz on £3. This
implies. as we show below, that there are at least ESFIFEH_I
many Panvariant Sylow p-subgroups of Sq Since also |SyLSH
>n-2forn € N (see Lemma 1 below), [SyLS5¥7 = (k+p+ 1)
S2={k+ 1)+ (p-2)=2k+1 follows. =

a) For all 0 = k = b let jp denote the mumber of conjugacy
classes of subgroups of :'m’epo inP.Thenclearly p=1,51=1
and §3 =1, but alzo jy < (|P| - 1)/ (p - 1}: the Frattini zubgroup
P(F) of P has an elementary abelian factor group of rank < b,

since a maximal subgroup of a finite p-group is normal of index
P, whence j-; represents the mumber of the one-dimensional
subspaces of the GF{p)-vectorspace P/ $(F). Now suppose that
the isomorphic subgroups of P are conjugate. Then j; = 2,
since there are two izomorphism types of groups of order p:, the
cyclic group and the elementary abelian group, j3 = 3, since there
are five isomorphism types of groups of order p‘l: and jy = 15,
since there are 14 isoemorphism types of groups of order 2% and
15 isomorphism types of gronps of orde:'p4 for p# 2 (zee [23]).
I follows that jo+ji + j2 + 3 + 4 T o1 T o S (P - 1)/(p- 1) + 25.
Considering a chief series for a group of cnrder)r;"L (k £ N) one
can determine the number of maximal possible multiplication
tables of groups of order pk and thus obtain rather simply the
estimate igl; Epl‘k:'k}"'ﬁ for the number ik of isomorphism types
of grovps of crder pk (see [28], Thecrem 3.1). Since we can
calculate E{(k3 -k} /6 |53 =k =b-21} = (see under hitps-/warw.
numberempire. com/seriescaleulator php) ((b-2)+2(b-2+b-2)"V4-
((b- "‘}l—b 2)2-00, it now f'n:ullmms the rather cool mequahn
Tl 5<k<b-2}<p (-t +2(6-20 = (-2 4-((b- 20 -2 12
Summarizing we get gp{|F) =

(-2 +20-27+ (B-27 4 (b- D +b-2/2-90

P @-H)ye-0+

b) We may assume that the group P operates faithfully on A"
which is a normal subgroup of index 2in 8" fn<5orn>7 the
antomorphizm group Aut{A™ of A" iz known to be isomorphic
to the group of inner automorphizms of 8* which is isomorphic
to §* (see [51], Satz 1.9). _ﬂs.ut{_iﬁj is the semidirect product of a
group C; of order 2 with o {see [32]). Thos P is (isomorphic to)
a p-subgroup of 8% or of C; = $°® which normalises k Svlow
p-subgroups of A" Every Sylow 2-subgroup of A" lies in only
one Sylow 2-subgroup of 5", since A" contains for n > 3 just as

25. 0

many Sylow 2-subgroups as has 8%, and a Sylow 2-subgroup of A
15 its own normaliser in §° (see [39]). Thus the p-subgroup P
of 5" {or of C; + sf, if p = 1) lies in exactly k many Sylow
p-subgroups of 57, (If k = 2 then even k = p + 1 because the
number of all S3ylow p-subgroups of the semidirect product
F+ 5" iz congruent to 1 modulo p.) We digress now and permit a
short memory parenthesis: When G iz a finite group. F a
p-subgroup of G and 5 € SyleG, then the cperation of F by
conjugation on C{G.5) = {57 |x € G} has at least one fixed
point, that is (Ix € GYP S §), and for P £ SylpG exactly
one, that i, Syl = IGNgS| = |C(G,5) = 1 (mod p); hence G
satizfies the Strong Sylow Theorem for the Prime p, that is, every
U'e THG) conjugates fransitively on Sylpll, and thus we have
the Frattini argument for & (and p), that is_ if Nis a normal

* If P is a p-uniqueness subgroup of 8° thenn < (p+ 2) = [P « g1

If the countsble group 5% would satisfy the Sylow Theorem for the
prime p, then by Theorem 3.4 of [15] it would even satizfy the Strong
Sylow _p-Theorem_ and thus it would by Theorem 3.9 of [1 ] contain a
p-umiqueness subgroup P. Now 57 has 2 nested local system {1, |n = N}
with L= 5* for alln = M. Since F is fimite, there exists an m = N with
P = UL Then P would be singular in L, for all n £ W with n > m and
we get the rubbishn = (p + 2) = 1P/ = 27! for all n > m_ Similarly,
every Emteﬁ?-m.lbgrm[g of 3% is contained in at least x; Sylow p-sub-
groups of 57 zince 87 does not satisfy the Sylow p- Theorem.
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subgronp of G and P € Syla, then NgP covers G/ N that is.
G=N+NzF.m Wenowputm =k + p—+1 and are supposing
nZme || = g F). Then according to the remarks made at the
outset, when arguing for the BEATIONALE, there will be at least
m many P-izomorphic P-orbits on Q.

In order to proceed we need a lower bound for S}-']T,._"_*_rgj:

Lemma 1. Lof p be a prime and let n E N.

o) Ifp=n, then |SyL,S7 =L

B) I (lp.m) = (2 10(2,2), (2,3), (3. 30, (2, 4), (3, 4)), then
|S}'1_;_S_“i={ﬂ= la-1=1n=3n-2=1n-1=3n=4)

1) Fr<nandn=>5, then |SyLS =0

8) If p < n then |Syl:S" =n-2

RATIONALE — o) 5" is a p’-group for p > n since n! = |§%.

B) S¥1,8' = 1 for all p because of §'=<1> and 5y1,8% = {89}

because of | 8% =2, Since |57 =2+ 3 and 8% = 2" » 3 we have

Syhs?, s—u«s“] £ {1, 3} and Sy 135, 5yLSY £ {1, 4} because

of |8y lpf_'r' 1 {mod p} From [§° :"L = 2 follows that ,-’L iz a

normal subgroup of 87 whence |Sy lﬁS = 3 because S iz non-

abelian. We know that 54 haz Exacﬂj two non-trivial proper

normal subgroups, namely the Klein four-group and the A and

therefore has neither a normal Sylow 2-subgroup nor a normal

Sylow 3-subgroup, whence §55=1ﬁ4 =3 and !ij13§41 =4

¥) We show first: (i) [Fn = 5 then 8" contains just one non-

trivial normal subgroup, namely the A" RATIONALE — Let (if

possible) <1> £ N C 5" be normal in 5% with N# A® then N1 A"

AS = V- A" divides |37,

and 5o [N | = 2; as a 2-transitive group 3" is primitive whence NV

=<1 since A" is simple, hence [A] =

operates 1:'11.'13]1} or tranzitively which iz clearly impossible for
M =2.m Since :S}'ipﬁn' = 1 (mod p) it follows from (i), |8™A"
=2, and 8" = n! that Sy1,8" > 3. Since [Sy1,87 = [8"Ne=5| for
o= 55-'1‘._@" it now suffices to show the following: (i) Lefn = 3
and3 <k <n- 1 Then 8" has not any subgroup of index k at all
RATIONALE — Suppose there exists a subgroup [/ of 5" with
|8"%-17 = k. The transitive operation of 5" on R{EHJ L7 via right
multiplication gives rise to some homomorphism o: 3% — g%
Becavse of k <0 - 1 we have <1> # kernel ¢ S [ and since
k= 3 we have [kemnel | < |A". By (i) this is impossible. m

8) follows from point f) and point 7). |

We retum to the group P operating on £ with at least m
many F-isomeorphic P-orbits. Application of Lemma 1 gives
SylSMzm-2=(k+p+1)-2=(E+ D+ (p-D=k+1
Therefore it remains to prove that if S}'lﬁﬂ__ﬂ ={5c Sj-']_asﬂ
§is P-invariant} and there are at least m many P-isomerphic
F-orbitz on £, then |S*~-1‘,Jf_5q | = |8y 1;5”‘ Foreachl = 111 1 let
F; be the point stabilizer off—' ¥, in 5% hence Vi = S i Then
we truly have P S D = <]} | 1{1{1'} Let B be the zet of
permutations on Q which mtercomerr. in entire blocks the
F-izsomorphic Fi's and let the remaining ¥y's pointwise fixed.
Then B = Eﬂwiﬂl B =8 and with 3 N D= <1> Because B
interchanges only P-isomorphic P-orbits, it is normalized by D.
Hence X = <FB, I¥>is the semidirect product B + I}, and =0 D 15
normal in K with /D=5 Now let 0 = Syl,L Kk with P = Q.

Since [} is normal in X and the finite group X satisfies the Sylow
Theorem for the Prime p, we have P = D N @ & Syl and by
the Frattini arpument (see above) NalD N Q) NplD 7 Y= K/D.
It follows that Syl (5. F) 2 {R Sy, E | P = R} 2 {R € Syl,K
DN R=DN 0} = Syl,(NeD N Q)/NpD N Q)| = SylK/D)
= |Sylp3]. [0 QE.D.(Quod Erat Demonstrandum)

Corollary. Let G be a simple locally finite group of alfernating
tvpe with Kegel covers {(RE MY | US Tk € N as deseribed
on Page 4 satisfiing the Strong Sylow Theorem for the Prime p
and let P for each T-group U be a p- nguezm .sztbg?aup af U
(zee [13]). Then we have the inegquality I(Rm / My V=1 \PY =
(p+2)=1PY =20 1 forallm =KL} andfor all US E, and G
iz a limear group and a countable group.

Froaf: Our Theorem 1, [47]. and [43]. Theorem 1.L.2. O

We keep the overall context of the Corollary and let G be a
locally finite group satisfying the Strong Sylow Theorem for the
Prime p and let # be a p-uniqueness subgroup of G. In view of
Theorem 1 it iz of rather considerable interest whether resp. when
izomorphic (finite) subgroups af F are conjugate. Therefore let
Q and O be isomorphic subgroups of P and also let r be their
common index in P. The left regular representation /g h — gh
for all h £ P (g & P) and the right regular representation
pg:}z'—}&g_lfﬂra]ltheh £ P (g £ P) both embed P into the
symmetric group sf on P. Now a famous result by Philip Hall
(zee [26], Lemma 1) establishes that either regular representation
maps isomorphic subgroups onto conjugate subgroups: let x & x*
{(x £ ) be an isomorphizsm of O onto OF; let {v1. 32, .... ¥} be
a complete set of left coset reprezentatives of O in P and
fwn® ¥7*, ... ¥ be zuch a zet of left coset representatives of
O* in P, the mapping & yix» ypifx* (x e 0 |1=12, . 1)isa
permutation of P, zothat £ = EP; ift = O and if p iz any regular
representation of P, we then have ;L';-*x*;'_l'pl:r}g’ = yxp)f =
Vil = ¥ dy* = y*x¥rF, since * 1z a homomorphizm, so that
E_llp{f].;" = p(r*); hence £ transforms p{() into p{0%). m However,
we should in fact need conjugacy not only in s¥ but in P itself.
This iz an open problem. Note that if this would be solved without
restrictions then in a (locally finite) p-group, the simplest locally
finite group satisfying the Strong Sylow Theorem for the Prime p .. |
izsomorphic finite subproups would be comjugate, a rather striking
property. Hence the solution will probably need restrictions.
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3. About Kegel covers

Let G be a locally finite group. A zet of pairs {(F M) i€ 0}
iz called a Kagal cover for G if for all i in 0, & iz a finite
subgroup of & and A iz a maximal normal subgroup of &, and
if for each finite subgroup H of G there exists an i £ J with
H © H oand H N M, = <1>; the groups Hi/M; (i £ T) are called
the factors of the Kegel cover (zee [49]). In [14] we introduced
the concept of the *-sequence for G. Let G be a countably
infinite zimple locally finite group. We then are defining a
*_sequence for G as a set of pairs {(BnMz) |0 € N} where {Ru|
n £ N} is a nested local system for G and for alln € N the
group Ry 1s perfect, Ay #+ By and A i3 some maximal normal
subgroup of Rpq with M 7 By =<1>_that is, the factor Ry /M,
which is a non-abelian finite simple group, iz (isomorphic to) a
proper section of the non-abelian simple group R/ My, and
therefore {R: | n € N} is totally ordered by involvement Such
a group & has a nice *-sequence (see [14], and [42], p. 20, and
[43], Lemma 4.3, which tough Kegel calls an “approximation
principle”, and [44], Theorem 2.6, and the origin as the rather
smart concept of a so-called “q-Folge™ introduced in [41],
Definition 2.1 and Hilfszatz 2.2 [but see the Remark on p. 116
of [43] regarding Hilfszatz 2.2]; see also [49], Lemma 3.4).
Brian Hartley refers to a »-sequence, where the By’s need not
to be perfect, as a Kegsl sequence (zee [27]. Definition 2.7). He
moreover states rather enlightening that the nomenclature of
covers and sequences is more recent and even dedicates the entire
Chapter 2 of [21] to Kegel sequences and to Kegel covers.

Proposition 1. Lei G be a countably infinite simple
locally finite group. If {(Ro M) | n € N} is some
*-sequence for G, then it is a Kegel cover for .

FProgf If H is a finite subgronp of G, there exists an Ry of the
nested local system {Ry|a £ 1‘@’} for Gwith H S Ry € R
(k € N) and then H 1 My =<1 O

U. MEIERFRANEENFELD (zee [497) classified (with the help
of 5. DELCROC) simple locally finite groups G according to
their Kegel covers (see [10]): finitary (there exists a field T
and a faithful FG-module I such that F(g - 1) = [V, g] iz finite
dimenszional for all g £ G) (see [23]), of 1-type (where each
Kegel cover has an alternating factor), of p-type for a unigue
prime p (where each Kegel cover has some claszical group in
characteristic p as some factor), and of co-type (which have a
EKegel cover all of whosze factors allow embedding of every
finite group). He proved earlier pretty much surprisingly that a
non-finitary such group is either of alternafing type (hence of
linear type) (zee [45] and the marvellous preprint at hitps:/
uzers math msu.edu/vsers‘meterfra Preprints Wilfg/nflfag html).

It had been inadvertently suggested that the results of this
paper were a consequence of [23] and altermatively of “IL
HAIL — B. HARTLEY: “A group theoretical characterization of
simple, locally finite, finitary linear groups*, Arch Math (Basel)
60, Iszue 2 (Febrary1993), 108-114." since the groups considered
were thought to be finitary. However, this thinking 15 not true.

The joint paper by Hall and Hartley does not refer to Kegel
covers and especially do both papers not refer to the p-uniqueness
subgroups (Flemisch) resp. to the zingular p-zubgroups (Kegel).
It had then been wrongly argued that the Kegel kernels Af were not
considered which in the given situation were claimed to be <1>
for all 1 = N. But the Kegel factors R; /M; were considered and
not only the kemels A nor were the kernels all <1>. By rather
vivid imagination it had then been quite wrongly concluded that
the groups considered would become finitary linear locally finite
simple groups which were classified by [23] (which iz true).
Even if all this would be true, [25] does not prove the results of
thiz paper nor all the more 3o the paper by Hall and Hartley.

4. Planning future research — Part 1

We have seen that a simple locally finite group & can be
covered by countable simple locally finite groups U7 each of
which possesses a »-sequence {(R", M) |n € N} and 50 15 1n
some sense a limit of the (approximating) sequences RYrAf
{n = N) of finite non-abelian simple groups. If all the factors
of the Kegel covers for all U, that is_ all the ¥/ M""s, belong
to the same family = of the infinite families {A", A = PSL,.
B=PQuur. C=PSp.. D=POQ sin. ‘A =PSU,. ‘D=PQ .
Fo.Fo:Fa. Fe. G B0 06, . T ' wecall Gt
be of type =. We propose to prove Kegel’s conjecture for all
these types seratim, that is, one type after another in the given
succession, and started already with the first type = = “A" "

Our Theorem 1 could be optimized in two ways:

1) Extend it from type A" step-by-step to further types = with
an appropriate (similar) function £y, that is, the rank r(G) of a
finite group G of type = is bounded by f(|P{) whenever P iz a
given p-uniqueness subgroup of G.

2) Determine for the type A" and pen & peun for further types =
all the minimal p-unique subgroups, that is, the p-uoniqueness
subgroups of the non-abelian simple groups of type A" and of
type =, which are minimal with respect to order (zee [13]).

Note that whilst way 2) iz of great interest for all types and
alzo for sporadic * (whereas it i3 trivial for abelian ), way 1) is
not of interest for the families {Es, E», Eg. Fs, G1. “By. "Dy, “Es.
F,, IG;} because these families have a fixed rank (label) and so
are infinite only through the vnderlying field.

We recall from [13] the Theorem 4.1 and its consequences:

Theorem 4.1 (zee [14]). Lzt G be a locally finite group
satisfving the Strong Sylow Theorem for the Prime p.
a) Each Sylow p-subgroup of G contains at least ong
{w.r-t. order) minimal p-unigue subgroup of G.
b) Every two (w.r.t order) minimal p-unigue subgroups of G
have the same ordesr. O

Let & be a beautiful locally finite group satizfiring the Strong
Sylow p-Theorem and let § = SylG. According to our Theorem
4.1 a), § containz some (w.rt 5) minimal punique subgroup F.
We define a, = 3,(G) £ N by |F] = p'P, that is_we let a, be the
composition length of F. Then according to our Theorem 4.1 b)
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this definition iz independent of the special choice of the Sylow
p-subgroup 5 of G, whereby in consequence ag is a (numerical)
Sylow p-invariant of G. We call a, the p-uniqueness of G.

Then the optimizing way 1) can be stated as follows:
Conjecture 1. Lat T = Labelian;-._ A =P5Ly. B=PQqasn.
C=PSpy. D=PQ ps4n, A=PSU, D=PQ sann. Es. Es,
Ez. Fy. Go. IBL 3]:'4: 1E5= 1F4 : EG:, sporadic * } be the family
of fypes of inown finite simple groups and let G be a finite
simple group of type = € T . Then the rank 1(G) of G is
bounded in terms of the p-unigueness agp().

Brian Hartley (15 May 1930 until 8 October 1994) in his
MhMathematical Review of [44] (see ME9E1832 [MR 20c 220037
{March 19900]) stated the following: “If the simple locally finite
group G satisfies the Strong Sylow Theorem for the (even one)
Frime p, then G iz linear. This depends on the classification of
Jinite simple groups and am assertion about simgular p-zub-
groups af classical groups. Another proaf of thiz result has
since been givem by the reviewer (nof yet publizhed)”™ The
assertion mentioned i3 Kegel's conjecture (see [44], Theorem
2.4). However, due to the so very tragic death of Prof. Harfley
in 1994, aged 35 (zee [14]), this certainly highly insight gaining
proof was never prepared for publication. Hartley wrote 1994 a
very eye-opening paper on simple locally finite groups (see
[27]) which, however, did not refer to Kegel's work [44] and
not even inchuded it in its list of 56 references. The paper could
appear only posthumously which most likely is the reason for
the full ignorantness of Kegel's paper. Hartley's paper was
meticulously completed and carefully prepared for publication
by Richard E. Phillips (3 December 1936 until 9 November
1990}, We consider it much rewarding, even after 30 vearz, to
inspect Hartley’s estate fr Szarch of not Loct Noter (see Marcel
Proust [10 July 1871 until 18 November 1922]: “A la recherche
du temps perdu” / “In Search of Lost Time™ / “Auf der Suche
nach der verlorenen Zert”™ / “Alla ricerca del tempo perdute™ / “En
busca del tiempo perdide™ / “Em busca do tempo perdido™).

Now as a very first step towards solving Conjecture 1 for
the second type = = “A = PEL,", we state another conjecture
w.rt the general linear group over locally finite fields (zee [14]):

Conjecture 2. Let n © N and let p be a prime.

Let F be alocally finite (commutativs) fleld

a) If F has characteristic p and ay = a(GL(n, F))
thenn<(p+2)+p¥P_1

b) If F has characteristic = p and a, = a{GL{n. F))
thenn<(p+2)-pe-1.

In the entire paper we do not refer to the classification of
finite simple groups (zee [23]. [61] and Page 3) but prefer to
talk about the 19 families of “known”™ finite simple groups. Our
efforts are directed towards knowing much better their Sylow
zubgroups. We hope to find usefil insights about the Sylow
subgroups of classical groups in the ATLAS of Finite Groups
[8] and in the comprehensive literature about them.

The classification of the finite simple groups
(13 sporadic groups above 18 infinite families around ancther
“sporadic” group and further 13 sporadic groups below)

(T 2022 by Mathsies — Own work, CCBY-5A 4.0,
hitps-//upload wikimedia orgfwikipedia/‘commons/archive/a’a0/202
20111205053%21Classification of the finite simple groupsjpg,

28 December 2021, at 15:08 (UTC); [61])

EKegel's lectures [44] present the very basics of Sylow theory
in localty finite groups, give an overview of the prodigions work
of Brian Hartley and Andrew Rae on the Sylow theory in locally
finite and p-scluble groups. and reveal in great detail the normal
structure for groups satisfying the Strong Sylow Theorem for the
Prime p in the general case (for p = 5). Chapters 2 and 4 of [12]
give a rather good overview as well but alas without appreciating
Kegel's very insight gaining work properly and avoiding all its
beautiful details. We cite from the Preface of [12]: “The condition
that all the maxcimal p-subgroups of a locally finite group are
confugate is a very strong condiiion indeed; the structure of
those groups has been obiaived in the locally p-soluble case
by Hartley and in the general case by Kegel The Hartley-
Kegel theorem is guite bvolved so I decided 1o simply state
the results obtained™ Also, simple groups are not in the scope
of [12] and therefore [12] must be supplemented by [27].

Although this paper is about simple groups we cannot help to
cloze with a brief attention to p-soluble groups since it is the joint
study of the (locally) simple and the (locally) p-zoloble groups
which directs reliably the Sylow theory in (locally) finite groups.

In Chapter “2 Some length type inequalities™ of hiz rather
remarkable contribution [47], Alexandre Turell (zee https:/pecple.

claz.ufl edu'turull/ wee
B. Berger (which dates back to John G. Thompson in the 1970°s):

} states a conjecture of Thomas
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Conjecture 2.3 (zee [3]). Let p be a prime. There exists a
linear function fp such that if G iz a finite p-soluble group with
p-length Ap(G) and P iz a subgroup of G afarderpk (ks
contained in precizsely one Sylow p-subgroup then ip{G) < fp (k)

Having studied the very most of the hereof related literature
poblished by Brian Hartley, by Andrew Pae, and by Thomas B
Berger, we profess to have happily discovered such a linear
function, namely our nice ap. Therefore we can state Thomas B
Berger’s conjecture more precizely (and best poszible) as ouor

Conjecture 3. Lei p be a prime. Let G be a p-soluble
[finite group, Ao(G) be its p-length, and ad( &) be its
p-unigueress. Then Ap(G) = ap(G) + 1.

It iz much expected that the cases p= 5, p=3 and p=12
must be treated fairly separately and also that p =3 and p =2
will require fairly special methods as already indicated by the
available literatnre. 4. Turell gives in Section 2 of [33] a quite
concize overview of the classical Hall- Higman theory created
by P. Hall, G Higman, A M Hoare, I'.R. Berger. F. Gross
and £ G. Bryukhanova, which introduvces for finite p-scluble
groups (best possible) inequalities between their p-length Ap
and the order ph'F of a Sylow p-subgroup, its nilpotency class ¢p,
itz solubility length dp, itz exponent pP, or the rank rp of a
maximal elementary abelian subgroup. Our aim is to extend
the Hall- Higman theory to the very beautiful p-unigueness p'r

|

of a Sylow p-subgroup. an Herculean | endeavous.
It iz in thiz context that 4. Turell cites T'R. Berger’s conjecture
and present: some results up to 1994 with regard to partly
solving it but they are very gey far from being complete, in
particular concerning the basic results of B. Hartley and 4. Rae.
But on the other hand T R Berger presents mn [3] 2, as he says,
reasonably complete list of references up to 1979, including 135
of his own contributions, where eleven are related to p-length
problems, and dizcusses hiz method of proof for p-length and
other length type problems in a considerably detailed fashion.

5. Proof of Theorem 2

Progft We begin with some general remarks (see [9], Chapter IT,
and [11], Chapters 1 and 2). Let F be a field, "= {0} be a
vector space over F with its avtomorphism grovp GL{F), and
let & be a group. I is called a G-module over T and G operates
on V. if a homomoerphizsm of groups 9: G — GL(V) is declared.
@ iz then called a limear representation of G on V' over F. Every
permutation representation of G on a set Q = @ now induces a
G-module F{Q), called the permutation module of (G,£)) over F.

Therefore to every subgroup U7 of G belongs the G -module
HE(G,L)) (zee Page S and Page 6) with respect to (w.r.t.)
multiplication from the right. A subspace W of F iz called
G-imvariant or a G-submodule, if for all x £ & we have x"{ﬁ’}
C W, that is, @ induces 2n operation of G on . We say that
G operates on I irreducible, if 1 contains exactly two G-sub-

modules (namely {0} and F), and completely reducible, if to
every G-submodule 7 of 17 there exists a G-zubmodule X of I
with F'=T @ X, equivalently, if I is decomposable info a direct
sum of minimal G-submodules. & operates on F non-modular, if
char®F =0 or charF # { and (7 contains no charF -elements = 1;
otherwise & operates modular on F. Now let 7 be another
G-module over ¥ on which & operates via @1. Then F iz called
G-isomorphic fo I, if there existz an izomorphizm of vector

spaces y: I"— [ such that the such beantiful diagram shown
L

v r V
Wy 4

- - -

commutes forallx £ &G: V) -+ ¥y

Every ireducible G-meodule is G-isomorphic to a factor module
of FIR(G,<1=)): the class (G, F) of all G-isomorphism types
of irreducible G-modules is a duly set of (finite-dimensional)
vector zpaces over F all of which have their dimension < |G

We now start the proof of Theorem 2 by quoting two fairly
well-known facts about non-modular linear representations (see
[22], Chapter 3, Theorem 3.1, and [11], Theorem 10.8, for point a),
as well az [9], Thecrem 27.22 with Remark 2725, for point b))
We denote for point b) by h(G) the class number of G, that 15,
the number ;{.\:G | x € G} of conjugacy clazses of G.
Proposition 2. Lei G be a finite group.

a) (Heinrich Maschke, 1898) Every non-trivial nov-modular
finite-dimensional G-module is complately reducible.

b) Let F be a field with (char¥, |G])=1.
Then there are at most h{G) many G-isomorphizm
types of frreducible G-modules over F. |

We uze Proposition 2 b) straight away to prove the following:

Proposition 3.
a) There exists a fimction - N — N with the following property:
If G is a fmite group, F a fleld with (char F,|G =1
and J(G, T) the class of all G-isomorphism types
gf trreducible G-modules over T, then J(G. T)
iz a geruine set with |G, F) = (G
b) Let G be a finite group, F a fleld with (charT, |G} =1
and V' a finite-dimensional G-module over F.
Laf (G, V) be the sef of G-isomorphism fypes
af irreducible G-submodules of V. Then | TG, 7Y < 9{GD,
where y is the function from point a).
BATIONALE — a) We define y: N — N simply by pn) = o
Then h{) < p(/G|). Since by Proposition 2 b) there i3 an injective
mapping of 7(G, T) into {:r:ﬁ | x £ G} the aszertion follows.
b) follows from point a). |
Up next we use Proposition 2 a) and Proposition 3 b) to prove
Proposition 4. Lt G be a finite group andk E N. Lt V' be a finite-
dimersional non-modular G-module with dim(F) = |G » A|G))| = k,
where v is the fimction from Proposition 3 a). Then there exist af
least k mepy G-isomorphic irreducible G-submodiler of V.
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P ATIOMALE — By Proposzition 2 a) and a trivial indoction on
dim( [l there are m irreducible G-submodules L] of ' with "=
@i |1=i=m} If0+v & Uithen<v’ |[x £ G>isa
G-submodule of " and thus dim{L3) = |G| (1 =i < m). Now let
TG V) be the zet of G-izomorphizm types of irreducible
G-zubmodules of . If m = k = | 7(G, I"})| then by the pigeonhole
principle there will be just k many G-isomorphic irreducible
G-submodules of F. Becavse of dim(I") = E{dim{L5}| I £i<m}
and m = {dim{L3i) | 1 f1<m} <m = |G, we have dim(F)/|G| =
m = dim({}"). Thes there are at least k many G-izomorphic
wrreducible G-submodules of Fif only dim(F) =k« |G|« NG, V).
So the assertion follows from Proposition 3 b). |

Eecall that a finite group & operates modular on a G-module 7
if & = <1 or G operates not non-modular on 1. Therefore a
finite p-group for the prime p operates modular on every vector
zpace over the field T if and only if charF = p. We prove next

two elementary facts (zee [22], Chapter 2. Lemmata 6.2 and 6.3):

Proposition 5.
a) Let G be a group, N be a normal subgroup of G
and V be a G-module. Then Cr(N) =
fv € V|v'=vforallx € N} is a G-submodule of V.
b} Let P be a finite p-group for the prime p and let V' be
a non-trivial medular P-module. Then Cp(F) # {0}

PATIOWALE — a) Put U7 :== Cy (V). Then Uiz a sluhspaﬂe of .
Letues Uand x £ G. For y € Nwe have als.cr_} = N since IV
iz normal in G, and =0 &% l—:..: Therefore we have v™ = u”* for
all ¥ £ N, that is, = U

b) We carry out an indoction on [P For P = <1> we have Cp(F)
= IV and nothing to prove. Let |[P| = p and W be a maximal
subgronp of P. Then M iz normal in P with [P-M| =p Put U7 =
Cy(M). Then Uiz by point a) a P-submodule of F and by the
induction hypothesiz we have U= {0} Lety E P\ Mand " £
GL{L") be the restriction of y to U Then 3* € Mand <My> =
Af = <y>= P and so Cp(Py = U'N Cpy) = Cp(y"). It remains
for vs o prove that Cp{y") = {0}. Let T be the field over which 7
iz being a vector space and let p(X) be the minimal polynomial
of ° over F. Then p(X) divides the polynomial X - 1 of F[X],
since ¥ has order 1 or p in GL{L"). and p = charF = charF[X]
as well. Therefore 37 - 1=(3X - I}F. Hence u(x)=0forw s F if
and only if x = 1, that iz, 1 is the only eigenvalue of ¥ with

Criy") # {0} as its eigenspace. |

We are in the very happy position to prove an intriguing
toughening of Proposition 5 b) which i3 quite definitely not an
elementary inzight (see az well [43], p. 41, where however, this
cofe assertion is oot proved properly and even only for an
elementary abelian P, and [32], Chapter VIII, Lemma 10.17,
where, however, only the very special example iz considered

that I"is an abelian p-group and F has order p):

Proposition 6. Let P be a finite p-group for the prime p,
F be afield of characteristic p and V be a finite-dimensional
P-module over F. Then dim{Cy(F)) = dim(T7)/1FP.

BATIOMALE — We refine the proof of Proposition 5 b) and carry
out an induction on |P|. For F = <1> we have nothing to prove.
Let Pl = p and M be a maximal subgroup of F. Then M is
normal in P with |[P:M]=p. Put U = Cr{M). Let v € P\ M and
¥ £ GL(L) be the restriction of v to L7 Then y* © Af and
TMyz =M< =Pand 20 Cp(F)=UN Cy(p) = Cp().
From Proposition 5 a) and the induction hypothesis follows that
L' iz a P-submodule of F with dim{L")./p = dim(F)/(|A] = p) =
dim{ ")/ |P. It thus remains for us to prove the following:

(<) p=dim(Cp(3")) = dim(L)) .

Put 1 = dim(L7) and d = dim{Cz(3")). Let p(X) be the
minimal polynomial of 3 over F. Then p(X) will divide the
polynomial 3 - 1 of F[X], since " has order 1 or p in GL{L).
Because of p = charF = char F[X] we have XF - 1 = 3 - )X,
Hence 1 iz the vnique eigenvalue of 3' with Cp(3) as related
eigenspace. In particular d = 1. Let y(X) = det()”-X idg) be the
characteriztic polynomial of 3 over F. Then (i) has degree n
and iz divided by u(X). In particular I/ = kernel(y”-id)" whence
¥ iz unipotent BECALL — Tet & be a subgroup of GL{1, ). We
call x € G unipotent if (x — 1" = 0, that is, if all eigenvalues of x
are 1, and call G wmipotent if each element of G is unipotent.
Every unipotent subgroup of GL(n, F) iz some conjugate of a
subgroup of Ul{n, F), the group of upper triangular matrices. If
charT is a prime p, then the unipotent elements of GL(n, F) are
precizely the p-elements and UT(n, F) iz a Sylow p-subgroup of
GL{n, F). m Thus there iz an F-basis of L7 such that the matrix
of Uwrt this F-basis will lie in UT(n, F). This matrix can be
decomposed in Jordan normal form az follows. Let t:= )" - idy
and for each m € Ny let Cp := kernel(t™). The Cy's are
F-zubspaces of U'with {0} = S C; E Cy S Cps1 £ ... .
We have C;=Crp (3" and Cp= U Let k £ N be minimal wrt.
Cy= U and putr = dim{ L7/ Cpq).

Then u = ™ {u £ L") indoces an isomerphizm of UCyg
onto an F-subspace of Cy. It follows that r £d. We have =
(" -idg)” =y'F - idp= 0 since * has order 1 or p in GL(L") and
p = charF = char F[X] whence image(T )= {0} forallm = N
with m = p_ It follows that k €p. Now for each u € TN Oy we
define Wy = <u, o', ..., ‘k-l > which will be a y'-invariant
T -zubspace of UVwith dim{ﬁﬂj k. The k x k-matrix Aly") of 3
restricted to Fy wrt {z.: . 4", u} has the shape shown:

I | 0
154
Aly') =
1 1
0 1

There exist ug, 1y, ... 8% & U\ Cy with U= B{Fy |1 i1}
Then the n X n-mal:rix A(Y™) of ¥° wat the basis {u ,‘Ll__ i
m‘['E 1= PR | RN ., i} of LThas the above shape as well.
It now follows that n = k & r and hence n £ p o d by the previons
inequalities. This iz () to be proved. |

The inequality of Proposition 6 is best-possible zince for every
prime p there exists a farthful finite-dimensional Cr-module I
over GF(p) with dim{Cp{Cr)) = dim(1") /p: let g be a prime zuch
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that p divides g - 1; the 8% is a semidirect product of the 5% =
Cz = C3 with the four group C; x C: ; this operation can he
generalised to an operation of Cp* Cgon V= '!I_I‘;-m_ 1\"; ifp=2
one gets for every impair prime g the “generalized 54” of order
qu ; the (classical) Hall-Higman theory can now be used to
show dim(Cp(Cp)) = dim(F)/p (zee Page 8 and Page 9).

We next apply some of the beauntiful new ideas of the proof
of Theorem 1 b) and of Propesition 5 to prove for GL{I")
a similar statement as for ﬁﬂ where Q@ = {1, 2, __, n}:

Proposition 7. Let V" ke a finite-dimensional vecior space
over the locally finite (comprutative) fleld F. The finite
p-group P for the prime p shall operate on 1
a) Let charF = pandlet V= B{L;| 1 £i=m}
be a direct decomposition of 1 info Irreducible
Posubmodules according to Proposition 2 a).
Let k ba the number of P-isomorphic U 's.
Then there exist at least -S‘_g-'!,gS_k ANy
F-invariant Sylow p-subgroups of GL{F).
b) Let charF = p and k = dim{Ci{F)). Then there are at least
IS}rlpﬂki ey P-imvariant Sylow p-subgroups of GL{F).

BATIONALE — We may suppoze without loss of generality
(w.lo.g.) that P is a subgroup of GL(l") and operatez by
comjugation on GL{I"). If § £ SylpGL(F) then SyLNerris) =
{5} and hence P normalizes 5 if and only if P £ 5. Therefore
we have to prove the following:

(%) |{S € SyLGL(¥) | P S 5} = |Syln 8%

a} We certainly may suppose w.lo g that the first k of the L's
are P-izomorphic. Let H; = GL(J7) be the point stabilizer of
Pl 12i<m j+ ig;then H=GL{I)(1=izm). PutD =
<H|1Zizm>=[[{H|1<ism} SGL(V). Then P = D.
Let B be the set of aptomorphisms of I which interconvert in
entire blocks the P-izsomorphic L7's and let the remaining [i's
pointwize fixed. Then B S GL{I) with B = _E]"' and BN D=<1>.
Since B interchanges only P-isomorphic I7's, it iz normalized
by D). Hence £ =<8 DX is the zemidirect product B = D, and
hence D is normal in K with £/D = B. Now let O £ Sylpk with
PE O Since Diznormal in K wehave PSS DN Q £ SyleD
and by the Frattini argument, which follows from the {Strong)
Sylow p-Theorem for the finite £ Ng(D N OV NplD N Y= K/ D.
It follows that {5 € SyL,GL(F) | P S 5} 2 |{§ € Syl:GL(F)
DN EF=D0 O = S¥l{INgD 1 OV NplD 1 O 2 | Syl K/ D)
> |Sy15]. This is the inequality of { ) to be proved.

b) C == Cy (F) iz by Proposition 5 a non-trivial P-submodule
of V. Let I} = Crr(C). Then F € D. Now let C; be a (not
necessarily P-invariant) complement to Cin I, that is, F'=C & Cp.
Let B be the point stabilizser of C7. Then GI(I"}=Band B D
—<15 Forall 3 € B, d € Dand c & Cws have ¢ = (¢ ')y
= (¢’ = ¢c. Hence B normalises D and so X =<B.D>=B+D
whence D is normal in & with £/D = B Since k = dim{C), the
group B contains a subgroup which iz isomorphic to §k._ namely
the group of all permutation matrices of rank k over F (zee
[11]. & 1.3). Therefore |SylH| = ES}=lp$k‘. Now () follows
verbatim as in point a). |

Wext we are notably very happy to be able to use the foregoing
Propositions 4 & 6 & 7 together with Lemma 1 of Page 9 to prove
a core Lemma from which Theorem 2 follows immediately. [

Lemma 2. Let n € N and let p be a prime. Let T be a
focally finite (commutative} field and let P be a finite
p-subgroup of GL(n, T) which iz comtained in exactly
k £ N Sylow p-subgroups of GL{n, F).
a) If F has characteristic ¥ pthenn < (k+p=- 1) EP;2 -1
b) If F has characteristic pthenan < (k=p+ 1)~ [P - L.
) I P is a p-uniqueness subgroup of GL(n, F)

thenn S f{|P)) =(p+2)=|F"- L

RATIONALE —a) Letn > (k= p+ 1) » |[P.". By Proposition 4 and
since v{|F) = |F| by the proof of Proposition 3 a). the space F
then has at least k+ p + 1 many irreducible P-isomorphic P-sub-
modules. Thus P lies by Proposition 7 a) in at least S}-‘J,uﬁm"ﬁ']:
many Sylow p-subgroups of GL(n, F). From Lemma 1 &) of
Page 6 we can now conclude fSylﬁhﬁli Zk+p+1-2Z2k~+ 1.

b)Letn={k+ p+ 1)+ |F. We then have dim(C{F))z2k+p—+
1 by Proposition 6. Therefore P lies by Proposition 7 b) in at
least |3yl, 5| many Sylow p-subgroups of GL(n.F). Now follows
from Lemma 1 &) of Page 6 that [SylsS zk+p-1-22k+ 1

c) follows from point a) and point b). |

6. Proof of Theorem 3

A spbgroup of GLin, F) is locally finite if and only
if F 1z locally finite, that 1s, if every finitely generated
subfield of F is finite. F is locally finite if and only if it
is isomorphic to a subfield of F,, the algebraic closure of
the nice prime field GF(p) = . for some prime p. and
hence iz countable. Since Fp= = T if and only if m
divides n (m, n = N}, we consider the chain Fr € F* £
Fpetl = Fpe*2 = of algebraic extensions, where Fple*2
15 obtained by just adjoining some root o of an irreducible
polynomial of degree n + 1 over =, that i5, Fe- =
F=(a) (n £ N). Then F, =\ F= | n € N} = [since F
c FF] \WU{F= | n = W} (see [4]. Section 2.2). All the
subfields of T (see [4]. Section 2.3) correspond to all the
locally finite fields in characteristic p.

Let F7 := F" {0} be the multiplicative group of F and
let SL(n,F) = {A = GL(n, F) | det{A)=1}.

Proof GL{(n, F) =5L{n, F) = F~ is the semidirect product
of SL{n, F) with F™ and the unique Sylow p-subgroup S,
of F~*is F~ if charF = p and <1 if charF # p. Thus {5 |
5 € SyLGL(n, F)} = {T =5 | T = SyL,5L{n, F)} whence
every Svlow p-subgroup of SL{n, F) lies in only one Svlow
p-zubgroup of GL(n, F). Hence if P is a p-uniqueness sub-
group of SL{n, F) it is also a p-uniqueness subgroup of
GL(n, F). Thereforen < (p + 2) = |P *_1ifcharF = p by
Lemma 2 a) which is Theorem 3b)andn <(p+2)= P -1
if charF = pby Lemma 2 b) which is Theorem 3 a). O
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7. Proof of Theorem 4

Let D{SLin, )} = {A € 5Li{n, F) | A 15 some scalar
matnx} be the subgroup of SLi{n F) of matrices in which
all off-diagonal entries are zero and the diagonal entries
are any scalars, that 1s, elements of F, but not all zero.
It 15 very well-known that D(SL{n F) is the centre of
SL(n F)and that PSL(n F) = SL(n, F) /D(SL{n, F)).

Progf If § 1= a beautiful Svlow p-subgroup of SL{n, F),
then S D(SL{n.F))/D{SL{n, F)) = §/Z(5) 15 a Sylow
p-subgroup of PSL(n, F) where Z(S) denotes the centre
(“Zentrum™) of 5. If Q 15 a p-umqueness subgroup of
SL{n. F) then P = QD(SL(n. F))/D(SL(n. F)) = O/ Z(Q)
will be a p-umiqueness subgroup of PSL(n, F) (see [44].
1.6, and [15], Proposition 2.3), and conversely, and n <
f:(/0} bv Theorem 3. However, even n = f(|P)) since
otherwise n = (p+ 2) » |Plresp n= (p+ 2) » LP|1 if
charF = p resp. of charF # p. Since P operates on the
underlying vector space F ', we have dim(C .= (P))=p + 2
by Proposition 6 resp. the space F has at least p + 2
many ureducible P-1somorphic P-submodules according
to Proposition 4. Therefore P lies in at least |Syl,57
Sylow p-subgroups of PSL(n, F) by Proposition 7 which
15 at least 2 by Lemma 1 &) of Page 6. O

8. Planning future research — Part 2

Our proofs of the Conjecture 1 of Page 8 for the
types = =“A"" and = = “A = PSL,", that is, to carve out
the optimising way 1), are charactenised by the fact that
we need not at all know their Sylow p-subgroups. There 1s
no doubt that we can (easily) extend those proofs rather
straightforwardly to the types = € “B = PQuaan. C=PSp,.
D = PQ a0 “A = PSU,, D = PQ .w »~ by considering
thoroughly the respective bilinear form defining these
groups of Lie type, resp. the underlving vector spaces
they act upon as isometries, and their resulting Sylow
p-subgroups (without knowing them). They can well be
considered proved which we shall confirm m a follow-up
paper (see below: the Part 1 of our Second Trilogy).

Optimising Theorem 1, Theorem 2, Theorem 3 and
Theorem 4 along the way 2) of Page 7 15 much more
challenging since 1t requires to determine the (minimal)
p-umiqueness subgroups of A® and of all the classical
groups. Fortunately, a vast literature about these groups
and their Sylow p-subgroups 15 available, even about the
intersections of their Sylow p-subgroups. The starting
point for firture research into these hugely beautiful objects
should be the papers by LEO A. KALOUININE (see [32]-
[40]) and by ALAN J. WEIR (see [55]-[58]) and Theorem
14B of [11] together with [7]. The starting pomnt for
Sylow p-intersections could be [5] which has a sizeable list
of references and all sorts of hustorical details.

ANATHEMATICTAMN, like 2 pamber or a poet, is 2 maker of patterns.
If his patterns are more permanent than thairs, 1t 1z because they are made
with ideae. _.. The mathematician’s patterns, liks the painter’s or the poat’s,
st be beanrful; the idegs, liks the colours or the words,
must fit together 1n 2 harmonious wayv. Beawry 1s the first tast:
thare iz no parmanent place i the world for ugly mathematics.
Godfrey Harold Hardy {7 February 1877 unti] 1 December 1947
A Mathematician®s Apology. & 10. Jub- 18, 1940, ISEN D72-1-68422-1851.
With a foreword by Charles Percy Soow. ISEMN §78-1-107-80463-8.
The author 15 passionately curtouws about the fiture.

Der Autor 15t sahr laidanschafilich nenstenys auf dis Zulomft
L anteur est passionnement curiews de I'zvemr.

L' autore @ appassionataments cuniose del frturo,

O autor & mute apapconadaments curioso sobre o futoro.

Felix Fortunatuz Flemizch (17 hay 1951 unhl today).

Firenze. Apnl 11, 1992,

We now indicate how to continue the way 1) of Page 7 for
the remaining types = S “B = PQuaan, C=PSpn, D =PLOY jaap,
‘A =PSU,. 'D=PQ sen,” and how to prove the Conjecture 3
of Page 9 by announcing the two follow-up papers “The Strong
Sylow Theorem for the Prime p in the Locally Finite Classical
Groups™ and “The Strong Sylow Theorem for the Prime p in
Locally Finite and p-Soluble Groups™ which we hope to finalize
i1 2025 They are the first two parts of The Second Trilogy about
Syvlow Theory in Locally Finite Groups whose third part will
be our forthcoming research paper “Augustin-I oviz Canchy’s and
Evariste Galoiz” Contributions to Sylow Theory in Finite Groups™.
The First Trilogy are [13] on p-uniqueness subgroups and [this
paper] on A" and A = PSL (see the Postscript on Page 15).

Part 1 of The Second Trilogy considers the locally finite
claszical grovps which are the [near, symplectic, unitary and
erthogonal groups over locally finite fields. The linear groups
are dealt with in this paper and the others are subgroups of the
linear groups which are defined through a non-singnlar bilinear
form (or a scalar produoct) which i3 either skew-symmetric (or
alternate) or Hermitian or symmetric {defining a quadmatic form)
as the group of isomstries af the form. They were introduced in
the classical books [1] and [60] and are forther studied in [6],
[24] and [32]. We do not refer to the gronps of Lie type resp. the
Chevalley groups and the twisted Chevalley groups being defined
through a Dynkin diagram avtomorphism followed by a field
automorphizm_ which correspond to the classical groups (zee
24]. pp. 151-152) and whose fine introductory references are
the “Lecture Notes on Chevalley Groups™ by Robert Steinberg
(1967 and 2016) together with the book “Simple Groops of Lie
type™ by Roger W. Carter (1972 and 1989). Thus: we study
P sap, PSpp. PO qenp. PSU, and PO oy and not B, C, D,
* A and °D. Hence the proofs of Part 1 for the further five types
of Classical Groups can and will also eventually be bazed on our
very beauntiful Theorem 2 about the General Linear Groups.

Part 2 of The Second Trilogy considers (locally) finite and
p-zoluble groups. It summarizes the work by B. Hartley and A. Rae
regarding JAp and P'F (zee Page 38 of [15] and the References of
[44]) and the foregoing work on the classical Hall-Higman theory
regarding 4, and pr: o pFand tp by P. Hall. G. Higman,
A HNML Hoare, T.R. Berger, F. Gross, E.G. Bryukhanova and
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lazt but not least by A. Turell [47] as indicated on Page 8 and
Page 9. Tt then proves Conjecture 3 not only in English but
partly in Portuguese for well-founded historical reazons.

Part 3 of The Second Trilogy pays tribute to Augustin-
Louis Cauchy’s and Evariste Galois’ contributions to Sylow
theory in finite groups. It proves in a unified way Lagrange’s
theorem and Caunchy®s concealed second and third group
theorems by exploring and vsing the following three rectangles
ak.a tableaux which we show here for the first time though
with only minor comments in order to raise ingquisitiveness:

coiplelo thir firad pow consists of all sl OB G )
ripght clemenisn ol G{lsk M) =G\ Haolall
transversal  acting on H in the following orbits of H
forGinH  rews vin mlliplication from wider G acling
the ledt by their invierses I lett translation
hi=1= ; B + | 6=10mH(G)
zxby | 2 d | 2mis oo | Giy= o Orb(G)
¥ SR | 2wt e | Gh= Orb{G})
I Ixln | 23 ln I 2w = | Cig= o Orb(G)
rectangle |G| x [H:G] of elements
et i e kst o comsinte of sl thhit Xty
oonbain irbiln  ossts G of U im HDEE 2p-1) g H!Hll‘ﬂiﬂ_lhd"
of H unafer & wikth thir powers of some p-blank 1, el GULX,
acting by led oo €5 i 14 thar Kdlimwing iows E- e sl Marseiass i thoes
tramilatuon et o wiggllcosaks of G bn B ot E | of Iy b drandatam and
Ehae pusvyers o Bt cvimjuipates of v = ol X by gt tranalition
Cetti= T Oy ! dmels Gy > =X
= Ao lsle cosd 1 X
g s =i L wgd ifwgti gl .1|.'.Il|-.'||ul.."|-l-rl'i‘-
J.hmhlr.!‘m'h;h.\'
Camg Pam Gk faxut (R | ! o ST T
= vl comed 01, X
Cang’ iy = Lily L By .|.|, aa" i araedn (% wg > g
= double oomed g X
tableau p x [H:G]/p of cosets
it al ihe Fie parm oo of wll g st i{x..;j;;,.,&_
it ini G e of G M (0 B M) D wiih e
of H Tﬁ el ol some Sy low pachpoup X ol 0, .‘T ::Imd"

[ uil 1o v b ebrmmenie ol meder e are 1 5
st b bl s o 3171 1 i g e | Shen el g i g
trarmlation trwiai] 18 mb semedd o 3 5 H wath Hl’;h} ettt el bory angd

L ol bt i ot o X el Xy il il e
il Ga G | iy o Lot Gine | 0EE91]
=X = el grmerd G X
o v fy =4 b Lidtsgd BT L WP e .|IH'1I|.|\'],'H'EJ1I"'I]'_
| = bl st 2 1y A
i i e =5 i 1 ETL BigpPa ® s | mertn ol [y | BEcSp1)E

| "lu_llh.lHruh'l"l |||'l_

v | e 5 [y | Ry
= imuble comed i X

rectangle |Hp x [H:G] /| H]p of cosets

Subszequently it first comrects a great misunderstanding of
Canchy’s work of 1845/1846 in the quite renowned literature
and then presents Cauchy’s work of 1812/1815 in the sincere
succession of the earlier work of Joseph-Louis de Lagrange
(Giuseppe Luigi Lagrangia), of Alexandre-Théophile Vander-
monde and of pioneer Paolo Ruffini, az indicated by Cauchy
himzelf. thereby identifying and explaining the crucial parts of
Canchy’s first publication of 1812/1815 on group theory.

It then presents what Evariste Galois surely knew about
Cauchy’s group theorems and even already about Sylow’s
theorems by referring to his published papers and with utmost
care to his posthemously published papers and to his manuvscripts.

Afterwards it summarizes a large number of papers on Early
group theory and early Sylow theory in finite groups centred
around both Cauchy's and Galois” work and completes this
résume with quite exciting own excavations. It then closes with
grateful Acknowledgements and a sizeable list of References
which iz and must be chronologically ordered and not by the
names of the anthors or institutions as uznal.

In the following we describe Part 3 in more detail.

We are planning to revise thoroughly Sylow theory starting
with a really new proof for Cauwchy’s known as fundamental
theorem in group theory (look at https:/‘en wikipedia org/wiki/
Cauchy?027s theorem (group theory)) based on beautiful ideas
by Galois. In the forthcoming (third) follow-up Research Article
“Augustin-Louiz Canchy’s and Evariste Galois” Contributions to
Sylow Theory in Finite Groups™ beyond our First Trilogy (look
at Page 15) we first describe and then provide new but classical
and rather vnified proofs for the very fundamental theorems by
Lagrange and by Cauchy on finite groups being of — in our
modest opinion — considerable historical relevance.

We can describe consequences of the absence of group
elements of prime order p, in spite of their ready availability in
overgroups, thereby providing a considerably unified and also
heretofore undiscovered approach to the theorems of Lagrange
and of Cauchy and their implications for p-groups. Since this
approach use: only ideaz from a very well-known paper by
Augustin-Louis Cauchy presented first in 1512 and then
published later in 1815, thiz bearz considerable historic
relevance. While it iz widely acknowledged that Canchy had
published hiz fundamental group theorem not vatil 1845/1846
and had there based it on double cosets of the finite permutation
group and some Sylow p-subgzroup of its symmetric overgroup,
one could henceforth well argue that he had presented his
theorem in a truly concealed way already a good thirty vears
earlier. Evariste Galois knew both Cauchy’s paper of 1815 and
— based on hiz own rather perceptive considerations — Canchy’s
group theorem and even already Sylow’s existence theorem.
Cauchy’s and Galois’ ideas are particularly lucid in the embryonic
case of permutation groups of prime degree p (= 3) when Sylow
p-subgroups of the symmetric overgroup obvicusly exist FGC H
with X being finite then the unified method of proof consists in
arranging the elements of & in a rectangle with |G| columns and
[H:G] rows resp. the (right) cosets of & in A in a rectangle with
7 resp. with |H]p colomns and [A:G)/p resp. [H:G]/|H s rows to
obtain information about [5:G] (see the three rectangles above).

Canchy’s theorem of 181271815 iz a direct consequence of
[H=x>] = |G| if x iz an element of H of order pwith x &€ G
which we call a p-blank aof G in H {Z). We find that Lagrange’s
theorem and Cauchy’s theorem are just like two zides of a coin

where “Lagrange”™ is representing the casepu =1 and “Cauchy™
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represents the case pl = p thereby offering a unified approach
to both theorems. Therefore, “Cavchy™ is not only a partial
converse of “Lagrange™ but it is in fact a smart “swapping™ of
pforl as well: pu= 1€) p=p1 y
Cauchy depicts 1215 a p-cycle for some prime p as a regular
g
r

£
p-gon e and studies p-cycles in considerable detail.

>

We present Cauchy’s classical proof of Lagrange’s theorem
and supplement it with a beauntiful modern proaf. Afterwards
we present Cauchy's classical proofs of hiz published first
theorem, of his concealed second theorem and of hiz concealed
third theorem. Subsequently we introduce double cosets and
show how they lead to a medern proof of Cauchy’s second and
third theorems what Cavchy did as well but not until 1545/1846
after very thoronghly reconsidering, sustainably impressed by a
research paper of Joseph Bertrand, his work of 181271815,
that iz, after — believe it or not — 30 years.

We continue with first correcting a great misunderstanding
of Cauchy’s work of 1843/1846 in the literature and then
presenting Cauchy’s work of 1812/1813 in the very sincere
succession of the earlier work of Joseph-Louis de Lagrange
(Ginseppe Luigi Lagrangiz), Alexandre-Théophile Vander-
monde and Paole Ruffini, as indicated by Cavpchy himself, and
identify, explain and comment the crucial parts of Caunchy’s
first publication on group theory. Finally we proudly present
what Evariste Galois knew already about Cauchy’s group
theorems and about Sylow’s famous theorems by referring to
hiz published papers and alzo to his posthumously published
papers. However, thiz will require quite considerable forther
(historical) research We would be inestimably delighted if
several group theory rezearcher would help us with this tedions
but very suspenseful work and are ready to cSordinate all the
work. We are then closing with fairly comprehensive Acknow-
ledgements and a greatly sizeable list of References.

Angpstin-T onis Cauchy
(21 August 1739 until 23 May 1857)

Evariste Galois
25 October 1811 until 31 May 1832)

9. The First Trilogy and The Second Trilogy

and their reviews
The First Trilogy are the papers
1a) Characterizsing Locally Finite Groups satisfiing the Strong
Sylow Theorem for the Prime p— Part 1 of a Trilogy (zee [16]),
1b) Charactenzing Locally Finite Groups satisfiing the Strong
Svlow Theorem for the Pnime p —Part 1 of a Trilogy.
Second edition (z=e [17]),
2) About the Sirong Svlow Theorem for the Prime g in Simple
Locally Finite Groups — Part 2 of a Trilegy (zee [12]), and
3) The Strong Sylow Theorem for the Prime p in Projective Special
Linear Locally Finite Groups —Part 3 of a Trilogy (see [19]),
and The Second Trilogy are the papers

1) The Strong Sylow Theorem for the Prime p
in the Locally Finite Classical Groups,

2) The Strong Sylow Theorem for the Prime p
in Locally Finite and p-Soluble Groups, and

3) Augustin-Louis Cauchy’s and Evariste Galois®
Contributions to Sylow Theory in Finite Groups.

The mathematical subject matter of The First Trilogy is
deseribed in its review in Contemporary Mathematies, Volume 4,
Izzue 3. pp. 484-487 (zee [20]). 1a) and 1b) of the Trilogy were
subzequently submitted to Advances in Group Theory and
Applications {AGTA) and peer reviewed and published there
(see [13] and Appendix 1) and recerved a review by Mathematical
Beviews (zee ME4441631) and alzo a review by Zentralblatt fiir
Mathematik (zee Zbl 1496.20065). The Postscript on Page 15
deseribes briefly the contents of The First Trilogy.

The review in Contemporary Mathematics was enlarged to
a much more detailed review in the Journal of Mathematical
& Computer Applications (JMCA) (zee [21])

The Second Trilogy is not yet published (and even not yet
finally developed) and therefore cannot be reviewed, but a review
along the pattern of [21] iz planned and its contents iz already
sumumarised in great detail in Chapter 8 above. Thiz summary
will be the basiz of the planned review. It is well-expected that the
publizshed papers will receive a review by Mathematical Beviews
and a review by Zentralblatt fisr Mathematik, at least when being
publizhed by AGTA or by Contemporary Mathematics or by
JMCA including references to the previous publications.

However, with these two trilogies the development of Sylow
theory in (locally) fintte groups cannot be fimished. In particular,
it iz a major challenge to determine all (minimal) p-uniqueness
subgroups for the known finite simple growps and their natural
overgroups, the symmetric and the linear groups, and for the
(locally) p-zoluble gronps, distinguishing p>5 p=3and p=2.
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Postscript

The research paper [13] (zee MBE4441631 and Zbl 1496.
200635) has as many “actpal” pagez az there are “known™
sporadic finite simple groups. As the overwhelming majority
of group theorists (including the author) believe, these 26 groups
are now really all and mever in the future further “sporadics™ will
appear (not counting the Tits group 2?4{2]' [2z some do] becase
it did in fact not appear sporadically at the stage). A central
guestion of Sylow theory in locally finite groups iz, as pointed
out by Prof. Otto H. Kegel (zee [44]). how the rank of these
altogether seven rank-unbounded families of finite simple groups
{A" A=PSL,, B=PQuu» C=PSpy, D=P0 sy, 1A =PSU,,
D= PO aup p} i3 bounded, say, someway (“in terms of *) by any
p-uniqueness subgroup P. Moere precizely, let us discover a nice
function f; of the order of P or (muech more challenging) of the
p-uniqueness of each of these (clazsical) groups G, that bounds
the rank: n = f{|P) or n = f{ay(G)). The avthor answered
Kegel’s guestion in the affirmative already for all the beantiful
alternating groups A" in his Diplomarbeit [14] and he is now
publishing the anzwer az Theorem 1 b): an < H{P) =(p+ 2} =
Pie2®-1 1 This iz, although it iz similar, much worse then
the result obtained for all the beauntiful linear groups GL(n, T
{see Lemma 2 ¢} on Page 11). We could optimise our answer
if we would come to know ap(A"™), that is, the minimal p-unique
zubgroups of the alternating groups. Let us look for them!

In the paper at hand we answered the question as Theorem 4
for the PSL groups A = PSL, thereby completing for the time
being our (in our modest opinion) beautiful (First) Trilogy
—[15] on p-uniqueness subgroups and [this paper] on A" and
A = P5L; — about Sylow Theory in Locally Finite Groups
which provides a number of good suggestions to stimulate and
encourage future research. All of these should become rather
very challenging beautiful open problems for the international
community of (locally finite) group theory researchers. We are
ready to cdordinate related research work (see also Page 14). @
A detailed overview of the 19 families of “known”™ finite simple
groups 15 given by the fipure “The Periodic Table Of Finite Simple

Groups™ (© 2012 by the great Ivin Andrus [see https:/irandrs.
files wordpress com 201206 /periodic-table-of-growps pdf and hitps:
irandrus wordpress.com/2012/06/17 the-periodic-table-of-finite-
simiple-groups]) on Page 3 and by the beauntiful figure on Page 8
which showrs the 19 families of finite simple groups as 13 sporadic
groups above 18 infinite families arcund another “sporadic™
group (the Tits group :F.;l:lj':l and 13 gporadic groups below &
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While the MR Review iz very disgracefully simply stating only the
main result and iz telling nothing at all about the mew ideas, the Zbl
Review states at least the Abstract as a Summary and all References
but also very regretfully states nothing about the beautiful new ideas (&)

For example, we are rightly a little very proud of twoe discovernies:
1) Theorem 3.6 on Page 28 of [153]. which found a symmetry between
non-conjugated Sylow p-subproups, and then also 2) that the minimal
memberz of the set Unique_ i from Page 35 of [15] should play for a
finite 17 a very simuilar important role as its maximal members which
are the Sylow p-subgroups. It then becomes: a challenge to determine
the minimal members for sufficiently “kmown™ (locally) finite groups,
in particular for all the “kmown™ finite simple groups and the fimite
p-zoluble groups, and their core properties, in particular conjugacy and
minimal w.rt order vs. mimimal wrt inclusion These are mathe-
matical 1dea= which proposs exciting new directions for (timeless and
eternal) Sylow theory in (locally) finite groups during the coming vears
where we intend to join in, to support, to cdordinate and to try to shape.
They could not have been mcluded m The First Tnlogy and are as well
becauze of their complexify not scheduled to become part ot The
Second Trilogy. Hence, they will be facinating topics of very hopefully
joint rezearch for the time after publication of The Second Tnlogy.

The MR Review iz available at MR Lookup imder
}m'gs ‘mathscinet ams org/mathscimetrelayv-statonTmr—=4441631
in detail on Page 16 of the eMR Section IF for January 2023
at hitps:www_ams org/‘mrshisting2023/1F/2023-1F-01 pdf.

The bl Review 1z zvailable at Zentralblatt MATH
under hitps://zbmath org/1496 20063 and its PDF
at httpz:/zbmath org/pdfi07 534036 pdf.

 For the complete Appendix 1, having 33 pages, see Page 21 to Page 53.

Appendix 2

Introduction to the Talk by Felix F. Flemisch at IGT 2024
on April 11, the 120" birthday of Philip Hall

My name iz Felix Flemisch. I come from Munich in Bavarna
Germany. In the 1970t1es and 1980ties [ was a considerably busy and
farthful student of Prof. Otto H. Kegel ©F in such beautiful Freiburg
1Br. m Gemmany. In 2021 T lnckilv came again in contact with my
adored teacher and met him in person and in good shape during June
and July of 2022 in Freiburg. I present at IGT 2024 a POSTER about a
new paper on Sylew ﬂ]ﬁ:l]"lr in simple locally finite groups which iz
based on the famous Kegel covers and a beautiful paper of mine about
reunding off the general Sylow theory in locally finite groups.
friendly published by AGTA, under the nigid supervision of esteemed
Prof. Francesco de Giovanni +. Prof. Kegel gave me kindly the hint
to submit the paper to AGTA whose review process improved the paper
substantizlly so that it now can be the basis for further work on the subject.

Eoth papers have a quite strong relstionship to Prof. Kegel's work
on Sylow theory, each one proving a conjecture of him and centred
around the gay concept of a p-unigueness subgroup which is a finite
p-subgroup being friendly contained in such 2 nnique Svlow p-subgroup.
The POSTER shows the twelve slides of my talk as a PowerPoint prezen-
tation which mclode as well tough suggestions to stimulate and encourage
future research. I much hope to enthuse group theorists with them and
I am ready to codrdinate related research work. This iz my main interest
why I prezent the POSTER. However, | am zadly aware that locally
finite groups, and their Sylow theory in particular, seem not (vet) to be
current topics of group theory research except some special quesncrns
presented on Tuesday. A limited number of nicely prnnec'l copies of the
paper’s abstract, itz POSTER in DIN A3, and its preprint are available.
I will deposit them tomorrow moming in SALA CARTAROMANA.
An underlying research paper to this Talk will be publizhed.

« For the complete Appendix 2, having 12 pages and including the beautiful
twelve shdes of the presentabon, some beautiful photographs of Freiburg 1 Br.,
two beautiful photographs of Prof. Otto H. Kegel and four photographs of the
wonderfully beautiful Lake Ammersze in Bavana, sec Page 54 to Page T1.

Copyright: © 2025 Felx F. Flamisch. This = an open-access arbcle distribated
under the terme of the Crestrve Comrrons Attmbuhion Licenss which penmats
author and source are cradited.
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all about the new ideas. the Zbl Review states at least the Abstract as a Summary and all References but
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For example, we are rightly a little very proud of two discoveries: 1) Theorem 3.6 on Page 28 of [15],
which found a symmetry between non-conjugated Sylow p-subgroups, and then also 2) that the minimal
members of the set Unigue, [T from Page 35 of [15] should play for a finite I a very similar important rile
as its maximal members which are the Sylow p-subgroups. It then becomes a challenge to determine the
minimal members for sufficiently “known™ (locally) finite groups, in particular for all the “known” finite simple
groups and the finite p-soluble groups, and their core properties, in particular conjugacy and minimal w.r.t.
order vs. minimal w.r.t. inclusion. These are mathematical ideas which propose exciting new directions for
(timeless and eternal) Sylow theory in (locally) finite groups during the coming vears where we intend to
join in, to support, to cdordinate and to try to shape. They could not have been included in The First Trilogy
and are as well because of their complexity not scheduled to become part ot The Second Trilogy. Hence, they
will be facinating topics of very hopefully joint research for the time after publication of The Second Trilogy.

The MR Review is available at MR Lookup under hitps://mathscinet.ams.org/mathscinet/relay-station?
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MathSciNet
Mathematical Reviews
Lip
Citations From References: 0 From Reviews: 0

MR4441631 20D20 20D15 20F50

Flemisch, Felix F.

Characterising locally finite groups satisfying the strong Sylow theorem for the
prime p. (English summary)

Adv. Group Theory Appl. 13 (2022), 13-39.

Let p be a pnme and let G be a locally finite group. Then, G is said to satisfy the Sylow
Theorem for the prime p if all maximal p-subgroups of G are conjugate. The group G is
said 10 satisty the strong Sylow Theorem for the prime p if every subgroup of G satisfies
the Sylow Theorem for the pnme p. Further, a finite p-subgroup P of G is said to be
singular in G if for every finite subgroup F of G containing P there is 2 unigue Sylow
p-subgroup of F containing P. In this paper, it 1s shown that G satsfies the strong Sylow
Theorem for the prime p if and only if every subgroup S of G contains a finitec p-subgroup
which 1s singular in S. This answers a question posed by Otto H. Kegel in 1987, The
paper is based on the author’s thesis from the year 1984 [Lokal endliche Gruppen mit
Sylow p-Satz oder mut min-p. I: Grundbegriffe, ein Charakterisierungssatz und
lokale Prinzipien, Diplomarbeit, Univ. Freiburg, 1984; per bibliography |. Stefan Kohl
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Ghumashyan, Heghine (AR-EU; Yerevan)

Guricéan. Jaroslay (SK-KMSE-XDAL Bratislava)

Endomorphism kernel property for finite groups. (English summary)

Maih. Bohem. 147 {2“‘22}. na, 3, 347-358.

Summary: “A group ¢ has the endomorphism kernel property (EKP) if every congruence
relation # on & is the kernel of an endomorphism on G In this pote we show that all
finite abelinn groups have EKP and we show infinite series of finite non-abelinn gronps
which have EKP.”

MR4440439 200015 20099

Kalteh, O. (1R-TAUMS-A; Mashbad); Jafarl, 8. Hadi (IR-TAUMS-AL Mashihad)
Capable groups of order g, (English summary)

Algelra Dhserete Math. 33 (2022), ne. 1, 104-115.

A group @ is called eapable if there exists a group £ such that G = EfZ(E). The
epicenter Z°(() of G is thee smallest contral subgroup sach that G2 (7)) s capable,
Obwiously, €7 s capable if and only if 2°(G) = 1.

This paper studies the capability of groups of order gy, where p and g are distinet
prime munbers and p > 2 More specifically, by calenlating the non-abelinn exterior
square (3 A, the authors determine the epicenter for groups of order ;l“qr in Theorem 2.
As a corollary, they identify the capability of groups of order gy, Junipiung Zhang
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Flemisch, Felix F.

Characterising locally finite groups satisfying the strong Sylow theorem for the
prime p. (English summary)

Adv, Group Theory Appl. 13 (2022), 13-39.

Let p be a prime amd let & be o locally finite group, Then, O s said to satisfy the Sylow
Theorem for the prome p il all maximal psubgronps of & are conjugate. The group (6 s
sabil to satialy the strong Sylow Theeram far the prime p if overy subgroup of 7 satisfies
the Svlow Theorem for the prime p. Further, a fmite p-subgroup P of 7 s said to be
mngrilar in O if for every finite subgroup F of & containing P Lhere is o unigue Sylow
praubgronp of F eontaining . In this paper, it is shown that @ satislies Lhe strong
Svlow Theorem for the prime p if and only if every subgroup 5 of 7 contains a finite p-
subygroup which is singular in 5. This niswers o question posed by Otto H. Kegel in 1987,
The paper i based on the anthor's thesis from the yenr 1984 [Lokal endliche Gruppen
it Splow p-Salz oder mal mon-p. I Grundbegrffe, com Charmklerisiernngssals nnd lokuale
Pranzpren, Diplomarbeit, Univ. Freiburg, 1984; per bibliography|. Stcfan Kahl
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Allcock, Daniel (1-TX; Austin, TX)

Variations on Glanberman’s ZJ theorem. (English summary)

Int. J. Group Theory 11 (2022), ne. 2, 43-52.

It is well known that the classical ZJ theorem by G, Glanberman has boen proved
in varipns versions, depending on the various possible definitions of the Thompson
subgroup. In this paper the author presents an “axiomatic” version of the 2. theorem,
andd proposes new cholees for the family of abelian subgroups of the Sylow psubgroup
5 of the finite group & that can grnerate a sort of generalized Thompson subgroup for
which a Zl-type theorem holds. Furthermore, | belleve that the paper could be very
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The Zbl Review is available at Zentralblatt MATH under https://zbmath.org/ 1496 20065 and its
PDF at https://zbmath.org/pdf/07554056.pdf.
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Flemisch, F. F.

Characterising locally finite groups satisfying the strong Sylow
theorem for the prime p. (English) |2 1456 20085

Adv. Group Theory Appl. 13, 13-39 (2022).

Summary:

During his lactures to the 1887 Singapore Group Theory Conference [10] Otto H. Kegel
proposed the following question: “if every subgroup S of the locally finfte group G conlains

a finite p-subgroup which is singular in S, does G then satisfy the strong Sylow Theorem
for the prime p?* In this paper we answer the question in the affirmative. The paper formed
an essential part of the author's German Diplomarbeit of 1884 (the “Charakterisierungssatz™)
written bafore he left academia [4]. We present the Charakderisierungssalz as Theorem 3.8,
and summarise then the resull as Theorem 3,10, slating thal # G is a locally finite group

and p is a prime, then G salisfies the strong Sylow thearem for the prime o if and only if
every subgroup S of G contains a finite p-subgroup which is singular in 5. Subseguently

we present a few novel concepts for Sylow theory in (locally) finite groups to encourage
future research. The paper is divided in four sechions: Introduction; Good Sylow p-subgroups
and p-uniqueness subgroups, Basic theorems of Sylow theory in locally finite groups and
our Charaktensierungssatz. Novel concepts for Sylow theory in (locally) finite groups.

MSC:

28028  Sylow subgroups, Sylow properties, n-groups, n-structure
28F58  Penodic groups, locally finite groups

26015  Finite nilpotent groups, p-groups

20625  Local properties of groups

28E34  General slruclure theorems for groups

Keywords:
singular (Sylow) p-subgroup; (very) good Sylow p-subgroup, p-uniqueness subgroup;
minimal p-unigque subgroup, (numerical) Sylow p-invariant a,
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Summuary: During his lectures to the 1987 Singnpore Groap Theory Conference Otlo H. Kegel proposed
the following question: “If cvery subgroup 5§ of the locally finite group & contains a finite p-subgroup
which is singular in S, does G then satisfy the strong Sylow Theovem for the prime p?" In this paper
we answer the question in the affirmative. The paper formed an essential part of the author's German
Diplomarbeit of 1984 (the “Charsklerisierungssats”) written before he left academia [F. F. Flemisch,
“Lokal endliche Gruppen mit Sylow p-Satz oder mit min-p. I: Grundbegriffe, ein Charakterisiorungseatz
und lokale Prinzipien”, Diplomarbeit, University of Freiburg, Germany (1984)]. We present the Chark-
terimerungssalz as Theorem 3.9, and summarise then the result a8 Theorem 3,10, stating that il 7 s a
locally finite group and p s a prime, then @ satisfies the strong Sylow theorem for the prime p if and only
if every subgroup S of G contains a finite p-subgroup which is singular in S. Subsequently we present a
few novel coneepts for Sylow theory in (locally) finite groups to encourage future research. The paper is
divided i four sections: Introduction; Good Sylow psubgronps and p-unigueness subgroups; Basic the-
orems of Sylow theory in locally finite groups and our Cherakterisierungssat:; Novel concepts for Sylow
theory in (locally) finite groups.
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Abstract

During his lectures to the 1987 Singapore Group Theory Conference Otto H. Kegel
proposed the following question: “If every subgroup S of the locally finite group G
contains a finite ]‘_‘r-'SHbngHp which is singular in S, does G then qurwfy the strong Sy-
low Theorem for the prime p?” In this paper we answer the question in the affirmative.
The paper formed an essential part of the author’s German Diplomarbeit of 1984 (the
“Charakterisierungssatz”) written before he left academia [4]. We present the Charakter-
isierungssatz as Theorem 3.9, and summarise then the result as Theorem 3.10, staling
that if G is a locally finite group and p is a prime, then G satisfies the strong Sylow
theorem for the prime p if and only if every subgroup 5 of G contains a finite p-sub-
group which is singular in S, Subsequently we present a few novel concepts for Sylow
theory in (locally) finite groups to encourage future research. The paper is divided in
four sections: Introduction; Good Sylow p-subgroups and p-uniqueness subgroups;
Basic theorems of Sylow theory in locally finite groups and our Charakierisierungssalz;
Novel concepts for Sylow theory in (locally) finite groups.

Mathematics Subject Classification (2020): 20D20, 20F50, 20D15

Keywords: singular p- subgmup, good Sylow p-subgroup;
minimal p-unique subgroup

1 Introduction

In his four workshop lectures on Sylow theory in locally finite groups
at the famed Singapore Group Theory Conference of June 1987 [10],
Otto H. Kegel stated that he could not settle the following question: if
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every subgroup S of the locally finite group G contains a finite p-subgroup
which is singular in S, does G then satisfy the strong Sylow Theorem for the
prime p? Recall that the group G of arbitrary cardinality is defined to
be locally finite if every finite subset of G is contained in a finite sub-
group of G and the finite p-subgroup P of the locally finite group G
is said to be singular in G if for every finite subgroup F of G contain-
ing P there is just a unique Sylow p-subgroup of F containing P. Here
a p-group for the prime p is a group of arbitrary cardinality each of
whose elements has order a finite power of p. Then a p-group is fi-
nite if and only if its order is a finite power of p. The locally finite
group G is said to satisty the Sylow Theorem for the prime p (or the Sy-
low p-Theorem) if the maximal p-subgroups of G are all conjugate in G
and G satisfies the strong Sylow Theorem for the prime p if every sub-
group of G satisfies the Sylow Theorem for the prime p. Kegel's lec-
tures present the basics of Sylow theory in locally finite groups, give
an overview of the work of Brian Hartley and Andrew Rae on Sy-
low theory in locally p-soluble groups, and reveal in great detail the
normal structure for groups satisfying the strong Sylow Theorem
for the prime p in the general case (for p = 5). Chapters 2 and 4
of [3] give a good overview as well but without appreciating Hart-
ley’'s, Rae’s and Kegel’s fundamental papers properly and avoiding
all their beautiful details.

In this publication we turn Kegel’s question into a theorem: If every
subgroup S of the locally finite group G contains a finite p-subgroup which
is singular in S, then G satisfies the strong Sylow Theorem for the prime p.
Since the converse is also true (see [4] and [10]), this characterises
the locally finite groups which satisfy the strong Sylow Theorem for
the prime p. The proof of our Charakterisierungssatz is not presented
in its original form since it was written in German as the main re-
sult of the author’s Diplomarbeit during 1978-1984 (see [4]). We de-
cided against a presentation (for historical reasons) as an amalgam
of English and German and translated all employed parts into En-
glish, thereby introducing a large number of corrections and embel-
lishments, in particular Theorem 3.6.

The central discovery that enabled in those days the proof was
the relationship of p-subgroups which are singular to the good p-sub-
groups (see [12]) and the strongly local p-subgroups (see [13]) of An-
drew Rae. Let G be any locally finite group and let P be a p-subgroup
of G. A local system for G is a family I of finite subgroups such that ev-
ery element of G lies in a Z-group and for every two Z-groups there
exists another L-group which contains both, for example, the local
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system of all finite subgroups of G. The p-group P is said to reduce
into a local system I for Gif for every L-group U we have that PN U is
a Sylow p-subgroup of U, and then P is a maximal p-subgroup of G
(see below), P is said to be good if there exists a local system for G
into which P reduces, and P is said to be strongly local or, as we pre-
fer to say, very good it given any local system L for G there exists a
subsystem of L into which P reduces. A very good p-subgroup is of
course good, and, as we show below, any singular p-subgroup P of a
locally finite group G is contained in a unique maximal p-subgroup
of G which is very good and the existence of P enforces the conjugacy
of the good Sylow p-subgroups in countable locally finite groups
We have the ambition to present not only our own results but also
important known results to offer some context and a unified depic-
tion. So when we refer to [4] it does not always mean (although it
almost always means) that we present research results of ourselves.

2 Good Sylow p-subgroups and p-uniqueness
subgroups

A maximal p-subgroup of a locally finite group G is called here a Sy-
low p-subgroup of G and we denote the set of all Sylow p-subgroups
of G by Syl,G. If a p-subgroup of a locally finite group G reduces
into a local system for G, it is a maximal p-subgroup.

Lemma 2.1 (see [4]) Let p be a prime and let P be a p-subgroup of a
locally finite group G. If there exists a local system L for G into which P
reduces, then P is a Sylow p-subgroup of G.

Proor — Let S € Syl, G with P < 5. Suppose, P # S. Then there ex-
ists an element x € S\P. Let U € L with x € U. It follows that (P N U, x}
is a p-subgroup of U with PNU < (PN U,x) < S. This contradicts the
prerequisite PN U € Syl, L. O

Notice that the above result is proved in [3], Lemma 2.2.10, only for
nested local systems and in a more complicated way. The local sys-
tem L for the locally finite group G is said to be nested (in German
geschachtelt) if there is a sequence {U,, | n € IN} of finite subgroups
of Gsuchthat U, € Uy forallne Nand L ={U, [ n e INLIf G
is a countable locally finite group and {x, | n € N} an enumeration
of G, let Uy, := {x1,%X2,...,%n) (N € IN). Then {U;, | n € N}is a nested

S Mazhe & Comp Appdi, 2025 Folume 4(3): 20-71



Citation: Felix F Flemisch {2025) The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups - Dve Luxe Edition. Journal of Mathematical & Computer
Applications. SRC/IMCA-239. DO doiorg/ 10.47363TMCA2025(4) 206

16 E.E Flemisch

local system for G. If the locally finite group G has a nested local sys-
tem, then G is countable. We can identify all the good Sylow p-sub-
groups of countable locally finite groups by means of nested local
systems for them.

Lemma 2.2 (see [4]) Let G be a countable locally finite group.

a) If L is a local system for G, then L contains a local subsystem I,
which is nested.

b) Let £ = {Uy | n € IN} be a nested local system for G. Then there
exist with respect to (w.r.t.) L good Sylow p-subgroups of G. In par-
ticular, G contains at least one good Sylow p-subgroup.

Proor — a) Let I be a local system for G and {x,, | n € N} an
enumeration of G. For x,y € G, we define U, € L with x € U, and
(Ux, Uy) < Uyy as follows: let Uy, € Z with xq € U,,; if subgroups
Uy, %, x5...xn € L are already defined with

11;1;2;13:-- crhn = le.]. KF KR «aa Xy {T'L € N];

let Uy € Zwithxnyy € Uyg,  , and Uy, x;. € L with

e L X4
{uxl HQEZ o Xt u'xn+l> < U‘?h XIEZ e B K1 [“* € IN).

Then the countable subset L1 = {Ux,;x3x3...xn | M € N} of Zis a
nested local system for G.

b) Let Py € S}*lpl..h.lf
i H‘:-..Pl"«{ﬁ---ﬁ{-hpn

are already finite p-subgroups of G with P; € Syl,U; (1 €1 € n),
let Prti € Sylpum 1 with P, < P (n € N). Define § = Uu P
Then S is a p-subgroup of G, which reduces into Z, and so is good
with § € 5yl,G by Lemma 2.1. O

Another argument for proving Lemma 2.2 b) comes from Ke-
gel’s Lemma 1.1 of [10] and is very similar to that of Lemma 2.1. Note
also that Lemmata 2.1 and 2.2 a) are (and were) well-known but we
presented slick improved proofs and did not find Lemma 2.2 a) in
the literature. For Lemma 2.2 b) see also [12], 1.11.

We can now introduce the p-uniqueness subgroups and present
the close relationship between them and the good Sylow p-subgroups.

J Matke & Comp Appli, 2025 Volume 4(3): 30-71



Citation: Felix F Flemisch {2025) The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups - Dve Luxe Edition. Journal of Mathematical & Computer
Applications. SRC/IMCA-239. DO doiorg/ 10.47363TMCA2025(4) 206

Strong Sylow p-Theorem 17

In [4] we call p-dominant a p-subgroup of the locally finite group G
if it is finite and is contained in a unique Sylow p-subgroup S of G,
and call then § singular (in German einzigartig or einmalig or singulir,
in a double sense). Although “dominant” in German is “dominant”
in English we now find it smarter to define such a p-subgroup of G as
a p-unigueness subgroup (in German, quite a bit unwieldy, p-Einzigar-
tigkeitsuntergruppe or p-Einmaligkeitsunterquppe) of G for S or w.r.t. 5.
We observe that there is no danger of confounding our p-uniqueness
subgroups with the p-uniqueness subgroups which play a major role
in the classification of the finite simple groups (see page 82 of [5]).

Proposition 2.3 Let G be a locally finite group and let p be a prime. Let P
be a finite p-subgroup of G. The following properties are equivalent:

1) P is a p-uniqueness subgroup of G.
2) P is singular in G.

3) Whenever Py and Py are finite p-subgroups of G with P £ Py NP2
then (Pq, P2} is a p-group.

Proo¥ — 1) = 2) Suppose P is not singular in G. Then we have
a finite subgroup F of G such that P is contained in at least two Sy-
low p-subgroups Py and P; of F. Let 5; be a Sylow p-subgroup of G
which contains P; (i = 1,2). If S = S3 then {P1,P2)} € (S1,S2)NFis
a p-group which contradicts Py € Syl,Fand P, € Syl F. Thus §1 # S;.
Theretfore P is not a p-uniqueness subgroup of G.

2) = 3) Let P < Py NPy where P; and P, are finite p-subgroups
of G and suppose that F := (Py,Pz) is not a p-group. Then P < F
and since {Pq, P2} is not a p-group there are two distinct Sylow p-sub-
groups Q1 and Q; of F containing Py and P;, respectively. But
then P £ Q1 N Q2 and so P is not singular in G.

3) = 1) Suppose that 3) holds and that P is not a p-uniqueness
subgroup of G. Then there are distinct Sylow p-subgroups Q; and Q3
of Gsuch that P < Q1NQa. Letx € Q1 \Qzandy € Q24Qy. It
follows that Py := (P,x) and P, := (P,y) are finite p-groups and
that (Py, P2) is not a p-group, contradicting 3). O

Kegel discovered insight gaining equivalent conditions for the con-
jugacy of good Sylow p-subgroups in countable locally finite groups.
We expandedly restate and improvedly reprove his result in our ter-
minology thereby adding the property of the existence of a p-unique-
ness subgroup. We also notice hat Kegel’'s argument for 2) = 4) on
page 6 and following of [10] is really not fully convincing.
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Theorem 2.4 (see [10], Theorem 1.2) For the countable locally finite
group G and the prime p the following properties are equivalent:

1) There exists a nested local system {Gi | 1 € N} for G and an index ig
such that for every pair j = i = ip of indices every Sylow p-sub-
group Py of Gy lies in a unique Sylow p-subgroup P; of G;.

2) There exists a finite p-subgroup Po of G which is singular in G.
3) There exists a p-unigueness subgroup Py of G.

4) Any two good Sylow p-subgroups of G are conjugate in G.

ProoF — 1) = 2) Choose P;, € Syl,G;, and put Py := P;,. Let F
be any finite subgroup of G containing Py. For every index j such
that F < Gj, the unique Sylow p-subgroup of G; containing Po must
contain a Sylow p-subgroup of F, and no other Sylow p-subgroup of F
can contain Py. Clearly 2) = 1). From Proposition 2.3 follow 2) == 3)
and 3) = 2). To show 4) = 1) assume that for any nested local sys-
tem {Gi |i € N} for G and any index ip, there are infinitely many
pairs j =1 = ip of indices for which some (and hence any by con-
jugation) Sylow p-subgroup of G; is contained in at least two Sy-
low p-subgroups of G;. We then can construct, similar to Theorem 3.2
or Theorem 3.8 below, 2&¢ maximal p-subgroups of G which are
good by Lemma 2.2 and cannot all be conjugate in G. Thus 4) en-
tails 1), and hence 2). It remains to show 3) = 4). Let P and Q be
good Sylow p-subgroups of G obtained as two unions of Sylow p-sub-
groups of nested local systems {G; | i€ N} and {H; | i € N} for G
(see Lemma 2.2) and let Sy be the unique Sylow p-subgroup of G
containing Pg; we show that P is conjugate to Sy and Sg is conjugate
to Q, and therefore P is conjugate to Q; if P and Sy are not conjugate
then one of them must have property (*) of Theorem 3.1 (see below)
which means in particular that it is not singular; so P has property (x);
now P reduces into {G; | i € N}, thatis, PN G; € Syl, Gy foralli € N;
there exists an index ig such that Py < Gy,; then Py < Py, for some
unique P;, € Syl;G;,; now, by Sylow’s classical theorem, let x be an
element of Gi, such that P} =P G, then Py is a finite p-sub-
group of P which is contained in just only one Sylow p-subgroup
of G thereby contradicting property () of P; for exactly the same
reasons Sp is conjugate to Q; therefore P must be conjugate to Q. O

Let S be a Sylow p-subgroup of the locally finite group G. A fi-
nite subgroup F of G is called S-dominant it S reduces into every
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subgroup U of G which contains F, that is, SNU € Syl,U for all
subgroups U of G such that F < U.

Lemma 2.5 (see [4]) Let G bea locally finite group, p a prime, S ¢ Syl, G
and F a finite subgroup of G. The following properties are equivalent:

1) Fis S-dominant.
2) For each finite subgroup U of G with F < U we have SN U & Syl, L

PrROOF — 1) = 2} is clear, so we only need to prove that 2) implies 1).
Since F is finite, there exists a local system L for G such that for
each I-group U we have F < U. Let V be a subgroup of G with F < V.
Then &; ={VnUu| U € L}is a local system for V into which SNV
reduces. Therefore from Lemma 2.1 follows SNV € Syl, V. O

Lemma 2.6 (see [4]) Let G be a locally finite group and S € Syl,G. The
following properties are equivalent:

1) S is very good.

2) There exists an S-dominant subgroup of G.

Proor — 1) = 2) Suppose no S-dominant subgroup of G exists.
Then, according to Lemma 2.5, to every finite subgroup F of G there
exists one finite subgroup Uf of G with F < U and SN Ug & Syl, Ur.
Then I := {Uf | F finite subgroup of G} is a local system for G that
possesses no local subsystem into which § reduces.

2) = 1) Let F be an S-dominant subgroup of G and I a local
system for G. Let L :=={U | U € X and F < U}. Then L, is, because of
the S-dominance of F, a local subsystem of L into which § reduces. O

Lemma 2.7 (see [4]) Let G be a locally finite group and lef p be a prime.

a) If Fisap-uniqueness subgroup of G and S is the singular Sylow p-sub-
group of G with F < S, then F is an S-dominant subgroup of G.

b) Every singular Sylow p-subgroup of G is very good.

Proor — Since b) follows from a) and Lemma 2.6 we only need
to prove a). Let U be a subgroup of G with F < U. Let P € Syl,U
and T € Syl,G withF < SNU < P < T. From F < § and the p-unique-
ness of F follows T = §. Therefore SNU = SNP=P. O

The following consequence of this lemma is a relevant insight.
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Theorem 2.8 (see [4]) Let p bea prime and P be a p-uniqueness subgroup
of the locally finite group G (or, equivalently by Proposition 2.3, let P be a
singular p-subgroup of G). Then the singular Sylow p-subgroup S of G
containing P is very good.

We can now summarise the relationship between good Sylow p-sub-
groups and p-uniqueness subgroups together with the Sylow p-sub-
groups containing them as follows:

singular Sylow p-subgroups are very good;

p-uniqueness subgroups are singular, and conversely;

in countable locally finite groups good Sylow p-subgroups are
identified by nested local systems;

in countable locally finite groups the existence of a p-uniqueness
subgroup compels the conjugacy of all good Sylow p-subgroups.

We end the discussion of good Sylow p-subgroups by pointing out
that there exist 1) countable locally finite groups with Sylow p-sub-
groups which are not good (see the note at page 5 of [10]: “It may be
worthwhile to point out that a countable infinite locally finite group
may have maximal p-subgroups which” are not good) and 2) locally
finite groups of cardinality 250 without good Sylow p-subgroups.

First, we let G be a finite group with [Syl, G| = 2, e.g. the symmetric
group S%P of degree 2p for the prime p for which we know surely that

Sy1,S°P| 2 2p—2 2 2.
Consider the IN-fold cartesian power

GIN! .= T[{Gi | Gi:= G forall i e N}
={[x1,};z,...} | x; € G; for all i € N}

of G and notice that it satisfies the Sylow p-Theorem.

ProorF — For S, T € Syl,GM! there are $;, T; € Syl, G; =Syl G (i € N) such that S,

resp. T, is the cartesian product of the S;i’s, resp. the Ti's. If x4 € Gy = G with
SIt =T (i€ N) and x := (x{)ien, then 5% =T. O

The group G™ contains the N-fold direct power

G =T °{(xi)ien € G™ | x; =1 for almost all i € N},

S Mazhe & Comp Appdi, 2025 Folume 4(3):34-71



Citation: Felix F Flemisch {2025) The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups - Dve Luxe Edition. Journal of Mathematical & Computer
Applications. SRC/IMCA-239. DO doiorg/ 10.47363TMCA2025(4) 206

Strong Sylow p-Theorem 21

which does not satisfy the Sylow p-Theorem.

ProoF — Let S, T € Syl, G!NI. If there is an x € GIM) with §* = T, then 5™ = T™
for almost all i € N. Thus for P, Q € Syl, G with P # Q, the groups PI™N! and Q!N)
are notin GIN! — but in G — conjugate Sylow p-subgroups of G'N!. Alternatively,
it follows from [G'N} = ¥y and |Syl, G| = 2%e — gince |Syl, G| = 2 we can refer
to Theorems 3.1 and 3.2 (see below) — that not all Sylow p-subgroups of G can
be conjugate. n|

The example GIN) < GINI shows that in uncountable locally finite
groups the Sylow p-Theorem is not inherited by normal subgroups.

Moreover, G™N! contains the diagonal subgroup
D:={(x)ien €GN |(FxeG)VieN)x =x}~G
via the isomorphism
5:D— G, ((xiiew) =%

from D onto G with DNGM) = (1}. Since GN) is a normal subgroup

of GIN, we have (GIN), D) = DGIN); this is a countable subgroup

of G, The Sylow p-subgroups of GIN! (resp. of G™)) are cartesian

(resp. direct) products of the Sylow p-subgroups of the Gi’s (i € IN),
namely [{Sh' | 1 € N} (resp. [1%(SH | i € N}) for Sn, €Syl,G (n € IN),
where m;: GIN — G; is the projection m; ((xk)ken) = i on the fac-
tor G; (i € IN). Any P € Syl, D normalises exactly one Sylow p-sub-
group S(P) of GIN (resp. exactly one Sylow p-subgroup SO(P) of G,
namely S(P) = [[{P™ |1 € N} (resp. S°(P) = T1%(P™ |ie IN}). There-
fore every Sylow p-subgroup of D is a p-uniqueness subgroup

of DG and PSP(P), for P € Syl,D =~ Syl,G, is a singular Sy-
low p-subgroup of DG and so is good, even very good, by The-
orem 2.8; these Sylow p-subgroups are conjugate: if Py, Pz € Syl D

and P} = P; with x € D, then

(P1 $°(P1)™ = (1 TI°CPT i € N))”
= Po [1%PF |4 € N} = P2 SO(P;)

(see also Theorem 2.4). The countable group GN! also has by Lem-
ma 2.2 good Sylow p-subgroups, which are not conjugate, and we
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are able to designate some distinguished of them explicitly: let
W=G;xGyx...xG; [ieN);

then £ .= {U; | i € N}n GW is a nested local system for GIN;
if Py € Syl G = Syl G (i € IN), then

PO = (P1 :r(]:’;l>-f:...)r""IG[I"Jjll

is a p-subgroup of G™! which reduces into X and thus is a good Sy-
low p-subgroup of G'™N) by Lemma 2.1.

The group DGM) has indeed also (many) Sylow p-subgroups,
which are not good: since [Syl, G| = 2 we can construct using the
method employed in the proof of Theorem 3.2 or that employed in
the proof of Theorem 3.8 an infinitely (¥g) high tree of finite p-sub-
groups of DG!N! with (1) as the root which branches properly at
each location with proper inclusions and where two immediate suc-
cessors of each point do not generate a p-group; this tree has 250
branches which constitute 2*¢ many ascending unions of finite p-sub-
groups and thus 250 many p-subgroups P, where any two of them do
not generate a p-group; choosing for each P, a Sylow p-subgroup §,
of DGN! containing P, now gives 2% Sylow p-subgroups of DGN!
(1 < 1 < 2%0) on the treetop; since the good Sylow p-subgroups of
the countable group DG are conjugate (Theorem 2.4), at most X
of these 2%¢ Sylow p-subgroups can be good; there remain (with
or without the continuum hypothesis) at least 250 — X many Sy-
low p-subgroups in the treetop which are not good and too many
to be conjugate in DGM™), We note that Rae [12] constructs, by intro-
ducing the unwieldy concept of “weakly goodness” and by referring
to another group he constructed (see [12], 5.11), a countable locally
soluble group possessing a Sylow p-subgroup which is not good (see
[12], 5.31). This example is much more complicated than ours.

Second, let p and q be primes with ¢ = 1 (mod p) and
A=1{ab | aP =bY =[{ab)? =1).

Then |A| = pq and A has q Sylow p-subgroups and a normal Sy-
low g-subgroup, so is metabelian. If (p, q) = (2,3}, then A = S3 is the
symmetric group of degree 3. The group A contains the elements a
and a’ := ab of order p which are not p-consonant, that is, they do
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not generate a p-group. The N-fold cartesian power AIN! of A is
locally finite and metabelian of exponent pq. Laszlé G. Kovics, Bern-
hard H. Neumann and Hugo de Vries constructed, based on the ele-
ments a and a’ (and exemplarily for (p, q) = (2, 3)), an IN-fold interdi-
rect power H of A, that is, AN «H g h[N], with the following prop-
erties (see [11], Theorem 3.7): H is metabelian of exponent q and or-
der 250 with a countable Sylow p-subgroup and a Sylow p-subgroup
of order 250 (hence without Sylow Theorem for the prime p). They
also constructed, using again a and a’, an IN-fold interdirect power H
of A with the following amazing }gfnpertles see [11], Theorem. 4.4,
and also [12], 1.13): H has order 20, each Sylow p-subgroup of H
is countable, H has a countable normal (hence unique) Sylow g-sub-
group, which has no complement in H, and each Sylow p-subgroup
has a complement in H, which is normal in H and contains elements
of order p. No Sylow p-subgroup of H can be good: suppose a Sy-
low p-subgroup S of H reduces into a local system L for H; we then
choose a L-group U containing an element x of order p of a comple-
ment of S, and a P ¢ Syl, U containing x; since S N U € Syl, U there is
ay € U with P¥Y = SN U; then (x)¥ < S whereas {x})¥ belongs to the
normal complement of S, which is a contradiction.

In the following section we shall point out that there exist count-
able locally finite groups 3) without singular Sylow p-subgroups,
4) with good Sylow p-subgroups which are not very good, and
5) with very good Sylow p-subgroups which are not singular.

3 Basic theorems of Sylow theory in locally finite
groups and our “Charakterisierungssatz”

In this section we first present — with quite considerably improved
proofs — the basics of Sylow theory in locally finite groups (The-
orem 3.1 to Theorem 3.5) and subsequently prepare and carry out
the proof of our Charakterisierungssatz (Theorem 3.6 to Theorem 3.9)
which, in turns, allows us to prove very easily our main theorem (The-
orem 3.10).

In the following statement, the property (x) means that S is not
singular; see the same property (x) on page 8 of [10]. This property
was for the first time discovered by Ali O. Asar [1].
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Theorem 3.1 (see [4], and Theorem 3.6 below for a generalisation)
Any locally finite group G which does not satisfy the Sylow Theorem for the
prime p contains a Sylow p-subgroup S with the following property:

(%) Every finite subgroup of S lies in at least two Sylow p-subgroups
of G.

Proor — Let S and T be two Sylow p-subgroups of G which are
not conjugate (in G). If T is not singular, that is, T does have prop-
erty (#), the result is immediate, so suppose that T is singular and
let Y be a p-uniqueness subgroup for T. We show that then S has
property (x), that is, S is not singular. To this end let X be an arbitrary
finite subgroup of S. Then (X, Y) is a finite group. According to the Sy-
low p-Theorem for finite groups there is an x € G such that X and Y*
lie in the same Sylow p-subgroup of (X, Y). Then (X, Y*) is a p-group.
From the assumption on Y it now follows that {Y*,X) < T*. Hence X
lies in at least the two Sylow p-subgroups S and T* of G. Therefore X
is not a p-uniqueness subgroup for S. O

We now prepare an alternative proof ot the basic theorem of Sylow
theory known as the “Asar-Hartley theorem” (see [1] and [3], The-
orem 2.3.11, for the original proof). Our proofs of Theorem 3.2 a)
and b) with reference to a) are much clearer and more detailed than
the original proof by Asar, which may be considered rather cumber-
some. Note also that in [10], Theorem 1.3, Kegel sagely combines The-
orem 3.1 with Theorem 3.2 ¢).

Theorem 3.2 (see [4]) Let G be a locally finite group and let P be a p-sub-
group of G for the prime p.

a) Suppose P has the following property: (1) To every finite subgroup F
of P there exists an x = x (F) EEG with F* < P such that {P,P*} is
not a p-group. Then there are 250 infinite ascending chains

Xig < Xijiy <oor < Xijiguniiy < -
of finite p-subgroups of G with indices i), € {0,1} (k € IN) such
that for all n € IN and each choice of indices iy (1 < k < n), the

group (Xi iy...in0, Xiyig...in1) 15 HOt @ p-group.

b) Let P € Syl,, G with the property (x). Then P has property (1).
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c) Let P € Syl G with the property (x) and let X be a finite subgroup
of P. Then there are 2™ many infinite ascending chains

X {Xh < Xi]'i.z o Xilizu-in e

with the properties from point a).

ProorF — a) Let X be a finite subgroup of P and y an element of G
such that: 1) (P, PY) is not a p-group, and 2) XY < P. Because of the
first property there exists a finite subgroup Xg of P with X < Xy such
that (Xo, X3) is not a p-group, and because of the second property we
have (X, XY) < P, hence Xo # X # X§. If we substitute in the last two
sentences X by Xy, we get two finite p-subgroups Xgp and Xp1 of G
with Xg < Xgo and Xp < Xo1 such that (Xgp,Xe1} is not a p-group.
Since PY has the property (f), too, we can quite analogously substi-
tute X by Xy = Xﬁ and so get two finite p-subgroups Xy and X1,
of G with Xy < Xj9 and X; < Xy1 such that the subgroup (X10,X11)
is not a p-group. We now have constructed four ascending chains

X< Xog<Xoo, X<Xp<Xpo1, X1<Xi0 and X5 < Xq7

of finite p-subgroups of G such that the subgroups (Xo, X1), {(Xo0, Xo1)
and (Xy0,X11} are not p-groups. Now let n € N with n = 2 and let
already be constructed 2™ ascending chains

Xi_.l "‘:: x-]_.l 1_2 e X xh iz,"iu

of finite p-subgroups of G with indices iy € {0,1} (1 € k € n]
such that for each m € IN with m € n—1 and each choice of in-
dices i (1< k< m) the subgroup (X i,...i,00s Xiqis...im1) of G is
not a p-group. Whilst repeating the construction of the first two sen-
tences successively with the 2™ groups Xj,i,..i, in place of X, we get,
because each conjugate of P possesses the property (7), in each case
two p-subgroups Xj,i,...i,0 and Xi i,...i,1 of G such that

Xitizowin < Xijig0ind N Xiqi5..0101

and
(Xiyig.. in0r Xijiginl)

is not a p-group. Therewith we now have constructed 2™+ ascend-
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ing chains

Xi] = Xi-| iy ... Xi]ig,,,'i.“ = }{i.]i.z,..iﬂ nai

having the requested properties. Therefore we can w.r.t. inclusion re-
cursively construct a tree of height ¥y of finite p-subgroups of G,
which branches properly at each location with proper inclusions,
hence must contain 2*¢ infinite branches. Also any two immediate
successors of an arbitrary point do not generate a p-group. These
branches are just the required chains.

b) Let F be a finite subgroup of P and R be a Sylow p-subgroup
of G with F < R # P. Then there is an element x in R with x & P
and the group (F,x} is a finite p-group. Let Y := (F,x) N P. Then
we have Y # (F,x). It is well-known that as a finite p-group (F,x)
satisfies the normaliser condition. Therefore Y is a proper subgroup
of Ny 4y (Y). Let y be an element in (F,x}, but not in Y, which nor-
malises Y. Then y € P. Since y is a p-element and P by assumption
a Sylow p-subgroup of G, it follows that y € Ng(P) and that (P, PY)
is not a p-group. This is the property (f) from point a) for P."

c) We combine the proofs of point a) and point b). Let R € Syl, G
with X € R#P, x€R\P and T:=Pn (X, x). Being a finite p-group, (X, x}
satisfies the normaliser condition. Hence there exists a t € (X, x)\T
with t € Nyx ;) (T). Then (P,P*) is not a p-group, since else t € P,
and so there exists a finite subgroup Xy of P with X <€ Xy such
that with X; = X} the group (X, X;) is not a p-group. Thus, we
have Xp # X # X since (X, X'} < T is a p-group. Of course, X < Xp,
but also X < Xy because of t € X. We can repeat this construction
whilst replacing X by Xy and also by its conjugate X;. Thereby we
construct subgroups Xgo, Xo1,X10, X771 and four ascending chains

X< Xog< Xoo, X< Xp<Xo1, X< Xy <Xq0 and X < X4 < X1

of finite p-subgroups of G. We subsequently repeat this construction
with each of the X;,;,’s and whilst doing this infinitely often we

construct 280 many chains

X< Xiy < Xigip < oo < Xqgigenin <o

¥ Asar [1, Lemma 1] [unhleldy} considers instead of R a p-subgroup Y of G such
that ¥ < U (= P}, chooses y € Y, U, defines F* := UnN{F,y} with F€ UMY, finds
F < F*and N oy (F*) > F*, and finally concludes Ng (F*) < Ng(U), since U is

the unique maximal p-subgroup of Ng (U} and Nyp 3 (F*) < WL
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of finite p-subgroups of G with the properties from point a). So we
can, starting from an arbitrary subgroup X of P as a “minimal point”
or a “root”, recursively w.r.t. inclusion construct a tree of height ¥,
of finite p-subgroups of G, which branches properly at each location,
hence must contain 250 infinite branches. Also any two immediate
successors of an arbitrary point do not generate a p-group. These
branches are just the required chains. O

Theorem 3.2 enables us to prove very easily the “Asar-Hartley theo-
rem” which characterises locally finite groups satistying the strong Sy-
low Theorem for the prime p by a cardinality result without the need
to endeavour the continuum hypothesis (for a proof closer to the orig-
inal one of Asar, the reader can consult [10], pp. 8-9).

Theorem 3.3 (see Asar [1], Hartley [6],[8]") Let G be a locally finite
group and p be a prime. Suppose that for every countable subgroup H of G
we have Syl H| < 2%0, Then G satisfies the strong Sylow p-Theorem.

ProorF — Suppose G does not satisty the strong Sylow Theorem for
the prime p. Then there is a subgroup U of G which does not satisfy
the Sylow Theorem for the prime p. Thus according to Theorems 3.1
and 3.2 there are 2 many infinite ascending chains

X'H <X +cixai_1:|_2__.in R

51 Lz

of finite p-subgroups of U with the properties from point a) of The-
orem 3.2. Let M be the set of all p-subgroups of U which are an
ascending union of one of these chains. Then it follows |M| = 2%o
and that any two M-groups cannot generate a p-group. Now let

ni={Xijig.in Ik €10,1, 1<k <) (neN)

=l T

Then H is a countable subgroup of U and so of G. Since H contains
every M-group it follows that |Syl,H| = 2%¢. This contradicts the
assumption on the countable subgroups of G. O

and

* The result for countable locally finite groups was obtained independently by Brian
Hartley using a quite different method which allowed him to generalise it from
the prime p to a set of primes m when the finite groups of a nested local system
have each a nilpotent Hall m-subgroup (see [6]). However, Hartley has extended
his proof in [8] to uncountable locally finite groups by another beautiful method.
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The cardinality statement of Theorem 3.3 has an immediate first
corollary for countable locally finite groups.

Theorem 3.4 Let G be a countable locally finite group. The following
properties are equivalent:

1) For every (countable) subgroup H of G we have |Syl,H| < 2%0.

2) G satisfies the strong Sylow Theorem for the prime p.

)
)
3) G satisfies the Sylow Theorem for the prime p.
4) 1Syl, G| < 2%o,

)

5) Every (countable) subset of G is contained in a subgroup U of G with
ISyl, U| < 2%o.

The second corollary of Theorem 3.3 would certainly as a conju-
gacy assertion be very difficult to be proved but is as a cardinality
statement trivial. Recall first that a class of groups X is countably recog-
nisable if, whenever all countable subgroups of a group G belong to X,
then G itself is an X-group (see Baer [2]).

Theorem 3.5 The locally finite group G satisfies the strong Sylow Theo-
rem for the prime p if and only if every countable subgroup of G satisfies
the strong Sylow Theorem for the prime p. In particular, the class Syl-p of
all locally finite groups satisfying the strong Sylow Theorem for the prime p
is countably recognisable.

We now can prove our key discovery whenever the Sylow Theorem
for the prime p is not valid in a countable locally finite group which
shows a symmetry between not conjugate Sylow p-subgroups.

Theorem 3.6 Let G be a countable locally finite group and p be a prime.
If two Sylow p-subgroups of G are not conjugate, then neither 1s singular.

ProorF — Let S and T be Sylow p-subgroups of G which are not
conjugate. We saw in Theorem 3.1 that one of S or T is not singular,
Without loss of generality (w.l.o.g.) we may suppose that S is not
singular. To prove the result we must show that T is not singular
either. If T is not good, it cannot be singular, since by Theorem 2.8
singular Sylow p-subgroups are very good. So let T be good w.r.t. the
nested local system {G,, | n € N} for G and let F be an arbitrary finite
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subgroup of T. We show that F cannot be a p-uniqueness subgroup
for T and so T is not singular since F is chosen arbitrarily. Since S
and T are not conjugate, we have S # T.

There exists an m = m(F) ¢ IN with F £ G,,. After the renumer-
ation {fn = n+m—1 | n € N}, it is possible to assume F < Gq.
Then F < TN Gy € Syl Gy. If TN Gy, is the unique Sylow p-subgroup
of Gy, for all n € N then T is the unique Sylow p-subgroup of G and
we obtain the contradiction that S = T. Hence there is an n € IN such
that Gy, has a Sylow p-subgroup R with R # T Gy. Renumbering
again if needed we may assume that R € Syl, Gy with R # TN Gy.
Choose y € R\(TN Gy), so in particular y &€ T. By the Sylow p-Theo-
rem for finite groups there is an x € G such that (TN G)* =R and
so F* < R since F < TN Gy. From (F*,y) < R follows that (F%y) is a
finite p-group. Let Y:=(F,y) NT. Then Y# (F5y) sincey € T.

But Y satisfies, as is well-known, the normaliser condition and so
we can choose z € Npx ) (Y)\Y. Then z ¢ T since otherwise z belongs
to TN (F*,y) = Y. But z is a p-element outside of T and T € Syl, G,
and so z € Ng(T). Therefore (T,T*} is not a p-group. In particu-
lar, T # T# and F < TN T% Therefore the arbitrarily chosen F is not
a p-uniqueness subgroup for T. O

Whenever a countable locally finite group contains a singular Sy-
low p-subgroup then all good Sylow p-subgroups will be conjugate
by Theorem 2.4. Whenever every countable subgroup of a (count-
able) locally finite group contains a singular Sylow p-subgroup then
all Sylow p-subgroups are conjugate. This core insight is spelled out
by the following theorem.

Theorem 3.7 (see [4]) Let G be a locally finite group and let p be a
prime. Suppose that every countable subgroup of G contains a singular Sy-
low p-subgroup. Then G satisfies the strong Sylow Theorem for the prime p.

Proor — According to Theorem 3.5 we can assume that G is count-
able, and according to Theorem 3.4 it suffices to show that G satisfies
the Sylow Theorem for the prime p. However, this is now immediate
since by assumption G has a singular Sylow p-subgroup S. Let T
be any Sylow p-subgroup of G. If § and T are not conjugate, then
by Theorem 3.6 neither is singular. With this contradiction S and T
are conjugate and the result follows. O

Since the above result is very significant, we provide an alternative
proof by proving the contrapositive.
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Proor — Suppose G does not satisty the Sylow Theorem for the
prime p. Then, according to Theorem 3.1, Theorem 3.2 b), and Theo-
rem 3.2 a), there are 20 infinite ascending chains

Xil < Xiﬁ-l < e & Xiliz“i“ o

of finite p-subgroups of G with the properties from Theorem 3.2 a).
Let
Uy = Xijip i, [ €011 €K<} (neN}

and

U= [J Un = Xijiyoin ik €00, 1}, T< k<N EN).
neN

Then U is a (countable) subgroup of G and {U,, | n € IN} is a nested
local system for U. We show that U does not contain any singular Sy-
low p-subgroup. Let F* be a finite p-subgroup of U. There exists
an m =m(F*) € N with F* < U,,. By definition of U, there are
indices j*|,‘j2,. . .,}'m,...,k1,k2,...,km,...,h,lz,...,lm with

*
F™ € X 500 dmr Kt ko i ks w00 Ky Lo il

Then

P] :_ {Xj]jz"'jrnﬂ’xkilil"'krn{]?"‘IX-L-I 1-2-'1.1'”[,{)}
and

P2 = (Xj is.im 1 Xkykaoodem 17 e o X1y Lo L 1)

are finite p-subgroups of U with F* < Py NPy such that (P1,P2) is
not a p-group. We now choose Q10, Q2,0 € SylpUm with Py < Q¢
and P; < leﬂ" If

QiosQ11,£...5Q1n and Q2o Q21 <...€Q21

are already p-subgroups of Uwith Q; ;,Q2; € Sylp U1 (0 <1< ),
let Q1n+1,Q2ny1 € SylpUmgnyr such that Q1 < Qinp
and Q2,n € Q2n41 (M € Np). Let

Qir= | Qin and Qis= |J) Qin

T'LEN.;} i EN‘}

Then Q1 and Q3 are both p-subgroups of U with F* < Q7 M Q32 such
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that (Qq,Q2) is not a p-group. Per construction, Q and Q; reduce
into the nested local system {U ;4 | n € Ny} for U. By Lemma 2.1,
the groups Q; and Q, are two good Sylow p-subgroups of U con-
taining F*, that is, F* is not a p-uniqueness subgroup of U. Thus U
does not contain any p-uniqueness subgroup. 0

Third, we supplement Theorem 3.7 with an example of a count-
able locally finite group H without the (strong) Sylow Theorem for
the prime p but with a (countable) subgroup U without singular Sy-
low p-subgroups. Let H:=DGM) be the group from p. 21, V:=GMN)
and F be a finite subgroup of the good Sylow p-subgroup P° of V
from p. 21. We show that F cannot be a p-uniqueness subgroup of V.
Since F is finite, there is an m = m(F) € N with F £ U,,. Because
of |SylpG| 2 2 there is a Q1 €SylpGmy1 with Qg # Pt
Then

Q'ﬂ — (P1 X P2 X uuo® Py X Qa1 me,,zx...)r']G[N]

contains the group F and we have Q° # P®. So V has the distin-
guished good Sylow p-subgroup P which is not singular (notice
that by Theorem 3.1 there must be such a Sylow subgroup since V
does not satisty the Sylow p-Theorem). By the second part of the
proof of Theorem 3.7, there is a (countable) subgroup U of V which
does not contain any singular Sylow p-subgroup.

Fourth, let G = $!N! be the countable locally finite group of finitary
permutations on a countably infinite set (that is, which move only
finitely many elements), p a prime, and {n; | i € IN} a sequence in [N
withny +2p < n;y+1 (1 € N). Then £:={8™ |i € N} is a nested lo-
cal system for G. By Lemma 2.2 b) there exists an § € Syl;,G which is
good w.r.t. £. We know that [Syl,$?P| = 2p—2 > 2. Let Ty, T, €Syl,, §2P
with T; # T5. Let i € IN. Then

: 2 Ty -
S™ £ 8™ x §°P £ ST,

We put F; :=S™ x T, if § NS%P =Ty, and F; := S™ x Ty otherwise.
Then we have SNF; € SylpFiand 8™ < F; < S™+1. Hence {F; | i € N}
is a (nested) local system for G containing no local subsystem of
into which S reduces. Thus S is a good Sylow p-subgroup of G which
is not very good.

Fifth, the good Sylow p-subgroup P® of V := G} provides an
example of a Sylow p-subgroup which is very good but not singular.

S Mazhe & Comp Appdi, 2025 Folume 4(3): 45-71



Citation: Felix F Flemisch {2025) The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups - Dve Luxe Edition. Journal of Mathematical & Computer
Applications. SRC/IMCA-239. DO doiorg/ 10.47363TMCA2025(4) 206

32 EF. Flemisch

Let Z* be a local system for V; by Lemma 2.2 a) there exists a nested
local subsystem Iy = {V,, | n € N} of £ and by Lemma 2.2 b) there is
a Sylow p-subgroup Q of V which is good w.r.t I;. Since P is good
w.r.t. L ={l; | 1 € N}, it will contain a conjugate of every finite p-sub-
group P of V: there is a Z-group U = U(P) withP < U; letR € Sﬁy
with P < R; by Sylow Theorem thereisay € U with R¥ =P
hence P”h| < PY. Therefore

(QNVp)* < Vi PO

for some x, € V (n € N). Thus Vi NPC is a Sylow p-subgroup of V,,
and therefore [P° NV, | = |Q N V. It follows that P® N V;, has the size
of a Sylow p-subgroup of V,, (n € N), and consequently P° reduces
into the subsystem I, of the given local system Z*,

The following core result may be very well-known but we can
present a novel and shorter proof.

Theorem 3.8 (see [4]) Let G be a locally finite group and let p be a prime.
To any finite p-subgroup P of G shall pertain two finite p-subgroups Py
and Py of G with P < Py NPy such that {Py,P3) is not a p é;mup Then
there will exist a countable subgroup H of G with |Syl,H| =

ProoF — We construct recursively an infinite ascending chain
Foa <o R

of finite subgroups of G and for every n € INg a set L,, of p-subgroups
of F such that for every n € Ny we have: (i) |Z,| = 2™; (i) ev-
ery two Lp-groups do not generate a p-group; (iii) for n = 1 ev-
ery L, _j-group lies in at least two L, -groups.

Let Fp := (1) and Ly :={{1}}. Let n € N and suppose

Fadi Bl By ande 5 EZW)

have already been constructed. We let L,, be the set of all finite p-sub-
groups Py, P2 of G such that {(Py,P2) is not a p-group and there ex-
ists exactly one L,,_q-group P with P £ Py N P,. From the proper-
tes (i)—(iii) of L, _; and from the prerequisite on G then follow (i)—(iii)
for L. Let Fi, be the span of all L;,-groups. Hereafter F, is a finite
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subgroup of G with F,,_1 < Fj,. Let
H:= U F'i.*
1elNg

Then H is a countable subgroup of G. Let M be the set of all p-sub-
groups of G which are an ascending union of a chain

S S B8 D

of finite p-subgroups 5; € L; (i € INg). According to (i) and (iii) we
have M| = 20 and according to (ii) any two M-groups cannot gen-
erate a p-group. H contains every M-group, so from the properties
of M (and the countability of H) it follows that |Syl,H| = 2%0. We
have constructed an infinitely high (N) tree of finite p-subgroups
of G which branches properly at each location with proper inclusions
and in which any two immediate successors of an arbitrary point do
not generate a p-group. This tree has 2% many infinite branches. [

We are ready to state and prove our Charakterisierungssatz.

Theorem 3.9 (see [4]) Let G be a locally finite group and let p be a prime.
The following properties are equivalent:

1) G satisfies the strong Sylow Theorem for the prime p.
2) In every subgroup U of G every Sylow p-subgroup of U is singular.

3) Every countable subgroup H of G contains a p-uniqueness subgroup
of H.

4) Every countable subgroup H of G contains a singular Sylow p-sub-
group of H.

5) Every countable subgroup of G satisfies the Sylow Theorem for the
prime p.

6) If H is a countable subgroup of G, then |Syl, H| < 2%o,

PROOF — 2) = 3) and 3) = 4) are clear. 4) = 5) is valid by Theo-
rem 3.7, 5) = 6) is valid by Theorem 3.4, and 6) =- 1) is valid by The-
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orem 3.3. [t remains to show 1) =- 2)." Assume 1) holds and let U < G.
Then U satisfies the strong Sylow Theorem for the prime p. By The-
orems 3.5 and 3.4 we have that |Syl, H| < 2%¢ for any countable sub-
group H of U. By Theorem 3.8 there is a finite p-subgroup P of U
such that for all finite p-subgroups Py and P; of U with P < Py NP;
the group (Py, P2} is a p-group. By Proposition 2.3 it follows that P is
a p-uniqueness subgroup of U. Let § € Syl,U with P < S. Moreover,
let T & Syl,U and x = x(T) € U with $ = T<'. Then P* is a P-uni-
queness subgroup of U with P* < T, and hence T is singular by
means of P*. O

It would have been easier to show that Theorem 3.9 1) implies that
every Sylow p-subgroup S of an arbitrary subgroup U of G is very
good. In fact, let £ be a local system for UL. By Lemma 2.2 a) there
exists a nested local system 17 of L, and by Lemma 2.2 b) there is
a T € Syl U which reduces into ;. Since G satisfies the strong Sy-
low Theorem for the prime p, we find an x € U such that § = T*,
Let L7 :={Y|Y € Z;, x € Y}. Then X, is a local subsystem of L into
which S reduces: for SNY=T*"NY=(TNY)* e Sylp‘i’ whenY € 5.

Having proved our Charakterisierungssatz, we are now ready to
prove the announced main theorem characterising the locally finite
groups which satisfy the strong Sylow p-Theorem.

Theorem 3.10 Let G be a locally finite group and let p be a prime. The
following properties are equivalent:

1) G satisfies the strong Sylow Theorem for the prime p.

2) Ewvery subgroup S of G contains a finite p-subgroup which is singular

in S,
ProoF — The result follows from a combination of Proposition 2.3
and Theorem 3.9. O

* In Theorem 1.5 of [10] (If the locally finite group G satisfies the strong Sylow Theorem for
the prime p there exists a finite p-subgroup P which 15 singular in G), Kegel ingeniously
constructs, by contradiction, an infinite (¥g) tower of countable subgroups of G,
such that none of the finite p-subgroups of a member can be singular in the upper
next, whose union has 2¥° maximal p-subgroups and therefore contradicts Theo-
rem 3.4.
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4 Novel concepts for Sylow theory
in (locally) finite groups

We end this paper with some further thoughts, a result, and some
questions that could be quite useful for future researchers into Sylow
theory in (locally) finite groups. The status quo of Sylow theory in
locally finite groups has been beautifully summarised in [3] and [10];
here, a special place is occupied by the contributions of Brian Hartley
(see [6],[7],[8]), who also contributed prodigiously to simple locally fi-
nite groups (see [9]). Concerning [g], which appeared posthumously,
we notice that it does not cite [10] (not even in its list of 56 references).
This is regrettable since Hartley states in his 1990 Mathematical Re-
view of [10] the following: “If the simple locally finite group G sat-
isfies the strong Sylow Theorem for the (even one) prime p, then G
is linear. This depends on the classification of finite simple groups
and an assertion about singular p-subgroups of classical groups. An-
other proof of this result has since been given by the reviewer (not
yet published).” However, due to the tragic death of Brian Hartley
on October 8, 1994, aged 55, this certainly very interesting proof was
never prepared for publication. With someone of Hartley's stature,
there is no question that his word is good enough and that in any
case he supplied a new proof with probably quite a number of new
insights. It might therefore be worthwhile and even most desirable
to inspect Hartley's estate.

In every locally finite group G, for all subgroups U of G, the
set UniquepU of finite p-subgroups which are p-uniqueness sub-
groups of U is non-empty if G satisfies the strong Sylow Theorem
for the prime p, that is, if G belongs to the class Syl-p of locally fi-
nite groups satisfying the strong Sylow Theorem for the prime p,
and should this set be non-empty for a countable U then all the
good Sylow p-subgroups of U are conjugate. Let U be finite. Then
we have already Unique, U # @ because we have Syl, U < Uniquep U.
The Sylow p-subgroups of U are of course the maximal members
of Uniquep U, with respect to inclusion and order. It is a very very
considerable challenge to try to determine the minimal members
of Unique, U, with respect to either inclusion or order, in case that U
and Syl, U are sufficiently “known”, in particular if U is a “known” fi-
nite simple group or a p-soluble group. Note that whenever P<Q <R
are p-subgroups of U where Q is a minimal p-uniqueness subgroup,
or will be minimal singular in U, then P is contained in at least two,
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in fact in at least p + 1, Sylow p-subgroups of U and R will be an-
other p-uniqueness subgroup of U. The author is much hoping that
some progress be made to this challenge in the future. For example,
the question of whether (resp. when) the minimal p-uniqueness sub-
groups are conjugate, quite similar to the maximal ones, is surely of
some interest, or, whether minimal w.r.t. inclusion implies minimal
w.r.t. order, the converse being clearly obvious. We would then also
come to better know the p-uniqueness subgroups of locally finite
groups, in particular the simple and the locally p-soluble ones, and,
many thanks to Kegel’s Theorem 4.4, of locally finite groups in gen-
eral belonging to the lovely class Syl-p. A good starting point would
be to study minimal p-uniqueness subgroups of the finite symmetric
and alternating groups where a Sylow 2-subgroup of an alternating
group is a next to maximal 2-uniqueness subgroup of the symmetric
overgroup so that we have to study only the symmetric groups and
to show at least that their ranks are “somehow” bounded in terms
of a p-uniqueness subgroup and in ideal circumstances to determine
all the minimal ones (see what follows).

Let G be a locally finite group, S € Syl,G and F < G. We call F
minimal p-unique w.r.t. S, if F is a minimal p-uniqueness subgroup
of G w.r.t. order such that F < §, that is, F is p-unique with F < §
and each (finite) subgroup P of S with |P| < |F| lies in at least two Sy-
low p-subgroups of G. If there exists an S € Syl,G, such that F is,
w.r.t. §, minimal p-unique, then F is called minimal p-unigue (in G).
Obviously, G is p-closed if and only if {1} is minimal p-unique (in G).

Theorem 4.1 (see [4]) Let G be a locally finite group satisfying the
strong Sylow Theorem for the prime p.

a) Each Sylow p-subgroup of G contains at least one minimal p-unique
subgroup of G.

b) Each two minimal p-unique subgroups of G have the same order.

Proor — a) Let S € Syl G and let U(G, S) be the set of all p-uni-
queness subgroups F of G such that F < S. According to Theorem 3.9
we have U(G,S) # 0 and of course each U(G, S)-group has finite
order. Thus U(G, §) contains (w.r.t. 5) a minimal p-unique subgroup
due to the well ordering of IN.

b) Let Fy and F; be two minimal p-unique subgroups of G. For
symmetry reasons it suffices to show [F1| < [F2|. Let Sq, S2 € Syl,G
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with F1 € §; and F; < S;. Since G € Syl-p there is an x € G such
that S = §3. Then F3 is a p-uniqueness subgroup of G with FJ < §5.
Thus [F4| < [F3| = [F2| since Fy is minimal p-unique w.r.t. S1. O

Let G be a locally finite group satisfying the strong Sylow p-The-
orem and let S € Syl,G. According to Theorem 4.1 a) S contains
(w.r.t. §) a minimal p-unique subgroup F. We define ap = ap(G) € Ny
by [F| =: p“r, that is, we let a be the composition length of F. Accord-
ing to Theorem 4.1 b) this definition is independent of the special
choice of the Sylow p-subgroup 5 of G. Whereby consequently ayp
is a (numeric) Sylow p-invariant of G. We call a, the p-uniqueness
of G. This Sylow p-invariant enqueues into the list — even is in the
vanguard — of other Sylow p-invariants which play a major role in
(locally) finite group theory, e.g. the order p°r of a Sylow p-subgroup,
its nilpotency class ¢y, its solubility length dp, its exponent p®»,
the composition length i, — 1 of a proper maximal (w.r.t. order) Sy-
low p-intersection and further. The real peculiarity of a; is that it is
not determined by a Sylow p-subgroup as abstract p-group alone but
depends on its embedding into the whole group and the respective
relationships to the other Sylow p-subgroups. Then (w.r.t. inclusion
or order maximal) intersections of two or several Sylow p-subgroups
are of interest and deserve further study. For example, two core ques-
tions for Sylow theory in (locally) finite groups are how the p-length
of a finite p-soluble group and the rank of a (known) finite simple
group are bounded in terms of a p-uniqueness subgroup.
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Long live Group Theory and in particular Sylow Theory of Locally Finite Groups!
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Dédicacé a Hélga,
qui était si précieuse & mes cités,
avec tout mon amour et toute ma grande gratitude

Ml vl Ledge vt sle Ldededd, wie dog Auge hold
sie Bffnet — el U’y Frevmde ? Sidt U s ndehd 7
Irmer Lichder wie sie Lewchtet, Stern—wmstrabhdet
Ioth sich hebt? Seit Uhe'y nichi? Wie das Herz
U surtig sehandilli, vl weds hebu i Bugen

Uhy geidlf? Wie den Lippesn, wonaig mild,

siiBer Afeaw sanft entwehi: — Frevnde! Seit

Fiidudd vl sednd U seomdehd? o e s — heiicduste Lot

Richard Wagner: Tristan und Isolde; & ‘ t
Dinitter Aufzug, Dritter Aufiritt, “Liebestod™ :

Helga B. M. Flemisch, geb. Daubenmerkl, StD°in (F.E. DaZ)1iR. ©

Aimer un étre, ¢’est accepter de vieillir avec lui.

Albert Camus

Mais le pire de tout, ¢’est que le peintre n’a jamais terminé.
Il n°y & jamais un moment ol tu peux dire:

iai bien travaillé et demain ¢’est dimanche.

Dés gue tu t"arrétes, ¢ est que tu recommences.

Tu peux laisser une toile de coté

en disant gue tu n’y touches plus.

Mais tu ne peux jamais mettre le mot FIN.

Pablo Picasso

Les dieux avaient condamné Sisyphe a rouler sans cesse un rocher
jusqu’au sommet d’une montagne d’ol la pierre retombait par

son propre poids. ... |l faut imaginer Sisyphe heurewx.
Albert Camus

Mia zwoa g’hérn z’samm.

La Jote de vivre dans notre vie commune: nous deux sommes faits I'un pour Pautre.

‘ ,...-9
L’amour immortel, éternel et infini de I"auteur pour %@ﬂ et les mathématigues
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Talk by Dipl.-Math. Felix F. Flemisch, M.Se¢., Bace.Math.
at Ischia Group Theory 2024 (IGT 2024)

Introduction to the Talk by Felix F. Flemisch at IGT 2024 on April 11, the 120 birthday of Philip Hall

This Talke af asly three minosm s fArs whoduled oo e plare modee firn seion o 10T 2000 by dhatmman Praf. Dieter Kilisk on Tusadey fioen 8700w 1119
It should mono way detmact from hin thorough Talle sboit Prof. Kegel (5 20-9 25) and fom the Talles b Mabenyt Korocosgba (& 2510 16 [nhe hovoed Pof Kegel
bellantly = | thank hishenut far the ezotBent work), by Lonse Chaslote Eappe (10, 10-00 300 and by Eles Suesrs eogp, Vigh 2. Theowvams 110.20.11 153 The “Lecturs”

therefine shrldiak s pleer gt ey ey ol of The wramn pid befne B colfere beesll (11 1507 18] the by s relesg e e o e boel ':'-_','

Howem, o e ol s schshde o cnosled wid | wus keully g e e et fom 1800 w0 13300 on e o the ssom by dasnen Aleais Kove,
smac e Domitry Malindn waed cane 14 o cosfecase ol Matalis el o mened to Wedinwlny | preved Bt i letrodhatom wad then $w 12 dde ol og MEILR

My mame i3 Felix Flemisch. 1 come from Munich in Bavana m Genmany, In the 1970ties and 1930tes [ was 2
considerably busy wnd faithiul stude of Prol. Otio H. Kegel ™ in such besutiful Fretburg ¢ Br. i Geomany, In 2021
I hackily camea again in comtact with my adored teacher and met him in person and in good shape during June and Tuly
of 2022 in Freiborg, | present ot [GT 2024 a2 POSTER about a new paper on Sviow theory In simple locally finite
groups which s based on the famons Kegel covers and a beautiful paper of mine about munding off the general
Sxlow theory in locally finite groups, fendly published by AGTA, under the ngid supervision of esteansd Prof
Francesco de Giovanni 7. Pref. Kegel gave me kindly the hint to submit the paper to AGTA whose review process
improved the paper substantially so that it now can be the sound basis for further work on the subject,

Roth papers have a mther strong relationship to Prof. Kegel's work on Sylow theory. each one proving a conjecture
of bim and centred wound the gay concept of o p-unlqueness subgroup whick is a finite p-subgroup bemg friendly
containéd in a unique Sviow p-mbgronp. The POSTER shows the twelve slides of my talk as a PowerPoint precentation
which melude as well tough suggestions 1o stomulale and encosrage future wsearch . I much hope to enthuse grosp
theorists with them and | am ready to support and cofirdinate related rescarch work, This is my main interest why | present
the POSTER. However, | am sadly aware that locally fmste groups, and their Svlow theory m particular, seem not {yet)
ta be current topics of group theary rescarch except some special questions prescnted an Tuesday. A limited namber of
nicely printed copies of the paper’s abstract, its POSTER in DTN A3, and its preprint are available. T will deposit
them tomorrow moming tn SALA CARTAROMANA, An underlying research paper to this Talk will be published.

0 LA Journal of Mathematical & Computer Applications (ssN: 2754-6705

The Mathematical Institate in Freiburg im Breisgau

-

N
L)

.II - .Ih
ail W ol

The Mathemameal lnsmmute ar Albert-Ladwigs-University in Freiburg im Breisgau i Gemany

where from 1975 until 1999 Prof. Kogel acoupied his chair, gave beastifal lectuses and seminars,

wvated revenrchers over researchers, and hosed students m the moEnEng ﬂulﬂlﬂl & Cupy ol collee
{or two) thereby deoing carcful mupervision weork ind muggering fascinating research 1opics
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Slide 3

The Strong Sylow Theorem for the Prime p
in Simple Locally Finite Groups
DiPL-MATH. FELIX F. FLEMISCH, M.5C. BACTAMATH,
Dedicated ta Prof. Omo H. Kegel anthe oveasfon of his g0 birthday
Ischia Group Theory 2024 from April 8 to April 13
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In this paper we prove Kegel's conjecture fur A" and for A - PEL,.
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e pe el | for ke o | (oew Page £ of the underlying revsarch
prlnmimuLFhuhmme-mphtf-mhumﬂ* I!LI_ nifmh-ﬂ] We deduce: from this basic fact the ceritsal
ohservation thut {5 & Sy, 57| 5 Piovenant )= S080 P12 |90, 5% 2m-22k+1 by wmirng b natihual oo ddeas (wew Puge 61 O

We slorteh the proal far A © PSEL,. We spphs & thiee stage approach whil# fiest proving the thearem far the Grarral Linras Gronps aved
{rammmutarer | ocally fnire Seldy (Theorem 2), then for the Speelal Linear Groaps over Incally finise fields (Theonem 3 ) and Anally for
the Projective Special Linear (PSL) Groups over lecally £nlte Selds (Theoremd), theteby using GlinFi-SLinFieF* and
PSLin Fi=Slin F) [ Z{5Lin F1) . This spproach can be presented with a beautiful Sagram:

SZ(V)— Z(V) & F* R ey

SL{V)E +CL{Y) —=
Thaseris b Thwisinms 2

PSL{V)—— PGLIV) —— r'ﬂ?‘-:ﬂ
e | Mhrveywm |
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Slide 5

The gt work is required for the {wnemal Linear Groaps warh run difierent and both heanriin] new ddeas for rhametessne o poand

vharatenctis p In charastenuie ¢ powe uwe that, o for a finite pegroap P operatog on a nte-dimemionl vecior spase 17 over 2 loodly

finite Beld and & direct decsapoition of Vit ineducible Podanodule, e are kb oaey of the Pesboedules Posuemeeplioc . then st sast

1-5}1'555 ﬁ-h?-—:ﬁm of GLIV) are Pimvansat I'.lﬂprq:-nﬂtinn Tal Iu:hrﬂduﬂsﬁtp we use thar B & b5 the dimensdon of the

Poubnssdile CplP) e (v @ Vet a v o ol o @ P) of & son-trwvial modular Passdule V| tlen sgeio thees s ap leasi Iﬁﬁg_ﬁ‘:; [

Primvarant 5 heow psubgmaps of GLO) (see Proposition 7hil We then ague thet from Propusition 7 follows that 85(p=21«[PF-1

for a pruniqueneis mubgeoup P of Glin F) {see Lemuma 3 on Page 11)]

For the traswition fom Glin Fiw SLin F ) e are using that o puniquencss sabgroup of B (n F) bs & pruniguencss subgroup of GLin F) as
well. Feen SLin, F oo FSLIR F we voe thes Fe 3= [HE {n, Filf BisLin Fil ina pumgquenrs subpeop af FRLin, F!Iu‘hrnqill
prunguenei subgroup of SLin F) and comcemsely . logethes wath Propesition 4 asd Propesi tios §.

Let G e & couniably ifaste boally fnte smple group, Then tere will st o mested bocal systeim (B | o €N fon G of fnste subgroups
ruch that for sech n ¢ N tha group Ry perfecs and them exirt o macimal nommal mebgrowp Me. of Ra ratifying Mo N Ry - = 1ie, whenee
B § Mo, fs simple and 8, 5 #o, /M., ; sach & nesed local sysoem is called Kegel cover for G We call G o be of ype = € 7, if iz hasa
Kegel comer Do [ R M0 b €5 ) sl that infinitely masey Ry. [ My 's belong 0 2 (whemdne we san replace I by thear infinitely mamy
Rios) and all G to be of alfternating type i1t is of nype A% and to be of projective spedial linesr type if & & of pe 4= PEL..

Theovem | (see [14]) Ler ¢ N and der p be o prirse such ther p = o, Ler P be o finite p-groap acting on &% Lec goliP[) be the rumber
of eanfugacy cissnen of subcroup of P and ler b be the nirmber of P imvanant Syplew poacharouns of 8% Then g (P € 201
a) I ssurm o subgroups qﬁ"m corgugaie and b o= logs| P (ee thes [P = 5*), them
gellP s pl =200 e 30h =200 & - N - (B =207 = b= 2W 2 80, ipr -1} - 25,
bilemikepel. Thennsme P o gllP)- 1. [Fk =1 . chan nsGi|F) - (pe o | Fedfi g

A perindic hnear groap O 6 lboadly Arte and satlsfies the serang Sylow Theaeem e very prime p, and benee g (G ) s defired ore Mide T
helowwl We fme preee Conjecture 1 (see Side 7) reparding the General Linear fireaps ocer oy fniee fields

@MY, Journal of Mathematical & Computer Applications issx: 7544705

Slide 6

Theorem 2 Letno N oo let p by oprome. Lex F be 2 facely fnite fcommmsiarneg feld
&) o Bar cheractaristic poaoid ap = ag (Gl (o, 1) thmn X (pe2 ) o p® -0
b} I % has chavacieridle s 5 o se = s GLIR Fli hean < (pa I jap'¥ 1

We then break dovn Theerem I w the Special Linear Lroups over lomlly Gndve Selds:

Theoremd Letnc N oudlee p be 2 proma. Lax F be @ localy fnie Seovemdative fleld
) [ Fhat choractenatc pand ap = e (5L, F1) thavn & (p= 2o p¥- |
b} | Fho cheruciiriic e oy = A, (S0 0 F)) temn < p e 2T pep’ |

We parermiee with beeaking down Theneem Y s the Prajeetive Spedal Linear (PAL) Lrospo over [amlly free fickdo

Theoremd LitnC N oudlet p by xprome. Loe F be afocaly foite Meld oo P b 3 mimimal p-omiges b group of PELIR, ) 30 thar [P = g%,
a) Y ¥ chargetertite pand ay = ap(FSLIn ) than S G [Pl = {p+ 2 F‘p-; 1.
b} i Fhoo characieriutic o poaonfag = ag(FSLIn Tl thrn < GF = ips Tiep™

Ler & e an imfnite simple group G has a ol sysem ronsisting of rountbdy infinite smple sohgranps (see [45] (0H Kroro: “Remarhs on

wnevunishle unple proge”, I Procssduygs of lechis Group Tieory 2006 Ing { Group Thevry 7 [March)/ use/ Sepaeobes 20150 Let each of
Phenc Y Kiaally: Vot o sl vaa By typre ox of peefcoting apecial Bioces Sype: Thon Theoeein 1 and Theoers d weily ther Sl
imtrpuing e quenees of the smng wlve Thearem for the Prime o

Theorem § Lav G Bea pimgpie localy finte growy of alcernating rype or of projective special linear rype
sosrifing dhe Strong Sudow Theorem B tha v o Priwd p. Toini G &8 linaze aind countabla |:|

Plannmgyg future ressarch

Oy Theorens | could be optindsed in swo ways!

1) Eszend it from type A" mep-bystep @ further types = with sn apprepdate (simlar) function . that I3, the rank (G )
ol & group G of type = is bounded by GP] ) for & prumigoenes subgoup P ol G,

2) Detpomine G the type A° and peu & peo for fuibes type = the mummal p-uniqes subgroups, tat &, the Fuakgeene
subgmups of the non-abalian simple groups of trpe A® and of type = which are minimal with respect to arder (see (1511
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Slide 7

Let G'be a looally Snite proup setisfiing the strong Sylow p-Theorem and Jet 5 € Syl; &. Then 5 contains somie fw.rt 5) minimal p-onique
wshgrap F. W drfine ay =a, (6 ) & Wy by (F] = p' that &, we lot ae e the enmpasition lengeh of F. This defimitinn s independent of the
chiioe of the Sylow psubpmup, e iza rical) Slow primmriant of & . We call o, the prumigueness of G

Conjecture | Lot T in (abelinny, A%, Ax Pilg, BuPlluss, Cn Pips, [ 0 Pl g, *A s PSUL, 'Dn P puni, B Bn. By, P G,
‘B, 'D,.oEy 'F, Gy epomadic. | Be the fomily af yper of known findte simple groups and It G be a finite simple prowp afppe = € T,
“ﬂlﬁmﬁﬂﬂl#ﬂhhﬂlﬁhm#ﬂﬂpmmﬂﬂl

Conjecture 3 Letn e N ond larp be gprime L F be a locally fivte feommemtive) flakd
&) [ F i charocseriric B aid as = el GLIn ) Memns (g 2 Jop® |,
b) I Fha shanacterittic « p vl - a:(BLin F)) thmn S (p+ 310 29 1,

We wive a boel attention to (leally] gsoluble groups isce it i the celiable joint study of the (loclly) smple and the (lually] ool
Foups which direct the Sykw theory in (lcally] Gaite groups.

Canjeemrr 1 Lot p be o primre. Lee § be a p-soduble finiee group, 3,00 ) be its plength, .ﬂ*ﬂ}hﬁ:pmw
Than A G Sag (G )= 1.

The classlral Hall Higman theory, ereated by P Hal, G Higmen, AHM. Heare, TR Berger, F. Grass and E G Bryulbhanovn, imtrodoces ior
fieute peanluble greups et posdlde) smgualstios betnes e o-lesgth 3, ansd e onder p' ofa Sylow pobyioup, 23 adpotemy das e,
its solubility lensrth d. i exponere ™, or the mnk 5y of 5 macimal elementany sbefan subgrouw. Cur tue simis bo exiend the: Hall-Higman

thewry to the beautiful puniquenss p% of & Skow paubpmup, & tuly Hesobean L2 51-. hiY - -r.nd.nlwu.l . The
challengs b 1o prove Conjecture ). It B axpected thar the caama p2 5,5 land p ‘Mhmhismmtknndmu landp. 1
will require special methods as almady indiaved by the available frcratare.

Sliude 8

Onr proots of Conjecture 1 for the types 4%snd A = PSLy, thet is. 1o cerve ot the optimisingway 1), are charscerised by the fact that ue
need nat ar all knowe their Sylow p-subgroups. There is o doubt tiat we cansctend thass prooss straighoiorwsrdi o the further fve cdussicd
groups B Plisiin, © = PSpn, D = Plrems, *A - PR wand 2D » P( wes by considering the respeciive bilinear form defming these groups of
lie type. resp the vector spaces they s upon &3 bometries, and their resulting Sviow p-subgroups (wiskour Inouieg them). They con well be
considered proved which we shall confirm in the follow-up paper “The Strang Siow Theote:m S1 the Prime p io the Locally Finite Classical
Growps” considering the locally finite dassical groups which are the linear; sympledic unisory and orthogonal groups over lolly finke fislde
The linear proups me doslt with in this papes and e otlers ae wibsgyoups of e linss goups which are defined threugh s non-unguls
balirmeaer form (or scalar modiac) being either shescsymmetric for aernaie) or Heemitan or ammetric (defining o quadsatic form) as de
greup of bemetries of e form. Thuy wete miely mirodsmd to us in the dessicu] books [1] and [ 58] and we futler stodied ks 18], [34] and
(4] We do oot refer fo The gromge of L tyjpe resp, the Chealley grouge and e tezted Chevalley groupes: defined thaenggh a Mhvokan dagiam
o morphivm followed by a fleld sutomorphism, which correspond 1o the clessleal prowps (see [24], pp. 181-053) nnd whose fire introductory
referenies are the “Lecture Noteson Chevaller Groups” by Robert Stelnbery (1587 and 2016} sogether with the beok “Simple Groups of Lie
typt” by Roger W. Carter (1972 and 1988, Therefore we study POl sscn, PSgn, PI mes, P75 a0d PLL wwen and nat B G, D, A and 1D,
Conseguantly the proofs for the further fhe types of Classienl Groups can and will be based sucosssfully on cur very beautiful
Thetrem ! ot the General Linear Groops We are preparing o publidh onrfiret follovw-up papsr in 20245

Char el followe g paper “The St Show Thearm for the Prae poin Lovally Fimite ad g Sokible Gagn” rorses. (lacaBy § fnise
and p-sokible groups. It rummarses the work by B, Hardey and A. Ras regacding 3 and p'* isee Page 37 of 115] snd the References of |44])
anad rhe faeeprmy wirk an Hall Hgras duurmm\diﬂg]_,and,". g g g amd wp by P, Hall, G Hipman, AH M. Hoare, T Bererr
F. Grom. E.G. Bryukbanova and las but not lears by A Turell as ndicated on Page § and Page # (2 then proves Conjectum 3 (e the
Slide 7 abeve ) not cnly in English bu: partly in Parmguess for katorizal ressons

Char beautiiul thind fullew-up paper “Augston-lous Cauciy's and Dansee Gakes' Contributons o Sylew Theory in Dnite Growges” pap
sincare tribute to Angustin-Louis Cauchy's and Evariste Galois' pionsering contibutions t6 Slow theor in finite proupe by woddng o
thaein yoew premptams. 1 praove oo sl sy Legiange's tleeoarem sl Coschy's comrealed seannal sl 'IH-HI grmaps e imems iy
waphoring thewe beautiful rectangles/Leblsaws. We chow the seasmd rectasnghe and the tand table W e ; i
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For an outline of this very beauthfal paper see Page 13 and Page 14 of the underying feseiich paper and Slide 11,
om a

mwmmm:pmmmmmnmny
wiha have but a single wing and we can only fly if we cling to one another. [English|
WMM mit mur einem Fligel, um fllegen 2u kinnen missen wir uns umarmen, [German|
Nous sommes des anges 3 une seube alle, nows ne pouvons voler qu'en restant enlacds, [French|
Somws dngeles con una dnica ala y salo podemes volar abrazados, [Spanish|
Wi Somos anjos Com Epenas wna asa ¢ 50 podemens vour quando nos abragamos, |Portuguese)

. uil &

Luctana De Crescenin
% 18 August 1928 in Naples until 3 18 July 2019 in Rome)
Cosi parlé Bellavista, Napoll, amore e liberta,
XX Piedigrodta, 1977 @ settembre 2009

Slide 10

A MATHEMATICIAN, like a painter or a peet, is 2 maker of patterns. 1f his pattemns are mare permanent than theirs. iris
bocause they are made with ideas, .. The mathematician’s patterns, like the painter’s or the poet's,
must be bewutiful; the ideas, like the colours oe the words, must fit together in a harmonious way,

Beauty is the first test; there ks no permanent place in the world for ugly mathematics,
Gindirey Harold Hardy. A Mathematician®s Apology. § 10, July 18, 1940

T research paper has the following wventeen beauriful numm Sheteh of piisd for A Sketeh of prood for A = P51
1 Introduction: 2 Prool of Theorem 1 3 Abour Kegel covers: 4 Planining future research - Fart 1: £ Proof of Theorem 2
& Proaf of Theorem 3 7 Proof of Theorem 4: K Plonning future research - Part 2.

9 The First Trilagy and The Second and their reviews. Acknowledgements,

Postscript, Luciano De Creszenzo, Felix F. Flemisch, of Interest, Pablo Ploasso’s L ol de vivre
mmmmmmmmmmammwummwhm

75 Referencow Appendix 1 - Reference | 18] with Mt Riviow and 751 Review:
Appendix 2 - Talk at 1GT 3024 on Thursday, April 11, the 120* birthday of Prof. Philip Hall

Dipl.-Marh. Felix ¥, Flemisch, M Sc.. Bace.Math.
Mitrerweg de

E2211 Herrsching a. Ammeree

Bavaria {Germany)

E-Mail: felix. lemischghoimail com S W
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Slide 11

W are planfing to revese thoroughly Sylew theory slanmg with & really new proof for Cauchy s Knewn as fundamental theonem in group theory
{looh at e /i en wikpedia crpwikiiCauchy Wl Te_ihedvem mz:u mfdm beawtiful deas by Galois In the forthcoming (thed) foliow-
i rasaarch Pl ¢ “Bupetien< oaind Cauchy s and fun.ni G & 8o Syloow Thaory in Fmts Geouges bayond our First Tllng" ok
al the Postscripl on Page 1) we bes! desonlse amd en proveade pies Dol clivisscal and mthes windsed grooks ior She hundasnental Pheorems by
Loggramgis ancl by Cauchy on bl geosge of - 1 ous misded ogeson - conmdenible hisoncal islewancs

W can descrbe in detail consequences of the absence of slements of & onder g, in spdeof their avalabil overgroups, ihereb
providing & mich wnified and alvo herstofore undivcoversd approach Lo the lhmm af 1.II n:: and of Cauchy l.:d thieif implic ations I‘J
prgroups. Sace e approach uaes only ideas from & wery ﬂll-tmn pager by Auvguatin-Louls Cauchy presented first m 1512 and then

pubdshed n 19135, this bears considerable Bstonc relevance. While it & widely acknowledged that Cauchy had fis Fundamental group
Thacearn not until 19459840 and had thede based & on double cosnts of the fnke peerutsion group asd soms Sylow p-subgeoup of il symmatic
i p, g Enald hantafodh well sigus thal he had presented bes thacem in 2 by concaaled way dlraady & good thely yeam asebar
E Galois keaw Eoth Caschy s paper of 1815 and - based on his own rather perceptive considenations = Cauchy's group thearem and evan
already Sylow's enstence theotem Cauchy s and Gakois' deas are particulady ucsd n the ambeyonic case of permetaion groups of prms degres
P e 5) whes Sylow postsroumes of the sysmeine overgrup owimrsk st 1§ G g H mth H bing fimite, then the amified ssthod of grood
comnadn in arpnipng Ihe alements ol H =8 rectangle will |G columes and (WG] rows msp B (oghl) oosets o G H @ e ecleagle sith poegs
wilh M onlamms aned [ G poesp (WG] M) o Bo ablam inlomedon shoul |H G (soe the Sees mclanglos b

Cauchy's theorsm of 1012/1815 is a diecs consequence of [H. <x>] 2 |1 & « i an slemur of | of prima order 2 with x € G which we call 2
p-blank of G In H. \We find ths Lagrange's theorem and Cauchy's theomm. are just ke tao 5ides of 8 coin whare “Lagrangs” represents the case
gF =1 and “Cauchy” the case g' = p thereby offeing IHHMIWh‘bbﬂhﬁlml Hence, “Caucky” is not onfy & panial comverse of
“Lagrangs” But il i in facta aman “swapping of plor 1 well p* =1 O p= p'

ul_|.1

Cauchy dapicts 1815 & pcyche for soma pame o as & reguler s-gon B end viudies poyches i contsdersble detal

Wa preseat Cauchy's classical proof of Lagrange's thearem and supplement & with a modem prool. Wa then pressnt Caschy's classical
pronds af s pullishad fiest thoainm_ of b concasled ascond Bhaaram and of lis concealad thicd thearsm Subdaqiently we e
cliwbsde cometn amd shose o Ty bead o 6 modern prood ol Caschy's seond snd (hed Hheesems sdal Caschy del Dsesutifulby os el bl s
urild THAS VA alter ieconundennp, snprissed by a paped of Josejih Bertand, his work of TR, Shat o aller - bolieve f or mol - 30 years

W continus with first comecting a great mmmlim‘g of Ca 'n work af 10431846 in the Iterature and then presenisg Cauchy s wark
ol 1812/1815 in the sincers seccesmon of the earker of Jo Louis de Lagrange (Gmseppe Luig Lagrangial, Alexsndre-Théophlle
Vandermonda and the psonsar Paole Rufinl, a5 mdicxted by Csuchy himsed, and ld'b.rﬂr the crscind parts of Cauchy's ﬁnmnﬁlm‘m

theory. Finally we présent what Cvarlste Galols knew already about Caschy's group theorems and aboul Sylow's
mfemng 10 his published papers and (0 hié posthumously publiched p F1 wHI Hm!"r. this requees considerable fether (hicloncal)
roneamth We wenuld o masi dehaghted Mtrﬂnl fgEoip thedsry 1esa Al wermalel hadp s vt This fechicas Bt wary seapanaefl wosk pnd ann
ready 1o coordinale all the weork we closang with faity cormmgeshanene Acknowledgements and a geally saeable lisiof

-y
Augurin.Loues Coudy ATV e G

(71 degurst 175 unss 73 My 105T) {75 Cimtnner 1221 unm 31 Mny (53}

JECIEMNTIFEIC

About the author

Faliz F. Floalach wom bom on 17 May 1951 b versdorfol Binbch i Bavane i Oeemuiry I Joss 18710 ho ecalvid i Ablur EI wimne aslijoci
Hlattematics was teught in o really pianeering spint by Ov. Helmut Bergold Aferwands fe recesred his fint-aver degree Bacodaureus der Mathemotk
(Bace Math ) i July 1504 wolhi The alas ongnlisbed very beautilul bocleko™s theais “Ubrei anlachs Puiiie affmss Vostilen” i e riosl vunecsbile
Aban-Luchegs-Uniamitn 51 such besutiid Frelbung i Deelsgan in green Daden-Wimtanbarg b Garmany under the rather thomugh supsrason of
Akoderm, Raa Dr, Harban Got, and then his degres Masmr of Sdence (M.5c) from the Faculy of Science of the highly esteemsed Unwversty of Londan,
Hofiosd CoBogn, Umnbisd Keupiors, i Buguast Y875 wdor the sagenanon of geastly siormd Prod, Pasl Mesily Cobn From Oelobor 15755 wnbil - wary
rratizhly — oaly July 1976 he was eopioyed 32 2 Gidy dilgent Tasching Asclctant with swn gradusians by the hear Mahemsische Fakubss of
Fraftmarg LBe."s Abarl-Ludwigs-Unsprsitat. Sabsaquently he quile snthuiasicaly comtnyusd by posgraduaty mathsmatical Sudies in such marvelous
andd e Froitmey iBe - wih decmi idengdons is 2 daches and o5 @ kior - o recowved b deges Diphoo Mathesative (Dipl_Math_j m
Apeil 1985 undlat $a Imprasenod supeivmon of Prol. Oto Helmut Kegel The messarch paper |15 psbiiihes 1he soat seisntal and patly wel comcted
pomons of s Ceman Diplomarselt [ 14] of Detober 1984 and & “sprmkiing” of new considerntions and resuly ag well which By 1 propose coming
directions #mtﬂhﬁ;ﬂﬁnﬁnﬂxﬂ]hﬂim The publication ® kand continess [ 15 with thearems about wimpde locally finde grups “of
typa” 30l "ol projective specil Bmesr fppo” 5nd makes ubs & Nambar of thermugh suggestions for fturd ressarch T3 Frm Cabruagy 1901
wnlil &gl 1305 the authot was enormous happdy aiflated to the stitul fur Medizinische Diometie and Statistik (M) 2 vy Fraburg im
an i cosplelerd Whisonsehaficlr Mirbsaiior Sonce Bay 1585 he sy lussd o Bande ani devolaly wesiung sih gredosd gy o the Lilecom
ey fitd a5 o Sysfom Soffwanr Dewsloper, hes a0 a Syfomes Foginesr, ared in cioang a5 2 Direcfor for #o inermationnd S sedamisation of
telecom sofware and concepts. On the vesy 11 Apell 1552 he ne blsahil hepply mamed ihe meal {sbilous and wondedul-sver waman Helgs m
Leortitul | rence m !unﬂmllg.Ihu:hvm:ﬂlmﬂmmrmdmmmmthmﬂmhnw vensable

me¢iwm1-dfﬂmmjmmnWWmmﬂm in Uippew fawnia (Folic) Thst unforgesful svant v Bl mally
for etemity: Helge snd Feliz were meant to baar forever 07, Svee Oewber 2016 the auther - retired and & 218 resp 5 sgaen much ioving b werk far
Blalbiernabiva, w patouur for lhe vy beeu Bl G Moy
Brlchiess: [t oben en (hemtiberd Afteraig 4= 8771 Hoesching & Bemmedsme Boncana, Gurmn'.l

—

ORCHD 10: 0000-0003-16128810 {_'_—
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' 1 -
These are some beautiful views of the ancient university city Freiburg i.Br. (since 1457) which

allow you Lo assess why students ke and even love it so much up to the present day, of course apart
from the challenging rscarch work having and being done there in mathematios amnd statistios.

Professor Otto H. Kegel that’s him all over

This Talk and the underiying research paper are dedicated to Prof, Otto H. Kegel on the occasion of his
90™ birthday on 20 July 2024, We therefore are closing the Talk with two beautiful photographs of him:
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Long live Group Theory and in particular Svlow Theory of Locally Finite Groups! e

-

| IR ATATA Journ
-3 UL

Am wunderschiinen Ammersee in Bayern
At the wonderfully beautiful Lake Ammersee in Bavaria

Thank you very much for your patient attention!
Are there any questions?
I would be very happy to ?try to) answer them.
But I know that there are already so many by myself ... .

Becanss of wize issues the full underlying research paper “The Strong Sylow Theorem for the Prime p in Simple Locally
Finite Groups", having 71 pages, could not have been inchaded in the Conference Proceedings of 1GT 2024, It therefore has
been published tn Volime 4 Bspe 1 of the beautifol Jonrnal of Mathematical & Compnter Applications (JMCA) isee
hirprs. doiodg L0 A TR MO A ZOI 541 ). This PowerPoind Presentation shows its Appeadix & - Talk by Felix F.
Flemsisch at IGT 2024 on Thuesday, April 119, the 120% bisthilay of Prof. Philip Hall,
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Peter Ludwig Mejdell Sylow

Quick Info

Bom

12 December 1532
Chrsranis (paw Olo), Moragy
Died

T Septermber 1918

Chrigtania (now Ozla), Moy

Sumreary
Lusvig Sviow wag 2 bigh sehool teacher who proved Wt @ pertups the most profnd. resolt i fhe
theary of fre groups,

Biography

Ludwig Svlow's pareres were Thomes Edvard van Westen Syloe | 1 782- 1875 and Mapdalers Ceclie Catheioe Bejde® | 1206- 1895). Thomes Edvard Sylow
wag & captain in the cavaly erd Rser beceme a goveenmen minigize, From 1545 o 1834 ke was Mingter and Chiaf of the Aoty Minstry. He wes bom o

Eraga, Mord-Trordelag, Morway the son of Perer Ludvk von Wesren Syioer and Elizabeds Christine Mierreyer, Mapdalers Ceeiie Cathrine Mejdell wad bom

in Sepron, Lend, Opptand, Morsmay, the danghier of Jghan Emngt Mejdell and Fredrdcks Canglne Sophie el Peter Ludwip Mejdell Sy wag the eldest of
hig parenty ten chikdeen, havmr wounger shbime Fredekke Caroloe Sophie Sylow (bom 1534, Eisabeih Amokla won Wesien Syl (bam 1535), Joban Fmei

Megdall Sylow (porn 1E37) Carl Chrgtan Wermich Sylow (bomn [838), Sverns Thomas Sylow (borm 1839, Halfidan Sylow (bomm 1B44-36), Johamme

Hesmine Sylyver (barn | 843 ). Siephanis Martiee Sylow (bom 15440, and bartin 3 soalf Sylow {boen 1548-58). Mot all of theos ten chiliren reached adulhood:

Swerne Thomes dicd as @ baby, Halian died aged stacen and Martn Fierulf died aged ten

Although Syicvw had 8 good wpbenging, karning bow 1o work on bl own being @egt the importance of doing ope's begt and working lard, revertieless n
Sorne waye A Upbongng woukl prove & dissdveriage 5 he carser The wag because be wa taught fo be modest and akbough e weg dore with the bagt off
mientons, Sl it moeant that be was Rppy o spend memy yearg moa more krady posiion ten be should have had, [t 8 mimrestmg o note thee m 1902, when
Zylow gave the welcommng address af 8 confreoce fo mark the centepary of Micl Abel bath, e gand {ioe 2]

. Eped) o grear modesty maphe does nod (i (ke world i miay also e veen o o weakne,

Sylow angnded Chrigiara Cathedral Schiol graduating m | 850, Fe then began b studies of manral joences af Chegtana University where wim a
muthermares corpest m 1551, 1 then took the bgh school teacher's exarnetion m [856, qualfying a3 & tewcher of rpthemetes and narwal scence with
excelent grades, As 00 urmveETy post was swailable, be tugat for tws yeas atie at Harheg Nesen sohool He then moved to the toem of Fredrshale (now
calld Hnlden) i Ostfold counry. where be fmupht ot secandany school from 1556 o 1898, Sadly. abboush Sylow woukl bave mede an outstanding universiy
Fectarer, he did not male a parteubrly good stheol tracher He was mirrested in the advanced amss of matenetics and bad lefle enfrmsm for teaching at
ket l=vels, Also he found i difficult to kesp dieciling i his clasgroom sa fhe fct that s carser was largely in schook rather fhan universitics was B Poor wE:
afhis telents on fwo Soofad - universiies were the poorer e not having Sylow a3 a lecrorer whie schook were poorer £ kaving him 2z 8 macher!

Sylow conimued hiz madenmatical srodies however {see [3]l-

oo @F first warking eneliptic fiocians inoike tradition of Abel and dgeaty, mspined By the profemser of pure mathematics Qe Jdaond Sroch,
Finding Abel's papers on she sohvabiliy of algebraic equavions by rulicals siove imerssting, Sulow was led frove them (hy the profesior in
apylied marfematics, Carl Bierkaes) fo Gaing.

Ol Jacok Broch had studied wathematics at Cheigfiera Univgrgity afier which be travelled o Pari, Berln and Kinigslerg whers he shadied 8 range of
macheraiial pga, parcuady oples and seisnes, Afer refuming 1o Mosway, iegecher with he Eend Harvag Misen (1815 1874), be Banded (ke Hartvg
Hissen school, an mideperdent grk! sohos! m the Usmenborg dismict of Christiants, Broch beeame 3 lechrer 0 apphed wathernatics af Chodfang University n
1545, bt toak over Bemnf Llalmboe's purs methemedics teaching i 1550 following Irs death. Broch retained bt inferesr mothe Hartvig Nizsen school, of which
b had bren & co-founder, and gave the young tracher Sylow much encouragemens: {0 contmos his advarced mathemaical rmeearches. Akhough st fist Sylow
found reading Abels papers 8 difficak sk soon be Sond thar Abel had zchizwed 8 Br deeper wderstanding of the theony of equations then his publisked
papets indicated. Byiw's Hret aftampes 1o publeh some of Abel's unpoblzhed resulte thar be had fond e hiz papers proved 8 problem This wes due to the St
fhar e sent a papor contaning these nsuks m Crole's Jouwed wiere the papor wag consideced for pablication by Loppold Kromecker, Now the difficulty
arces gincs Kpanecker bad akeady publshed fhede mesabis havig dicoversad them hirgell and bad no wish i hewe & paper in pring whieh shewed thar Abel
hyd proved them long before he had, Eronecker, fherefime, rejected Sylow's paper but, of course, smee Sykrwr had comrectly partyed. Abets unpulbsbed
r=zulls, evertualy they weere indeed atiibured to Absl ratber than Kopecker.

1o 1561 Sylow obfaied 8 schalirahip to mevel and visied Berlin and Pask. In Pads be stiended kohues by hichel Cheakes on the thearny af conics. by Joaeph
Lipapelle on ratiorsl meckanics and by Fean-bade Duhemel an e theory of Emiiz. He saye, i the repoit be waosle af fhe end of the scholarship, dar be ako:-

.. mickele myeelf aviuainied with newer warks, partizilariy in the theory of syisiions.

s vt antnese, an UKBIOg raphies Sl ow 2
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MRS, 1307 Luchaigy B {1832 - 4040) - Bogranhy- WacTuie Sy of MaPomaics
I Belin be had wefl discussion with Kiopecker but was unable to aftend coursas by Kad Weeratrass Who was 8 af the e, Bepl Bikelund wites b [3)

that, &= there weee no cowrses beng given in Berln that mierested b

... he worked imsread W he Svorvg studving b theory and the theory gf equarions. He also got acguomieg witk (vl Borcherml, the
editor of 'Crele'v Jowrnal' .. 1t v antereyting to nove thet wa leciimes i olgebra or the cheory s sguaiiony ore menrisied frem iy vay either in
Faris or in Herlin

T 1 K67 Sylow Techured at the Unnersiy of Christans. substauting for Broch who had been slected to gerve m fhe Stordog, the Nareegan parharment, Tnohe
lectures Bylow explzined Abels ard Galoi's wonk: on alpebraic equarons. A sunmary of these lectures iz presented in [4]. Tt & worth noting that akhough he
I mat proved "Svlow's theorems' af thas twoe (he publiphed them 10 yearz bierh be did pose a guestion about them Adter proving Cauchy's theorsm that a
group of arder divisible by 8 poive p has & subgroup of order p, Syiow asks whedher @ can be generelized to powers of p. These lechares ane gigniicant for
several reasors. not keast that 8 woung shudent attending them was Soplus Lie. Sylow's leotures were extremicly valuable mgiing Lis a fimdarrental apprecition
of 2 vopie mo ortuch be wouk! make major conhibigions. Broch was agan in the Stoming from 1565 to 1868 amf be waz keen to bave Sylow take over his
univeraity teaching during fhig time. However the schonl in Fredrisshald refised to give Sylow leawe 1o fmach at fhe wnersity. Tn 1309 Broch g his chaie of
pure rmathemaiics, leaving a vecancy et Sylow was well qualiied to bave flled, Towever. the Universay of Christaria did noi mre pure mathermarics wery Lighly
at that time, preferrmg more practcal and spplicable topics. Syiow waz too theoreticel m his approach =0 be wes not appoased.

In 1870-T1 Sylow excharged nine ketters with Jubus Peterien who, ar b tme, was wark ing on b dootaral desssriatian, Petenmn sought Sylow's advices about
tha main thaorern of bi dissertation ard these eers all deal with fhis, The articke [B] dizcusses these biters, The two mathemanichng exchanged another siaeen
letier m 187477, Between 1872 and 1881 Sybtrw and Lie prepared an echinon of Abels commplere work published wder the il Oerneres compleie de Niels
Henrik Abel [0, The methvation B9 this ted come fom the Norvepien Acadamy of Science who applied fo the Nomvegan Parfament B fnding for te
praject which was guickly granted, This finding aliawed Sylow to ke kave from his schaal for four years in onder o dewole hirseif 1o the project. Ardid
Srubhaug wrigs in []-

in the covrse of the work Sylow hod ar eager dicumand i (A Bierknes, who for ks port, worked on the Abel Fograplny that was prbliked
i 1550, Blarknes wanr=g o5 much oz possible of Abels cart) works 09 coni2 awl, eot oy hiv greal ireatives with ieir acgmpiony SFRgency,
anid perfups thee had bear move Abgl material than whar Holvibes weed in kis edition gf 18397

huch addmiorel Abel wraseral was foond and pubkshed in the SWewle ednon whoh appesred an 9 Decernber 1551, L 330 that most of the weork was
done by Sylew and commented that Sylwer deserved 8 unbemity poadion becase of ha-

.. broad krowdedze, ki sharp powers of oriticivn, and iz owistonding mathemaltionl work.

Howewer, odey Sylow's fame rezid on ope 10 pegs peper pubkshed m [B72. In the paper Théordmer ne lex gmupes de substitniont winch Sylow
published in Marhemaliiche Annelan Yohme 5 (pages S84 1 304 appear the threg Syiooss thegeenng akhaugh we know that be had aleady proved his famous
theorem by Saptemb=r TET). Cauchry bad alrsady proved that a grovp whoss order = dgble by 4 prime p has an element of order p, Syl peosralzed this,
provng wiat & perhaps the most profowend result o the theary of feite groups:

Tfp™ & the largest power of the prime p to divide the order of 2 growg 7 then
L & han subgronpe of order g7
ii. 7 Tag 1 + kg such subgroups
o amy two guch subgroups ars comjugate.
Almesr all werk an finite groaps usas Sybew's thearens. Syvlow's ariginal 1872 paper i discussed by Rod Gowe in [7] and ako by the aoboss of [5] and the

authar of [15]. Tn [11] Winfied Schariau descrbeg hooe Swiow was ied m b decovery by be study of Calog' wark. n partiouiar of Qalks' criienon for the
sxhmbiliry of equations of prime dagrea, The paper [{1] explaing how Bylow used mechads fom Galos theory in his proofs,

Sylow becarne an editor of Adera Matheniatica, was cleored 8 mendber of the Acadermy of Scicnces qf"ﬁ-qﬂi'g:n im |ER3, and, m [ B2, was swarded an
bty dociorgs form the Usiversity of Copariagan

Li el 2 gpecial chay eeested for Sylow at Clistianis UniveisTy and Sybw taught an the wdvetaity fomm | 895, Mode thar e w3z 65 years old before be
oblamed 2 ursversiy poat but, remeckanhy, be was zoll able to hoid this postman S 20 years. A Biller wrzss [10]-

Notwitkstanding che agvanced are af whick Splow sntered fhe univerity focwlts ke (v sgid to hove filled the poviiion during hwenty yeare with
mearked suceess. The dunss of his professorsklp did mot sese io be burdensome to bt uecl] the last year of his Iz whar ke frequienily
remarkad thot ke fait tied

Adibeugh ar the age of 65 be had ar st becorne 8 universxy profeszar, we sboukl nole dei be did nol reoeive the salay of o profsgor. A frst, he was paid 2
teadmagters salary which was approximately half the salery of 3 uneisty professar. Later be received salary inoresmes,

In 1902 Eylow gave the welcamng addr=sz a1 a confersnce o merk the centz=mary of Wik Abefs brth He sid (se= [2]0-

in the rarly nineteenih century, appiied mathemnaiics hao alveady ackicved greal iriwmphs, etpecially in the fields gf asimaomy and physies.
Bt Junt @i (e same fiste sgikemarics . alaried 10 naay 1t paze bace 1o the pure and sbavact thegrtey [Cuaiss and Caucky] einoted rhat

grear movenieat, which bas ran thiough the dikple o the previons [I!}‘:‘E 1 eentury. and whick hos referaeg marhemalicy fmom iz foundanigns
af the saire time [ enviched i with new theories. .. I was in this movement thaf Misls dbel took such a sicrificant pard that ke will forewer ke
connted Oy gove & the greaiest aiarkemalicluny avsr

In 1502 Sylow, in collaboration wrh Fling Holr, published Abel's camespontence. Further Abel docamenes bad been discovered affer the Sylow/Las book
came out I 1851 and, at the "Thid Scancrevan Comgress of Mathermaficans' wineh was held in Knstare m 1903, Sylow discuseed ths new materal

A vergion ol the nmodueton fo Sykaw's digcussion @ at THILS LINK
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In [9] G A Miller quotes Cearg Frobeniyg's opiton of Sylow:-

[Syiore] vuns Emgun 10 sgthemalicnins & epéry crpdied counirg an gooount f a well-Eiewn theorgar tho! bears kis nome. fe | BTG Froberdon
remgrked thar "oy ewery adicnied person knows fhe Pythagorear iheorem <o does svery mathematicnm spenk of Abels thearem and Sl
thearem "

We mist nod give the mpression hat the Svlow theorenrs and the Abel raterial were Sylow's only mathemenczl conrbuticns. [e also puplehed 2 8w papers
on elpte finchions, partcubrly oo complex multphcation, 23 wed ag papers on group theory, Tmally we shoukd say a bt about Sylow's B qumide
maflematics. He never memied buf was & warm person with a nice sense of bommy. He was an avid lover of being ot of doors and often spent summes
vacarorg in the o, umally in Kongawol, whess he shadied planfs. Korgawol i 2 mountain slation peoviiing food and shelter on the roufe batwaan Ogle
ard Trondhedn, erected when the roure was ised by pligrrme wisiting the ghone o 5t Olav in Trondhern,

Other M P T
A Poster of L udwig Sviow

References (hide)

1. M Frewdenthal Bropraghy in Dicfionay of Serentifie Biograpie (Mew Yok 1970- 19003, See TIIS LINE.
2. AR Alemander, Duel ot Down: Heoes, duriyrs, and the Rise of Modern Markematics {Tlarvacd Universiny Press, 2010),
3. A Smabhaug. Miely Hexrid Abel anid ks Theres: Colled Too Soon by Flames Afar (Speinges, Newr Yok, 2000,
4. H Vsing, The Geresle of the Aletraes Growg Coneepr {MIT Pregs, Canbridge,
5. B Bukelared, Lindwig Sviow's Botures on alpsbesic squations and subsindicne, Christiang (Do), 1862 An imroduetion ard 2 sureasy, Hiviori
Mathemarica 23 (I (1996), 152- 199,
4. G Cesadin and & Zappa, Hitary of the Syl theoremand £2 prooss (lakian), Bail Sora Soi May, L0 (L) 11990), 29-75.
7. R Gorw, Sylow's proaf of Sylow's thegram, toish Mark, Soc. Bwll 33 (1994), 33-63,
8 VB Krageera, Lodwsg Sylow (Gerrman), Nordk Mafemotick Tdy ke 15 (1033), 7399,
9. ! Lifzen, The marhematicsl correspondence between Jufus Petersen and Ludwig Sviaw, 13 5 Gesvidov. M Foliers, O & RBowe and C J Scribg (g,
Awpliova : Fentasliesft for Hans Wassing or the occasion o his 850k birthday (Brichiuser, Basel-Boston- Berfin, 1962 ), 439-457.
1. G A Willer, Pro@ssor Ludvig Sylow Seience, Newp Secies 49 (1250)(1919), 85,
11 W Schacku, D Entdeckung der Sylow-Sitee, Hivtoris Maek. 15 (1) (1988 ), 40-52.
12. T Shokam, Ludwig & stow und seme wissenechafiichen Arbemen, Moot maremarion foreminze shafrer (2) 2 (1933, 14-24,
15 E Stenshoh, Ludvig Syloe and bis thearene (Moreegan), Morsar 30 (1) (1985, 17-29.
14, C Stoprer, Gedacihirisreds auf Pro@ssor e P L M Syl Neork sratesmenind foreabors skeiffer (2] 11935, 7-13
15 W C Watethose, The eacly prook of Sylew's theorem, Ak Hise, Swacd Sei0 21 (3] (197980), 279-2%0

Additional Resources (hide)
(rther pages about Lodwag Sylow: Oriter weberes about Ludwig 55 bow:
1. Luchwig Sviaw's 1913 Address 1. Dintianary of Scantifc Biogaghy

2. Mathemerical Grnzalogy Project
5. MafSeiNe Auhor poofile

4. zhrd ATLL eriry
Cross-references (hide)
“Wirten by T T 0'Comege and EF Rabertson
Last Upsrte Tuly 2014
DI OCTEFR ; T =;.r ai
Ariaii s ik Liniergity of St dndiesrs, Scatland .

Ifyou e comments, of Spol smmors, we s alwaye pleased 1o bear fomve.

s i ik Brciees ac ok g rafh e Syion

J Matke & Comp Appli, 2025 Valume 4(3): 95-266



Citation: Felix F Flemisch {2025) The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups - Dve Luxe Edition. Journal of Mathematical & Computer
Applications. SRC/IMCA-239. DO doiorg/ 10.47363TMCA2025(4) 206

Ischia was twice an Artist Colony
Ischia

Ischia developed into a well-known artist colony at the beginning of the 20th century. Writers
and painters from all over the world were attracted. Eduard Bargheer, Hans Purrmann and
Arrigo Wittler lived on the island. Rudolf Levy, Werner Gilles, Max Peiffer Watenphul with
Kurt Craemer and Vincent Weber stayed in the fishing village of Sant’Angelo on the southern
tip of the island shortly before the outbreak of the Second World War. In 1936 Ischia had a
population of 30,418. Spa tourism did not start again until the early 1950s. At that time, a
quite remarkable artist colony of writers, composers and visual artists lived in Forlo,
including Ingeborg Bachmann, Elizabeth Taylor and Luchino Visconti stayed here for filming.
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Location in the Tyrrhanian Saa Map of the =land View of [schia from Procida

See hitps://en.wikipedia.org/wiki/Ischia
This page was last edited on 3 February 2025, at 20:26 (UTC).

Ischia (Insel)

Ischia entwickelte sich Anfang des 20. Jahrhunderis zu einer bekannten Kinstlerkolonie.
Schriftsteller und Maler aus der ganzen Welt wurden angezogen. Eduard Bargheer, Hans
Purrmann und Arrigo Wittler lebten auf der Insel. Rudolf Levy, Wemer Gilles, Max Peiffer
Watenphul mit Kurt Craemer und Vincent Weber hielten sich im Fischerdorf Sant’ Angelo am
Sldzipfel der Insel kurz vor Ausbruch des Zweiten Weltkriegs auf. 1936 hatte Ischia 30.418
Einwohner. Erst Anfang der 1950er Jahre begann der Kurtourismus erneut. Damals lebte in
Forlo eine recht beachtliche Kinstlerkolonie aus Schriftstellern, Komponisten und bildenden
Kinstlern, darunter Ingeborg Bachmann. Elizabeth Taylor und Luchino Visconti hielten sich
hier zu Dreharbeiten auf. Auch Charlie Chaplin, Maria Callas, Gina Lollobrigida, Audrey
Hepburn, das Ehepaar Hitchcock, Peter Ustinov, die Familie Karajan, aber auch das Ehepaar
Angela Merkel & Joachim Sauer, Hans Christian Andersen, Francis Ford Coppola, Jean-
Claude van Damme, Alain Delon und Romy Schneider besuchten die Insel.

Silhouette von Ischia Izchia, Fontana, Santa Maria dal Soccorso in Forio
400m, Tuffzteinfalsen
Siehe https//de.wikipedia.org/wiki/lschia_(Insel)
[Diese Seite wurde zuletzt am 5. Okiober 2024 um 18:31 Uhr bearbeitet.]
und https:/rp-online.de/leben/reisen/news/promi-eiland-ischia-merkels-insel _aid-12200923
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lle d’Ischia

Ischia est devenue une colonie d’artistes bien connue au début du XX* siécle. Des écrivains et des
peintres du monde entier ont été attirés. Eduard Bargheer, Hans Purrmann et Arrigo Wittler
vivaient sur I'ile. Rudoli Levy, Werner Gilles, Max Peiffer Watenphul avec Kurt Craemer et Vincent
Weber ont séjourné dans le village de pécheurs de Sani’Angelo a la pointe sud de I'ile peu avant
le déclenchement de la Seconde Guerre mondiale. Le tourisme thermal n'a recommencé qu'au
début des années 1950. A cette époque, une colonie d’artistes assez remarquable d’écrivains, de
compositeurs et dartistes visuels vivait a Forio, dont Ingeborg Bachmann, Elizabeth Taylor et
Luching Visconti y ont séjourné pour le tournage.

Paysage de ['ile lschia Porto: phare et panorama Vue de Forio lschia en 1969

Voir https://ir.wikipedia.org/wiki/%C3%:8Ele_d%27Ischia
La derniére modification de cette page a été faite le 2 janvier 2025 3 17:19.

Isola d’lschia

| S W Ve

Isolotto di Tramonto da Barano d’lschia, Baia di Sorgeto, Ischia, fonte di acqua calda Spiaggia di San Pietro a Ischia Porto
Sant’ Angelo ben visibile la sagoma dell’isolotio

di Sant’ Angelo, il punto pil

mendionale dell'isola

Castelic Aragonese Borgo di Sant’ Angelo, piccolo Sullo sfondo Ischia vista da Posillipo
borgo abitato un tempo da
pescatori diventato tra i principali
luoghi di attrazione dell'isola

Vedi hitps://it. wikipedia.org/wiki/lsola_d%271schia

Questa pagina & stata modificata per I'ultima volta I"11 febbraio 2025 alle 15:31.

>
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ON THE p-LENGTH OF p-SOLUBLE GROUPS
AND REDUCTION THEOREMS FOR
BURNSIDE’S PROBLEM

By P. HALL and GRAHAM HIGMAN

[Received 13 August 1954 — Read 25 November 1954]

Although this Research Article is about simple groups we cannot help to close with
a brief attention to p-soluble groups since it is the joint study of the (locally) simple
and the {locally) p-scluble groups which directs very reliably the Sylow theory in
{locally) finite groups. We start with the famous and groundbreaking paper which
introduced the finite p-zoluble sroups beautifully. It iz about Sylow theory!

1. Notations, summary of results, elementary theorems

1.1. TuE primary object of this paper is to obtain bounds for the p-length
of a finite p-soluble group @ in terms of the structure of its Sylow p-sub-
group. As applications, we shall obtain bounds for the derived length of a
soluble group in terms of the structure of its Sylow subgroups, and prove
reduction theorems for Burnside’s problem.

Let a group be called a p’-group, where p is a prime, if its order is prime
to p, and, as usual, a p-group if its order is a power of p. Then a finite
group ( is called p-soluble if each of its composition factors is either a
p-group or a p'-group (cf. Tehounikhin (16)). Thus @ is soluble in the
ordinary sense if and only if it is p-soluble for all primes p. Clearly @ is
p-soluble if and only if it has a series of normal subgroups

=<K <.. <V =@ (1)

for which each factor group V,,,/V; is either a p-group or a p’-group. For
such a group we can therefore define the upper p-series

l=R<h<B<MN<h<.<BKN=0G (2)

inductively by the rule that Ny/F, is the greatest normal p’-subgroup of
G|F,, and P, .,/N the greatest normal p-subgroup of @/N,. The number !
which is the least integer such that N, = @ we call the p-length of @, and
we denote it by [, or, if necessary, [,(G). (We can also define, dually, the
lower p-series of 7, but this will not oceur in our arguments.)

The p-length of a p-soluble group may also be defined as the smallest
number of p-factors oceurring in any series such as (1), the minimum being
attained for the upper p-series (2). The subgroups P, and N}, are obviously
characteristic subgroups of (7, and N, contains all normal subgroups of ¢
of p-length at most £&. We note also that

Eprk} == fpfgf ‘Pl'—k] =k
for0 <k <1=1,(6).

Proc. London Math, Soc. {(3) 6 (1956)
5388.3.65 B
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2 P. HALL AND GRAHAM HIGMAN

Subgroups and factor groups of a p-soluble group @ are also p-soluble,
with p-length not exceeding L (G@). If @ and H are both p-soluble, so is
their direct produet & x H, and 1(@7 x H) = max{l (@), 1, (H)).

Let @ be a p-soluble group and § a Sylow p-subgroup of . Tt is reason-
able to conjecture that the greater the p-length [, of @ is, the greater must
be the complexity of the Sylow subgroup 8. We shall make this conjecture
precise, and prove it, in a number of different ways, by taking different
measures of the complexity of 8. The most obvious of these measures, the
Sylow p-invarianis of @, are as follows:

(i) b,, where p*» is the order of 8.

{ii) e,, the class of §; that is, the length of the (upper or) lower central
series of S.

(iii) d,, the length of the derived series of 8.

(iv) e,, where p* is the exponent of S; that is, the greatest order of any
element of 8. The exponent of @ itself, that is, the Le.m. of the
orders of its elements, is therefore T p™.

I

Clearly the vanishing of any one of the invariants b, ¢,, d,, ¢, or l, is
equivalent to ¢ being a p’-group.

In our main theorems we have to restrict ourselves to odd primes p, and
even then the results are slightly different according to whether p is a
Fermat prime, of the form 2°-1, or not. For instance, we shall prove the
following theorem.

THeOREM A. If G is a p-soluble group, where p is an odd prime, then
(i) dy = I;
(i) e, =1, if p iz not a Fermat prime, and
e, = [, +1)] if p is @ Fermat prime.
Furthermore these inequalities are best-possible.

We shall also obtain inequalities between b, and [, and between ¢, and
I, but here our results are best-possible only for non-Fermat primes, All
these results are trivial for I, < 1, and we prove them by induction on b
Suppose that I, > 1, and, as always, that @ has the upper p-series (2). Let
F|N, be the Frattini subgroup of the p-group B/N,. Every element of &
induces, by transformation, an automorphism of P, and hence of B,/F.
But, of course, F,/F is an elementary abelian p-group; it can therefore be
identified with the additive group of a vector space over the prime field
of characteristic p, and its automorphisms with the linear transformations
of this space. The automorphisms of P,/ F induced by elements of @ there-
fore form a linear group over a field of characteristic p. This group is
evidently a homomorphie image of @/F,, and we shall show that it is
actually isomorphic to G/F,, and is therefore a p-soluble group with no

ON THE p-LENGTH OF p-SOLUBLE GROUPS 3

normal p-subgroup greater than 1. This situation we study in § 2. Our
main result is:

TrurorEM B. Let H be a p-soluble linear group over a field of characteristic P,
with no normal p-subgroup greater than 1, If g is an element of order p™ in H,
then the minimal equation of g is (z—1)" = 0, where r = p™, unless there is
an integer my, not greater than m, such that p™— 1 is a power of a prime q for
which ¢ (H) > 1, in which case, if my is the least such inleger,

P pm=1) <r < pm.
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42 ON THE p-LENGTH OF p-80LUBLE GROUPS

This paper and follow-up papers by A H.M. Hoare, T.R. Berger, F. Gross, E.G. Bryuk-
hanova and A. Turell prove often best-possible inequalities between the p-length A;
of a finite p-soluble group and its Sylow p-invariants, namely the order p*r of a Sylow
p-subgroup, its nilpotency class ¢p, its solubility length dp, its exponent p*, or the
rank rp of a maximal elementary abelian subgroup, thereby creating what is known
as the classical Hall-Higman theory.
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QOur aim is to extend the Hall-Higman theory to the beautiful p-uniqueness p°p
of a Sylow p-subgroup. Part 2 “The Strong Sylow Theorem for the Prime p in Locally
Finite and p-Soluble Groups” of The Second Trilogy complements this Research
Article. It first summarises the work by B. Hartley and A. Rae regarding Ap and p°p
and the foregoing work on the classical Hall-Higman theory and then proves the
best-possible Conjecture 3 “Let p be a prime. Let G be a p-soluble finite group, A5(G)
be its p-length, and a;(G) be its p-uniqueness. Then Az(G) = a,(G) + 1.” not only in
English but partly in Portuguese for historical reasons.
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Some Historicals on Group Theory (many more are available ... )
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Historicals at the GRoUP THEORY ARCHIVUM of Advances in Group Theory and Appli-
cations (AGTA) (see https://www.advegrouptheorv.com/GTArchivum/historicals.html).

For some further items of the Historicals on Group Theory see https://fen.wikipedia.org/wiki/
Historv_of_group_theorv [This page was last edited on 30 December 2024, at 23:39 (UTC).],
https:/fen.wikipedia.org/wiki/List of important publications in mathematics?Group_theory
[This page was last edited on 19 March 2025, at 23:14 (UTC).], https://quod.lib.umich.edu/
cgi/ft/text/text-idx? c=umbistmathidno=AANS280 [ Accessed March 30, 2025], https:/fwww.tandf
online.comy/doi/abs/10.1080/ 0025570X.1986.11977247 [Fublished online: 13 Feb 2018] and hitps://
www.amazon.de/Genesis-Abstract-Group-Concept-Contribution/dp/0486458687/ [11 May 2007].

A particularly beautiful Historical are Philip Hall's hand-written Lecture Notes. Though
thev seem to be slightly incomplete, as the original page numbering suggests, they are never-
theless unrivalled great and are a genuine wonderful introduction to Group Theory.

LECTURE NOTES ON GROUP THEORY, 130 + vii pages (resp. 141 + vii pages ), hand-written by
Prof. Philip Hall (see [26] and https://www.advgrouptheory.com/GTArchivum/Hall/Hall
LectureNotes.pdf and most notably http://omeka wustl.edu/omeka/exhibits/show/philip_hall/
but see Page 251 and Page 252 regarding this URL).

This material (see Page 103 to Page 230) 15 a set of unpublished, hand-written lecture notes
composed by Prof. Philip Hall (11 April 1904 [see Page 2, Page 3, Page 56 and Page 76] until
30 December 1982 (see hitps://fen.wikipedia.org/wiki/Philip_Hall [This page was last edited
on 22 September 2024, at 07:45 (UTC).] and https://en.wikipedia.org/wiki/Biographical
Memoirs_of Fellows_of the Roval Society [This page was last edited on 21 July 2024, at
23:56 (UTC).] and https://londmathsoc.onlinelibrary.wiley.com/doi/abs/10.1112/blms/16.6.603
[First published: November 1984]). They were written from 1951 to 1967 at the University
of Cambridge, UK, where Prof. Philip Hall was a professor at King's College, and they were
retained by Dr. Edward Lawrence Spitznagel ( 4 September 1941 until 20 March 2025) (see
https://math.wustl.edu/people/edward-spitznagel and https:/fwww.luptonchapel.com/obituary/
dr-edward-spitznagel) at the Department of Mathematics of Washington University in St. Louis
{(Washl) » Missouri {see under https://math.wustl.edw/ and https://en.wikipedia.orgfwiki/
Washington University in St, Louis [This page was last edited on 28 April 2025, at 01:40 (UTC).]).
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The URL http://omeka.wustl.edu/omeka/exhibits/show/philip_hall/ was available only until some time in 2024
before the Department of Mathematics of Washington University in St. Louis (WashU) " { 3'-1 Missouri (see

https://math.wustl.edu/), had to migrate the digital content (so-called Omeka migration of all items of http://
omeka. wustl.edu/omeka/) of “WUSTL Digital Gateway Image Collections & Exhibitions”. The new URL is
https://wayback.archive-it.orgf4726/201502211741 19/http://fomeka.wustl.edu/omeka/collections/show/71 which,
however, is not easily accessible for everybody. We show the beginning of that Web page:

Browsa Items Browse Collections Browse Exhibits m
Contribute an item [Documanting Ferguson)

— - ';‘-..
E E Image Collections & Exhibitions

Philip Hall Lecture Notes on Group Theory

Description
This material s a set of unpublished, hand-written lecture notes composed by Phifip Hall { 1904-1982). They were written In the
1080 al thw Unbversdly of Cambiridge, sidwre Hall was @ professoe al Kng's Collsge.

View the items in Philip Hall Lecture Notes on Group Theory

Philip Hall Leclure Noles on Group Theory - Parl Xv

Thia masteral is & sat of unpublinhed, hend written lecturs noves comaossd by Phllp (iall (1904 1902). Thiy were writhen in the 19608 at ths University
ol Camiwidge. where Hall was 8 professor al King's Collegpe.

it XY

15 Sledurn

Philip Hall Lecture Notes on Group Theory - Part XIVb

Thea materad in & sat of wnpullinlsed, hand written lecture moles composed by Philg Hall [ 1504-1302). They were wittien in tha 13608 ot the University
o Cambwidge, where Hall was o professor ot Bing's College.

FarT A0V

f1d Sorms Spacinl

Clicking on Part XV of the Lecture Notes, that is hitps://wayback.archive-it.org/4726/20150221230212/http://
omeka.wustl.edu/omekafitems/show/ 10799, one gets the Web page

Philip Hall Lecture Notes on Group Theory — Part XV

Title
Philip Hall Lecture Notes on Group Theory — Part XV

Subject

Hall, Philip, 1904-1982

Description

This material is a set of unpublished, hand-written lecture notes compased by Philip Hall (1904-

mg;mmmmh 1960s at the University of Cambridge, where Hall was a professor at
s College.

Part XV
§15 Closure Properties of Classes of Groups. Groups of pength 1 (pp. 150-180)
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Creator
Hall, Philip, 1904-1982

Source

The pages belong to Edward Spitznagel, Washinglon University Professor of Mathematics, and are
xerographic reproductions mmmﬂsmw:nmmmmmms Thompson,
a contemporary and correspondent of Hall

Date
1951-1967

Rights

Wiashington University asserts no copyright over digital reproductions of this malerial, and cannot
give parmission 1o use the materials or otherwise grant any exclusive rights of the copyright holder, it
is your responsibility to assure thal your use of the materials is permitted under applicable law.

Files

il o seture Motes Pl 15 Sections 15

Cnllectmn

il Lechurs Noles on Groun Theory

Citation

Hall, Philip, 1904-1982 , "Philip Hall Lecture Notes on Group Theory — Part XV, WUSTL Digital
Gateway Image Collections & Exhibitions, accessed February 21, 2015,
hitpc/fomeka wustleduwornekafterns/show/ 10799,

which allows one lo download from htips:/f'wayback.archive-it.org/4726/20150221230238/hitp:/fomeka. wustl.edu/
omeka/archive/files/0aab7374¢705b2d24168adb0cafc6042.pdf §15 of the Lecture Notes, that is Pages 150 to
160. Similarly one gets the Web pages for Part XIVb, Part XIVa and Part XIll 1o Part | of the Lecture
Notes, that is §14b and §14a (Pages 117 to 130) and §13 to §1 (Pages | to 116). All these Web pages have the
same structure: Title, Subject, Description, Creator, Source, Date, Rights, Files, Collection and Citation.
and differ only in Description, Files and Citation. 2 WashU

TU IR 05

Farm

Died

Philip Hall

Quick Info

11 April 1904
Hampsicad. Lonsdon. Eogland

30 December 1982
Cambridge, Englond

SUMmMmary Yiew thiee laper pichues

oy Pl VO - TN - Wl ey - W Tolor Paiey of MaiPeesion

[EM tor

Phitip Hall wax the main impetus behind the British gchool of group theory and the growh of
group theory w0 be one of the major matbemnatical topics of ihe 20th Century was largely due 10
him.
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Biography

Philip Hall's futher was George Hall and his mother was Mary Lawrs Sayers. They were not married and George lefl without muking any provision
for Lawra or their newly borm son Philip, Lawra called hersell M Hall and she brought Philip up in her parents home in Hampstead. London, until be
was soven years old. At the tme Philip wis bom Laura was employed as dressmaker a8 was her twin sister Lois, and also her two elder sisters. who
were also twins, Ada and Ethel. In 1909, while living in his grand/father Joseph Sayers’ house, Philip entered New End Primary School.

In 1910 Laura, along with her three sisters, bought a house in Well Walk which they ran as a boarding bouse. Philip attended Sundsy School and was

baptised in 1911, He excelled at has Primary School and 1915 he won a scholarship to Chnist's Hospital West Horsham. This was a boarding school

fior' children of ability whiose panents were ot able i affoed the nomal boarding school fees. Hall entered Christs Hospitsl in Aay 1915 o age
EMMlhm*‘mlllrwnvf“hldw-"l.'l'llnwMMWEHWHMW.B&EMWMMWWITMM
s

It was ot Christ's Hospital that Hall came to love mathematics. Fe was formunate to have teachers who were both sccomplished mathermaticisns nod
also able to tranemil their enjoyment of the subject. It was not only mathematics in which be excelled, winning the Gold Medal in his final year, b
also in English winning a medal for the best English essay. Hall was House Capdain im 1921-22, bus final year at Christ's Hospatal, and his popularity
aays much about his character [4):-

He war kind and helpful to the vounper boyx, who respeeted and admired himg this way reniarkafle in those doys for Re wie acither an
extroverted leader nor any kind of athlete. He played rugly for his House as @ vather clomsy forward, but gave up cricket, being content for o
by of veary fo e afficial soorer for the vohool Firdt Eleven

His fellow school pupils recollected that at school he was [4]:-
Hkrable and cheerfid, with a sense of kunious, gentle and reserved

Hall went up 1o King's College Cambnidge in October 1922 having won an Open Foundation Scholarship in December 1921 Tle wrote in his first
letter home {see for example [4]5-

1 am getring on beautifilly and enjoying it very much; there are such oppormnivies of learning thar it iv abow alf vou can do 1o make the most
of them, .. | have made the acqguamtance of Mr Limdewood and Mr Polfard, the twoe most progreseive of the mothemanicions kere, 5o | am
going on fairly well for a start

The Mr Limlewood” that Hall referred o s Dudicy Liftlewood However, he fails o mention im this letter one other oxtremcly promising
mathematician in his vear 8t Cambridge, namely William Hodge. Among his teachers st Cambridge were Hobson, the Sadleinan professor, and
[aker, the Lowndean professor of Astronoimy and Geometry, Bichimoo) was also on the staff when Hall armived in Cambndge, but he netired in 1923,

Hall's interest in groug thepn came from Barnside’s book which he was encoumged 10 read by Arthar Berry, the Assistant Tutor n Mathornatics a2
King's Collepe. Hall Iater winde;-

1 bepan with Berry's sncowvagement to stidy the worke of Wil Burnade, especiolly his mugnificent troatize o the “Theary of Growpa ™
aridd some of biv later papers

Hall offered pans of that book for examination in the Tripos snd gave 8 proof tal no group of oeder p*, n = 1. can be simple. He gradunted with a
B.A. in 1925 and wos clecsed 1o @ Open Sendor Foundstion Scholarship which supporied him for o further year st King's College. It was a year in
which Hall wondered about his fistire, unsiure whether 1o try for an academic career or not. He sat the Civil Service Examination in June 1926 which.
if he had heen suecessful, would have given him a fast rowte 1o the Administrative (irades. Fortunately for mathernatics. and particularty group
theory, he was not succesaful. He did spend some time on leaming languages during this year; he spent the summer of 1925 i Ialy leaming ltalisn
and studied Gorman in Londen in March 1926,

In October 1926 Holl submitted an escxy The Sonmsarphisms of Abelian Groups a5 his atterpt 1o gain a Fellowshap, 1t shows many signs of having
been writlen hurmedly, even 1o the extent that it ends in the middie of a proof? b is fairly clear that Hall only made the decision to try for an scaldemic
career after much thought and late on in terms of writing up his dissertation. Deapite its deficiencies, it shows that alresdy Hall was wiry ahead of his
time i his approach 1o group theory and cemainly nobody at Cambridge could have been in @ position 1o property evaluate the work. It considers
subgroups of PGL(2, C) and, among other results, proves that & groap of order g, > 1, in which every chanctenstic abelian subgroup has onder p,
is the central product of non-ahelian groups of onder 1. Jotm Thatmpson writes in [4] that the dissertation.-

. suffers frome smwine wse of the wond ‘oo @ trafl comnnon fo the young, B net afwens confined there. I8 ivoa trast whick ol did me
rederi

Diespate having writtem the work burriedly, his quality shone through and Hall was clected 1o a Fellowabip st King's College in March 1927, By that
time he was alresdy working as a research assistant to Kl Pearson in University College, London. He took up this post in Jasuary 1927 snd his firs
pﬂﬂﬂmmumw theory of correlation, However, be found lus moun task of computing tabdes for the Incomplete Beta Function less than
Inspanng,

Hall wrole o Burmsade in the summer of 1927 and. m 1942 he descrbed this:-
T asked Byrnyidc’s advice on iopics of group theery which would be woeth imvestigaiion and received @ poxtoard in reply containing valusble

sugrprestions ax fo worth-while problems, . shortly afferwands Buole died [ never met him, Inst he has been the greatest influence on my
ways af thimking.
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Retuming ta Cambridge i September 1927 1o take up the Fellowship at King's he made an important discovery in group theory, gemeralising the
Sylow theorems for finite soluble mours: 1o prove what are pow called Hall's theorems. These fundamentally imponant results were published in 4
nele on gofuble groups in the Jowrnal of the Londos Matkentatioal Societ m 1928,

There is then o mther surprising gap in Hull's publication recond. Here ane hix own wonds, written ffty vears later:-

My Fellowship at King's had been renewed in 1930 b, sometime in 1931 ir was intimated to me that @ second reewal wosidd be umlikely
unless | showed signs of mathematical life; before then § had oaly produced one short nole in 1928, 5o there war some fustification in their
werrning and | obwvioushe hid te make o bit of e effort

Hall cerusindy rmade *a bit of an effor” for n 1932 he wiote wieil is perbaps. his most (amous paper 4 contriburion o the theory of mroups of orme
power order. 1t is a beautiful paper which is onc of the fundamental sources of modem group theory. In it, in addstion to ils main sims of developing
the theory of regular p-groups, Hall introduces the commutator calcalus, commutator collection, and the connection between pegroups snd [ig rings.
Nt only did he get his Fellowship renewed but in 1933 he was appointed as o Lecturer st Cumbridige

In June 1939 Hall gave 8 sorics of loctures ot & small meeting at the Mathematical Instinete in Goningen. Four off Halls lectures were published as
separate papers in Cpolle's Journal. These papers are Ferfual and margmol subyroups, The clasification of prime-power groups, Un groups of
antomorphinmy, anvd The comtruction of soluble groups all of which appear m voleme 182 published m 1940, In The clossification of primespower
groups Hall introduces an equivalence relation called isoclinism (o aid he clussification of prime power groups. This mportent concepl eontinues to
play a mages rode. We should note that Hall was cnticised for going to Germany at thes difficult time but defended his actons ssying:-

.. the CGerman mathematicions .. |are] ar e responsibie for the present suuotion (and probably enfoy i ai Kitfe) as you or § do,

During World War 1l he made an important contnbution with his work st the Code and Cypher Schoul st Blewchley Park where he beyan work in
September 1941, [n particular he worked on Italion ciphers, then on Japanese ciphers lenmning sbout 1500 Ispanese chamcters to hely him in this sl
During these war years he lived with his mother in Linle Gaddesden where she had maved with her elder sister Ada st the beginning of the war in
1939 10 be away from London, This meant that he had 1o ravel about 20 miles to Bletchley Park cach day and he made the 40 mile rownd trip pandy
by tradn and partly by motorcycle.

Hall returmed to King's College Cambridge in July 1945, In 1946 he wiote letters (o the mthontes supporting [Tasc’s reinstatermnend, and also wiote

letters to | lasss who had shown grest kindness to Hall in 1939, Hall was promoted o Reader st Cambridge in 1949, then in 1953, after
Mondell retired from the Sadicinan Chair, Hall was appointed to suecced him. In 1955 he was one of the main speakers at the Edanburgh
Mathematical Collogumm n St Andrews whene he gave five leciunes on Simmetrc Functions in the Theory of Groups. His picture at this cotloguium
s one of those in theset above.

Before giving his lectures he wrote (o Edgi saying-

The subject | hive in mind is symmaetric functions, i relation jo various branches of the theory of groups, [ ohink I can find sometiing to say
o Hhat which wall not be foo trife.

In particular he spoke shout panitions and their Conmection 10 feorckntalion oy

— whenever in mathematics you meet with portifions, you have only bo turm over the stone or i ap the bark, and you will, almost infollibly,
finid symametric funciions wndermoath. More peecively ifwe have a claxs of sathematicn! abjects which in o natural and significant way can
be piaced in one-to-one correspondence with the pariifions, we must expect e internad struchire of thexe objecty and their relationt io one
anaiher fo involve sooner or later .. the algebrg of cymmetric fusctions.

In 1956 Hall pablisted, jomtly with Crabam Hiyman, On the p-lengih of p-soluble groups and reduction theorems for Burrside’s probfem, This is a
paper of major mponance as was secn by Hagr when e wiote & review saviing thal ke could:-

. il mir oy ihan jut indicate the wealth of material contained in thit investigation

The puper has indecd proved highly influential and much of the rapid development of group theory in the 1960 was buili on this foundation. s
August 1957 Hall gave a senies of lectures @t the Canadian Mathematical Congress Summer Seminar in Edmonton, Canada, en qipoten proums

Hiz major contmbution (o infimite groups is seen in lghly significant papers of 1952 1959 and 1961, The ideas of these papers continue 1o be ong of
the main areas of group theory rescarch. For example The Fratting subgroups of finiiely generated groups is the important paper on infinite groups
which he published in 1961. In @ Hall consders many different classes of groups and imvestigates whether the Fraiting subgroup of groups in these
claszes needs 1o be nilpotent.

In On non-strictly simple groups published in 1963 Hall established the exigtence of simple groups which were the infinite union of o chain of

subgroups, cach normal in the next. The paper, like so many of Hall's papers, mtroduces important ideas which are widely applicable. Karl Crraenberg
explains some further features of this peper:-

a.-;u.um-mgwmﬂmmg&:}mmmww,mwmmmm
informative survey of the inter-relations thal are knovwn or confechrvd to exind between the variows claxves of goncralized soluble groups.
Thix disewssion is kept concise by the wse of an elegant colculur of clonnre aperations on group properties

Hall recerved mamy honours for his work. He was dletted to the Boval Soocry m 1942, then be was wwarded its Svivesier Medal in 1961

.. in recognition of ks distmgiished recarches i afgebra
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Hall was & great supporter of the Losdon Matlermaticn! Socicty, and he was swarded its Senior Berwick Prize (1958) and the Do Morgan Medal and
Larmor Prize in 1965 He was elected Presdent of the Londen Matbematical Sociey in 1955 and served the Socicty in this capacity untill 1957, He
detivered his Presidential address on 21 of November 1957 on Some word-prodiems, In this ik Hall spoke about word problems in general and
spocifically mentioned word problems for groups, seragroups, and cancellative semigroups. He introduced the idea of a nommal form wiach be used
in the solution of the word problem for Lic nings and also for ailpotent groups. He ended his talk with these wondsc-

FProblents much ar these ctill seem o present o formidable chalfenge to the ingemuity of algebrais. In spite of, or pevkaps becanse af, their
relatively concrete and porttoular charocter, they appeer: o me af lemt o offer an amiolle altersative o the over popular pursl of

The collected works of Philip Hall [ 1) were poblished in 1955 A Mciver in o review wrote:-

Thix besutifia! book comvives of almont fifty veaes of publications by one of the greatest mathematicians of this comtery, . Falls elegant works
{bothk in contend and exposition) ae allowed Io speak for themselves . however, the tromcndous imgpac! which his research bas had oni
alpebra i disoosed.. . The reader plimpses a linle of his character: his wniversal kindness and bis invigoranng enthsiasm boch for
mathematics and the world o peneval, . Altogether we ane presented with an all-around piciure of o mort ressarkeble mathematician,

“’chwmbﬂﬁuuwqbu.l.llll'l.d-l.:hmlhum.uwmmwnﬁngl&wm.thﬂlkqhwufpmﬂwHﬂ
he recited beautifully in English, Italian or Japanese. He also lyved muse, an. flowers, and omntry walks. However, be was o rather shy man who
avoided large gatherings and was only really happy m company when he was with one or two friends. When (fga Tausshe-Todd accosed him of
being the worst reclese in Cambridge, Hall replied "No, Tynng s woerse™! He hod an incredibly broad knowledge, not only of mathematics but. st
scemed, on almost any subyect [ 1]:-

irtelleriunl shondards amd sownd udpement

Although a man of a few words, his comments wene abways significant. His modesty was clear when you spoke (o bim oc beard him leclure as |
[EFR) had the good formune 1o do on several occasions. Rosebiade, one of Hall's research sudents, wrines in [4)-

Hin srwclenty fovedd kim and be them, Writing so hecwlly and clegantly himself; e ot have fousd poinful much of what they first weoie, bui
wihenever be had strong criticiom o make of their work, he ahvsa found o way 1o tofien the Blow and mever failed to suggest effective
improvemenss, Nor did he abandon them when they fiad completed their dissertations; he wrote them helpful and stimulating letters, ofien
very long and alwavs by hand. ... He way o wonderful person; pentic. gresed, kind, amd the soul of integrity:

Cither Mathimaticians bom i England
Afosicr of Phalip Hall
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2. Fellow of the Roval Seody 1942
3. BMC moming spoaker 1949
4, LMY Proulent 1955 - 1957
5. LMS Berwick Proe winaer [958
? Hwi&muﬁthﬂnlf]_iﬂm
. LMS De Morgan Madal 1965
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WikiPEDIA — Classification of finite simple groups
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Look at https://en.wikipedia.org/wiki/Classification_of_finite_simple groups
for the full article and see also [61] and [61.1] to [61.14]. We introduce the
family T of types of known finite simple groups by using some assumed
well-known symbols (see Page 5): T := {abelian . A", A=PSL,.. B=PQ 4ax-
C=PSp,.D=PO". ... "A=PSU,.. D = POV........ Es. E7, Es, Fs, G2, “Ba, *Da.
2:Eqs, % Fa. 4 Gz, sporadic 4 }. These are 19 families and 7 have unbounded rank.
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History of the proof
Gorenstein’s program

In 1972 Daniel Gorenstein (1979, Appendix) { see [23] and also htips./fwww.nasonline.orgfwp-content!
uploadsf2024/06/gorenstein-daniel pdf) announced gquite {self-)assertively a truly ambitious program for
88  completing the classification of finite simple groups, consisting of the following 16 steps:

1. Groups of low 2-rank. This was essentially done by Gorenstein and Harada, who classified the groups
with sectional 2-rank at most £. Most of the cases of 2-rank at most 2 had been already done by the time
Gorenstein announced his program.

Z. The semisimplicity of 2-layers. The problem is to prove that the 2-layer of the centralizer of an involution
in a simple group is semisimple.

J. Standard form in odd characteristic. If 2 group has an involution with a 2-component that is a group of
Lie type of odd characteristic, the goal is to show that it has a cenfralizer of involution in “standard form™,
meaning that a centralizer of involution has a component that is of Lie type in odd characteristic and
also has a centralizer of 2-rank 1.

4. Classification of groups of odd type. The problem is to show that if a group has a centralizer of involution
in “standard form™ then it is a group of Lie type of odd characteristic. This was scived by Aschbacher’'s
classical involution theorem.

. Quasi-standard form

. Central involutions

. Classification of alternating groups
. Some sporadic groups

. Thin groups. The simple thin finite groups, those with 2-local p-rank at most 1 for odd primes p,
were classified by Aschbacher in 1973,

10. Groups with a strongly p-embedded subgroup for p odd

11. The signalizer functor method for odd primes. The main problem is to prove a signalizer functor
thearem for nonseclivable signalizer functors. This was solved by McBride in 1932,

12. Groups of characteristic p type. This is the problem of groups with a strongly p-embedded 2-local
subgroup with p odd, which was handied by Aschbacher.

13. Quasithin groups. A quasithin group is one whosa 2-local subgroups have p-rank at most 2
for all odd primes p, and the problem is to classify the simple ones of characteristic 2 type.
This was completed by Aschbacher and Smith in 2004.

14. Groups of low 2-local 3-rank. This was essentially solved by Aschbacher’s trichotomy theorem for
groups G with 2(G) = 3. The main change is that 2-local 3-rank is replaced by 2-local p-rank for odd primes.

15. Centralizers of 3-elements in standard form. This was essentially done by the trichotomy theorem.

16. Classification of simple groups of characteristic 2 type. This was handled by the Gilman—Griess
theorem, with 3-elements replaced by p-elements for odd primes.

0o =~ o

Timeline of the proof

Many of the items in the table below are taken from Solomon’s great history paper (2001) (see [61.4]). The
date given is usually the publication date of the complete proof of a result, which is sometimes several years
later than the proof or the first announcement of the result, so some of the items appear in the “wrong™ order.

Date Development
1832 Galois introduces normal subgroups and finds the simple groups A, (n= 53) and PSL,(F.) (p = 3).

1854 Cayley defines abstract groups.

1861 Mathieu describes the first two Mathieu groups M+ and M.z, the first sporadic simple groups.
and announces the existence of Mz..

1870 Jordan lists some simple groups, the alternating and the projective special linear cnes,
and emphasizes the importance of the simple groups.

1872 Sylow proves the Sylow theorems.
1873 Mathieu introduces three more Mathieu groups: My;, M-, and Mo,

1892 Holder proves that the order of any nonabelian finite simple group must be a product of at least
four (not necessarily distinct) primes, and azks for a classification of finite simple groups.

1893 Cole classifies simple groups of order up to 660.
1896 Frobenius and Burmnside begin the study of character theory of finite groups.

18595 Bumside claszsifies the simple groups such that the centralizer of every involution
iz a non-irivial elementary abelian 2-group.

1901 Frobenius proves that a Frobenius group has a Frobenius kernel. 20 in particular is nof simple.
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1801 Dickson defines classical groups over arbitrary finite fields, and exceptional groups
of type Gz over fields of odd charactenstic.

1801 Dickson introduces the exceplional finite simple groups of type Ee.

1804 Bumside uses character theory to prove Burnside’s theorem that the order of any non-abelian finite simple
group must be divisible by at least 3 distinct primes.

1905 Dick=on introduces simple groups of type G, over fields of even characteristic.
1911 Bumzide conjectures that every non-abelian finite simple group has even order.
1922 Philip Hall proves the existence of Hall subgroups of solvable groups.

1533 Philip Hall begins his study of p-groups.

1935 Brauer begins the study of modular characters.

1936 Zazsenhaus classifies finite sharply 3-transitive permutation groups.

1538 Fitting infroduces the Fitting subgroup and proves Fitting’s theorem that for solvable groups
the: Fitting subgroup containg itz centralizer.

1942 Brauer describes the modular characters of a group divisible by a prime to the first power.

1854 Brauer classifies simple groups with GL;{F;) as the centralizer of an involution.

1955 The Brauer—Fowler theorem implies that the number of finite simple groups with given centralizer of involution
is finite, suggesting an attack on the classification using centralizers of involutions.

1955 Chevalley introduces the Chevalley groups, in particular introducing the new exceplional simple groups
of types F, E7, and E:.

1856 The Philip Hall-Graham Higman theorem describes the possibilities for the minimal polynomial
of an element of prime power order for a representation of 8 p-=olvable group and bounds
groundbreakingly itz p-length 4p by the Sylow p-invariants nrderp"? of a Sylow p-subgroup,
its nilpotency class oo, its solubility length dp, and its exponent p* (see Page 93 to Page 100).

1857 Suzuki shows that all finite simple CA groups of cdd order are cyclic.

1858 The Brauer—Suzuki-wWall theorem characterizes the projective special linear groups of rank 1,
and classifies the simple CA groups.

1554 Steinberg infroduces the Steinberg groups, giving some new finite simple groups, of types
*D, and “E; (the latter were independently found at about the =ame time by Tits).

18589 The Brauer—Suzuki theorem about groups with generalized quaternion Sylow 2-subgroups
shows in particular that none of them are simpie.

1860 Thompson proves that a group with a fixed-point-free automorphism of prime order is nilpotent.
1960 Feit, Marshall Hall, and Thompson show that all finite simple CN groups of odd arder are cyclic.
1960 Suzuki introduces the Suzuki groups, with types ‘B

1961 Ree introduces the Ree groups with types *Fyand “G..

1963 Feit and Thompson prove the odd order theorem.

1964 Tits infroduces BM pairs for groups of Lie type and finds the Titz group.

1965 The Gorenztein—\Walter theorem classifies groups with a dihedral Sylow 2-subgroup.

1886 Glauberman proves the Z* theorem.

1966 Janko introduces the Janko group J,, the first new sporadic group for about a century.

1968 Glauberman proves the ZJ theorem.

1868 Higman and Sims introduce the Higman-Sims group.

1868 Conway introduces the Conway groups.

1865 Walier's theorem classifies groups with abelian Sylow 2-subgroups.

18659 Introduction of the Suzuki sporadic group, the Janko group Jsz, the Janko group J=,
the McLaughlin group, and the Held group happens.

1959 Gorenstein introduces signalizer functors based on Thompson®s ideas.

1970 MacWilliams shows that the 2-groups with no nomal abelian subgroup of rank 3
have sectional 2-rank at most 4. (The simple groups with Sylow subgroups
satisfying the latter condition were later classified by Gorenstein and Harada_)

1970 Bender introduced the generalized Fitting subgroup.

1970 The Alpern-Brauer—Gorenstein thecrem classifies groups with quasi-dinedral or wreathed
Sylow 2-subgroups, completing the classification of the simple groups of 2-rank at most 2.

1971 Fischer introduces the three Fischer groups.
1971 Thompson classifies quadratic pairs.
1971 Bender clazsifies group with a strongly embedded subgroup.

1972 Gorenstein proposes a 16-step program for classifying finite simple groups (see above);
the final clazsification follows his outline quite closely.

1972 Lyons introduces the Lyons group.
1973 Rudvalis infroduces the Rudvalis group.

1973 Fizcher discovers the baby monster group (unpublished), which Fischer and Griess use to discover
the monster group, which in tumn leads Thompseon to the Thompson sporadic group and MNorton to the
Harada—Norion group {alzo found in a different way by Harada).
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1874 Thempson classifies M-groups, groups sl of whose local subgroups are solvable.

1874 The Gorenstein—Harada theorem classifies the simple groups of sectional 2-rank at most 4, dividing
the remaining finite simpke groups into those of component type and those of characteristic 2 type.

1874 Tits shows that groups with BN pairs of rank at least 3 are groups of Lie type.
1874 Aschbacher classifies the groups with a proper 2-generated core.

1875 Gorenstein and Walter prove the L-balance theorem.

1878 Glauberman proves the solvable signalizer functor theorem.

1878 Aschbacher proves the component theorem, showing roughly that groups of odd type satisfying
some conditions hawve a component in standard form. The groups with a8 component of standard form
were classified in a large collection of papers by many authors.

1878 O Man introduces the O'Nan group.
1878 Janko introduces the Janko group Je, the last sporadic group to be discovered.

18977 Aschbacher characterizes the groups of Lie fype of odd characteristic in his classical involution theorem.
After this theorem, which in some sense deals with *most™ of the simple groups, it was generally feilt
that the end of the classification was in sight.

1878 Timmesfeld proves the O extraspecial theorem, breaking the classification
of groups of GF({2}-type into several smaller probiems.

1878 Aschbacher classifies the thin finite groups. which are mostly rank 1 groups of Lie type
over fields of even characteristic.

1831 Bombieri uses efimination theory to complete Thompson's work on the characterization
of Ree groups, one of the hardest steps of the classification.

1822 McBride proves the signalizer functor theorem for all finite groups.

1882 Griess constructs the monster group by hand.

1883 The Gilman—Griess theorem classifies groups of characteristic 2 type and rank at least 4
with standard components, one of the three cases of the trichotomy thearem.

1823 Aschbacher proves that no finite group satisfies the hypothesis of the uniquenass cass,
one of the three cases given by the trichotomy theorem for groups of characteristic 2 type.

1883 Gorenstein and Lyons prove the trichotomy theorem for groups of characteristic 2 type and rank
at least 4, while Aschbacher does the case of rank 3. This divides these groups into 3 subcases:
the uniqueness case, groups of GF{2) type, and groups with a standard component.

1883 Gorenstein announces the proof of the classification is complete, somewhat prematurely
as the proof of the gquasithin case was incomplete.

18285 Conway, Curtis, Morton, Parker, Wilson, and Thackray publish the Atlas of Finite Groups
with basic information about 83 finite simple groups.

1884 Gorenstein, Lyons, and Solomon begin publication of the revised classification,

2004 Aschbacher and Smith publish their work on quasithin groups (which are mostly groups of Lie type of rank
at most 2 over fields of even characteristic), filling the last gap in the classification known at that time.

2008 Harada and Solomon fill 8 minor gap in the classification by describing groups with a standard component
that is a cover of the Mathieu group Mzz, 8 case that was sccidentally omitted from the proof of the
classification due to an error in the calculation of the Schur multipher of Mzz.

2012 Gonthier and collaborators announce a computer-checked wersion of the Feit—Thompson theorem
using the Cog proof assistant.
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Look at https://en.wikipedia.org/wiki/Classification_of_finite_simple groups
for the full article and see also [61] and [61.1] to [61.14].
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Prof. Otto H. Kegel and Prof. Philip Hall at the
Mathematisches Forschungsinstitut Oberwolfach (MFO)

Prof. Otto H. Kegel has very frequently been at the famous Mathematisches
Forschungsinstitut Oberwolfach (MFO) quite near Freiburg im Breisgau
(see https://www.mfo.de) both as a guest and as a great speaker and notably as
an organiser of fascinating conferences (see Page 69). The MFO (Oberwolfach
Research Institute for Mathematics) is an international research centre situated
in the German Black Forest. Leading experts from all over the world meet at
the Institute in order to pursue their research activities, to discuss aptly recent
developments in their field with others, and in particular to generate new ideas ©.

The Institute is a member of the Leibniz Association and is funded jointly by
the German federal government and the German state governments. It is closely
related to the ancient Albert-Ludwigs-University of Freiburg i.Br. where Prof.
Kegel happily occupied his chair from 1975 until 1999. Some of his visits
meeting Group Theory researchers have been beautifully documented in the
Oberwolfach Photo Collection (OPC) which we show with great pleasure:

https://opc.mfo.de/person_detail?id=2061
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Prof. Philip Hall visited the MFO several times as well showing great interest
in but not contributing to the Classification of Finite Simple Groups (CFSG). In
the OPC is beautifully documented an overview of ten photographs of him,
which we show with great pleasure together with seven of the photos.

https://opc.mfo.de/person_detail?id=1528
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Felix F. Flemisch fairly proudly received his first degree Bacc.Math. ™% in 1974 from the
Albert-Ludwigs-Universitit at lovely Freiburg im Breisgau, his posteraduate degree M.Sc. ™% in 1975
from the honourable University of London, UK, and finally his degree Dipl.-Math. ™% at marvellous
and fabulous Freiburg i.Br. in 1985. From February 1981 until April 1985 he was quite happily
affiliated to the Albert-Ludwigs-Universitit Freiburg i.Br., Universitdtsklinikum Freiburg, Institut
fiir Medizinische Biometrie und Statistik (IMBI). Since May 1985 he was enthusiastically and
with great joy working for the telecom industry. On April 11, 1992, he married beloved Helga in
beautiful Florence in Tuscany in Italy %. Since October 2016 he is retired and is still resp. is again
loving to work on mathematics, in particular on the very beautiful Group Theory

This Research Article continues [15]. We begin with giving a quite profound overview of the
structure of arbitrary simple groups and in particular of the simple locally finite groups
and reduce their Sylow theory for the prime p to a rather famous conjecture by Prof. Otto
H. Kegel (see [44], Theorem 2.4: “Let the p-subgroup P be a p-uniqueness subgroup in
the finite simple group § which belongs to one of the seven rank-unbounded families. Then
the rank of § is bounded in terms of P.™) about the rank-unbounded ones of the 19 known
families of finite simple groups. We introduce a new scheme to describe the known 19 families,
the family T of types, define the rank of each type, and emphasise the role of Kegel covers.
This part presents a unified picture of known results all of whose proofs are by reference.

Subsequently we apply new ideas to prove the conjecture for the Alternating Groups.

Thereupon we are remembering Kegel covers and #-sequences. Next we suggest some future
research by stating a way 1) and a way 2) how to prove and even how to optimise Kegel's
conjecture step-by-step or peu & peu which is leading to Conjecture 1, to Conjecture 2 and to
Conjecture 3 thereby unifying Sylow theory in locally finite simple groups with Sylow theory
in locally finite and p-soluble groups whose joint study directs very reliably the Sylow theory in
(locally) fimite groups. For any unexplained terminology we refer to [15].

We then continue the program begun above to optimise along the way 1) the theorem about
the first type = =“A"" of infinite families of finite simple groups step-by-step to further types
by proving it for the second type = ="A = PSL,”. We start with applying new ideas to prove
Conjecture 2 about the General Linear Groups over (commutative) locally finite fields, stating
that their rank is bounded in terms of their p-uniqueness, and then break down this insight to the
Special Linear Groups and to the Projective Special Linear (PSL) Groups over locally finite
fields. We close with a number of suggestions for future research » regarding the remaining five
rank-unbounded types (the “Classical Groups™) and the way 2), » regarding (locally) finite and
p-soluble groups, and » regarding Cauchy’s and Galois® contributions to Sylow theory in finite
groups. We hope to enthuse group theorists with them and are ready to cotrdinate related work.

We include the beautiful predecessor research paper [15] as Appendix 1 for good reasons.
The Research Article has the following seventeen beautiful Chapters:

Sketch of proof for A" Sketch of proof for A = PSL; 1 Introduction; 2 Proof of Theorem [;
3 About Kegel covers; 4 Planning future research - Part |; 5 Proof of Theorem 2; 6 Proof
of Theorem 3; 7 Proof of Theorem 4; 8 Planning future research - Part 2; 9 The First Trilogy
and The Second Trilogy and their reviews; Acknowledgements; Postscript, Luciano De
Creszenzo, Felix F. Flemisch, Conflicts of Interest, Pablo Picasso’s L£a Jote de vivre ; About
the author in Munich, in Freiburg i.Br., in London, in Weiden i.d.OPf{., and in Florence
in Tuscany in Italy; 75 References; Appendix 1 - Reference [15] with MR Review and Zbl Review;
Appendix 2 - Talk at IGT 2024 on Thursday, April 11, the 120™ birthday of Prof. Philip Hall.
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