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finite group G contains a finite p-subgroup which is singular in S (see below), then G satisfies
the strong Sylow Theorem for the prime p (see below). Since the converse is also true [1; 2],

this characterises the locally finite groups which satisfy the strong Sylow Theorem for the

prime p. The proof is a rather old result, namely the Charakterisierungssatz of the author’s
Diplomarbeit of 1984 [2]. It is based upon the concepts of good p-subgroups [3] and strongly
local — or, as we say, very good — p-subgroups [4] of Andrew Rae. To obtain the correspondence
with Kegel’s work we first show that a finite p-subgroup is singular in the locally finite group G
if and only if it is a p-uniqueness subgroup of G, that is, it is contained in a unique maximal
p-subgroup of G. We then proceed on the whole as in our Diplomarbeit. However, we do not
publish the proof in its original form since the Diplomarbeit was written in German. Instead

we translated all employed parts into English, thereby introducing a number of corrections,
present the Charakterisierungssatz as 2.8 HAUPTSATZ, and summarise then the result as
Theorem IV. Subsequently we present a few new concepts and results for Sylow theory in
(locally) finite groups and a comparative outline of Kegel’s previous work [8] with two open
questions. We close with personal dedications, background information and deep Endnotes
which introduce further new concepts. The publication has the following seven Chapters:
Introduction; 1. Good Sylow p-subgroups and p-uniqueness subgroups; 2. Basic theorems of Sylow
theory in locally finite groups and our Charakterisierungssatz; 3. Novel concepts and results for
Sylow theory in (locally) finite groups and comparative outline of Kegel’s previous work [8];
References; About the author & Background information and annotations; Endnotes.
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Four lectures on Sylow theory in locally
finite groups

O.H. Kegel

Introduction

In their wording some theorems about finite groups also make sense for
infinite groups; however, since there are counter examples, most of them
cannot be proved. Narrowing down the class of groups considered more
theorems of finite origin will become provable. In general, assuming the
validity of some theorem about finite groups for some infinite group is a
strong finiteness condition, and one might wonder what other finiteness
conditions may be deduced from it. A good class in which to study such
phenomena is the class of locally finite groups, i.e. the class of those groups
in which every finite set of elements generates a finite subgroup.

The basic result on finite groups is the Sylow Theorem stating that for a
fixed prime p the maximal p-subgroups of a finite group G are conjugate in
G. This statement makes sense in arbitrary groups, but it is false in general,
as we shall see even in locally finite groups. We shall refer to the discussion
of the validity of the Sylow Theorem for the prime p or some variation or
generalisation of it in some class of infinite groups as Sylow Theory. More
than anyone else, Brian Hartley has contributed to Sylow Theory in locally
finite groups. If not only in the locally finite group G itself, but also in
every subgroup of G, the maximal p-subgroups are conjugate we shall say
that G satisfies the strong Sylow Theorem for the prime p. For locally finite,
locally p-soluble groups satisfying the strong Sylow Theorem for the prime
p Hartley exhibited in [10] a very strong finiteness property, if p # 2. An
extension of a weak form of Hartley’s finiteness result is

If for the prime p > 5 the locally finite group G satisfies the strong
Sylow Theorem then there 1s a finite series of normal subgroups N; of G
with

G=Ng 2 ... 2N: D Niyi 2 ... 2 Ni = {1)

such that the factors N;/N;;, of this series are either a direct product of
finitely many linear simple groups or locally p-soluble.

Hartley’s result allows one to refine the series so that the locally p-
soluble factors N;/N;,, are either p-groups or p'-groups.

[1] Kegel, Otto H.: Four lectures on Sylow theory in locally finite groups.
In: Group Theory — Proceedings of the Singapore Group Theory Conference held at
the National University of Singapore, June 8-19, 1987, edited by Kai Nah Cheng and
Yu Kiang Leong, 3-28. ISBN 978-3-11-011366-2 (Hardcover) and ISBN 978-3-11-084839-7
(PDF) (see https://www.degruyter.com/view/title/11283). Berlin-New York: Walter de Gruyter
January 1989, reprinted November 2016. MR0981832 (MR 90c¢:20037 by
Brian Hartley [March 1990]); Zbl 0659.20024 (by Bernhard Amberg).
https://www.degruyter.com/view/book/9783110848397/10.1515/9783110848397-004.xml
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© 2012 by Ivan Andrus (see https://irandrus.files.wordpress.com/2012/06/periodic-table-of-groups.pdf
and https://irandrus.wordpress.com/2012/06/17/the-periodic-table-of-finite-simple-groups/)

CLASSIFICATION OF FINITE SIMPLE GROI.IIS‘

T T By b

Pulling together the strands of mathematics

© 2006 by Richard Elwes: An enormous theorem: the classification
of finite simple groups. Plus Magazine, Issue 41 (December 2006) [5]
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mathgemaﬁcs

(see https://plus.maths.org/content/os/issue41/features/elwes/index)

A]ternatiné group A’
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m18 math4120/slides/math4120 lecture-2-03 h.pdf
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L’amour immortel, éternel et infini
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Abstract We turn a question of Otto H. Kegel [1] into a theorem [2]: If every subgroup S of
the locally finite group G contains a finite p-subgroup which is singular in S (see below), then G
satisfies the strong Sylow Theorem for the prime p (see below). Since the converse is also true

[1; 2], this characterises the locally finite groups which satisfy the strong Sylow Theorem for the
prime p. The proof is a rather old result, namely the Charakterisierungssatz of the author’s
Diplomarbeit of 1984 [2]. It is based upon the concepts of good p-subgroups [3] and strongly
local — or, as we say, very good — p-subgroups [4] of Andrew Rae. To obtain the correspondence
with Kegel’s work we first show that a finite p-subgroup is singular in the locally finite group G
if and only if it is a p-uniqueness subgroup of G, that is, it is contained in a unique maximal
p-subgroup of G. We then proceed on the whole as in our Diplomarbeit. However, we do not
publish the proof in its original form since the Diplomarbeit was written in German. Instead
we translated all employed parts into English, thereby introducing a number of corrections,
present the Charakterisierungssatz as 2.8 HAUPTSATZ, and summarise then the result as
Theorem IV. Subsequently we present a few new concepts and results for Sylow theory in
(locally) finite groups and a comparative outline of Kegel’s previous work [8] with two open
questions. We close with personal dedications, background information and deep Endnotes
which introduce further new concepts. The publication has the following seven Chapters:
Introduction; 1. Good Sylow p-subgroups and p-uniqueness subgroups; 2. Basic theorems of Sylow
theory in locally finite groups and our Charakterisierungssatz; 3. Novel concepts and results for
Sylow theory in (locally) finite groups and comparative outline of Kegel’s previous work [8];
References; About the author & Background information and annotations; Endnotes.
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Introduction

In his four workshop lectures on Sylow theory in locally finite groups at the famed
Singapore Group Theory Conference of June 1987 [1], Otto H. Kegel stated that

he could not settle the question “If every subgroup S of the locally finite group G
contains a finite p-subgroup which is singular in S, does G then satisfy the strong
Sylow Theorem for the prime p?”. Recall that the group G of arbitrary cardinality

is defined to be locally finite if every finite subset of G is contained in a finite
subgroup of G. The finite p-subgroup P of the locally finite group G is said to be
singular in G if for every finite subgroup F of G containing P there is just a unique
Sylow p-subgroup of F containing P. It is well-known that a p-group for the prime p
is a group of arbitrary cardinality each of whose elements has order a finite power of p.
Then a p-group is finite if and only if its order is a finite power of p. The locally finite
group G is defined to satisfy the Sylow Theorem for the prime p if the maximal
p-subgroups of G are all conjugate in G and G satisfies the strong Sylow Theorem
for the prime p if every subgroup of G satisfies the Sylow Theorem for the prime p.
Kegel’s lectures present the basics of Sylow theory of locally finite groups, give an
overview of the prodigious work by Brian Hartley and Andrew Rae on Sylow theory
in locally p-soluble groups, and reveal in great detail the normal structure for groups
satisfying the strong Sylow Theorem for the prime p in the general case (for p = 5).
Chapters 2 and 4 of [9] give a good overview as well but without appreciating Hartley’s,
Rae’s and Kegel’s fundamental papers properly and avoiding their beautiful details.

In this publication we turn Kegel’s question into a theorem: “If every subgroup S
of the locally finite group G contains a finite p-subgroup which is singular in S, then G
satisfies the strong Sylow Theorem for the prime p.” Since the converse is also true
[1; 2], this characterises the locally finite groups which satisfy the strong Sylow Theorem
for the prime p. The proof of our Charakterisierungssatz is not presented in its original
form since it was written in German as the main result of the author’s Diplomarbeit
during 1978-1984 [2]: “Lokal endliche Gruppen mit Sylow p-Satz oder mit min-p.

I: Grundbegriffe, ein Charakterisierungssatz und lokale Prinzipien”. We decided
against a presentation (for historical reasons) as an amalgam of English and
German and translated all employed parts into English, thereby introducing a
large number of corrections and embellishments, in particular Proposition III.

The central discovery that enabled in those days the proof was the relationship of
p-subgroups which are singular to the good p-subgroups [3] and the strongly local
p-subgroups [4] of Andrew Rae. Let G be any locally finite group and let P be a
p-subgroup of G. A local system for G is a family X of finite subgroups such that
every element of G lies in a 2-group and for every two 2-groups there exists another
2-group which contains both, for example, the local system of all finite subgroups of G.
The group P is said to reduce into a local system X for G if for every X-group U
we have that PN U is a Sylow p-subgroup of U, and then P is a maximal p-subgroup
of G (see below), P is said to be good if there exists a local system for G into which P
reduces, and P is said to be strongly local or, as we prefer to say, very good if given
any local system X for G there exists a subsystem of X into which P reduces. A very
good p-subgroup is — of course — good and, as we show below, any singular p-subgroup
of the locally finite group G is contained in a unique maximal p-subgroup of G which
is very good and the existence of a singular p-subgroup enforces the conjugacy of
the good Sylow p-subgroups in countable locally finite groups.
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The initial goal of our Diplomarbeit was to state more precisely and prove what
Kegel deduces ‘‘by inspection” as (2.4) Theorem, namely that if the p-subgroup P is
singular in the finite simple group S which belongs to a rank-unbounded family of
finite simple groups, then the rank of S is bounded “in terms of P”’, and combines this
with the classification of finite non-abelian simple groups, namely that there are seven
“known” rank-unbounded families of finite simple groups?, ten families with fixed
rank 2, and 26 sporadic finite simple groups [5], to prove (2.7) Theorem ® “For the
locally finite simple group G the following are equivalent: (i) Every countable simple
subgroup of G contains a singular p-subgroup; (ii) G satisfies the strong Sylow Theorem
for the prime p; (iii) G is linear.” and the key (3.4) Theorem “If { F; }; c \ is a smooth
simple straight split sequence of finite p-perfect subgroups of the group G, then the
countably infinite group U = <F;; i € N> has 2%o maximal p-subgroups.”, and
to deduce first “crucial configurations” and then at last his final (4.4) Theorem which
reveals in great detail the normal structure of locally finite groups satisfying the strong
Sylow Theorem for the prime p = 5. While these combinations are not all too difficult
to achieve (which the author did as well and in more detail /in unpublished work and
even extended them to the case p = 3), during ‘“‘the inspection” to make the hazy
(2.4) Theorem more specific and prove it, the author ran over many years from one
dead-end street to the next cul-de-sac road to the next dead-end street and so on,
having never sufficient knowledge about the “known” finite simple groups, and he
succeeded only, but at least, in determining a bounding function *“in terms of P”’
for the Alternating Groups. But the ambitious goal, to determine in all finite simple
groups (except possibly the exceptional and the sporadic ones) all p-subgroups,
which are (minimal) singular, was not achieved. So the author was quite happy to
be able to proudly present in his Diplomarbeit alternatively the above-mentioned
Charakterisierungssatz. The other alternative to state, but not prove, the (2.4)
“Theorem” and submit (as a doctoral thesis) the unpublished work, which included
a very nice concept for a generalised p-length as well, was not recognised since
it seemed very inappropriate to submit an unproved theorem as the key argument.

L’amour immortel, éternel et infini de I’auteur pour #¢/[ga et les mathématiques
(© see https://stock.adobe.com/de/images/infinity-heart-symbol-forever-vector/68328980)

% These are the alternating groups Alt, and the classical families A = PSL, B = PQ o4, C = PSp,
D = PQ*en, °A = PSU, 2D = PQ oven. The exceptional families Eg, E7, Es, F4, Go, 2By, °Da, 2Eg, 2F4, 2Go
have a fixed rank label and the Tits group 2F4(2)’ belongs to F, oris regarded as the 27" sporadic group.

% Brian Hartley in his Mathematical Review of [1] stated the following: “If the simple locally finite group G
satisfies the strong Sylow Theorem for the (even one) prime p, then G is linear. This depends on the classification
of finite simple groups and an assertion about singular p-subgroups of classical groups. Another proof of this
result has since been given by the reviewer (not yet published).” However, due to the very tragic death of Prof.
Hartley in 1994 (see [2]), aged 55, this certainly very interesting proof was never prepared for publication.
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1. Good Sylow p-subgroups and p-uniqueness subgroups

We call a maximal p-subgroup of a locally finite group G a Sylow p-subgroup of G
and denote the set of all Sylow p-subgroups of G by SylpG. If a p-subgroup of a
locally finite group G reduces into a local system for G, it is a maximal p-subgroup:

1.1 [2] Let G be a locally finite group and P be a p-subgroup of G. If there exists
a local system X for G into which P reduces, then P is a Sylow p-subgroup of G.

PROOF: Let S € SylpG with P < S. Suppose, P# S. Then there exists an element
x€ S\ P.Let U € X with x € U. It follows that < PN U, x > is a p-subgroup of U
with PN U ¢ < PN U, x > < S. This contradicts the prerequisite PN U € Syl,U.

The local system X for the locally finite group G is said to be nested (in German
geschachtelt) if there exists a sequence { U, | n € N } of finite subgroups of G such
that U, S Un,1 foralln € N and X ={ U, | n € N }. If G are a countable locally finite
group and { x, | n € N } an enumeration of G, let U, := < x1, X2, ..., X, > (n € N). Then
{ Un| n € N }is anested local system for G. If the locally finite group G has a nested
local system, then G is countable. We can identify all the good Sylow p-subgroups
of countable locally finite groups by means of nested local systems for them:

1.2 [2] Let G be a countable locally finite group. Then we have: a) If X is a local
system for G, then X contains a local subsystem X, which is nested. b) Let X = { U, |
n € N } be a nested local system for G. Then there exist with respect to (w.r.t.) X good
Sylow p-subgroups of G. In particular G contains at least one good Sylow p-subgroup.

PROOF: a) Let X be a local system for G and { x, | n € N } an enumeration of G.
We define Uy € X with x € Ux (x € G) and < Uy, U, > € Uy, (X, y € G) as follows:
let Uy, € 2 with xq € Us,s it Ux,xyx5...x, € 2 are already defined with xi, X2, X3, ..., Xj
€ Ux x,x,..x, (N € N), let Uy € X with xo.1 € Uy and Uy, x,x,...x x.,, € X With
< U, xx.. %0 Uz, > S Ux ... %, x,,, (N € N). Then the countable subset X1 :=

{ Ux, x,%,...x, | N € N} of X is a nested local system for G. b) Let P; € SylpUs. If Py
C P, C ... € P, are already finite p-subgroups of G with P; € SylpU; (1 <i<n), let
Pnit1 € SylpUn,1 with P, S Phyt (n € N). Define S:=\_{P.|n€ N}.Then Sis a
p-subgroup of G, which reduces into £, and so is good with S € SyloG by 1.1.* [

We can now introduce the p-uniqueness subgroups and present the very close
relationship between them and the good Sylow p-subgroups.

In [2] we call p-dominant a p-subgroup of the locally finite group G if it is finite and
is contained in a unique Sylow p-subgroup S of G, and call then S singular (in
German einzigartig or einmalig or singulér, in a double sense). Although “dominant”
in German is “dominant” in English we now find it smarter to define such a p-subgroup
of G as a p-uniqueness subgroup (in German, a bit unwieldy, p-Einzigartigkeits-
untergruppe or p-Einmaligkeitsunterguppe) of G for S or w.r.t. S.°

* see Kegel’s (1.1) Lemma of [1] for another argument for 1.2.b) which is very similar to 1.1

® There is no danger of confounding our p-uniqueness subgroups with the p-uniqueness subgroups
which play a major réle in the classification of the finite simple groups (see Gorenstein, Daniel;
Lyons, Richard; Solomon, Ronald: The Classification of the Finite Simple Groups, Part 1; p. 82.
Providence: AMS, Mathematical Surveys and Monographs Volume 40.1, 2000 [and 1994] [ISBN
978-0-8218-0960-0 resp. ISBN 978-1-4704-1267-8). https://www.ams.org/books/surv/040.1/).
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Proposition 1. Let G be a locally finite group and let p be a prime.
Let P be a finite p-subgroup of G. The following are equivalent:

1) P is a p-uniqueness subgroup of G.

2) P is singular in G.

3) Whenever P; and P, are finite p-subgroups of G with P S P, N P,
then < P,, P,> is a p-group.

PROOF: 1) = 2): Suppose P is not singular in G. Then we have a finite subgroup
F of G such that P is contained in at least two Sylow p-subgroups P; and P, of F.
Let Si be a Sylow p-subgroup of G which contains P; (i=1, 2). If Sy = S, then

< Py, Po> < < 51, So >N F is a p-group which contradicts P; € SylpF and
P> € SylpF. Thus S; # S,. Therefore P is not a p-uniqueness subgroup of G.
2) = 3): Let P< Py N P> where Py and P» are finite p-subgroups of G and suppose
that F:= < Py, P> > is not a p-group. Then P < F and since < Py, P> > is not a
p-group there are two distinct Sylow p-subgroups Qs and Q» of F containing P4
and P, respectively. But then P € Qi N Q> and so P is not singular in G.

3) = 1): Suppose that 3) holds and that P is not a p-uniqueness subgroup of G.
Then there are distinct Sylow p-subgroups Q1 and Q. of G such that P € Q1 N Qo.
Letx € Q1\Q:and y € )\ Q. ltfollows that Py :==< P,x>and P, =< P,y > are
finite p-groups and that < Py, P, > is not a p-group contradicting 3). [

Kegel discovered insight gaining equivalent conditions for the conjugacy of good
Sylow p-subgroups in countable locally finite groups. We expandedly restate and
reprove his (1.2) Theorem in our terminology thereby adding another property:

(1.2) Theorem [1]. For the countable locally finite group G and the prime p

the following properties are equivalent: 1) There exists a nested local system
{G;|i € N} for G and an index i such that for every pair j >i > i, of indices every
Sylow p-subgroup P; of G; is contained in a unique Sylow p-subgroup P; of Gj.

2) There exists a finite p-subgroup P, of G which is singular in G.

3) There exists a p-uniqueness subgroup P, of G.

4) Any two good Sylow p-subgroups of G are conjugate in G.

PROOF: 1) = 2): Choose P, € Syl,Gj, and put P, := P;,. Let F be any finite
subgroup of G containing Py. For every index j such that F < Gj, the unique Sylow
p-subgroup of Gj containing Py must contain a Sylow p-subgroup of F, and no
other Sylow p-subgroup of F can contain P,. Clearly 2) = 1). From Proposition I
follow 2) = 3) and 3) = 2). To show 4) = 1) assume that for any nested local
system { Gi|i € N } for G and any index i, for infinitely many pairs j >i > iy of
indices some (hence any by conjugacy) Sylow p-subgroup of G; is contained in
at least two Sylow p-subgroups of Gj. We then can construct, similar to 2.2 or 2.7
below, 2% maximal p-subgroups of G which are good by 1.2 and cannot all be
conjugate in G. Thus 4) entails 1), and hence 2). It remains to show 3) = 4):°
let P and Q be good Sylow p-subgroups of G obtained as two unions of Sylow
p-subgroups of nested local systems {Gi|i € N} and {H;|i € N} for G (see 1.2)
and let Sy be the unique Sylow p-subgroup of G containing Py; we show that P
is conjugate to Sp and Sy is conjugate to Q, and therefore P is conjugate to Q;
if P and Sy are not conjugate then one of them must have property (&) of 2.1

® Kegel’s argument for 2) = 4) on page 6 . of [1] is really not fully convincing.
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(see below) which means in particular that it is not singular; so P has property (&);
now P reduces into {G; |i € N}, thatis, PN G; € SylpG; for alli € N; there exists
an index ip such that Py € Gi,; then Py < P,, for some unique P, € Syl,Gj,; now
let — thanks to Ludvig M. Sylow - x be an element of G, such that P, = PN G;
then P, is a finite p-subgroup of P which is contained in just only one Sylow
p-subgroup of G thereby contradicting property (&) of P; for exactly the same
reasons S is conjugate to @; therefore P must be conjugate to Q. [

Let S be a Sylow p-subgroup of the locally finite group G. A finite subgroup
F of Gis called S-dominant if S reduces into every subgroup U of G which
contains F, thatis, SN U € SylpU for all subgroups U of G such that F < U.

1.3 [2] Let G be a locally finite group, p be a prime, S € Syl,G and F be
a finite subgroup of G. The following are equivalent: 1) F is S-dominant.
2) For each finite subgroup U of G with F C U we have S N U € Syl,U.

PROOF: 1) = 2) is clear. 2) = 1): Since F is finite, there exists a local system X
for G such that for each Z-group U we have F < U. Let V be a subgroup of G
with FS V. ThenXi :={VN U| U € X}is alocal system for V into which SN V
reduces. Therefore from 1.1 follows SN V € Syl,V.

1.4 [2] Let G be a locally finite group and S € Syl,G. Then are equivalent:
1) S is very good. 2) There exists an S-dominant subgroup of G.

PROOF: 1) = 2): Suppose, no S-dominant subgroup of G exists. Then according
to 1.3 there exists to every finite subgroup F of G at least one finite subgroup Ur
of G with F € Ur and SN Ur & Syl,Ur. Let 2 := { Ur| F finite subgroup of G }.
Then X is a local system for G that possesses no local subsystem into which S
reduces. 2) = 1): Let F be an S-dominant subgroup of G and X a local system
for G.LetX ={U| U € X, FS U}. Then X is, because of the S-dominance
of F, a local subsystem of ¥ into which S reduces. [

1.5 [2] Let G be a locally finite group and let p be a prime. a) If F is a p-uniqueness
subgroup of G and S is the singular Sylow p-subgroup of G with F € §, then F is an
S-dominant subgroup of G. b) Every singular Sylow p-subgroup of G is very good.

PROOF: a) Let U be a subgroup of G with F < U. Let P € Syl,U and T € Syl,G
with SN UCS PCS T. From F < S and the p-uniqueness of F follows T = S.
Therefore SN U = P. b) follows from a) and 1.4. [

We spend a separate proposition for the important insight 1.5.b):

Proposition II. Let p be a prime and P be a p-uniqueness subgroup of the locally
finite group G or, equivalently by Proposition I, let P be a singular p-subgroup
of G. Then the singular Sylow p-subgroup S of G containing P is very good. [_]

We can now summarise the relationships between good Sylow p-subgroups and
p-uniqueness subgroups with their containing singular Sylow p-subgroups as follows:

® singular Sylow p-subgroups are very good; ® p-uniqueness subgroups are singular,
and conversely; ® in countable locally finite groups good Sylow p-subgroups are
identified by nested local systems; ® in countable locally finite groups the existence
of a p-uniqueness subgroup compels the conjugacy of all good Sylow p-subgroups.
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We end the discussion of good Sylow p-subgroups by pointing out that there exist
1) countable locally finite groups with Sylow p-subgroups which are not good ” and
2) locally finite groups of cardinality 2% which contain no good Sylow p-subgroups at all.

First, we let G be a finite group with |Syl,G| > 2, e.g. the symmetric group S
of degree 2p for the prime p for which we know surely that | ivzlpgzp |>2p-2>2.
In the N-fold cartesian power G :=[{ Gi| Gi:= Gforalli € N} :={ (x1, Xz, ...) |
Xi € G foralli € N'} of G, which satisfies the Sylow p-Theorem 8, there exist the
N-fold direct power G" = [1°{ (x)ie n € G| x; = 1 for almost all i € N }, which
does not satisfy the Sylow p-Theorem °, and esp. the diagonal D = { (x)ic 1w € G|
(3 x € G)(Vi € N)x; =x}= G via the isomorphism 8: D> G, ((x)ie 11)° = x,
from D onto G with DN G" = < 1 >. Since G" is a normal subgroup of G, we have
< G", D> = D+G"; this is a countable subgroup of G!"\. The Sylow p-subgroups
of G resp. of G' are cartesian resp. direct products of the Sylow p-subgroups of the
Gis (i€ N), namely [T{S™|i€ N}resp.[[°{S™|i€ N} for S € Syl,G, where
mi: G > Giis the codrdinate projection Ti((xk)ke 1) := X; on the factor G; (i € N).
Any P € Syl,D normalises exactly one Sylow p-subgroup S of G" resp. exactly one
Sylow p-subgroup S° of G, namely S=T]{P"|i € N} resp. S°=T]°{ P"|i € N }.
Therefore every Sylow p-subgroup of D is a p-uniqueness subgroup of D« G,
Thus by (1.2) Theorem all good Sylow p-subgroups of D+ G™ are conjugate in
D+ G, what nevertheless could be proved directly, however. The countable group
D+ G" has by 1.2 indeed good Sylow p-subgroups and we are able to designate
some distinguished of them explicitly: let Ui := D+ Gi x D* Gz x ... x D+ G; (i € N);
then T :={ Ui |i € N} is a nested local system for D+ G"; if P € Syl,D and
P; € Syl,Gi=Syl,G (i € N),then P® := P+ Py x P+ Py;x P+P3x...N GMisa
p-subgroup of D+ G which reduces into X and therefore is by 1.1 and 1.2 a
good Sylow p-subgroup of the countable group D+ G,

The group D+ G has indeed also (many) Sylow p-subgroups, which are not good:
since |Syl,G| = 2 we can construct by the method of 2.2 or that of 2.7 an infinitely
(X,) high tree of finite p-subgroups of D+ G with < 1 > as the root which branches
properly at each location with proper inclusions and where two immediate successors
of each point do not generate a p-group; this tree has 2% pranches which constitute
2o many ascending unions of finite p-subgroups and thus 2o many p-subgroups P,
where any two of them do not generate a p-group; choosing for each P, a Sylow
p-subgroup S, of D+ G™ containing P, now delivers 2o Sylow p-subgroups of
D+ G™ (1 <1< 2%) on the treetop; since by Kegel’s (1.2) Theorem the good

’ (see the note on page 5 of [1]: “It may be worthwhile to point out that a countable infinite locally
finite group G may have maximal p-subgroups” which are not good.)

8For S, T € SyloG" there are S;, T; € SyloGi = Syl,G (i € N) such that S resp. T is the cartesian
product of the S;s resp.the Tis. If x;€ Gi= G with S;* =T, (i € N)and x := (x)ic, then S*=T.
®Let S, T € Syl,G™. If there is an x € G with S*= T, then $*™ = T" for almost all i € N. Thus
for P, Q € Syl,G with P # Q, the groups P"” and Q™" are not in G"” — but in G"? — conjugate Sylow
p-subgroups of G™. Alternatively follows from |G™)| = X, and [Syl,G"’| = 2% — we have 2.1 and 2.2
because of |Syl,G| = 2 (see below) — that not all Sylow p-subgroups of G" can be conjugate.

In uncountable locally finite groups the Sylow p-Theorem is not inherited by nhormal subgroups.
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Sylow p-subgroups of the countable group D+ G are conjugate, at most X, of
these 2% Sylow p-subgroups can be good; there then remain (with or without the
continuum hypothesis) af least 2%o - R many Sylow p-subgroups in the treetop
which are not good and too many to be conjugate in D+ G1.

Second, let pand g be primes with g=1 (mod p) and A:=<a, b|a’= b= (ab)’ =1 >.
Then |A| = pg and A has g many Sylow p-subgroups and a normal Sylow g-subgroup,
hence is metabelian. If (p,q) = (2,3) then A = S® is the symmetric group of degree 3.
The group A contains the elements a and a’ := ab of order p which are not p-consonant,
that is, they do not generate a p-group. The N-fold cartesian power Al of A is locally
finite and metabelian of exponent pq. Laszlé G. Kovacs, Bernhard H. Neumann and Hugo
de Vries constructed, based on the elements a and a’ (and exemplarily for (p,q) = (2,3)),
an N-fold interdirect power H of A, that is, A™ < H < A with the following properties
[6, Theorem 3.7]: H is metabelian of exponent g and order 2% with a countable Sylow
p-subgroup and a Sylow p-subgroup of order 2o (hence without Sylow Theorem for the
prime p). They also constructed, using again a and a’, an N-fold interdirect power H of
A with the following amazing properties [6, Theorem 4.4]: H has order 2% each Sylow
p-subgroup of H is countable, H has a countable normal (hence unique) Sylow g-subgroup,
which has no complement in H, and each Sylow p-subgroup has a complement in H, which
is normal in H and contains elements of order p. No Sylow p-subgroup of H can be good:
suppose a Sylow p-subgroup S of H reduces into a local system X for H; we then choose
a 2-group U that contains an element x of order p of a complement of S, anda P € SylpU
containing x; since SN U € SylpU thereisa y € U with PY=SN U;then<x>'c S
whereas < x >” belongs to the normal complement of S, a contradiction. The arithmetic
p-structure and the local structure of these examples get on very poorly with one another.

2. Basic theorems of Sylow theory in locally finite groups
and our Charakterisierungssatz

In this Chapter we first present — with quite considerably improved proofs — the basics of
Sylow theory in locally finite groups (2.1 to 2.5 Theorem) and subsequently prepare and
carry out the proof of our Charakterisierungssatz (Proposition III to 2.8 HAUPTSATZ)
which allows us to prove very easily our main theorem (Theorem 1IV).

2.1 [2] Any locally finite group G which does not satisfy the Sylow Theorem
for the prime p contains a Sylow p-subgroup S with the following property:
(&) “Every finite subgroup of S lies in at least two Sylow p-subgroups of G.” '° !

PROOF: Let S and T be two Sylow p-subgroups of G which are not conjugate (in G).
If T is not singular, that is, T does have property (&), the result is immediate, so suppose
that T is singular and let Y be a p-uniqueness subgroup for T. We show that then S has
property (&), that is, S is not singular. To this end let X be an arbitrary finite subgroup

of S. Then < X, Y > is a finite group. By the Sylow p-Theorem for finite groups there
exists an x € G such that X and Y” lie in the same Sylow p-subgroup of < X, Y >.
Then < X, Y” > is a p-group. From the assumption on Y it thus follows that < X, Y* >

C T” Hence X lies in at least the two Sylow p-subgroups S and 7" of G. [

"% The property (&) means that S is not singular (see the same property () on page 8 of [1]).
This property was for the first time discovered by Ali O. Asar [7].

'! see Proposition III below for a generalisation
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We now prepare an alternative proof of the basic theorem of Sylow theory known as
the “Asar-Hartley Theorem” (see [9, 2.3.11. Theorem] for the basically original proof).
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2.2 [2] Let G be a locally finite group and P be a p-subgroup of G for the prime p.
a) P shall have the following property: (®) “To every finite subgroup F of P
there exists an x =x (F) € G with F* C P such that <P, P" > is not a p-group.”
Then there are 2% infinite ascending chains X; < Xj; < ... < Xj;,..i < ... of
finite p-subgroups of G with indices i, € {0,1} (k € N) such that for alln € N
and each choice of indices i) (1 <k <n) the group < X; ¢, Xij,.i1> is not
ap-group. b) Let P € Syl,G with the property (&) from 2.1. Then P has

property (®) from a). '? ¢) Let P € Syl,G with the property (&) from 2.1
and X be a finite subgroup of P. Then there are 2" many infinite ascending
chains X < X; < Xi;, < ... < X; < ... with the properties from a). '®

PROOF: a) Let X be a finite subgroup of P and y be an element of G with
“1) < P, P” > is not a p-group” and “2) X” € P”. Because of the first property
there exists a finite subgroup X, of P with X € Xy such that < Xp, Xo” > is not

a p-group, and because of the second property we have < X, X’ > € P, hence
Xo # X # Xo’. If we substitute in the last two sentences X by Xo, we get two
finite p-subgroups Xoo and Xp1 of G with Xo < Xoo and Xp < Xo1 such that

< Xoo, Xo1 > is not a p-group. Since P” has the property (®), too, we can
analogously substitute X by Xi := Xo” and thereby get two finite p-subgroups
Xio and Xi1 of G with Xj < Xjo and X1 < Xi1 such that < Xjo, Xi1 > is not a p-group.
We thereby have altogether constructed four ascending chains X < Xp < Xoo,
X< Xo < Xot1, X1 < Xio and Xi < Xjy of finite p-subgroups of G such that the three
groups < Xo, X1 >, < Xoo, Xo1 > and < Xjo, X11 > are not p-groups. Now letn € N
with n > 2 and let already be constructed 2" ascending chains X, < Xi i, < ...

< Xi,...i. of finite p-subgroups of G with indices i, € {0,1} (1 <k <n) such that
foreach m € N with m < n-1 and each choice of indices i, (1 <k < m) the group

< Xii,.i 0, Xii,..i_1 > is not a p-group. Whilst repeating the construction of the first
two sentences successively with the 2" groups Xii,..i in place of X, we get,
because each conjugate of P possesses the property (®), in each case two
p-subgroups Xii,..i.0 and Xii, i 1 of G with Xii, i, < Xi,i,...i.0 N Xii,..i,1 such that

< Xii,..i.0, Xii,..i.1 > is not a p-group. Therewith we now have constructed on+
ascending chains X, < Xii, < ... < Xi,i, i, < Xi,..i.i ., With the requested properties.
Therefore we can recursively w.r.t. inclusion construct a tree of height X, of finite
p-subgroups of G, which branches properly at each location with proper inclusions,

hence must contain 2% infinite branches. Also any two immediate successors of
an arbitrary point do not generate a p-group. These branches are just the required
chains. b) Let F be a finite subgroup of P and R be a Sylow p-subgroup of G
with F & R # P. Then there is an element x in R with x € P and the group < F, x >
is a finite p-group. Let Y:=<F, x >N P. Thenwe have Y # < F, x >. It is well known
that as a finite p-group, < F, x >, satisfies the normaliser condition. '* Therefore Y

1igeeedy

2 our proofs of a) and of b) with reference to a) are much clearer and detailed than the original
proof by Ali O. Asar [7] which may be considered rather cumbersome.

'3 In the proof of his (1.3) Theorem [1] Kegel sagely combines 2.1 with 2.2.c).

' Normaliser condition of finite p-groups:
If U is a p-subgroup of the finite group G and p divides [G:U], then U ¢ NgU.
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is a proper subgroup of N_r x.Y. Let y be an element in < F, x >, but notin Y, which
normalises Y. Then y & P. Since y is a p-Element and P is by assumption a Sylow
p- subgroup of G, it follows that y € NgP and that < P, P’ > is not a p-group.
This just is the property (®) from a) for P to be proved. '° c) We combine the proofs
ofa)andb). Solet R € Syl,Gwith XS R#P.Letx€ R\Pand T:=PN<X, x>.
As a finite p-group, < X, x > satlsfles the normaliser condition. Solett € <X, x>\ T
witht € N_.x x-T. Then < P, P'>is nota p-group and therefore there exists a finite
subgroup Xo of P with X < X, such that with X1 = Xo the group < Xp, X1 > is not a
p-group. We have X # X # X; since < X, X'> € T is a p-group. Not only X € X,
pertains but also X < X; because of t € N_ x x.T. We can repeat this construction
whilst replacing X by Xo and also by its conjugate Xji. Thereby we construct Xoo, Xo1,
Xi0, X11 and four ascending chains X < Xy < Xoo, X < Xo < Xo1, X< X1 < Xjp and
X < Xi < Xjy1 of finite p-subgroups of G. We subsequently repeat this construction

with each of Xi i, and whilst doing this infinitely often we construct 2o many chains
X< Xi< Xip< ... < Xijip.in < ... Of finite p-subgroups of G with the properties from a).
Therefore we can, starting from an arbitrary subgroup X of P as a “minimal point”

or a “root”, recursively w.r.t. inclusion construct a tree of height X, of finite p-subgroups
of G, which branches properly at each location with proper inclusions, hence must

contain 2% infinite branches. Also any two immediate successors of an arbitrary
point do not generate a p-group. These branches are just the required chains. [}

2.2 enables us to prove very easily the “Asar-Hartley Theorem” which characterises
primally locally finite groups satisfying the strong Sylow p-Theorem for the prime p
by a cardinality result without the need to endeavour the continuum hypothesis:

2.3 Theorem (Ali O. Asar [7]; Brian Hartley [10; 11]): Let G be a locally finite group
and p be a prime. For every countable subgroup H of G shall apply |Syl,H| < 2%,
Then G satisfies the strong Sylow Theorem for the prime p. '® '’

PROOF: Suppose G does not satisfy the strong Sylow Theorem for the prime p.
Then there is a subgroup U of G which does not sa’usfy the Sylow Theorem for
the prime p. Thus according to 2.1 and 2.2 there are 2% many infinite ascending
chains X, < X, < ... < Xii,...i < ... of finite p-subgroups of U with the properties
from 2.2.a). Let M be the set of aII p-subgroups of U which are an ascending
union of one of these chains. Then follows |[M| = 2% and any two M-groups

cannot generate a p-group. Now let Hy :=< X i, i | iy € {0,1},1<k<n>
(n € N)and H:=\_U{Hn|n € N}.Then H is a countable subgroup of U
and hence of G. Since H contains every M-group it follows herefrom that

| Syl,H | = 2% This contradicts the assumptionon G. [

2.3 Theorem has an immediate first corollary for countable locally finite groups:

'*In his Lemma 1 [7] Ali O. Asar considers very unwieldy instead of R a p-subgroup Y of G such that
Y& U(=P),chooses ye Y\U,defines F* =UN<F, y>with FSUN Y, finds FEF*andN_.r,.F* 2 F7,
and finally concludes NgF* & NgU, since U is the unique maximal p-subgroup of NeU and N_g ,. F* & U.

'® see the pages 8 and 9 of [1] for a rather different argument close to the original argument of Ali O. Asar

"7 The result for countable locally finite groups was obtained independently by Brian Hartley using a quite
different method which allowed him to generalise it from the prime p to a set of primes © when the finite
groups of a nested local system have each a nilpotent Hall t-subgroup (see [10]). However, Brian Hartley
has extended his proof in [11] to uncountable locally finite groups by another beautiful method.
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2.4 Theorem: Let G be a countable locally finite group. Then are equivalent:

1) For every (countable) subgroup H of G we have | Syl,H | < 2%,

2) G satisfies the strong Sylow Theorem for the prime p.

3) G satisfies the Sylow Theorem for the prime p.

4)|8y1,G| < 2%.

5) Every (countable) subset of G lies in a subgroup U of G with | Syl,U | < 2%, O
The second corollary of 2.3 Theorem would as a conjugacy assertion be only

very difficultly to be proved but is as a cardinality statement trivial:

2.5 Theorem: The locally finite group G satisfies the strong Sylow
Theorem for the prime p if and only if every countable subgroup of G
satisfies the strong Sylow Theorem for the prime p. The class Syl-p of all
locally finite groups satisfying the strong Sylow Theorem for the prime p
is therefore countably recognisable in the spirit of Reinhold Baer. '® [}

We now can prove our key discovery if the Sylow Theorem for the prime p
is not valid in a countable locally finite group which shows a surprising symmetry
between non-conjugated Sylow p-subgroups:

Proposition III. Let G be a countable locally finite group and let p be a prime.
If two Sylow p-subgroups of G are not conjugate, then neither is singular. '°

PROOF: Let S and T be Sylow p-subgroups of G which are not conjugate. We saw
in 2.1 that one of S or T is not singular. Without loss of generality (w.l.0.g.) we may
suppose that S is not singular. To prove the result we must show that T is not singular
either. Suppose that T is singular and let P, be a p-uniqueness subgroup for T.
It follows by (1.2) Theorem that the good Sylow p-subgroups of G are conjugate.
However, since T is singular it is very good by Proposition II and hence good.
Since S and T are not conjugate, S is not good. Clearly, S # T.

Let T be good w.r.t. the nested local system {G, | n € N} for G and let F be an
arbitrary finite subgroup of T. We show that F cannot be a p-uniqueness subgroup
for T and so T is not singular since F is chosen arbitrarily, a contradiction. There
exists anm =m(F) € N with F S Gy,,. After the renumeraton{n+=>n+m-1|n € N}
we may assume F S Gy. Then FS T N Gy € SylpGy. If T N G, would be the unique
Sylow p-subgroup of G, for all n € N then T would be the unique Sylow p-subgroup
of G and we obtain the contradiction that S = T. Hence there exists an n € N such
that G, has a Sylow p-subgroup R with R # T N G,. Renumbering again if needed
we may assume that R € Syl,Gy with R # T N Gy. Choose y € R\ (T N Gy). Then
y & T.By Ludvig M. Sylow’s Sylow p-Theorem for finite groups there exists an
X € Gy suchthat (TN Gi)*=Randso F*< Rsince FS TN Gy. From<F*,y>CR
it follows that < F*, y > is a finite p-group. Let Y :=<F*, y >N T.Then Y #<F*, y >
since y & T. But Y satisfies, as is well known, the normaliser condition and so we
can choose z € N_gx .Y\ Y. Then z & T since otherwise z€ TN<F*, y>=Y.

'® Baer, Reinhold: Abzahlbar erkennbare gruppentheoretische Eigenschaften. Math. Z. 79, Issue 1
(December 1962), 344-363. MR0148740 (MR 26-6 #6246 by Walter Ledermann [December 1963]);
Zbl 0105.25901 (by Joachim Neubiiser). https://link.springer.com/journal/209/volumes-and-issues/79-1

'¥ We could prove Proposition III explicitly by using 2.1 and 2.2 and not Proposition II but prefer to
give the following elegant proof which depends on Proposition II (and the normaliser condition).
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However, z is a p-element outside of T and T € Syl,G, and so z  NgT. Therefore

< T, T?>is not a p-group. In particular, T# T°and FS T N T*. Hence F is not a

p-uniqueness subgroup for T. Q.E.D. (Quod Erat Demonstrandum) &(Q'Ej;/l
9%‘&~ .ns”éi

If a countable locally finite group contains a singular Sylow p-subgroup then all good
Sylow p-subgroups are conjugate by (1.2) Theorem. If every countable subgroup of
a (countable) locally finite group contains a singular Sylow p-subgroup then really all
Sylow p-subgroups are conjugate. This is spelled out by the following theorem:

2.6 Theorem [2]: Let G be a locally finite group and let p be a prime. Suppose
that every countable subgroup of G contains a singular Sylow p-subgroup.
Then G satisfies the strong Sylow Theorem for the prime p.

PROOF: According to 2.5 Theorem we can assume that G is countable, and
according to 2.4 Theorem it suffices to show that G satisfies the Sylow Theorem
for the prime p. However, this is now immediate since G has a singular Sylow
p-subgroup S by assumption. Let T be an arbitrary Sylow p-subgroup of G.
If S and T are not conjugate, then by Proposition III neither is singular.

With this contradiction S and T are conjugate and the result follows.

We finally supplement 2.6 Theorem with an example for a countable locally finite
group H without the (strong) Sylow Theorem for the prime p but with a (countable)
subgroup U without singular Sylow p-subgroups. Let H := D+ G be the group of
Page 7 and let U := H. Let F be a finite subgroup of P°. We show that F cannot
be a p-uniqueness subgroup of U. Since F is finite, there is an m = m(F) € N with
F < Un. Because of | Syl,G | > 2 there is @ Qm+1 € SylpGmst With Qi1 # Pmat.
Then Q% := P+ Py x PePoX ... X P+ Py X P* Qmy1 X P* Pry2 x ... N G™ contains the
group F and we have Q° # P°. Now let R € Syl,H be good. A finite subgroup F of R
cannot be a p-uniqueness subgroup of U either. We choose k = k(F) € N with F < Uk
and let S®:= PPy x P+ PoX ... X P+ Pk X P* Qyy1 X P Pii2 x ... N G with Qui1 €
Syl,Gk+1 and Qk.1 # Pie1. Since all good Sylow p-subgroups of H are conjugate
in H, there exists an x € H with P°* = S°. We now can conclude as in the proof
of Proposition III. Let y € S°\ P’ and z € N_px,.Y\ Yfor Yi=<F*, y>nN P°.
Then < P?, P%? > cannot be a p-group, that is, P°“ # P°. There also exists an element
w € H with R” = P°. Then F" lies in P° and F"* lies jn P°*. Hence F lies in the both
different even good Sylow p-subgroups P°” and P°° " of H. Therewith R is not
singular. If R € Syl,H should be not good, it can on no account be singular since
according to Proposition II singular Sylow p-subgroups are even very good.

The good Sylow p-subgroup P° of H:= D+ G") provides an example of a Sylow
p-subgroup which is even very good but not singular: let 2 be a local system for H;
by 1.2.a) exists a nested local subsystem 21 ={ V,;| n € N } of £ and by 1.2.b) exists
a Sylow p-subgroup Q of H which is good w.r.t. X1; by (1.2) Theorem exists an x € H
with P°* = Q; then P°*N V,=QN V, € Syl,V,andso | P°N Vo] =1 QN Vo] whence
P° N V, has the size of a Sylow p-subgroup of V,, (n € N); thus P reduces into X;.

The following result may be well-known but we can present a novel and shorter proof:

2.7 [2] Let G be a locally finite group. To any finite p-subgroup P of G shall pertain
two finite p-subgroups P, and P, of G with P P, N P, such that <P, P,> is
not a p-group. Then there will exist a countable subgroup H of G with | Syl ,H | = 2%,

PROOF: We construct recursively an infinite ascending chain Fop< Fi < ... < Fr < ...
of finite subgroups of G and for every n € Nj a set X, of p-subgroups of F, such
that for every n € Ny we have: (i) |Z.| = 2". (ii) Every two Z,-groups do not
generate a p-group. (iii) For n>1 every 2,.1-group lies in at least two 2,-groups.

] Mathe & Comp Appli, 2026 Volume 5(2): 12-34
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Let Fp:=<1>andXp:={<1>}.Letn € Nandlet Ffp < Fi < ... < Fy.1 and
{Zi|i<n}already be constructed. We put X, :={ P1, P> | Py and P, are finite
p-subgroups of G such that < Py, P> > is not a p-group and there exists exactly
one X,.1-Gruppe P with P< P; N P, }. From the properties (i)-(iii) of £,.1 and from
the prerequisite on G then follow (i)-(iii) for .. Let F, be the span of all X,-groups.
Hereafter F, is a finite subgroup of G with F,.1 < Fy. Let H:=\U { Fi|i € Np}.
Then H is a countable subgroup of G. Let M be the set of all p-subgroups of G
which are an ascending union of a chain Sy < S1 < ... < §, < ... of finite p-subgroups
Si € 2 (i € Np). According to (i) and (iii) we have |M| = 2% and according to (ii)
any two M-groups cannot generate a p-group. H contains every M-group, so that
from the properties of M (and the countability of H) | Syl H | = 2% follows. We have
constructed an infinitely high (X,) tree of finite p-subgroups of G which branches
properly at each location with proper inclusions and in which any two immediate
successors of an arbitrary point do not generate a p-group. [

2.8 HAUPTSATZ [2]: Let G be a locally finite group and let p be a prime. The
following are equivalent: 1) G satisfies the strong Sylow Theorem for the prime p.
2) In every subgroup U of G every Sylow p-subgroup of U is singular.

3) Every countable subgroup H of G contains a p-uniqueness subgroup of H.

4) Every countable subgroup H of G contains a singular Sylow p-subgroup of H.
5) Every countable subgroup of G satisfies the Sylow Theorem for the prime p.

6) If H is a countable subgroup of G, then |Syl,H| < 2%,

PROOF: 2) = 3) and 3) = 4) are clear. 4) = 5) is valid by 2.6 Theorem, 5) = 6)
is valid by 2.4 Theorem, and 6) = 1) is valid by 2.3 Theorem. It remains to show
1) = 2):% let U < G; then U satisfies the strong Sylow Theorem for the prime p;
by 2.5 Theorem and 2.4 Theorem we have that | Syl,H| < 2% for any countable
subgroup H of U; by 2.7 there is a finite p-subgroup P of U such that for all finite
p-subgroups Py and P, of U with P < P; N P, the group < Py, P> > is a p-group;
by Proposition I it follows that P is a p-uniqueness sub%]roup of U;let S € Syl,U
with P< S;let T € Sylp,U and x=x(T) € Uwith S = T :then P”is a p-uniqueness
subgroup of U with P* < T; hence T is singular by means of P*. [

Having proved the HAUPTSATZ which is our Charakterisierungssatz we can be

very proud of, we are now ready to prove the announced main theorem characterising
the locally finite groups which satisfy the strong Sylow Theorem for the prime p:

Theorem IV. Let G be a locally finite group and let p be a prime. The following
are equivalent: 1) G satisfies the strong Sylow Theorem for the prime p.
2) Every subgroup S of G contains a finite p-subgroup which is singular in S.

PROOF: 1) = 2) follows directly from 2.8 HAUPTSATZ and Proposition I,
and 2) = 1) follows directly from Proposition I and 2.8 HAUPTSATZ. [}

% |n his (1.5) Theorem [1] “If the locally finite group G satisfies the strong Sylow Theorem for the prime p
there exists a finite p-subgroup P which is singular in G.” Kegel constructs, by contradiction, directly
a countable subgroup of G which has 2% maximal p-subgroups and therefore contradicts 2.4 Theorem.
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3. Novel concepts and results for Sylow theory in (locally) finite
groups and comparative outline of Kegel’s previous work [8]

We continue with some further thoughts, some early results, and some questions that
could be quite useful for future researchers in Sylow theory of (locally) finite groups.
The status quo of Sylow theory of locally finite groups is beautifully summarised in [1]
and [9], in particular the contributions by Prof. Brian Hartley (see Footnote 17, [2], [1 01
and [11]) who has contributed very eye-opening to simple locally finite groups as well 2'.

In any locally finite group G for all subgroups U of G the set Uni pU of finite
p-subgroups which are p-uniqueness subgroups of U is non-empty if G satisfies the
strong Sylow Theorem for the prime p, that is, if G belongs to the class Syl-p of locally
finite groups satisfying the strong Sylow Theorem for the prime p, and should this set
be non-empty for a countable U then all the good Sylow p-subgroups of U are conjugate.
Let U be finite. Then we have already Unique ,U # & because of Syl,U < Unique,U.
The Sylow p-subgroups of U are the maximal members of Unique,U, w.r.t. inclusion
and order. It is a very considerable challenge to determine the minimal members of
Unigue ,U, with respect to either inclusion or order, in case U and Syl,U are sufficiently
“known”, in particular if U will be a “known” finite simple group or a p-soluble group.
Note that whenever P & Q & R are p-subgroups of U where Q is a minimal p-unigueness
subgroup, or is minimal singular in U, then P is contained in at least two, in fact p+1,
Sylow p-subgroups of U and R will be another p-uniqueness subgroup of U. It is much
to be hoped that some progress be made to this challenge in the future. For example,
the question of whether resp. when minimal p-uniqueness subgroups are conjugate,
quite similar to the maximal ones, is of some interest, or, whether minimal w.r.t. inclusion
implies minimal w.r.t. order, the converse being clearly obvious. We would then also
come to better know the p-uniqueness subgroups of locally finite groups, in particular
the simple and the locally p-soluble ones, and, many thanks to Kegel’s (4.4) Theorem,
of locally finite groups in general which belong to the lovely class Syl-p. A good starting
point would be to study minimal p-uniqueness subgroups of the finite Symmetric and
Alternating Groups where a Sylow 2-subgroup of an Alternating Group is just a next to
maximal 2-uniqueness subgroup of the corresponding Symmetric Group so that we have
to scrutinise only the Sylow p-subgroups of the Symmetric Groups.

Let G be a locally finite group, S € Syl,G and F < G. We call F minimal p-unique
w.r.t. S, if Fis a w.r.t. order minimal p-uniqueness subgroup of G with F € S,
that is, F is p-unique with F < S and each (finite) subgroup P of S with |P| < |F|
lies in at least two Sylow p-subgroups of G. If there exists an S € Syl,G, such
that F is w.r.t. S minimal p-unique, then F is called minimal p-unique (in G).
Obviously G is p-closed if and only if < 1 > is minimal p-unique (in G).

3.1 [2] Let G be a locally finite group satisfying the strong Sylow Theorem
for the prime p. Then we have: a) Each Sylow p-subgroup of G contains
at least one (w.r.t. order) minimal p-unique subgroup of G. b) Each two
(w.r.t. order) minimal p-unique subgroups of G have the same order.

' The results of Kegel’s lectures [1] with his fine discovery of split sequences of finite p-perfect subgroups
depend heavily upon the hazy (2.4) Theorem about the “known” finite simple groups (see Page 3). Brian
Hartley made the remark quoted in Footnote 3 in 1990 and wrote 1994 an eye-opening paper on simple locally
finite groups which, however, did not refer to Kegel’s work and not even included it in its list of 56 references
(see Hartley, Brian: Simple locally finite groups. In: Finite and Locally Finite Groups, Proceedings of the NATO
Advanced Study Institute on Finite and Locally Finite Groups, Istanbul, Turkey, August 14-27, 1994, 1-44.
NATO ASI Series C: Mathematical and Physical Sciences — Vol. 471. Dordrecht: Springer Science + Business
Media, B.V., 1995. ISBN 978-94-010-4145-4 [Softcover reprint] and ISBN 978-94-011-0329-9 [eBook].
MR1362804; Zbl 0855.20030 [by Gernot Stroth]. https://www.springer.com/de/book/9780792336693).
The paper could appear only posthumously and was completed and prepared for publication by Richard E.
Phillips (3 December 1936 until 9 November 1999). It might be worthwhile to inspect Hartley’s estate ... .
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PROOF: a) Let S € Svl,G and U(G,S) :={ F| Fis a p-uniqueness subgroup of G
with F < S}. According to 2.8 HAUPTSATZ we have U(G,S) # & and of course
each U(G,S)-group has finite order. Thus U(G,S) contains a (w.r.t. S) minimal
p-unique subgroup due to the well ordering of N. b) Let F1 and F» be two minimal
p-unique subgroups of G. For symmetry reasons it then suffices to show |F1| < |F2|.
Let Sy, S2 € Syl,G with F1 € S1 and F> € S». Since G € Syl-p there exists an

X € G with Sy = S5". Then F," is a p-uniqueness subgroup of G with F,* € Sy.

It follows that |F1| < |F2"| = |F2| since Fy is minimal p-unique w.r.t. Sy. [

Let G be a locally finite group satisfying the strong Sylow Theorem for the prime p and
S € Syl,G. According to 3.1.a) S contains a (w.r.t. S) minimal p-unique subgroup F.
We define ap = ap(G) € Ny by |F| =: pa", that is, we let ap be the composition length of F.
According to 3.1.b) this definition is independent of the special choice of the Sylow
p-subgroup S of G. Whereby consequently ap is a (humerical) Sylow p-invariant of G.
We call ap the p-uniqueness of G. This Sylow p-invariant enqueues into the list
—even is in the vanguard ... — of other Sylow p-invariants which play a major réle in
(locally) finite group theory, e.g. the order pb" of a Sylow p-subgroup, its nilpotency
class cp, its solubility length dp, its exponent p”, the composition length ip-1 of a
proper w.r.t. order maximal Sylow p-intersection (see below) and further. The real
peculiarity of ap is that it is not determined by a Sylow p-subgroup as abstract p-group
alone but depends on its embedding into the whole group and the respective relation-
ships to the other Sylow p-subgroups. Then (w.r.t. inclusion or order maximal) inter-
sections of two or several Sylow p-subgroups are of interest and deserve further study.

Closely related to p-uniqueness subgroups are the so-called Sylow p-intersections.
If G is any locally finite group we define 1,G:={ SN T|S, T € SylpG with S# T }.
The elements of Syl,G U |,G resp. of 1,G are called Sylow p-intersections resp.
proper Sylow p-intersections (in German (echte) Sylow p-Durchschnitte) of G.
We then consider two sets of subgroups of G: 1,°G :={ Q< G | Q is finite and is a
with respect to inclusion maximal [,G-group }, 1,"G :={ Q< G | Q is finite and is a
with respect to order maximal |,G-group }. Then we have 1,"G < |,°G and 1,G = @
if and only if G is p-closed. We now define ip = in(G) € Np as follows: if |,"G = @
letip:=0andif 1,"G = @ let p*i=1QlforQe 1,"G, that is, we let ip-1 be the
composition length of an arbitrary 1,"G-group. ip is a (numerical) Sylow p-invariant of G:
if Q € I,"G (i = 1, 2) then there is a finite subgroup F of G containing Qs and Qz;
let P, € Sylp,F with Qi € P; (i=1,2) and x € F with P, = P;"; then Q" € 1,G and
so |Q1]| = |Q1| < |Qz|; by symmetry |Q2| < |Q4]. We call ip the Sylow p-intersection
of G. Apparently ip(G) =1ifandonlyif S=TorSNT=<1>forall S, T € Syl,G.
In particular, if ip(G) = 1 then each Sylow p-subgroup of G is a TI-set, that is, either
SN S“=<1>or S=S8"forall x € G. The observation that 1,°G # @ implies the
existence of localised p-uniqueness subgroups of G delivers the relationship between
Sylow p-intersections and p-uniqueness subgroups: let Q € 1,°G; then there are
S, Te SylpGsuchthat S#T and Q=SN T;if x€ S\Q then<Q, x> isa
p-uniqueness subgroup of G with respectto S,andif y€ T\Qthen<Q,y>isa
p-uniqueness subgroup of G with respect to T. Therefore, if 1,°G # @ then ap(G) is
defined and if 1,""G # @ then ip(G) < ap(G) + 1. Suppose the locally finite group G
contains a finite Sylow p-subgroup S and let P be any finite p-subgroup of G; since
< S, P > is finite, S contains a conjugate of P; thus |S| is an upper bound for the orders
of the finite p-subgroups of G; hence T € Syl,G has a maximal finite subgroup M,
if x€ T then <M, x > is finite and so <M, x > = M; hence T = M is finite; thus Sand T
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are Sylow p-subgroups of the finite group < S, T > and so are conjugate; so G satisfies
the strong Sylow Theorem for the prime p and all Sylow p-subgroups of G have order

15| =: ¥ and we have i»(G) - 1 < ap(G) < bp(G). Hence in a countable locally finite
group all Sylow p-subgroups have the same order. We summarise our first findings
about Sylow p-intersections of G: G contains a finite Sylow p-subgroup = L,"G # &
and G satisfies the strong Sylow Theorem for the prime p = I,°G # & and i,(G) - 1
< a,(G) < b,y(G) = G contains through I,°G localised p-uniqueness subgroups.

Otto H. Kegel not only had discovered during the eighties (“wéihrend der 80er Jahre™;
see https://en.wikipedia.org/wiki/1980s) conditions for locally finite groups to satisfy
the strong Sylow Theorem for the prime p (and presented them in June 1987 in four
lectures [1]) but already had presented such conditions, which are related to Sylow
p-intersections, in lectures during December 11, 1973 [8]. Sequences of subgroups
of a group G are either finite or countably infinite. The sequence wy is larger than the
sequence w if and only if w is an initial segment of w1. Kegel calls a sequence w =
{Si|i € N} of p-subgroups of a (locally finite) group G Sylow-separated if there
exists a sequence ™= { P;|i € N} of maximal p-subgroups of G (separating w)
so thatif Si, Si;1 € w one has S; S PN Si;1 and Si;1 € P; (i € N). Clearly, there
is an infinite Sylow-separated sequence of p-subgroups in the group G if and only
if the set of Sylow-separated sequences of p-subgroups of G does not satisfy the
maximum condition in the partial order defined above. This condition is countably
recognisable (Lemma 1 of [8]). Similar to 2.1 and 2.2, Kegel shows that if the locally
finite group G has a subgroup S with two maximal p-subgroups which are not conjugate
then there exists an infinite Sylow-separated sequence of finite p-subgroups of G
(Lemma 2 of [8]) and deduces from this, rather similar to 2.3 Theorem, that if every
Sylow-separated sequence of p-subgroups of G is finite, then G satisfies the strong
Sylow Theorem for the prime p (Proposition 3 of [8]). Vice versa to his question of 1987
(see Page 2), he asks the question, if the converse holds, that is, “if the strong Sylow
Theorem for the prime p forces the maximum condition for Sylow-separated sequences of
p-subgroups” [8, § 3]. The set |,G is partially ordered by inclusion and every ascending
sequence of elements of 1,G is a Sylow-separated sequence of p-subgroups of G. Now
the maximum condition on Sylow-separated sequences of p-subgroups of G entails, of
course, that |,G satisfies the maximum condition, while the converse is not true. For the
proofs of 2.2 and Proposition I1I the normaliser condition of finite p-groups is crucial.
With a quite similar argument, Kegel shows that if |,G satisfies the maximum condition
and Ns(SNT)ZSNT#Nr(SNT)forall SNT € |,G, then G satisfies the Sylow
Theorem for the prime p (Proposition 4 of [8]). He then shows that if |,G satisfies the
maximum condition and all p-subgroups of G satisfy the normaliser condition and G has
a maximal p-subgroup which is countable, then G satisfies the strong Sylow Theorem for
the prime p (Proposition 5 of [8]). Here the premise of existence of a countable maximal
p-subgroup is not dispensable since the maximum condition on proper Sylow p-intersections
is not countably recognisable. Kegel then shows, spending considerable effort, that if in
the locally finite group G every |,G-group satisfies the minimum condition for subgroups
then G satisfies the strong Sylow Theorem for the prime p if and only if G satisfies the
maximum condition for Sylow-separated sequences of p-subgroups (Theorem 8 of [8]),
deduces quite easily for G satisfying the minimum condition for p-subgroups, that is,
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1 G € Min-p, two equivalent conditions for satisfying the strong Sylow Theorem for the
2 prime p, namely the maximum conditions for Sylow-separated sequences of p-subgroups
3 and for 1,G, and then asks the final question “if the maximum condition for 1,G implies
4 the strong Sylow Theorem for the prime p”. It is much to be hoped that our Charakteri-
5 sierungssatz 2.8 and our p-uniqueness subgroups will help to answer this question

6 and the question “if G belonging to Syl-p entails the maximum condition for Sylow-

7 separated sequences of p-subgroups of G, in a similar fashion as they answered Kegel’s

8 question of Page 2 which was the actual reason and motivation for this publication.
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Background information and annotations

Note The author was born in 1951 and is now for some time retired. During retirement he had pretty fortunately
rediscovered his great enthusiasm for mathematical work. This publication “Characterising locally finite
groups satisfying the strong Sylow Theorem for the prime p” is a matter truly dear to his heart as one can see
from the vital personal dedications in the Full edition. The publication is the essential part of his German
Diplomarbeit during 1978-1984 but he does not submit it in its original form since to keep the original form
would have resulted in an amalgam of English and German. The author claims to speak and write a (British)
English which is fairly good for a non-native speaker. In any case, the many standard mathematical symbols
used quite abundantly — Syl ,G; P, S P.,1(n€ N); xe S\P,S=T";QN X2 PN Q etc. —
should much facilitate the understanding even if the English should be a bit unwieldy at some places.

Note We are a little proud of two discoveries: 1) Proposition III on Page 11, which found a symmetry
between non-conjugated Sylow p-subgroups, and 2) that the minimal members of the set Unique ,U from
Page 14 should play a similar important réle as its maximal members, which are the Sylow p-subgroups,
so that it becomes a major challenge to determine the minimal members for sufficiently “known” (locally)
finite groups, in particular for all the “known” finite simple groups and the p-soluble groups. These should
be very interesting mathematical ideas which propose exciting new directions for (timeless and eternal)
Sylow theory in (locally) finite groups during the coming years where we intend to join in and shape.
We are planning to revise Sylow theory starting with a new proof for Cauchy’s theorem in group theo(rjy
(see https:/en.wikipedia.org/wiki/Cauchy%27s theorem (group theory)) based on ideas by Galois. be
The Endnotes describe and provide new but classical proofs for the fundamental theorems of Lagrange and Cauchy
on finite groups of — in our opinion — considerably historic relevance (see Page 39 of the Full edition and Page 24).

Note The Endnotes were considerably expanded into Part 3 of the Second Trilogy about Sylow
Theory in Locally Finite Groups (see ISBN 978-3-7412-8392-5).
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Note The appearance of the publication may be considered unusual. However, it supports
reading and understanding with, exempli gratia, bold face or blue text or shading. The
numbering of items does not correspond to the numbering of the author’s Diplomarbeit
but has been changed in accordance with the Chapter numbers: Chapter.1, Chapter.2, ... .
A more serious concern is that the publication could possibly be regarded as “old-fashioned™
(“altmodisch™, “unzeitgemdfs”; “ringard”, “dépassé’) since locally finite group theory seems
at present to attract no actual interest. The publication dates back to the eighties — although
it was reworked considerably —, when locally finite group theory and Sylow theory and also
the classification of finite simple groups were quite popular, as well as still in the nineties
(and already in the seventies). The author is curious about the assessment by the group theory
community since he considers it very rewarding to take up these topics (again) and not to let
them fall into oblivion. With his publication he solves a famous open problem of Sylow theory
within locally finite group theory and announces solutions of further significant problems. He is
confident that his publication fulfils the high quality standards required since it is in accordance
with the standards adhered to by all contributions of the References section and uses abundantly
standard mathematical symbols (from set theory) which facilitates reading and understanding
for the erudite mathematical reader. So our “serious” concern should indeed not be serious.

Note Perorating we express our hope that in the near future the Sylow p-subgroups of all
“known” finite simple groups and of the p-soluble groups will be discovered in all details
and that in particular the secret of their minimal p-uniqueness subgroups will be unveiled.

Note We feel obliged to include a very personal statement about the classification of the
finite simple groups since the Sylow theory in locally finite groups depends on the existence
of only seven rank-unbounded families (see Page 3 and [5] with the references cited there):
26 sporadic finite simple groups deserve God-fearing further study (Why and how just and only ?

%

HQXN? Is there a yet unknown much closer relationship to Ludvig M. Sylow, the bedrock of all 7).

» Mais le pire de tout, c’est que le peintre n’a jamais terminé. Il n’y a jamais un moment ou tu peux dire: j’ai bien travaillé et demain c’est dimanche. Des
que tu t’arrétes, c’est que tu recommences. Tu peux laisser une toile de coté en disant que tu n’y touches plus. Mais tu ne peux jamais mettre le mot FIN.
Pablo Picasso ¢ Doch das Schlimmste von allem ist, da} der Maler nie vollendet hat. Niemals kommt ein Augenblick, in dem du sagen kannst:
ich hab’ gut gearbeitet, und morgen ist Sonntag. Sobald du aufgehort hast, beginnst du schon wieder von vorn. Du kannst ein Bild wegstellen und sagen,
du riihrst nicht mehr daran. Doch du kannst niemals das Wort ENDE daruntersetzen. e But the worst thing of all is that the painter has never finished.
There is never a moment when you can say “I’ve done a good day’s work and tomorrow is Sunday.” As soon as you stop you have
to start again. You can put aside a canvas and say you won’t touch it any more. But you can never write the words THE END.
® Ma la cosa peggiore di tutte ¢ che non si termina mai. Non ¢’¢ mai un momento in cui puoi dire: ho lavorato bene e domani ¢ domenica. Non appena ti

fermi, ¢ ora di ricominciare. Si puo lasciare da parte una tela dicendo che non si ha piu voglia di metterci mano. Ma non si puo mai scrivere la parola FINE.

Note The quotation from Pablo Picasso (see the Full edition ISBN 978-3-7568-0801-4 for
the sources) reflects the author’s overall experiences when writing down mathematical ideas
and discoveries and then reading and improving them again and again and again ©.

Note The Abstract, the Introduction, and Chapters 1, 2 and 3 were submitted to the open access mathematical
journal AGTA and very kindly published in June 2022 (see https:/www.advgrouptheory.com/journal/index.php#voli3).
The review process changed the layout substantially, e.g. AGTA did not allow footnotes, and resulted in a less
beautiful issue. Subsequently the paper was revised into a more beautiful issue (see ISBN 978-3-7562-3416-5)
and expanded into two editions of Part 1 of the First Trilogy about Sylow Theory in Locally Finite Groups
(see ISBN 978-3-7543-6087-3 and ISBN 978-3-7568-0801-4) which were supplemented by Part 2 (see ISBN
978-3-7543-3642-7) and by Part 3 (see ISBN 978-3-7578-6001-1). @ Pages 22 and 23 contain a summary.
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The AGTA-paper “Characterising Locally Finite Groups Satisfying the Strong
Sylow Theorem for the Prime p” (see under https://www.advgrouptheory.com/
journal/Volumes/13/Flemisch.pdf and MR4441631 and also Zbl 1496.20065) has
almost as many pages as there are “known” sporadic finite simple groups. As
the overwhelming majority of group theorists (including the author) believe,
these 26 groups are now really all and never in the future further “sporadics”
will appear (not counting the Tits group >F4(2)’ [as some do] because it did in
fact not appear sporadically at the stage). A central question of Sylow theory in
locally finite group theory is, as pointed out by Prof. Otto H. Kegel (see [1],
(2.4) Theorem), how the rank of the 7 rank-unbounded families of the finite
simple groups {A", A =PSL,, B=PQ 4dan, C=PSp,, D = PQcenn, “A=PSU,,
’D = PQ wvenn) can be bounded, say, someway (“in terms of ’) by any given
p-uniqueness subgroup P. More precisely, let us (try to) discover a function f,
of the order of P or (more challenging) of the p-uniqueness a, (G) of each of
these (called classical) groups G, that bounds the rank, that is, n < f,(|P|) or
n < f,(ap(G)). The author has answered that question in the affirmative for the
beautiful Alternating Groups A" (n >5) in his German Diplomarbeit [2] and is
currently preparing to publish his answer in a fine follow-up research paper:
n < fo(|P]):=(p+2)«|P|+2""'- 1. We could optimise this answer if only
we would very happily come to know a,(A"), that is, the minimal p-unique
subgroups of the Alternating Groups. In a third research paper we shall answer
the question (but not the optimisation) for the beautiful PSL Groups A = PSL,,
thereby completing for the time being our beautiful (First) Trilogy about Sylow
Theory in Locally Finite Groups which provides quite a number of rather tough
suggestions to stimulate and encourage future research. All of these should
become beautiful challenging open problems for the community of (locally
finite) group theory researchers and we began (as a pioneer) to solve them ©.

A good overview of the 19 families of “known” finite simple groups is given
by the figure “The Periodic Table Of Finite Simple Groups” of Ivan Andrus (see
Page ii) and by the figure at https://upload.wikimedia.org/wikipedia/commons/a/
a9/Classification of the finite simple groups.jpg which shows the 19 families as
13 sporadic groups above 18 infinite families around another “sporadic” group
(the Tits group *F4(2)’) and further 13 sporadic groups below (see Page 18).

Our follow-up research paper “About the Strong Sylow Theorem for the
Prime p in Simple Locally Finite Groups” gives a very profound overview of all
simple locally finite groups, including the fundamental Kegel covers and Kegel
sequences, introduces an innovative overview of the allegedly known finite
simple groups, and provides a rather detailed plan how to prove Kegel’s
conjecture step-by-step for all of them together with some quite interesting
and challenging conjectures to guide future research thereby unifying Sylow
theory in locally finite simple groups with Sylow theory in locally finite and p-soluble
groups. The detailed proof for the Alternating Groups offers a large number of
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rather new ideas based on 1) the number ji of conjugacy classes of subgroups of
index p>™* in P (0 < k < b), if P is a finite p-group with |P| =: p° acting on A"
(n € N), on 2) the lower bound |Syl,S"| >n -2, if p<n € N, and on 3) analysing
what it really means that P has at least k + p + 1 many P-isomorphic P-orbits on
{1, 2, ...,n} when not being contained in k € N Sylow p-subgroups of S".

A periodic linear group is locally finite and satisfies the strong Sylow Theorem
for every prime p. Our third research paper “The Strong Sylow Theorem for
the Prime p in Projective Special Linear Locally Finite Groups” proves Kegel’s
conjecture for the PSL Groups A = PSL,, by first proving it for all the General
Linear Groups over locally finite fields (which is the peak work), then breaking
down the result to the Special Linear Groups over locally finite fields, and
finally breaking down to the Projective Special Linear (PSL) Groups:

Theorem 3 Let n € N and let p be a prime. Let F be a locally
finite field and P be a minimal p-unique subgroup of PSL(n,F).
a) If F has characteristic p and ap = a, (PSL(n,F))
thenn <f,(|P|) :=(p+2)ep?-1.
b) If F has characteristic # p and a, = a, (PSL(n,F))
thenn<f,(|P|):=(p+2)ep P-1.

Note that the bounds for the PSL Groups are very similar to the bound for the
Alternating Groups but much better thereby asking how we could improve the
bound for the Alternating Groups by new ideas or could even optimise it.

Our proofs for the types A" and A = PSL,, are characterised by the fact that we
need not at all know their Sylow p-subgroups. There is no doubt at all that we can
extend those fine proofs immediately and fairly straightforwardly to the types
B =PQoudn, C=PSps, D=PQ wenn, A=PSU,, *D = PQ eyenn by considering very
thoroughly the respective bilinear forms defining these groups of Lie type, resp.
the underlying vector spaces they are acting upon as isometries, and their resulting
Sylow p-subgroups (without knowing them at all). They can be considered proved
which we shall confirm in a follow-up paper that is Part 1 of our “Second Trilogy
about Sylow Theory in Locally Finite Groups”. A bit more challenging will be
breaking down to the “twisted” Chevalley groups defined through a Dynkin
diagram automorphism followed by a field automorphism which we shall also
do in the same follow-up paper. Thus the proofs for the further five types will
eventually also be based on the basic theorem for the General Linear Groups.

Note The follow-up paper resp. the third paper were published as Part 2 resp. Part 3 of the
“First Trilogy about Sylow Theory in Locally Finite Groups” whose Part 1 is the Full edition.
Subsequently Part 2 and Part 3 were merged and considerably enhanced to [12] on the
occasion of Prof. Otto H. Kegel’s 90" birthday and dedicated to him thankworthily at IGT 2024.
[12] is therefore a continuation of Part 1, that is, the AGTA-Paper, which is included in [12]
for good reasons as an Appendix. The pioneering Endnotes were not included in the First
Trilogy but are in a comprehensively expanded version Part 3 of the Second Trilogy. For a
summary of the Endnotes see Page 24 (Endnotes a and b), Page 39 of the Full edition, and

in greater detail at Page 22, Page 23, Page 24 and Page 25 of [12]. © 2
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Endnotes

a
We can describe consequences of the absence of group elements of prime order p

in spite of their availability in overgroups thereby providing a unified and heretofore undiscovered
approach to the theorems of Lagrange and Cauchy and their implications for p-groups. This bears
considerable historic relevance since it uses only ideas from a well-known paper of Augustin-
Louis Cauchy presented in 1812 and published in 1815 (see Page 34). While it is acknowledged
that Cauchy had published his fundamental group theorem in 1845/1846 (and had based it on double
cosets of the finite permutation group and a Sylow p-subgroup of its symmetric overgroup ... ), one could
henceforth argue that he had presented his theorem in a concealed way already a good thirty years earlier.
Evariste Galois knew both Cauchy’s paper of 1815 and — based on his own considerations — Cauchy’s
group theorem (and even Sylow’s existence theorem ... ). Cauchy’s and Galois’ ideas are particularly lucid
in the embryonic case of permutation groups of prime degree p (= 5) when Sylow p-subgroups of the
symmetric overgroup exist quite obviously. If G € H with H being finite, then the unified method of proof
consists in arranging the elements of H in a rectangle with |G| columns and [ H: G] rows resp.
the (right) cosets of G in H in a rectangle with p resp. |H|, columns and [H:G]/p resp. [H:G]/|H|,
rows to obtain information about [ H: G]. Cauchy’s theorem of 1812/1815 is a consequence of
[H:<x>]2|G| if x is an element of H of order p with x € G which we call a p-blank of G in H.

n % B
¥

{
L9

Cauchy depicts 1815 a p-cycle for some prime p as a regular p-gon: .

b
We can present the classical proof of Lagrange’s theorem due to Cauchy
and classical proofs of the three group theorems by Cauchy of which he presented
the first in 1812 and published it in 1815 but the second and the third had been
concealed in 1812/1815 and were published not until 1845/1846. Comparing Cauchy’s
classical proofs we find that they are like two sides of a coin where “Lagrange”
is representing the case p° = 1 and “Cauchy” is representing the case p' = p
thereby offering a unified approach to both theorems. Consequently, “Cauchy”
is not only a partial converse of “Lagrange” but is also a “swapping” of p for 1:

PP=1 O p=p
C

We state with proof Lagrange’s theorem and with complete proofs the three group theorems by Cauchy.
His second theorem has two corollaries and his third theorem has one corollary all three of which we prove as well.

Lagrange’s theorem. If G is a subgroup of the finite group H, then

a) |G| and [H:G] both divide |H|, and |H| = |G|-[H:G];

b) the prime p divides |H| if and only if p divides either |G| or [ H: G] or both;
c) if F is a subgroup of G then [H:F] =[H:G]-[G:F]

PROOF: a) (Cauchy; see Page 34) The proof is based on our arranging the elements of H
in the form of a rectangle of M := |G| columns and R := [H:G] rows :

complete the first row consists of all é set F Orbi(G)

right elements z; of G (1 <k <M) 2 :=G\H of all

transversal | acting on H in the following § orbits of H

for Gin H | rows via multiplication from é under G acting
the left by their inverses S by left translation

tl =1= 21 22 23 M g G = IOrb(G)

1) oR 2 3 e m I g Gt = fZOI'b(G)

I3 8 313 KYRE < | Gt3=,0rb(G)

IR IR Z3 IR M IR < | Gtr=,0rb(G)
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The first row is composed of the M elements of G; note that {1, z , ..., zu} and {1, z', ..., zu '} are identical
sets (and its not that they are multisets) thanks to z — z™' (z € G) being a bijection; &, is an element of H not
found among those of the first row, and the second row is composed of the M elements of G multiplied from
the right with the element t,; t; is an element of H not found among those of the first two rows, and the third
row is composed of the M elements of G multiplied from the right with the element #;; etc. ... . Sﬁj 534 Eﬁ
New rows are added in this manner until every element of H has been accounted for. The

resulting rectangle is a multiset (or a family), that is, there could be one or more repetitions of

the same element. It thus remains for us to prove that the M-R elements obtained are all distinct.

First, the elements in any one row are distinct. For the assumption z; t;= z t; gives z,= z after
multiplication with ' (or by cancellation of ), and therefore k =/ since the first row is composed

of the distinct M many elements of G. Second, the elements from two different rows are distinct.
Forif, say, ziti=zt,i<j,weshould have z'(zt)=2z"z1,thatis, t=yt, where y:= z "z,
and therefore y belongs to G, since z " and z, do that; but then {; would occur in a previous row
(namely the ith), contrary to hypothesis. It follows that the arranged M x R rectangle contains

all the elements of H, once each. Therefore M-R = | H| as claimed.

b) is an immediate consequence of a) (and the friendliness of the integers).
c){ti{s}={tis}isatransversal for Fin Hsince H=U{Gt}=U{U{Fs}ti}=U{Fsti}
and ( FSjt,‘= Fsity = Gt; 2 FSjt,‘ C Gty = ti=tx = FSjt,‘= Fsiti = FSj= Fs = Sj= S/).

If{1=:t, b, t3, ..., iz} is aright transversal for G in H, then G\H ={G, Gb, G, ..., Gir} =: yOrbi(G)
is the set of all orbits of H under G acting half-transitively (:= having all orbits of the same size) via left
translation. Therefore H is decomposed into R right cosets of G each of size M. Following Evariste Galois,
we can record this basic observation symbolically as H= G + Gt + Gk + ... + Gl . It now follows in particular
that |H| = R-M = |G|-[ H: G] since each orbit (= right coset) has size M. Altogether we have supplemented
the classical Cauchy-style proof of Lagrange’s theorem by a modern proof.

Cauchy’s published first group theorem. Let G H:=S" forn € N.
a) If [H:G] < p < n for the prime p then G contains all elements of H of order p.
b) If p < n for the prime p and G contains all p-cycles of H, equivalently,

G contains all elements of H of order p, then G contains all 3-cycles of H.
¢) If G contains all 3-cycles of H then G contains A".
d) If [H:G] < p < n for the prime p then [H:G] < 2.
e) [f[H:G] < 2 then G is normal in H and either G= A" or G=S".

Let G be a subgroup of some group H, that is, let H be any overgroup of G,
and let p be a prime. We say that G is p-blank in H , if no element (equivalently,
no subgroup) of H of order p at all is contained in G. Obviously, if G contains
(own) elements of order p, then G cannot be p-blank. Clearly, G is p-blank in
every overgroup which is a p’-group (so that it is itself a p’-group). An element

of H of order p which is not contained in G is called a p-blank of G in H .

Part a) of Cauchy’s published first group theorem is a consequence of the influence
of a single p-blank on [H:G], namely that if x is a p-blank of G then [H: <x>]2 |G|
and that hence by Lagrange if some element of H is a p-blank of G then [H:G] = p .
We show how this observation depends on a coset principle discovered by Cauchy.

Coset Principle (Avoidance of p-blanks).

Let G< H and x € H have prime order p.

If for some t € H the right coset <x >t or the left coset t<x>of < x>in H
contains at least two elements of G, then x € G and therefore <x> c G.

If x ¢ G (thatis, x is a p-blank of G in H) then every right coset <x >t and

every left coset t< x> of <x>in H (t € H) contains at most one element from G.

PROOF: Suppose y, z € G N<x>tandletw:=yz"'. Then1#w=x"tt'(x")" € <x>,
and so <w> = < x> since the order p of <x> is prime. But w € G, and thus x € G and
<x>C G. Similarly, if y, ze GNt<x>andv:i=y" z, then1#v=(x)"t"tx' € <x>, and
SO <V>=<X>since |<X>| = p is prime, whence x € G and <x>< Gsinceve G. [
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Proposition 1 (Influence of a single p-blank).
Let G “contain” a p-blank in the finite overgroup H which contains elements of prime order p.
Then[H:G] 2 p. If x € H has order p and x ¢ G then [H:<x>] =2 |G]|.

PROOF: <x > partitions H into [ H:<x >], say right, cosets. By the Coset Principle each right
coset of <x> in H contains at most one element from G. Consequently there are at least |G|
right cosets of <x>in H; so [H:<x>] 2 |G|. But [H:<x>] = |H|/pand |G| = |H|/[H:G] by
Lagrange’s theorem. Therefore |H|/p = |H|/[H:G], thatis to say, [H:G] 2 p. ]

PROOF of Cauchy’s published first group theorem: a) (123 ... p)(p+1)(p+2)...(n) is an element
of H of order p. Thus a) follows from Proposition 1: the group G can “contain” not a single p-blank.
b) If x € H has order p then the complete cycle notation of x consists of at least one p-cycle and
further p-cycles and 1-cycles but no other cycles since p is prime and the order of x is the least
common multiple of the orders of its cycles. So we need only assume that G contains all p-cycles

of H. If p=3 then b) is trivially true. If p = 2 then G = H since every element of H is a product of
cycles and any m-cycle is a product of m-1 transpositions: (i1 ko iz ... im) = (i1 k2 )( 1 i3 )...( i1 im-1)-
Let p=5and (/s i i3) be any 3-cycle of H. Then, as Cauchy shows on Page 17 of his paper of 1815,

(ivipiziais...ipaip) (iyioisiy...ipoiptip)(i3iaizis...iptipy i)

(hif) =

Iblzlylgls ... ip_1 IpJ

iy i ... Ipt Iy i1JLi2i3i1 it e o2 ot I

subgroups of H of order p). Since G is a subgroup of H, it follows that (i1 b i) € G.

c) If x € His even, it is a product of pairs of transpositions. Each such pair is either of the form
(ihi)(i2is)=(ihiiz) € Goroftheform (iyia)(lais)=(ii)(lia)(loia)(lais)=(l1iaix)(lisiz) € G.
Hence every element of A" is contained in G.

d) It follows from a), b) and c) that G contains A". Hence [H:G] < 2 since [H:A"] = 2.

e) If p is the least prime divisor of the order of a finite group H and U < H with[H:U]<p

then either U = <1> (in which case |H| = p) or U = corey(U) := (M {x'Ux|x € H} # <1>

(in which case [H:U] = p), since [ H:corey(U)] divides |H|; therefore U is normal in H.

If [H:G] =2 then G = A" because of G containing A" by ¢), b) and a) for p =3. [_]

In Cauchy’s coset principle, G has the role of a transversal for cosets with group elements of prime
order. Interchanging the réles of G and the prime elements we get conjugates of prime elements
as transversals for G and a dual coset principle for p-blanks, also due to Cauchy. This viewpoint
enables iteration capabilities which allow the construction of all cosets of G in H. Such an iteration
ability cannot be offered by the original coset principle which allows the conclusion p<[H:G], but
the dual coset principle will allow to draw even the conclusion p | [H:G] thanks to its iteration ability.

Dual Coset Principle (Impact of p-blanks).
Let GS H and x € H have prime order p.
a) Suppose x ¢ G (thatis, x is a p-blank of G in H).

If Gx=Gx' or x*G=x"G forcertain kand / (0< k, | < p-1), then k= /.
b)Let x; :=y; xy;" and x> == y> X y» ' with some y1, y» € H. lteration of right cosets:

If Gxi"y1 = Gxx' y» forcertain 0 < k, I < p-1,then y» € Gx;*"'y; with k- I to be read modulo p.
c)let xi =y, Xy, and x = y» ' Xy, with some y;, y» € H. lteration of left cosets:

If ys x;“ G=y> x:' Gforcertain0< k, I <p-1,then y» € y; x;“"' G with k - I to be read modulo p.
PROOF: a) Suppose 0 <k, / < p-1suchthat Gx*=Gx'. Then x*(x') ' =x'(x*)" e <x>NG.
But <x> N G = <1> by hypothesis since the order p of <x> is prime, and thus xk=x'.

Similarly, if x*G=x'Gforcertain0< k, I <p-1,then (x*)'x'=(x")"x" € <x>N G,
and so x* = x' because <x> N G = <1> by hypothesis since |<x>| = p is prime.

b) Gx“yi=Gx'y, = yex'y" oy x =%y (6 y) € G

=S Ry = x Y =pxyle G 5 e Gy
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C) yix“G=y%'G = ' x Yy ey X p=(nx)" ypx' e G
= (X3 =(x"y) =y X" e G = e yx'G. Q

Cauchy’s concealed second group theorem.
Let G be p-blank for the prime p in the finite overgroup H which contains
elements of order p. Then p divides [ H:G] (and therefore [H:G] = p).

PROOF: Let x4 be an element of H of order p and put X : = <x; >. Let x4 := x1k (0<ks<sp-1)
be the powers of xy. If 1 < k < p-1, then xy, has order p whence xix € G by hypothesis, and
therefore { 1 = x10, X1, X12, ..., X1p-1 } = X is @ subgroup of H of order p with GN X=<1>.

O o0 3 AN B~ W N =

If Gxix= Gxy for certain kand /, then xix x;; ' € GN X whence xix xi; ' = 1 whence Xix = Xy,
whence k = /. Consequently, the right cosets G xix of G in H are all distinct (0 < k < p-1).
This is Cauchy’s Dual Coset Principle a). It follows that [H:G] = p which is Proposition 1.
IfG+Gx1+Gxi2+ Gxiz+... + GX1p.g = H, then [H:G] = p, and the theorem is proved.

—
N = O

—
(9]

Alternatively, if <x;>s=<x;>t forcertains,te€ Gandu:=st", then u € GN <x; >whence
u =1 whence s = t. Consequently, the right cosets <xy >t of <xy > in H are all distinct (t € G).
This is Cauchy’s Coset Principle. Therefore |H|/p=[H:<x; >] 2 |G| which is Proposition 1.

If X{<xy>t|t € G}=H,then p-|G|=|H| whence [H:G] = p, and the theorem is proved.

—_
AN DN B~

[a—
3

Otherwise let t; := 1 and pick &, € H with & & G Xy, in particular t, # xj,, forall0 < k< p-1.

[S—
o0

The further proof is based on our arranging similar to Lagrange’s theorem — after swapping x; for 1 —
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X =<x1>;

set of all orbits of H

under GO U X,

the simultaneous actions
of G by left translation and
of X by right translation

set of the first row consists of all right
certain orbits  cosets Gx1* of G in H (0<k<p-1)
of Hunder G  with the powers of some p-blank x
acting by left  of G in H; the following rows
translation consist of right cosets of G in H with
the powers of left conjugates of x;

correspondence

leo h=aG Gxi Gx12 lep_l

)

cosets G<x1>=GX
= double coset G1 X

GX2O L =Gt Gxytr Gsz I9) ... Gpr_l I9) «— | cosets G<x3> 1
= double coset G, X

GX3O =Gt; Gx3ts GX32 13 ... Gx3‘"1 13 «— | cosets G<x3>13
= double coset Gz X

sto ts=Gts Gxsts GJCs2 s stp-l s > | cosets G <xs>ftg
= double coset Gts X

20 Note that the first column of this p X S rectangle is a somehow shortened version of the M X R
21 rectangle associated to Lagrange’s theorem which represents the case X = <1> and S = R:
G = 10rb(G) o |h=1=z 2 Z3 O <Y
Gth = ,ZOrb(G) — | B 220 |3t | ... | ZmD
Gt3=,0b(G) | <« |13 2f3 |33 | ... | ZmI3

Gtg = ,ROrb(G) <~ | IR 2R | IR | ... M IR
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The first row of the new rectangle is composed of the p right cosets of G with the elements of X;
1, 1s an element of H not found among those contained in cosets of the first row, x; := £, x1 tz'l
is the left conjugate of x; with #,, and the second row is composed of the p right cosets of G
with the elements x5* 7> = 12 x1* (0 <k <p-1); t3 1s an element of H not found among those
contained in cosets of the first two rows, x3 is the left conjugate of x; with 73, and the third row is
composed of the p right cosets of G with the elements x3*73 = 13x1° (0<k <p-1);etc. ... . Eﬁ Eﬁf 594

New rows are added in this manner until every element of H has been accounted for. The
resulting rectangle is a multiset (or a family), that is, there could be one or more repetitions of
the same coset. It therefore remains for us to prove that the p-S cosets obtained are all distinct.

First, the cosets in any one row are distinct. For the assumption Gx,-k ;= Gxil t; gives x,-k = x,-l

since <x;>NG=tXt;'NG=<1>because of x; & G by hypothesis and |<x; >| = p is prime,
and therefore k = [; this is the direct use of Cauchy’s Dual Coset Principle a) for the ith row.
Second, the cosets from two different rows are distinct. For if, say, Gx;*t;= ijl ti,i<j,
we should have tjxll tj'l t z‘[1 t; xl'k t,-'1 = let, (xikt,-)'1 € G, that is, tjxll'kt,-'1 =1t xlk'l)'1
=1 (x,-k'lti)'l € G, and therefore ¢ belongs to Gx;*! t; (see the Dual Coset Principle b));
but then #; would occur in a coset of a previous row (namely the ith), contrary to hypothesis;

—_
~

—_—
O oo

(NI NS I \O 2N \O I )
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this is the iteration capability of Cauchy’s Dual Coset Principle b).

It follows that the arranged p X S rectangle contains all the elements of { Z < H | |Z| = |G| }

If nis an integer and p is a prime, then n, denotes the highest power of p dividing n and is called
the p-part of n. For example, if n = 120 = 5!, then n, = 23 ny=3,n5=5, and Np=1= p0 forp=7,and

if n = 808,017,424,794,512,875,886,459,904,961,710,757,005,754,368,000,000,000 = 2*¢ . 320 . 59 . 7°
+112.13%.17-19-.23-29-31 - 41 - 47 - 59 - 71 = 8-10° (see https://en.wikipedia.org/wiki/Monster_group),

thenny=2% ng =3, ns =5 n; =7%, nyy =11%, ni3=13%, n,=pfor17<p<71,andn,=1=p° for p > 71.

Cauchy’s group theorem for |H|p=p . Let G < H with H
being finite. If H contains elements of order p and |H|p=p,
then G contains elements of order p if (and only if) p divides |G]. A ‘hug

PROOF: If G contains elements of order p then p divides |G| by B s e
Lagrange’s theorem. If p divides |G| then p does not divide [H:G], symmetries, that can or \ce you
since p is the highest power of p dividing |H|, and therefore G is not

p-blank in H by Cauchy’s concealed second group theorem. (] _ﬂ?uscfunsvaﬁzy%(;;;f s

Cauchy’s group theorem for permutation groups of prime degree p.
a) Let p be a prime. Then |SP| = p! and therefore |S”|, = p, and

SP contains (p-1)! many p-cycles and (p-2)! subgroups of order p.

If x € SPthen x has order p if and only if x is a p-cycle.
Let G be a permutation group of prime degree p, thatis, G < S”.
b) If p divides |G| then G contains at least one subgroup of order p, and conversely.
c) If G is transitive (on {1,2,3,...,p}) then p divides |G]|.
d) G is transitive if and only if G contains subgroups of order p.
PROOF. The cases p =2 and p = 3 are trivial: { <1>, {1, (1 2)} } are all subgroups of S? and
{<1>{1,(12)},{1,(13)},{1,(23)},{1,(123),(132)},{1,(12),(13),(23),(123),(132) } }
are all subgroups of S®. Now let p =5 be arbitrarily chosen.
a)PutQ:={1,2,...,p}and H:= Sym(Q). An arrangement of Q is a list (:= an ordered set)
i1, o, s, ..., in Of all the elements of Q with no repetitions; it defines a permutation x € H by
a*:= i, for alla € Q; the set of arrangements of Q is denoted by Arr(Q2). Then |H| = |Arr(Q)]
by dint of x — (1% 2% ..., p*) (x€ H) and |Arr(Q)| = p!, since an arbitrary ( i, b, i, ..., Ip) € Arr(Q)
is obtained by picking first i;, which has p choices, then i, which has p-1 choices, so {ii, ix}
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has p (p-1) choices, etc., until one is left with {i,}. Hence H has p! elements. An arbitrary
p-cycle x= (i1 i i3 ... iy ) is obtained in the same way but the p-cycles (i iz iy ... ip it ),
(hisis... Ipiy i), etc., also represent x, that is, there are p different cycle representations

of the same p-cycle x (and convention is to let i; := 1 as a rule). Hence the set Cyc(H, p) =

{x € H| x is a p-cycle} has p!/p = (p-1)! elements. The equivalence relation g on Cyc(H, p)
defined by x; 2 X2 1 <xi1>=<x> (X1, X2 € Cyc(H, p)) partitions Cyc(H, p) into classes

of equal sizes p-1. Hence there are |Cyc(H, p)|/(p-1) = (p-2)! subgroups of H of order p.
Any x € Cyc(H, p) has order p. If x € H has order p then the complete cycle notation of x
consists of at least one p-cycle and further p-cycles and 1-cycles, since p is prime, but there is
no room for further cycles since |Q| = p; hence x is a p-cycle (see Cauchy’s picture on Page 24).
b) follows from a) and Cauchy’s group theorem for |H|, = p.

c)Leti € {1,2,...,p}be apoint, Orb;(G) = i°:={i"| x € G} be the orbit of i under G, and
Stabg(i) = G := { x € G| i* = i } be the stabiliser of i in G. Then |Orb,(G)| = |i¢| =[G : G/] =
[ G :Stabg(i)] since the mapping i* — G;x (x € G) defines an isomorphism of the G-spaces i
and Gi\G. If Gis transitive then p=1{1,2, ..., p}| = |Orb;(G)| =[G : Stabg(i)] = |G|/|Stabg(i)|
by Lagrange’s theorem, that is, |G| = p-|Stabg(i)|.

d) If G contains a subgroup X of order p then by a) every element # 1 of X is a p-cycle which
can’t help to act transitively on { 1,2, ..., p}. If G is transitive on { 1, 2, ..., p} then p divides |G]|
by ¢) and hence G contains subgroups of order p by b). [_]

Cauchy’s concealed third group theorem.

Let G be p-blank in the finite overgroup H for the prime p.

If H contains a subgroup of order |H|, (that is, a Sylow p-subgroup),
then [H:G] is divisible by |H|,.

PROOF: The proof consists in arranging the (right) cosets of G in H in a rectangle
with |H|, columns and T :=[H:G]/|H|, rows , very similar to the arranging in Cauchy’s
concealed second group theorem of the right cosets of G in H as a rectangle of p
columns and S :=[H:G]/p rows , and then showing that the cosets are distinct which
requires a generalisation of the Dual Coset Principle from p-elements to p-subgroups.

Define the integer b by p° = |H|p. If b= 0 then the statement is certainly true irrespective

of the existence of prime p-elements of H. If b =1 then we have Cauchy’s concealed
second group theorem since all p-elements # 1 of H have order p by Lagrange’s theorem.
Therefore suppose b = 2. Let X be a subgroup of H of order pb and define X =: {1 =: x40, X11,
X2, ..., Xipp1} ={X3c|0<cC < p®-1}. By Lagrange’s theorem each element of X is a p-element.
The proof is based on our arranging — just as for Cauchy’s second group theorem — the
right cosets of G in H in the form of a rectangle of p” columns and T :=[H:G]/p® rows :

set of the first row consists of all right cosets . |X|=|H|,= pb;

certain orbits G of GinH (0= c <|H]|,-1) with the £ | set of all orbits of H

of H under G elements of some Sylow p-subgroup X of H, g under GU U X,

acting by left all of whose elements of order p are 2 the simultaneous actions

. p-blanks of G in H; the following rows 5
translation consist of right cosets of G in H with g of G by left translation and
the elements of left conjugates of X © | of X by right translation

Gxpt =G Gxn Gxpp G X1t > cosetsG{xlc|OScSph-1}
= G X = double coset G 1 X

Gxpthh=G1 Gxyuth Gxpnt G.X'zpb_l 1) g COSGtSG{chl()SCSpb-l}lz
= double coset G, X

Gxant=Gt; Gxynts Gxnt co | Gxspaty < | cosets G {x3.|0<c<p”1}1;
= double coset Gz X

G xpotr=G tp Gxqy tr G X tr G X7t t1 o cosetsG{xTCIOSCSpb—l}tT
= double coset Gt X
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The first column is a somehow shortened version of the rectangle associated to Lagrange’s
theorem. Thus necessarily T < R. But we are going to prove even T = R/p®. Put t; := 1.
The first row of the rectangle is composed of the pb right cosets of G with the elements of X;

t is an element of H not found among those contained in cosets of the first row, Xac := f X3¢ t

is the left conjugate of x;. with £, (0 < ¢ < p®-1), and the second row is composed of the p°
right cosets of G with the elements Xoc b= X3 (0<c < pb-1); t3 is an element of H not found

among those contained in cosets of the first two rows, xs. is the left conjugate of x;. with £

(0 £ ¢ < p®1), and the third row is composed of the p® right cosets of G with the elements
Xse 3=t X1c (0 ¢ <pP1);if \U{GX ot |1<r<3;0<c<p®1}#H then we may chose
t, as an element of H not found among those contained in this union, that is, not in cosets of the

first three rows, Xac := t: X1c ;' (0 < ¢ < p®-1), and the fourth row will be composed of the p”
right cosets of G with the elements X3c fs =t X3¢ (0<cC < pb-1); etc. ...; since H is finite this

g
line-by-line construction of the p®-columns table will stop after a finite number T of steps. Eﬁ’ Eﬁ 55'

New rows were added in this manner until every element of H has been accounted for.

The resulting rectangle is a multiset (or a family), that is, there could be one or more repetitions of

the same coset. It therefore remains for us to prove that the pb-T cosets obtained are all distinct.
Since xic € X is a p-element, X,c=t Xict;' € t. Xt is alsoa p-element (2<r<T;1<c <p°1).
Since G is p-blank in H, it is even strongly p-blank in H, that is, G does not contain any p-element # 1 of H,
because of G being a subgroup of H: if x € H has order p* with k = 2 then y := x? with g := p*
has order p and x € G implies y € G. This implies the following: x,. ¢ G forall1<r <T and
all1<c<p®1 thatis, GNt Xt "' =<1> forall1<r<T.

First, the cosets in any one row are distinct. For the assumption G x,¢t.= G X4 I, gives

X,c = X,g and therefore ¢ = d since X,c X;q' =t XicXig' &, € GN . Xt because Xic Xig'

is an element of the subgroup X of H; this is a generalisation of Dual Coset Principle a)
applied to the rth row. Second, the cosets from two different rows are distinct. For if, say,
GXot,= GXsals, I <5, thereis aunique 0 < e < p®1suchthat Xqe = X1c X14' again since
X is a subgroup of H; then also X;e = X;c X4 ; We should now have t (Xret,)"' =t (Xro t Xaa 1, 1)
=t (tXiet b Xia ) =t (G Xae Xaa ") = b Xag Xact ' = b Xaats Tttt Xao b = Xea b b Xeo ' =
Xsa ts (Xrc t,)'1 € G, and therefore t; belongs to G x,. t, ; but then t; would occur in a coset of

a previous row (namely the rth), contrary to hypothesis; this is a generalisation of the iteration
capability of Dual Coset Principle b) applied to previous rows. It follows that the arranged p® x T

Therefore p®-T = [H:G] as claimed. [

Cauchy’s group theorem for suitable overgroups.
Let G < H with H being finite and containing a subgroup of order |H|, for the prime p.

If p divides |G|, then G contains an element (equivalently, a subgroup) of order p.

PROOF: Define the integer b by pb = |H|,. The case b =0 is impossible since |H|, 2 |G|,
> p by Lagrange’s theorem: if p does not divide |H| then p divides neither |G| nor [H:G].
The case b = 1 follows already from Cauchy’s concealed second group theorem and the
case b = 2 follows from Cauchy’s concealed third group theorem: the overgroup H of G
contains elements of order p and if G would be p-blank in H then, again by an application
of Lagrange’s theorem, p could not divide |G| since |H|, divides [H:G], a contradiction. D

] Mathe & Comp Appli, 2026 Volume 5(2): 30-34



C RN AN N W

Ne)

ko
WO —=O

DO = = e
O O 0 3 O\ W

W L L L W LW W N NN NN NN N
NN A WD~ OO0 IONUN R W

~ B~ B~ B W W W
W N = O O 0

Citation: Felix F. Flemisch (2026) Characterising locally finite groups satisfying the strong Sylow Theorem for the prime p - Mathematics
edition — Second edition. Journal of Mathematical & Computer Applications. SRC/JMCA-284. DOI: doi.org/10.47363/JMCA/2026(5)239

Ueberhaupt aber wird zur Entdeckung der wichtigsten

Wahrheiten nicht die Beobachtung der seltenen und verborgenen,

nur durch Experimente darstellbaren Erscheinungen fiithren; sondern die der
offen daliegenden, Jedem zuginglichen Phinomene. Daher ist die Aufgabe

nicht sowohl, zu sehn was noch Keiner gesehn hat, als, bei Dem, was Jeder sieht,

zu denken, was noch Keiner gedacht hat.

Arthur Schopenhauer (2 February 1788 until 9 September 1860)
Parerga und Paralipomena: kleine philosophische Schriften
(Dezember 1850'; November 18612). Zweiter Band (§ 76'; § 77°).

Speaking generally, however, it is not the observation of rare and hidden phenomena

that can be produced only by experiments, but the study of those that are obvious and
accessible to everyone, which will lead to the discovery of the most important truths.
Therefore the problem is not so much that of seeing what no one has yet seen, but rather

of thinking in the case of something seen by everyone that which no one has yet thought.

We do consider not the statement of Cauchy’s concealed third group theorem but, for historical
reasons, the presented Cauchy-style proof a “discovery ofa most important truth” in the
spirit of Schopenhauer. This proof relates Cauchy’s contributions to group theory of 1812/1815
to those of 1845-1846 just by extending his arguments from cyclic arrangement groups of prime
order to arbitrary finite groups (of, or not of, permutations). Hence the Corollary “Cauchy’s group
theorem for suitable overgroups” could well be considered known a good 30 years earlier.

Let H be an overgroup of the group G (whence H is any group if G = <1>) and let

U, V € H be subgroups of H. Then UxV := {uxv|u € U,v € V} for all x € H denotes
the double cosets of U and V in H. The double coset space U\H/V of U and V in H

is the set of all double cosets of U and V in H. The double cosets of U and V in H are
the classes of the equivalence relation x Ay & ux=yv (S x=u'yves y=uxv?)
forsome u € Uand somev e V(e UxV=UyVe UxNyV+D) (x,ye H)on H.
Whilst all Uz resp. zV have the same cardinality as U resp. V, the cardinality of UzV
depends on U, V, z'Uzand zV7! (z € H) (see below). This dependency has considerable
influence on finite groups and their subgroups. UzV = zV if and only if z'Uz S V and
UzV = Uzif and only if vzl c U(z€ H). The double index [U:H:V]of U and V
in H is the cardinality of the set U\H/V, thatis, [U:H:V] :=|U\H/V|. A transversal

T for U and V in H is a subset of H of cardinality [ U:H:V ] which contains one

and only one element from each double coset of U and V in H, that is, a complete
system of representatives for the equivalence classes of A; convention is to let T
contain 1 € U N V as arule; if H is finite, we usually put n := [U:H:V ] and pick

any transversal T = { 11, t, 13, ..., 1, } S H of U and V in H with ¢, = 1.

Proposition 2 (Double cosets as unions of cosets and sizes of double cosets).
Let U and V be subgroups of the group H and z € H.

Consider U\H as a V-space by right translation. Then Staby(Uz) =z'Uz NV
and UzV=\U{Ux| Ux € Orby,(V)}. Hence Uz € Fixp\u(V) & VC 7'Uz.
If H is finite then |Orby, (V)| = |V|/|z'Uz N V|=[V:z'Uz N V]is

the number of right cosets of U in UzV and |UzV|=|U|-|V|/|z'Uz N V|.

In particular, | z'Uz N V| divides |U|-|V|.

] Mathe & Comp Appli, 2026

Volume 5(2): 31-34



Citation: Felix F. Flemisch (2026) Characterising locally finite groups satisfying the strong Sylow Theorem for the prime p - Mathematics
edition — Second edition. Journal of Mathematical & Computer Applications. SRC/JMCA-284. DOI: doi.org/10.47363/JMCA/2026(5)239

PROOF: H acts on U\H by right translation with Orby,(H ) = U\H and Staby(Ux) = x'Ux(x e H).
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When this action is restricted to V, then V acts on U\H with Orby(V)= UV and Staby(U)=UN V.
Since Orby,(V)={Uzv|v € V} S U\H by the definition of orbits, \_ {Ux | Ux € Orby.(V)} =
U {Uzv|ve V}=UzV.Hence |Orby.(V)| is the cardinality of the set of right cosets of U which
are contained in UzV and each of which has cardinality |U|. Thus |Uz V| = |U|-|Orby.(V)|. But
|Orby, (V)| = [V:Staby(Uz)], since Uzv <=+ Vy,v (v € V) defines a bijection between Orby (V)
and Staby (Uz)\V, and Vi, = Staby (Uz) = Staby (Uz) N V=z"'Uz N V. Therefore |Orby. (V)| =
[V:7'UzNV]=|V|/|Z'Uz N V| Finally, Uzv=Uz & zv7' e U & ve 7'Uz forallve V. [

Proposition 2 shows that the sizes of the double cosets UzV depend substantially on the sizes
of the intersections of the right conjugates of U with V. Consideration of the set of all such
intersections of a given size leads to a quite influential observation which we now state and prove.
For intersections of U with left conjugates of V a completely analogous statement is valid.

Proposition 3 (The subsets M(U,V,n)).

Let U and V be subgroups of the finite group H and n be some positive integer.
Define M(U,V,n) :=={xe H | |x'UxNV|=n}={xe H| |Staby(Ux)|=n}.

If M(U,V,n) # 3, then M(U,V,n) is the union of some double cosets of U and V in H
each of which has size |U|-|V|/n, and therefore |M(U,V,n)| is a multiple of |U|-|V|/n.

PROOF: Let x € M(U,V,n). If y € UxV then y=uxv for some u € U and some v € V whence
y'lUy NnNvV= (xv)'lva Nvivy = v'l(x'lUx N V)v whence y € M(U,V,n). Thus UxV < M(U,V,n).
If M(U,V,n)# UxV put x; :=x and pick x, € M(U,V,n)\ Ux,;V. Then as for x; we conclude
that Ux,V < M(U,V,n). If M(U,V,n)# Ux;V+ Ux,V pick x3 € H with x3 ¢ Ux;V and x3 ¢ Ux,V.
Then again Ux3V S M(U,V,n). This iteration process will stop after a finite number T of steps
and then M(U,V,n) has been partitioned into T double cosets of U and V in H, that is, M(U,V,n)
=Ux|V+ Ux;V+ UxsV+ ...+ UxtV. In particular, | x,'Ux;NV|=n forall1<i<T.

Now Proposition 2 gives |Ux;V|=|U|-|V|/|x7'Ux;N V| =|U|-|V|/n forall 1 <i <T.

It follows that |[M(U,V,n)| = T-(|U|-|V| / n) as claimed. [

We now can supplement by a modern proof of Cauchy’s concealed third group theorem the classical Cauchy-
style proof which is claiming to constitute the “Entdeckung einer wi ch t i g st e n Wahrheit” because it has
been “thinking in the case of something seen by everyone that which” scarcely any “one has yet thought™.
It is to be noticed that the modern proof first constructs a rectangle with T rows of size | S|-|G| and then removes
|G| columns to be left with the very same rectangle as the classical proof. While the “modernisation” of
“Lagrange” required only cosets (see Page 25), “modernising” of “Cauchy” requires double cosets.

Corollary (Confirmation of Cauchy’s concealed third group theorem).

Let p be a prime and G < H with H being finite. If H contains a subgroup S

of order |H|p (that is, a Sylow p-subgroup) and x'Sx N G = <1> forall xe H
(for example, when G is p-blank in H), then [H: G] is divisible by |H|p.

PROOF: Apply Proposition 3 with U:= Sand V:= G and n:= 1. Then M(S,G,1) = H
is a union of some double cosets of S and G in H each of which has size |S|-|G| whence
|H| = T-|S|-|G| with some positive integer T. Since also |H| = [H: G]-|G| by good old
Lagrange’s theorem, it follows after cancellation by |G| that [H: G] = T-|S| = T-|H|,. EI
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d Michael Meo in his otherwise quite remarkable contribution “The mathematical life
of Cauchy’s group theorem” (see Historia Mathematica, Volume 31, Issue 2, May 2004,
pages 196-221 at https://www.sciencedirect.com/science/article/pii/S031508600300003X)
claims firmly that “The initial proof by Cauchy, however, was unprecedented in its complex
computations involving permutational group theory and contained an egregious error.”
and in French “La démonstration originale donnée par Cauchy comportait, en revanche,
des calculs complexes de groupes de permutations et contenait au fond une erreur.” This

is not true,_really not @. His quotation (with the wrong year 1763, however) “Celui qui
s’engage le premier dans une région inconnue, mérite quelque indulgence pour les fausses
routes qu’il y peut faire.” from the mathematician Jean-Etienne Montucla, however,
is really true ©) as the author knows very very well (see Histoire des mathématiques

(Ed.1758), Tome premier, avec Approbation & Privilege du Roi, p. XV, htip:/qalica.bnf frfark/12148/bpt6k540107 1
and https://www.amazon.fr/Histoire-math%C3%A9matiques-%C3%89d-1758-Jean-%C3%89tienne-Montucla/dp/2012888763).

Nous montrons celui qui s’engageait vraiment le premier sur un terrain en grande partie
inconnu — dans la théorie des groupes de permutations — et celui qui aurait été indulgent
avec lui pour les fausses routes qu’il aurait pu y faire s’il y en avait eu, ce qui n’était pas le cas:

Jean-Etienne Montucla (5 September 1725 until 18 December 1799)
( see https://fr.wikipedia.org/wiki/Jean-%C3%89tienne Montucla)

Augustin-Louis Cauchy (21 August 1789 until 23 May 1857)
(see https://fr.wikipedia.org/wiki/Augustin Louis Cauchy)
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1 Cauchy in the succession of Joseph-Louis de Lagrange (Giuseppe Luigi Lagrangia),
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Alexandre -Théophile Vandermonde and Paolo Ruffini

JOURNAL
DE DECOLE POLYTECHNIQUE,

MEMOIRE

Sun le Nombre des Valeurs qu'une Fonction pent acquérir, lorsqu’on y
* permute de toutes les manicres possibles les quantirés qu’elle renferme ;

Par A. L. CAUCHY, INGENIEUR DES PONTS ET CHAUSSEES.

MM LAGRANGE et VANDERMONDE sont, je crois, les premiers qui
ajent considéré les fonctions de plusieurs variables relativement au
nombre de valeurs qu'elles peuvent obtenir, lorsquon substitue ces
variables & Ia place les unes des autres. Ils ont donné plusieurs théo-
rémes intéressans relatifs a ce sujet, dans deux mémoires imprimés en
1771, Fun a Berlin, l'autre & Paris. Depuis ce temps, quelques géo-
métres italiens se sont occupés avec succts de cette matidre, et parti=
culicrement M. Ruffini, qui a consigné le résultat de ses recherches
dans le tome XII des M¢moires de la Société italienne, et dans sa
Théorie des équations numériques. Une des conséquences les plus re-
marquables des travaux de ces divers géometres, est qu'avec un nombre
donné de lettres on ne peut pas toujours former une fonction qui ait
un nombre déterminé de valeurs. Les caractéres par lesquels cette
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Mémoire Sur le Nombre des Valeurs qu’une Fonction peut acquérir, lorsqu’on y permute
de toutes les manieres possibles les quantités qu’elle renferme ;
Par A. L. Cauchy, Ingénieur des ponts et chaussées.
Journal de 'Ecole Polytechnique, XVII® Cahier, Tome dixiéme, Janvier 1815, 1-28
(see http://gallica.bnf.fr/ark:/12148/bpt6k433673r.image
and https://opacplus.bsb-muenchen.de/title/6409549 and
http://nonagon.org/ExLibris/cauchys-memoire-sur-le-nombre-des-valeurs)

For Lagrange’s theorem Cauchy considers (on Page 5 and Page 6) “une fonction quelconque” K “de 1’ordre n” and puts
N := n!, R := “le nombre total des valeurs essentiellement différentes de K” (which he calls “indice de K”) and M := “le nombre
total des valeurs de K que 1’on suppose égales entre elles” (which he calls “diviseur indicatif par lequel on doit diviser N pour obtenir
I’indice de K”). By then collecting repeatedly “nouvelles valeurs de K” until they are all used up and having started from M, he
argues that “on aura donc R M = N”. He could not consider abstract groups and considered not even permutation groups but substitutions
of variables of polynomials: S” acts on the set F[X;,X,.....X,,] of polynomials with coefficients from a field F (usually the complex
numbers ) by permuting the variables: if « is a polynomial and x is some permutation then *( Xy, Xa, ..., X;)) = w(Xx", Xox™, ..., X5,

The published first group theorem by Cauchy states that R < 2 if R < p for the largest prime p < n (resp. the largest
prime p dividing n!). The major step of the proof consists of verifying the following (see Page 9) : “On fait voir que
si I’on suppose R < p, chaque valeur de K ne pourra étre changée par aucune substitution du degré p.” This means
that [H:G] < p for G C H := S" implies that G does ‘““contain” not a single p-blank.
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