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Abstract

Let p be a prime. A p-group is a group all of whose elements have order a power of p and a
p’-group is a group all of whose elements have order prime to p, that is, not containing any
element of order p. A p-group is finite if and only if its order is a power of p. Every group
theorist knows what are well-known as the three Sylow theorems: Any finite group G has
D subgroups of order |G|y, where |G|, is the highest power of p dividing the order |G| of G,
which are called Sylow p-subgroups and are not only maximal with respect to (w.r.t.) order
but also w.r.t. inclusion, whence @ every p-subgroup of G is contained in at least one
Sylow p-subgroup, and 3 all the Sylow p-subgroups are conjugate, that is, if S; and S, are
Sylow p-subgroups of G, then there exists an element x of G such that x™'S; x = S,." The set
of all Sylow p-subgroups of a group G is denoted by Syl,G. The theorems and the maximal
p-subgroups are named after Ludvig Sylow, the great Norwegian mathematician who discovered
them and published them in December 1872 (see [26.] and https://en.wikipedia.org/wiki/
Peter Ludvig Sylow). A Sylow p-subgroup of any group is a p-subgroup, which is maximal

w.r.t. inclusion. Every p-subgroup is contained in at least one Sylow p-subgroup. A group
satisfies the Sylow Theorem for the Prime p or the Sylow p-Theorem, if all of its Sylow
p-subgroups are conjugate, and it satisfies the Strong Sylow Theorem for the Prime p, if each
of its subgroups satisfies the Sylow p-Theorem. A locally finite group is a group all of whose
finitely generated subgroups are finite. Sylow Theory of Locally Finite Groups studies when
they satisfy the Sylow p-Theorem and when even the Strong Sylow p-Theorem and determines
the structure of those groups. A central concept to that end is the p-uniqueness subgroup of a
locally finite group, which is a finite p-subgroup being contained in a unique Sylow p-subgroup.

Otto H. Kegel has since the swinging sixties of last century again and again showed
interest in Sylow Theory and very especially in how to extend it from finite groups to
locally finite groups. He summarised findings up to 1973 by him and by others in the
book [22.], which became a standard book on locally finite groups. When the book was
in press, he developed the new paper [11.] on Sylow Theory of Locally Finite Groups
and presented it in pioneering lectures during 11 December 1973. This paper has
two open questions until today. 13%2 years later he presented on 8 June 1987 in four
lectures [12.] a summary of results up to 1987 about Sylow Theory of Locally Finite

* When G is a finite group, P a p-subgroup of G and S € Syl,G, then the operation of P by conjugation on C(G,S) :=
{S*| x € G} has at least one fixed point, thatis (3 x € G )(P* < ), and for P € Syl,G exactly one, which means
@ |Syl,G | =|G:NgS|=|C(G,S)| =1 (mod p); hence G satisfies the Strong Sylow Theorem for the Prime p, that means,
every subgroup U of G conjugates transitively on Syl,U, and therefore we have the Frattini argument for G (and p),
that is, if NV is a normal subgroup of G and P € Syl,N, then Ng P covers G/ N, thatis, G=N*NGgP. m
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Groups and extended them beautifully from locally finite and p-soluble groups for p # 2,
according to results by Brian Hartley and Andrew Rae, to locally finite groups in general for p
> 5. This paper has ten open questions until today which deserve urgently solutions.

The paper at hand presents Otto H. Kegel’s achievements of and merits for Sylow Theory of
Locally Finite Groups and communicates that it was a “Herzensangelegenheit” (a matter close
to one’s heart) for him. Otto H. Kegel € passed away on his birthday 20 July 2025 at the > age
of 91. Being in deepest mourning, I miss him dreadfully and will always honour his memory 95‘

The Second edition enlarges Page 11, updates Page 12 and Page 135, includes a number of
corrections, adds the new Pages 136, 137, 138, 187 and 188, and adds the 48-page Appendix
“Presentation by Dipl.-Math. Felix F. Flemisch, M.Sc., Bacc.Math. at the Conference
Mathematics & Physics Frontiers 2026 — Theories, Models, and Applications in
Frankfurt am Main, Germany, on 23 April 2026” which presents the Research Article at hand.
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I tried unsuccessfully to publish this paper inchmeal in the journals Mathematische Zeitschrift,
Archiv der Mathematik and European Journal of Mathematics. A common feature of all the
three rejects was that they did not state any reason let alone substantial review comments. I am
now very happy that the paper can get published in the great IMCA:
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1 Introduction

I present references to articles on Sylow Theory of Locally Finite Groups by Otto H. Kegel and by
myself. First I present and summarise the twelve beloved contributions by Otto H. Kegel. Secondly
I present and summarise the ten enthusiastic contributions by myself, which add thorough comments
to Otto H. Kegel’s admirable contributions regarding wide generalisations, solve two of his open
issues and state twelve still open issues most of which, however, I solved already in yet unpublished
work. Thirdly I draw some conclusions from Otto H. Kegel’s contributions and my contributions
thereby suggesting very fascinating topics for future research based upon the twelve to this day open
issues of [11.] and [12.]. T almost close with Acknowledgements and 30 References. “Almost”
because I add six distinguished historical articles about Sylow Theory: Sylow’s Norwegian paper of
1867 [25.] with a translation into English, Sylow’s famous paper of 1872 [26.], Waterhouse’s paper
on the Early Proofs of Sylow’s Theorem [27.], and Scharlau’s German paper on the Discovery of
Sylow’s Theorems [24.] with an appreciation of his performance and a translation into English.

2 Otto H. Kegel’s Beloved Contributions

Otto H. Kegel wrote together with Bertram A.F. Wehrfritz a beautiful book about Locally Finite
Groups and published it 1973 [22.]. It includes up to date results and many references about Sylow
Theory by him and by others thereby bridging the gap between 1872 [25.] and 1973. However, it
forgoes Kegel’s earlier more than 30 ageless contributions in the 1960s and 1970s. Those which are
related to or are significantly important for Sylow subgroups I cite as well.

2.1 Early Contributions
| cite and summarise the nine of them which are related to or are significantly important for Sylow Theory.
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2.1.1 Caractérisation des sous-groupes accessibles d’un groupe fini [13.]

Otto H. Kegel presented this out of the ordinary paper on 29 March 1960 in French in the Séminaire
Albert Chatelet et Paul Dubreil as the Talk no. 18. Let G be a group. A subgroup U of G is called
accessible if it appears in a composition series of G, that is, if there exists a finite series { N} 1<i<m of
subgroups of G such that Ny = U, N;is a normal subgroup of N;,1, and N, = G. The subgroup Uis a
(D)-subgroup of the finite group G if for every prime divisor p of |G| and Sylow p-subgroup S of G the
intersection SN U is a Sylow p-subgroup of U. Every (D)-subgroup is accessible, and when a subgroup U
of the finite group G is accessible then for every prime p and Sylow p-subgroup S of G the intersection
UN Sis a Sylow p-subgroup of U. Kegel proves further conditions when a subgroup is accessible.

2.1.2 Sylow-Gruppen und Subnormalteiler endlicher Gruppen [14.]

In this paper of December 1962 Otto H. Kegel studies the m-quasinormal subgroups U of a finite
group G for a set 7 of prime numbers, which are subgroups where U for each p [ 1t is permutable
with each Sylow p-subgroup of G, and m-subnormal subgroups U of a finite group G, which are
subgroups where for each p 17 and every Sylow p-subgroup P of G the group U N P is a Sylow
p-subgroup of U. Subnormal and m-quasinormal subgroups are 7t-subnormal. With additional premises
Kegel proves that the subgroup Uis subnormal, if Uis 1t-subnormal for the set 7t of all prime numbers.

2.1.3 Eine Charakterisierung der Sylowgruppen endlicher Gruppen [15.]

Otto H. Kegel submitted this very sublime paper on 10 June 1965. He considers a class K of finite
groups which contains with G also every epimorphic image of each subgroup of G, and calls the
function f, which assigns to every G LJK the set f(G) of subgroups of G, a Sylowfunction on K if it
has four specified properties, one being that f(G) is a class of conjugated subgroups for every
G XK . An example is for the prime p and the class E of all finite groups the function p which
assigns to every finite group G the set p(G) of all its Sylow p-subgroups. Kegel then proves SATZ 1
with a ZUSATZz, SATZ 2 and SATZ 3 for Sylowfunctions: see Zbl 0144.015083.

2.1.4 Uber einfache, lokal endliche Gruppen [16.]

This paper Otto H. Kegel submitted on 12 March 1966 to Mathematische Zeitschrift. It contains
his famous “approximation principle” for countable simple locally finite groups (see 2.1.5 and 2.2
and Page 4 of [10.] and the proof in 4.5 Lemma of [22.] with subsequent Remark). For a full
summary | refer to the excellent Zbl-review by Ridiger Gobel: see Zbl 0147.27002.

2.1.5 Locally finite versus finite simple groups [17.]

This paper of May 1968 is a lecture Otto H. Kegel gave at a regional conference on finite groups (a
symposium on the Theory of Finite Groups) at Harvard University, which had Part | (19 lectures),
Part Il (seven lectures) and Part Il (ten lectures, n® 8 being Kegel’s lecture). Based on his famous
“approximation principle” “A countably infinite locally finite simple group G has a strictly ascending
sequence { R;} oy of finite subgroups of G with G = L] {Ri|i ON} such that for each natural
number i there exists a maximal normal subgroup M, of R+ satisfying Mi,1 N R; = <1>.” whence G
is a limit of the approximating sequence { R;/ M;};y of finite simple groups ordered by
“involvement” (see 2.1.4 and 2.2), he reports: e If each of the finite simple groups { Ri/ M} io v is
“known”, then either G contains an infinite elementary abelian p-subgroup for every prime p or there
is a field F and a natural number n such that G is isomorphic to a subgroup of GL(n,F). e The
existence of a non-linear simple locally finite group which for (at least) one prime p has only finite
elementary abelian p-subgroups (possibly <1>) entails the existence of a family of finite subgroups
{ Ri} iow such that each of the simple groups { Ri/ M;} g is “new”. Discussing (simple) locally
finite groups in this spirit, many questions about finite groups come up.

2.1.6 Strong finiteness conditions in locally finite groups [18.]

This paper was submitted by Otto H. Kegel on 27 March 1970 to Mathematische Zeitschrift. Kegel
himself wrote the following summary: “Eine alte Frage in der Gruppentheorie ist es, ob die Gruppen,
die der Minimalbedingung geniigen, einen abelschen Normalteiler von endlichem Index haben. Fir
lokal endliche Gruppen wird diese Frage hier positiv entschieden. [ Dieses Resultat wird auch in V. P.
Sunkov, Algebra i Logika, Vol. 9, No. 2, 220-248, March-April 1970 gegeben (see V. P. Shunkov, On the minimality
property for locally finite groups, Algebra and Logic, Volume 9, 137-151, March 1970, https:/link.springer.com/
article/10.1007/BF02218982) ] Wir erhalten dieses Resultat als Spezialfall eines allgemeineren Satzes,
der sagt, daf3 die lokal endliche Gruppe G, in der alle Primuntergruppen der Minimalbedingung gentigen,
genau dann eine abelsche Untergruppe von endlichem Index hat, wenn die Menge der Zentrali-
satoren in G als halbgeordnete Menge der Minimalbedingung gentigt.” (see Zbl 0195.03804).
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2.1.7 Locally finite simple groups [19.]

Otto H. Kegel presented this paper to the Second International Conference on the Theory of Groups (with
about 130 participants) held in August 1973 as the Informal Session C in the Department of Mathematics of
the Institute of Advanced Studies of the Australian National University in Canberra. Kegel himself wrote the
following summary: “In dieser Note wird beschrieben, wie der Fortschritt im Studium "kleiner" lokal endlicher
Gruppen von tiefen Klassifikationssatzen in der Theorie endlicher einfacher Gruppen abhangt und wie diese
Satze fur unendliche Gruppen nutzbar gemacht werden kdénnen. Einige naheliegende Fragen werden
formuliert und motiviert.” (see Zbl 0292.20028).

2.1.8 Reinhold Baer (1902-1979). Obituary. [20.]

Otto H. Kegel wrote this detailed while very knowledgeable Obituary for his adored teacher Reinhold Baer,
who passed away on 22 October 1979, and published it in June 1980. | was present in the lecture where
Kegel communicated almost tearfully this sad at heart event.

2.1.9 The structure of locally finite groups with min-p [21.]

Otto H. Kegel published this paper in December 1982. He discusses the effect of the classification of finite
simple groups on locally finite groups with min-p. Using this classification he shows how to obtain a very
strong structural result for locally finite groups satisfying min-p for some prime p. Such a group has a unique
maximal normal locally p-soluble subgroup S,(G). Let H := G/S,(G). If H# <1>, then H has minimal normal
subgroups. Their join soc(H) is a direct product of finitely many simple groups, and H/soc(H) has an abelian
normal subgroup of finite rank and finite index. The simple groups referred to, if infinite, are actually known to
be groups of Lie type over locally finite fields, and this fact plays a central part in the proof. As a direct
consequence, if the locally finite group G satisfies min-p, then the factor group G/0.(G) is countable, since
a linear simple locally finite group must be countable.

2.2 “Locally Finite Groups”, co-authored with Bertram A.F. Wehrfritz [22.]

The book mentions the conjugacy part of the Sylow theorems in the Introduction and gives a very profound
account of the Sylow Theory in Section D “Maximal p-subgroups” of Chapter 1 with its Appendix
“Conventional Sylow theory and related ideas” and in Section A “A Sylow theory for locally finite groups
with min-p [ that is, each of their p-subgroups satisfies min]” of Chapter 3. Instead of studying Sylow p-
subgroups and Syl,G, it studies maximal p-subgroups and Max,G because of the general absence of a
satisfactory theory for Max,G along the lines of the theory of Sylow p-subgroups of finite groups. However,
this is not true for locally finite groups (see [23.]).

First it collects basic properties of maximal p-subgroups: ® The p-subgroup P of the locally finite group G is
a maximal p-subgroup if there is a local system % of G [ a set of subgroups whose union is G and where any
two of it lie in a third of it ] consisting of finite subgroups such that P reduces into 2 [ i.e., for every subgroup
S € % the intersection SN Pis a Sylow p-subgroup of the finite group S]. If the local system Z of the group
G consists of finite subgroups only and is linearly ordered by inclusion (whence G is countable), then there is
a p-subgroup of G which reduces into 2. ® For a local system X of the group G consisting of finite subgroups
only denote by MaxpZ the set of those p-subgroups of G reducing into Z. ® If the local system Z of the
group G consists of finite subgroups only and is linearly ordered by inclusion, then the following three
properties of the set MaxpZ are equivalent: a the elements of MaxpZ are conjugate in G; b [MaxpZ| < 2o,
c the set Maxp2 is finite. If for some prime p, every countable subgroup of the locally finite group G contains
less than 2"° maximal p-subgroups, then in every factor of G the maximal p-subgroups of G are all
conjugate. If pis a prime and G is a countable locally finite group, then the maximal p-subgroups of G are all
conjugate if and only if |MaxpZ| < 290 e If the locally finite group G contains a finite maximal p-subgroup P,
then the maximal p-subgroups of G are all conjugate to P (see also Page 8 f. of [10.]).

Secondly it summarises heroically with almost fifty (!) references the research work up to 1973 with the sort
of result “in such-and-such a group the maximal p-subgroups are all conjugate”. For this particularly
astonishing overview | refer to Page 26, Page 27 and Page 28 of [22.].

Thirdly it studies Sylow Theory for locally finite groups with min-p. For a prime p and any group, it calls
a subgroup P of G a Sylow p-subgroup of G if P is a maximal p-subgroup of G and contains an isomorphic
copy of every p-subgroup of G. The set of all Sylow p-subgroups of G is denoted by Syl,G. It proves: e The
locally finite group G satisfies min-p if and only if some maximal elementary abelian p-subgroup of G is finite.
¢ If G is a locally finite group satisfying min-p, then G contains Sylow p-subgroups and every finite p-subgroup
of G is contained in a Sylow p-subgroup of G. e Let G be a locally finite group satisfying min-p. If P is a
p-subgroup of G and if Q is a Sylow p-subgroup of G then the following properties are equivalent: a P is a
Sylow p-subgroup of G; b P contains an isomorphic copy of every finite p-subgroup of G; ¢ P and Q are
isomorphic p-subgroups of G. e If G is a locally finite group satisfying min-p, then the p-subgroup Pof Gis a
Sylow p-subgroup of G if and only if P contains a conjugate of every finite p-subgroup of G.
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Fourthly it presents in Chapter 4 “Locally finite simple groups” results related to the study of Sylow
subgroups in simple locally finite groups which were previously obtained in 2.1 Early Contributions:
¢ An infinite group G is simple if and only if it has a local system consisting of countably infinite
simple subgroups of G. e A countably infinite locally finite simple group G has a strictly ascending
sequence { R;} i o~ of finite subgroups of G with G = [] { Ri|i O N } such that for each natural number
i there exists a maximal normal subgroup M, of Ris satisfying M.+ N R; = <1>. Later the terms
Kegel cover (R;, M) with Kegel kernels M, and Kegel simple sections R;/ M; were introduced.

2.3 Chain conditions and Sylow’s theorem in locally finite groups [11.]

Having just published a such detailed account of Sylow Theory up to 1973 (see 2.2), Otto H. Kegel
presented on 11 December 1973 and published 1976 this new paper which comes with the new and
really excogitated concept of “Sylow-separated (ascending) sequence of p-subgroups with its
associated sequence of Sylow p-subgroups” and with a new depiction of the concept of “Sylow
p-intersection”. | described, summarised, annotated and enlarged the paper on Page 7 to Page 10
of [10.] including the MR-review and the Zbl-review on Page 21. This paper has two open issues.

2.4 Four lectures on Sylow theory in locally finite groups [12.]

Practically no work on Sylow Theory was done since 1973 until Summer was approaching in 1978
when Otto H. Kegel proposed for my Diplomarbeit — | had just passed the exam for the minor Diplom
subject with a “sehr gut” — to try to extend Brian Hartley’s tremendous result on Sylow Theory of
locally p-soluble locally finite groups for p # 2 to locally finite groups in general, in particular to simple
groups. And then a literally yearslong collaboration between the two of us began until | could publish
the Diplomarbeit on 8 October 1984 which, however, was rather incomplete since | got hopelessly
lost in the classification of finite simple groups. Most of my further drafts were completed by Kegel himself,
who contributed in any case the preponderant part of great ideas, and presented on 9 June 1987.
| described, summarised, annotated and enlarged his paper on Page 2 to Page 6 and Page 13 of [10.]
including the MR-review and the Zbl-review on Page 17. This paper has ten open issues. During a
large number of personal sessions | was first surprised by and then in admiration of Kegel’s very
great interest in my (!) research subject which showed me that it was a real and sincere “Herzens-
angelegenheit” (matter close to one’s heart) for him. This is well-documented in [12.], [9.] and [10.].

3 Felix F. Flemisch’s Enthusiastic Contributions

Being retired since October 2016, I extra early rediscovered my loving to work for Mathematics
and particularly for Group Theory and resumed the topics of my Diplomarbeit of 1984 and
of Otto H. Kegel’s fantastic paper [12.]. This resulted in enthusiastic contributions since
2021 adding thorough comments to Kegel’s contributions. I summarise them in the following.
They end with twelve open issues suggesting fascinating topics for future research.

3.1 Trilogy about Sylow Theory in Locally Finite Groups [1.]

The books are based on my Diplomarbeit (see 2.4) and continue my paper “Characterising Locally
Finite Groups Satisfying the Strong Sylow Theorem for the Prime p” which appeared in Adv. Group
Theory Appl. 13 (June 2022) on pp. 13-39 (see [5.]). Since they contain a lot of material which cannot
be published in a mathematical journal, they were published as Books on Demand (BoD) (see 3.2
and 3.3). In the following | describe the mathematical subject matter. Regarding the non-mathematical
contents, including very beloved dedications to famous or by me beloved persons, see the contained four
careful recensions: Part 1, Page v; Part 2, Page i; Part 3, Page i and Page 42.

3.1.1 Part 1[1.1]

Part 1 “Characterising Locally Finite Groups Satisfying the Strong Sylow Theorem for the Prime p”
of the Trilogy [1.1] is based on the BoD-Book “Characterising locally finite groups satisfying the
strong Sylow Theorem for the prime p — Revised edition” (see under ISBN 978-3-7562-3416-5)
which in turn has been based on my rather pioneering research paper in Volume 13 of Advances in
Group Theory and Applications (AGTA) (see https://www.advgrouptheory.com/journal/Volumes/13/
Flemisch.pdf and the good Summary in Zbl 1496.20065). The First edition of Part 1 removes the
highlights in light green of the Revised edition and adds the albeit very considerably improved Pages
from i to vi and Pages from 27 to 34 to the AGTA-paper. In addition, Part 1 adds the ten new Pages
from 35 to 44 to the Revised edition and therefore had to renumber the Pages from xv to xviii into
the Pages from 45 to 48. It includes the second paper [12.] of Otto H. Kegel about Sylow theory in
locally finite groups (see MR981832 and Zbl 0659.20024) as Appendix 1 and his first paper [11.] on
the beautiful subject (see MR414714 and Zbl 0328.20029) as Appendix 2. Finally, it calls to mind
Kegel’s fine contribution to the conference Ischia Group Theory 2016.
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Really most importantly, Part 1 introduces the fundamental concepts of the (First) Trilogy about Sylow
Theory in Locally Finite Groups: locally finite group satisfying the Strong Sylow Theorem for the prime p
(or the Strong Sylow p-Theorem); singular (Sylow) p-subgroup; (very) good Sylow p-subgroup; p-uniqueness
subgroup; minimal (w.r.t. order) p-unique subgroup; (numerical) Sylow p-invariant ap; P-invariant Sylow
p-subgroup; P-isomorphic P-orbit.

3.1.2 Part 1 — Second edition [1.2]

The Second edition of Part 1 introduces happily a uniform page numbering, adds page numbers to the
appendices, improves Pages iv and v, Page 22, Pages 25 to 34 and Pages 39, 45, 49, 50, 75, 76, 105 and
106, adds Pages 109 to 112, and adds a two-page Table of Contents of the Trilogy. Part 1 has vi + 48 +
27 + 31 + 8 = 120 pages and includes 15 references according to the AGTA- paper followed by ® a two-page
Postscript about Kegel’s Theorem/Conjecture on simple locally finite groups with the Strong Sylow Theorem
for the prime p (see Part 2) and about the (First) Trilogy, by ® the section “About the author”, by ® a Note on
Kegel’s Theorem/Conjecture, by ® a fine section about “Sylow p-intersections and p-uniqueness subgroups”,
by e the rather illuminating section “Comparison of Kegel's two papers on Sylow theory in locally finite
groups”, by e the section “Five personal Notes about Mathematics”, and finally followed by ® the very insight
gaining section “Augustin-Louis Cauchy’s and Evariste Galois’ contributions to Sylow theory in finite
groups” describing and summarising a very pioneering follow-up paper. It also adds the section “Mathe-
matical Reviews (MR) (MathSciNet) and zbMATH Open (Zentralblatt MATH)” for the AGTA-paper.

3.1.3 Part2[1.3]

Part 2 “About the Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups” of the Trilogy [1.3]
is based on Part 1. It first gives a profound overview of the structure of simple groups, and in particular of the
simple locally finite groups, and reduces their Sylow theory for the prime p to an old (1987) conjecture of
Otto H. Kegel, contained in his second paper [4.], about the rank- unbounded ones of the known 19 families
of finite simple groups: “Let the p-subgroup P be a p-uniqueness subgroup in the finite simple group S
which belongs to one of the seven rank- unbounded families. Then the rank of Sis bounded in terms of P.”

Part 2 then introduces a new scheme to describe these 19 families, the family T := { abelian,,, A",
A=PSL,,B=PQuun,C=PSpn,D=PQ%wenn, A=PSU,, %D =PQ eenn, Es, E7, Es, Fa, Gz, 2Bz, Dy,
®Es, %F,4, %G, , sporadicx } of types using well-known symbols, defines the rank of each type, and emphasises
the réle of Kegel covers. This introductory part presents a unified picture of well-known results with proofs only
by reference which is the reason why the title of Part 2 starts with “About”.

Subsequently Part 2 applies rather new ideas to prove the conjecture for the Alternating Groups.
A considerably thorough abstract of this quite pioneering approach is presented on Page ii.

Thereupon Part 2 remembers the central réle played by Kegel covers and * -sequences. Finally, it
presents a plan how to prove and even how to optimise the conjecture step-by-step or peu a peu by
suggesting a way 1) and a way 2) which leads to further tough conjectures thereby happily unifying Sylow
theory in locally finite simple groups with Sylow theory in locally finite and p-soluble groups being the work by
adored professors Otto H. Kegel and Brian Hartley (see Page 27 of Part 1). Part 2 has iv + 20 = 24 pages
and includes 24 references as well as two figures of the very famous classification of the finite simple
groups. For any unexplained terminology Part 2 refers to Part 1.

3.1.4 Part 3 [1.4]

The Part 3 “The Strong Sylow Theorem for the Prime p in Projective Special Linear Locally Finite Groups” of
the Trilogy [1.4] continues the program begun in Part 2 to optimise along the way 1) the Theorem there
about the first type = = “A"” of infinite families of finite simple groups step-by-step to further types by
proving it for the second type = = “A = PSL,". It first proves the Conjecture 2 from Part 2 about the General
Linear Groups over (commutative) locally finite fields, stating that their rank is bounded in terms of their
p-uniqueness, and then breaks down this deep insight to the Special Linear Groups and to the Projective
Special Linear (PSL) Groups over locally finite fields. A thorough abstract of this three-stage-approach with a
description of the new ideas regarding the proof for the General Linear Groups and with a figure showing
the transitions to the Special Linear Groups and the PSL Groups is presented on Page ii.

Part 3 closes with suggestions for future research e regarding the five remaining rank-unbounded types
(the “Classical Groups”) and the way 2), ¢ regarding the (locally) finite and p-soluble groups by announcing
sincerely a first proof of Conjecture 3 from Part 2, thereby somehow rounding off the venerable classical
Hall-Higman theory, and thirdly e regarding Augustin-Louis Cauchy’s and Evariste Galois’ very pioneering
contributions to the Sylow theory of finite groups showing three very beautiful rectangles/tableaux (see
Page 10). These three suggestions culminate in the ambitious announcement of the Second Trilogy about
Sylow Theory in Locally Finite Groups. Part 3 has iv + 44 = 48 pages and includes 32 references followed
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by e an insightful Postscript about » the Alternating Groups, » the PSL Groups, » the First Trilogy
and » the 19 families of finite simple groups, and finally followed by e the very beautiful four-page
section “A Contribution to the Mathematical Theory of Big Game Hunting”. Its last Page 42 shows
the First Trilogy as a beauteous triptych (see https:/en.wikipedia.org/wiki/Triptych and Page 49 of
Part 1 with an inspiring overview of three other triptychs).

3.2 Review of a Trilogy about Sylow Theory in Locally Finite Groups [2.]

This comprehensive review of 15 August 2023 concerns the trilogy about Sylow Theory in Locally
Finite Groups which has been published in four books by Books on Demand (BoD), Norderstedt,
Germany, namely (see [1.] for an update): Part 1 — ISBN 978-3-7504-0398-7 (November 2023);
Part 1 — Second edition — ISBN 978-3-7543-6087-3 (March 2023); Part 2 — ISBN 978-3-7568-
3892-9 (December 2022); Part 3 — ISBN 978-3-7568-9853-4 (January 2023).

3.3 Three Beautiful Books about Sylow Theory in Locally Finite Groups [3.]

The books are based on my Diplomarbeit (see 2.4) and continue my paper “Characterising Locally
Finite Groups Satisfying the Strong Sylow Theorem for the Prime p” which appeared in Adv. Group
Theory Appl. 13 (June 2022) on pp. 13-39 (see [5.]). Since they contain a lot of material which cannot
be published in a mathematical journal, they were published as Books on Demand (BoD) (see 3.1
and 3.2 and https://www.bod.de/buchshop/ and https:/www.bod.fr/librairie/).

3.4 Characterising locally finite groups satisfying the strong Sylow Theorem for the prime p
— Manuscript on Sylow theory in locally finite groups — Mathematics edition [4.]

The Mathematics edition (32 pages) extracts from the full editions (see [1.]) the mathematical content
and omits the fair and very beautiful personal dedications and information ( Richard Wagner, Albert
Camus, Pablo Picasso, Freiburg i.Br., Herrsching a.A., Marcel Proust, Charles Baudelaire, Bertolt
Brecht) almost entirely. It is line numbered for (Scholarly Peer) Review purposes (but the twenty-
one Footnotes cannot [ and need not ] be line numbered). Besides Sylow Theory of Locally Finite Groups
(19 pages) the Mathematics edition provides novel but ultimately classical proofs of considerably
historic relevance for the basic theorems of Lagrange and Cauchy on finite groups (11 pages).

3.5 Characterising Locally Finite Groups Satisfying the Strong Sylow Theorem for the Prime p [5.]

During his lectures to the 1987 Singapore Group Theory Conference Otto H. Kegel proposed the
following question: “If every subgroup S of the locally finite group G contains a finite p-subgroup
which is singular in S, does G then satisfy the strong Sylow Theorem for the prime p ?” In this paper
| answer the question in the affirmative. The paper formed an extremely essential part of my German
Diplomarbeit of 1984 (the “Charakterisierungssatz ) (see 2.4), written before | sadly left academia.
| present the Charakterisierungssatz as Theorem 3.9, and summarise then the result as Theorem
3.10, stating that if G is a locally finite group and p is a prime, then G satisfies the strong Sylow
theorem for the prime p if and only if every subgroup S of G contains a finite p-subgroup which is
singular in S. Subsequently | present a few novel concepts for Sylow theory of (locally) finite groups
to encourage future research. The paper is divided into four sections: Introduction; Good Sylow
p-subgroups and p-uniqueness subgroups; Basic theorems of Sylow theory in locally finite groups
and our Charakterisierungssatz; Novel concepts for Sylow theory in (locally) finite groups.

3.6 The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups [6.]

This Research Article continues [5.]. I begin with giving a profound overview of the
structure of arbitrary simple groups and in particular of the simple locally finite groups and
reduce their Sylow theory for the prime p to a quite famous conjecture by Prof. Otto H.
Kegel (see [12.], Theorem 2.4: “Let the p-subgroup P be a p-uniqueness subgroup in the
finite simple group S which belongs to one of the seven rank-unbounded families. Then the
rank of § is bounded in terms of P.” ) about the rank-unbounded ones of the 19 well-known
families of finite simple groups. I introduce a new scheme to describe the 19 families, the
family T of types, define the rank of each type, and emphasise the great role of Kegel covers:
Prof. Kegel rediscovered from Prof. Philip Hall that an infinite simple group has a local
system consisting of countably infinite simple subgroups (see [12.], Theorem 2.5) (and
conversely) and if they are locally finite he discovered ground-breakingly that they have a
Kegel cover (see [12.], Theorem 2.6), that is, a nested local system {G,} with maximal
normal subgroups M, < G, such that G, N M,,; = <1> so that G, embeds into G,/ M,,,.
This part presents a unified picture of known results all of whose proofs are by reference.
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Subsequently I apply new ideas to prove the conjecture for the Alternating Groups.

Thereupon I am remembering Kegel covers and x-sequences and the classification of simple locally finite groups
according to their Kegel covers. Next I suggest a way 1) and a way 2) how to prove and even how to optimise Kegel’s
conjecture step-by-step or peu a peu which leads to Conjecture 1, Conjecture 2 and Conjecture 3 thereby unifying Sylow
theory in locally finite simple groups with Sylow theory in locally finite and p-soluble groups whose joint study directs

very reliably Sylow theory in (locally) finite groups. For any unexplained terminology I allow me to refer to [5.].

I then continue the program begun above to optimise along the way 1) the theorem about the first type Z = “A" ” of
infinite families of finite simple groups step-by-step to further types by proving it for the second type = = “A = PSLa”.
I apply new ideas to prove Conjecture 2 about the General Linear Groups over locally finite fields, stating that their
rank is bounded in terms of their p-uniqueness, and then break down this insight to the Special Linear Groups and to the
Projective Special Linear (PSL) Groups over locally finite fields. I close with pretty good suggestions for future research
P regarding the remaining rank-unbounded types (the “Classical Groups”) and the way 2), P regarding (locally) finite
and p-soluble groups, and P> regarding Cauchy’s and Galois’ contributions to Sylow theory in finite groups. I very much

hope to enthuse group theorists with these suggestions and I am ready to support and to coordinate all related work.

It follows from our two theorems that simple locally finite groups which satisfy the Strong Sylow Theorem for
even one Prime p are linear and hence countable if they have a local system of countable simple subgroups each having

a Kegel cover “of alternating type” or “of projective special linear type”.

I include the beautiful predecessor Research Article [S5.] as the First Appendix for good reasons. This Research
Article had been presented as a slideshow in a Talk at IGT 2024 on April 11. I include its 16 slides as the Second
Appendix. Slide 1 to Slide 12 had as well been permanently instaled during IGT 2024 as a Permanent Poster.

The Research Article consists of the following seventeen beautiful Chapters:
® Sketch of proof for A" ; @ Sketch of proof for A = PSL, ; @ Introduction; @ Proof of Theorem 1,

® About Kegel covers; @ Planning future research — Part 1; ® Proof of Theorem 2;
® Proof of Theorem 3; @ Proof of Theorem 4; ® Planning future research — Part 2;
© The First Trilogy and The Second Trilogy and their reviews; ® Acknowledgements;
® Postscript, Luciano De Creszenzo, Felix F. Flemisch, Conflicts of Interest, Pablo Picasso’s La Jote de vivre ;
® About the author in Munich, in Freiburg i.Br., in London, in Weiden i.d.OPf., and in Florence in Tuscany in Italy;
® 75 References; ® Appendix 1 —Reference [5.] with MR Review and Zbl Review;
® Appendix 2 — Talk by Felix F. Flemisch at Ischia Group Theory 2024.

3.7 The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups — De Luxe Edition [7.]

This Research Article extends the JMCA Research Article “The Strong Sylow Theorem for the
Prime p in Simple Locally Finite Groups” (see 3.6) from 71 pages to 220 pages by adding
Pages i to viii, -1 to -18, 72 to 266, and ix to x (see Page v).

Pages i to -18 start with this Abstract and then honour Otto H. Kegel’s beautiful paper [12.]
thereby explaining its relationship to its main result and to the 71-pages Research Article, and then
commenting on its final considerations. They then give an overview of the 220-pages Research
Article, including the Front Cover and a Table of Contents, and explain in great detail the
relationships of the 71-pages Research Article to JMCA and to the Ischia Group Theory (IGT)
2024 Conference and its upcoming Proceedings, centred around the Talk given by myself at the
Conference on April 11, the 100th birthday of Prof. Philip Hall. They close with a List of Open
Issues some of which I have solved already in yet unpublished work (see Page 11).

Pages 72 to x start with a dedication to Helga (see Page 15), continue with the PowerPoint
Presentation at IGT 2024, honour Ludvig M. Sylow, the discoverer and explorer of Sylow Theory,
recall that Ischia was twice an Artist Colony, remember Philip Hall’s and Graham Higman’s
fundamental paper “On the p-Length of p-Soluble Groups and Reduction Theorems for Burnside’s
Problem” thereby explaining its relationship to the 71-pages Research Article, recall Some Historicals
on Group Theory, in particular Philip Hall’s handwritten Lecture Notes on Group Theory and show
all these beautiful Lecture Notes, show a considerably reworked presentation of WIKIPEDIA’s
Classification of finite simple groups, remember Prof. Kegel and Prof. Hall at the Mathematisches
Forschungsinstitut Oberwolfach (MFO), and finally as the Back Cover refer to Philip Hall’s Archive
at the London Mathematical Society and again to his Lecture Notes, and in the end close by showing
Who is Felix F. Flemisch ? & Another Abstract of the 71-pages Research Article.
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3.8 Felix F. Flemisch — Happy Birthday and Gratitude Greetings
to Professor Otto H. Kegel (July 17, 2025) [8.]

This is the Happy Birthday Postcard which was sent by Felix F. Flemisch on July 17, 2025 to Professor Otto

G VT 1M Gz
W

Kegel (together with tasty treats) on the occasion of his 91™ birthday:
Unfortunately, Prof. Otto Kegel could not receive it.

3.9 Professor Otto H. Kegel out of Great Gratitude for Opening a New and Grandiose
Dimension of Mathematics to Me [9.]

This paper presents my true Happy Birthday Greetings (in German) which I sent per express delivery on July 17,
2025 to Prof. Kegel together with a Happy Birthday Gift Box with tasty titbits to congratulate him on his 91st
birthday wishing “A votre santé et bon appétit!”. But Prof. Kegel could not receive let alone relish them ... ®.
I added (in English) two slides of my beautiful talk at IGT 2024 and my rather thorough comments with quite
a number of improvements on his beautiful and groundbreaking paper “Four lectures on Sylow theory in
locally finite groups” (see [12.]). I also added the obituaries of Albert-Ludwigs-University in Freiburg i.Br. and of
his family with comments, the English translation taken from 3.8, reminders to his dedication on the occasion
of his 70th birthday in the Archiv der Mathematik, his visit to IGT 2016 and honouring him at IGT 2024.

3.10 Otto H. Kegel’s Beautiful Contributions to Sylow Theory in Locally Finite Groups [10.]

Otto H. Kegel published two fundamental papers on Sylow Theory in locally finite groups: see [11.] and
[12.]. The paper [10.] summarises them, compares them and above all provides a list of their Open Issues
which are still open until the present day. To study crucial configurations, Kegel developed in [12.] the really
quite excogitated concept of the “(smooth simple straight) split sequences of finite p-perfect subgroups with
their associated ascending sequences of subgroups” which is related to his equally very fine concept of the
“Sylow-separated (ascending) sequences of p-subgroups with associated sequences of Sylow p-subgroups” he
had developed already more then ten years earlier in [11.]. When I met him personally in July 2022, I tried to
find out how he had detected these really ingenious ideas, but woefully was unsuccessful, although I was
really very privileged to witness up very close the creation of the idea of [4.] (see [9.]). A scheduled new
attempt in July 2025 (see [9.]) could not be realised ... ®. 1 therefore developed [10.] to honour his so
fantastic achievements of Sylow Theory. The paper is thought to be a supplement to Mahmut Kuzucuoglu’s
beautiful paper [23.] about life and work of Otto H. Kegel. Before publishing it in the JMCA 1 failed to
publish it in the journal of AGTA and in the journal Archiv der Mathematik (see Page 22 and Page 23).

4 Conclusions
I present in [9.] and [10.] the following List of twelve Open Issues:

¢ Open Issue 1: Does the strong Sylow Theorem for the prime p force
the maximum condition for Sylow-separated sequences of p-subgroups?

* Open Issue 2: Does the maximum condition for I,G imply
the strong Sylow Theorem for the prime p?

* Open Issue 3: Extend Theorems 2, 3 and 4 of the JIMCA-paper [6.]
to the remaining four Locally Finite Classical Groups (i.e., the Symplectic
Groups, the Unitary Groups, the Orthogonal Groups in char # 2 and
the Orthogonal Groups in char 2).

* Open Issue 4: Summarise the work by B. Hartley and A. Rae regarding
%, and p» and the foregoing work on the classical Hall-Higman theory
regarding A, and pbp, ¢y, d,, p? and 1, by P. Hall, G. Higman, A.H.M. Hoare,
T.R. Berger, F. Gross, E.G. Bryukhanova and A. Turull.

* Open Issue 5: Let p be a prime. Let G be a p-soluble finite group,
M(G) be its p-length, and a,(G) be its p-uniqueness (see Page 37 of [5.]).
Then (best possible) A,(G) < a,(G) + 1.

¢ Open Issue 6: Deduce the three rectangles/tableaux shown below

and use them to prove Lagrange’s theorem and Cauchy’s concealed
second and third group theorems:
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complete the first row consists of all %:3 setzOrbi(G )
right elements z; of G (1 <k <M) 2 '=G\H of all
transversal  acting on H in the following é orbits of H
forGin H  rows via multiplication from é under G acting
the left by their inverses S | by left translation
h=1=z1 | 2» Z3 M «— | G=,0rb(G)
5] b |h YR « | Gt =,01b(G)
I3 22183 313 M I3 « | Gz =,0rb(G)
Ir 2R 3R M IR « | Gtr=,0rb(G)
rectangle |G| X [H:G] of elements
set of the first row consists of all right o | Xi=<x1>;
certain orbits cosets Gx;* of Gin H(0<k <p-1) % set of all orbits of H
of Hunder G with the powers of some p-blank x; of % under GOV X,
acting by left G in H; the following rows consist of % the simultaneous actions
translation right cosets of G in H with the powers g of G by left translation and
of left conjugates of x; ° lof X by right translation
Gx’t,=G Gx; Gx,’ Gx,""! — |[cosets GLx1>=GX
= double coset G1 X
Gx't,=Gt, Gx,t, | Gx)’t Gx,"' 1 — | cosets G<x>1
= double coset G, X
G.X'30 1L=Gt Gx313 G.X'32 13 Gx31’ ! t S d cosets G<x3>f;
= double coset Gtz X
st() ts =Gtg Gxstg Gx32 fs Gxs’ ! fs «— | cosets G<xs>ftg
= double coset G5 X
tableau p X [H:G]/ p of cosets
set of the first row consists of all right cosets |X|=|H|,=p";
certain orbits Gx1.0of Gin H (0<c¢ <|H|,-1) with the § set of all orbits of H
of H under G elements of some Sylow p-subgroup X of g under G O U X, the
acting by left H, all of whose elements of order p are é simultaneous actions
translation p-blanks of G in H; the following rows a;) of G by left translation and
consist of right cosets of G in H with the S of X by right translation
elements of left conjugates of X
GX10I1=G lel lez lepb_l <~ CosetsG{xlc|OScSpb—l}
= GX =double coset G1 X
Gxpthb=Ght Gxyut Gxut Gprb_l 1) g cosetsG{xzc|OSc§pb-1}t2=
double coset G, X
Gxyt=G1ts Gx3t; Gxpts GX3pb.1 13 > COSGtSG{X3c|OSCSph-1}t3=
double coset Gtz X
Gxpgtr=Gty G x11 tr Gxqy i GxT,,b.l It nd cosetSG{xTc|0§c§pb-1}tT
= double coset G tr X

rectangle |H|, X [H:G]/ |H|, of cosets

¢ Open Issue 7: Deduce Cauchy’s fundamental theorem of 1812/1815
from [H:<x>]12> |G|, if x is a p-blank of G in H , that is, an element of H
of order p withx [1 G.
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¢ Open Issue 8: Determine all the (minimal) p-uniqueness subgroups
for the known finite simple groups and their natural overgroups,
the symmetric and the linear groups, and for the (locally) p-soluble groups,
distinguishing p > 5, p =3 and p = 2.

® Open Issue 9: Specify for a finite group the relationships
of the properties of its p-subgroups which are minimal
(w.r.t. order or w.r.t. inclusion) w.r.t. being contained
in a unique Sylow p-subgroup to the properties (e.g.,
conjugacy) of its p-subgroups which are maximal
w.r.t. being contained in a (unique) Sylow p-subgroup
(i.e., its Sylow p-subgroups).
* Open Issue 10: Introduce for every prime p a generalised p-length
for locally finite groups which is finite if and only if they satisfy
the strong Sylow Theorem for p.

* Open Issue 11: Making a revision of Kegel’s (3.5) Theorem [12.]
thereby relating it to rarely known articles and extending it to p > 3,
extend Kegel’s (4.4) Theorem [12.] to the case p = 3.

* Open Issue 12: Summarise Kegel’s wonderful Sylow paper [12.]
thereby integrating first of all the AGTA-paper (see https://www.
advgrouptheory.com/journal/Volumes/13/Flemisch.pdf) and then
secondly the IMCA-paper (see https://www.onlinescientificresearch.
com/articles/the-strong-sylow-theorem-for-the-prime-p-in-simple-locally-
finite-groups--de-luxe-edition.pdf) and then extending thirdly his main
Theorem (4.4) [12.] to p = 3 and p = 2 by using the Open Issues 11 and 5.

I solved the following Open Issues in unpublished draft and partly German work: OI 3, OI 4,
015,016,017, 0110 and OI 11. The following Open Issues are without draft work let alone
published work: OI 1, OI 2, OI 8, OI 9 and OI 12. Therefore I gladly suggest the following
fascinating topics for future research: * Develop (possibly myself) the Open Issues OI 3,
OI 4, 0I5, 016,017, OI 10 and OI 11 to publishable documents thereby using my draft
work. © e Develop the Open Issues OI 1, OI 2, OI 8, OI 9 and OI 12 to publishable papers
thereby using my published work. © 1 will be happy if this research can be done in 2026. In
the meantime I published my solution of OI 6 in Reference [4.] and the following Reference:
28. FLEMISCH, F.F.: Characterising locally finite groups satisfying the strong Sylow Theorem for

the prime p — Manuscript on Sylow theory in locally finite groups — Mathematics edition —

Second edition. Journal of Mathematical & Computer Applications (JMCA), Volume 5, Issue 2

(April 2026), 1-40. https://srcpublishers.com/mathematical-computer-applicatio/issue/view/2041.

Acknowledgements

The author is sincerely very grateful to the known and unknown referees for their corrections,
suggestions and such friendly adjuvant advice which improved the manuscript quite considerably.
He wishes to thank also so very heartfeltly his truly most fabulous wife Helga %8%. Without
her tenderest and unconditional support and her love and greatest patience over so many years,
this publication would never ever have been born. Most importantly, he is forever and ever grate-
ful to Prof. Brian Hartley and to his masterly teacher Prof. Otto H. Kegel for their beautiful
papers which provide really incredible insights and give marvellous pleasure in reading and
understanding the magnificent Sylow Theory of both locally p-soluble locally finite groups
(for p #2) and locally finite groups in general (for p > 5), specifically the simple ones.

References

1. FLEMISCH, F.F.: Trilogy about Sylow Theory in Locally Finite Groups.

1.1 FLEMISCH, F.F.: Characterising Locally Finite groups satisfying the Strong Sylow
theorem for the Prime p — Part 1 of a Trilogy. Norderstedt, Germany: Books on Demand
(March 2023). ISBN 978-3-7543-6087-3. https://buchshop.bod.de/characterising-
locally-finite-groups-satisfying-the-strong-sylow-theorem-for-the-prime-p-part-1-
of-a-trilogy-dipl-math-felix-flemisch-9783754360873.

1.2 FLEMISCH, F.F.: Characterising Locally Finite groups satisfying the Strong Sylow
theorem for the Prime p — Part 1 of a Trilogy. Second edition. Norderstedt, Germany:
Books on Demand (November 2023). ISBN 978-3-7568-0801-4.
https://buchshop.bod.de/characterising-locally-finite-groups-satisfying-the-strong-
sylow-theorem-for-the-prime-p-part-1-of-a-trilogy-felix-f-flemisch-9783756808014.

] Mathe & Comp Appli, 2026 Volume 5(3): 11-138



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory — Second edition.
Journal of Mathematical & Computer Applications. SRC/JMCA-290. DOI: doi.org/10.47363/JMCA/2026(5)243

1.3 FLEMISCH, F.F.: About the Strong Sylow theorem for the Prime p in Simple Locally Finite Groups

— Part 2 of a Trilogy. Norderstedt, Germany: Books on Demand (November 2023). ISBN 978-3-
7543-3642-7. https://buchshop.bod.de/about-the-strong-sylow-p-theorem-in-simple-locally-finite-
groups-part-2-of-a-trilogy-dipl-math-felix-f-flemisch-9783754336427.

1.4 FLEMISCH, F.F.: The Strong Sylow theorem for the Prime p in Projective Special Linear Locally

10.

11.

12.

13.

14.

15.

16.

Finite Groups — Part 3 of a Trilogy. Norderstedt, Germany: Books on Demand (April 2023).
ISBN 978-3-7568-9853-4. https://buchshop.bod.de/the-strong-sylow-theorem-for-the-prime-p-in-
projective-special-linear-locally-finite-groups-part-3-of-a-trilogy-dipl-math-felix-f-flemi-9783756898534.

. FLEMISCH, F.F.: Review of a Trilogy about Sylow Theory in Locally Finite Groups. Contemporary

Mathematics, Volume 4, Issue 3 (April 2023), 484-487. https://ojs.wiserpub.com/index.php/CM/
issue/view/cm.v4i32023.379-619 and https://ojs.wiserpub.com/index.php/CM/article/view/2669.

. FLEMISCH, F.F.: Three Beautiful Books about Sylow Theory in Locally Finite Groups.

Journal of Mathematical & Computer Applications (JMCA), Volume 2, Issue 3 (September 2023), 1-3.
https://srcpublishers.com/mathematical-computer-applicatio/issue/view/859.

. FLEMISCH, F.F.: Characterising locally finite groups satisfying the strong Sylow Theorem

for the prime p — Manuscript on Sylow theory in locally finite groups — Mathematics edition.
Norderstedt, Germany: Books on Demand (September 2021). ISBN 978-3-7543-4434-7.
https://buchshop.bod.de/characterising-locally-finite-groups-satisfying-the-strong-sylow-theorem-
for-the-prime-p-felix-f-flemisch-9783754344347.

. FLEMISCH, F.F.: Characterising Locally Finite Groups Satisfying the Strong Sylow Theorem for the

Prime p. Adv. Group Theory Appl. 13 (June 2022), 13-39 (see Zbl 1496.20065 and MR4441631).
https://www.advgrouptheory.com/journal/index.php#vol13.

. FLEMISCH, F.F.: The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups. Journal

of Mathematical & Computer Applications (JMCA), Volume 4, Issue 1 (January 2025), 1-72.
https://srcpublishers.com/mathematical-computer-applicatio/issue/view/1449.

. FLEMISCH, F.F.: The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups

— De Luxe Edition. Journal of Mathematical & Computer Applications (JMCA), Volume 4, Issue 3
(June 2025), 1-220. https://srcpublishers.com/mathematical-computer-applicatio/issue/view/1649.

. FLEMISCH, F.F.: Felix F. Flemisch — Happy Birthday and Gratitude Greetings to Professor

Otto H. Kegel (July 17, 2025) . AGTA — Group Theory Archivum — Historical Documents.
https://www.advgrouptheory.com/GTArchivum/historicals.html and https://www.advgrouptheory.com/
GTArchivum/Kegel/Felix %20F.%20Flemisch%20%E2%80%93 %20Happy %20Birthday %20and %20
Gratitude%20Greetings %20to%20Professor%200tto%20H.%20Kegel %200n%20July %2017.%202025 .pdf.

. FLEMISCH, F.F.: Professor Otto H. Kegel out of Great Gratitude for Opening a New and Grandiose

Dimension of Mathematics to Me. Journal of Mathematical & Computer Applications (JMCA), Volume 4,
Issue 4 (August 2025), 1-18. https://srcpublishers.com/mathematical-computer-applicatio/issue/view/1656.

FLEMISCH, F.F.: Otto H. Kegel’s Beautiful Contributions to Sylow Theory in Locally Finite Groups.
Journal of Mathematical & Computer Applications (JMCA), Volume 4, Issue 6 (November 2025), 1-24.
https://srcpublishers.com/mathematical-computer-applicatio/issue/view/374.

KEGEL, O.H.: “Chain conditions and Sylow’s theorem in locally finite groups”, in: Symposia Matematica,

Volume XVII, Convegno sui Gruppi Infiniti, Istituto Nazionale di Alta Matematica (iN3AM ) ‘Francesco Severi’,
Roma, 11-14 Dicembre 1973, Academic Press, London & New York (1976), 251-259 (see MR0414714 [MR 54 #2809
by Riidiger Gobel] and Zbl 0328.20029 [Autorreferat]). ISBN 978-0-12612-217-6. https://www.altamatematica.it/.

KEGEL, O.H.: “Four lectures on Sylow theory in locally finite groups”, in: Group Theory
— Proceedings of the Singapore Group Theory Conference held at the National University
of Singapore, June 8-19, 1987, edited by K.N. CHENG and Y .K. LEONG, Walter de Gruyter,
Berlin & New York (January 1989, reprinted November 2016), 3-27 (see MR0981832
[MR 90c:20037 by tough Brian Hartley (March 1990)] and Zbl 0659.20024 [by tough
Bernhard Amberg]). ISBN 978-3-11-011366-2. ISBN 978-0-89925-406-7.
https://www.degruyter.com/view/book/9783110848397/10.1515/9783110848397-004.xml.

KEGEL, O.H.: Caractérisation des sous-groupes accessibles d’un groupe fini. Séminaire DUBREIL-PISOT
(Algebre et Théorie des Nombres) 13e année, 1959/60, n° 18, 01-06 (29 Mars 1960),
https://www.numdam.org/item/SD_1959-1960 13 2 A7 0/, Zbl 0112.26004.

KEGEL, O.H.: Sylow-Gruppen und Subnormalteiler endlicher Gruppen. Archiv der Mathematik 78, 205-221
(December 1962), https://d-nb.info/1123426201/34, Zbl 0102.26802, MR0147527 [MR 26 #5042].

KEGEL, O.H.: Eine Charakterisierung der Sylowgruppen endlicher Gruppen. Rendiconti del Seminario
Matematico della Universita di Padova 36, n° 1, 122-128 (10 June 1965), https://www.numdam.org/
item/RSMUP_1966 36 1 122 0/, Zbl 0144.01503, MR 0202823 [MR 34 #2682].

KEGEL, O.H.: Uber einfache, lokal endliche Gruppen. Math. Z. 95, 169-195 (12 March 1966),
https://link.springer.com/article/10.1007/BF01111522, Zbl 0147.27002, MR0204527 [MR 34 #4366].

] Mathe & Comp Appli, 2026 Volume 5(3): 12-138



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory — Second edition.
Journal of Mathematical & Computer Applications. SRC/JMCA-290. DOI: doi.org/10.47363/JMCA/2026(5)243

17. KEGEL, O.H.: Locally finite versus finite simple groups. Theory of Finite Groups, Symposium

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

Harvard University 2-4 May1968, edited by RICHARD BRAUER and CHIH-HAN SAH, 247-249 (1969),
https://epdf.pub/theory-of-finite-groups.html, Zbl 0184.04403.

KEGEL, O.H.: Strong finiteness conditions in locally finite groups. Math. Z. 117, 309-324

(March 1970), https://link.springer.com/article/10.1007/BF01109850, Zbl 0195.03804,

MRO0306330 [MR 46 #5456].

KEGEL, O.H.: Locally finite simple groups. Proceedings of the Second International Conference

on The Theory of Groups, Dept. of Mathematics, Australian National University, Institute for
Advanced Studies, Canberra, 13-24 August 1973, Lecture Notes in Mathematics 372, edited by
MICHAEL F. NEWMAN, 395-400 (1974), https://link.springer.com/book/10.1007/978-3-662-21571-5,
7Zbl 0292.20028, MR0364460 [MR 51 #714].

KEGEL, O.H.: Reinhold Baer (1902-1979). Obituary. The Mathematical Intelligencer,

Volume 2, 181-182 (June 1980), https://link.springer.com/article/10.1007/BF03028598,

7Zbl 0446.01022, MR0600225 [MR 82a:01037].

KEGEL, O.H.: The structure of locally finite groups with min-p. Mathematical Reports —

Comptes rendus mathématiques de I’ Académie des sciences, Volume IV, n® 6, Decembre 1982,
383-386, https://mathreports.ca/, Zbl 0506.20025, MR0681198 [MR 83m:20043].

KEGEL, O.H. - WEHRFRITZ B.A.F.: “Locally Finite Groups”, North-Holland Mathematical Library,
Volume 3, North-Holland Publishing Company [, Ltd.], Amsterdam & London (1973) (see MR0470081
[MR 57 #9848] and Zbl 0259.20001 [by tough Brian Hartley]). ISBN 0-7204-2454-2. American Elsevier
Publishing Company, Inc. (1973). ISBN 978-0-444-10406-9. ISBN 0-08-095413-8 (2000, eBook).
https://www.sciencedirect.com/bookseries/north-holland-mathematical-library/vol/3/suppl/C.
KuzucuoGLu, M.: Otto H. Kegel (1934 — 2025). Adv. Group Theory Appl. 21 (August 2025), 1-9,
https://www.advgrouptheory.com/journal/index.php#vol21, Zbl 1569.01037, MR4953771.

SCHARLAU, W.: Die Entdeckung der Sylow-Sitze (The discovery of the Sylow theorems).

Historia Mathematica, Volume 15, Issue 1, 40-52 (February 1988), https://www.sciencedirect.com/
science/article/pii/0315086088900481, Zbl 0637.01006 [by Roger L. Cooke], MR0931678 [MR 89f:01041].
SyLow, L.M.: Om Systemer af konjugerede Substitutioner, der kunne tilhore irreduktible Ligninger,
hvis Grad er Primtal. Forhandlinger i Videnskabs-Selskabet i Christiania Aar 1867, 105-122,
https://www.biodiversitylibrary.org/bibliography/62508.

SYLow, L.M.: Théorémes sur les groupes de substitutions. Mathematische Annalen, Volume 5, Issue 4,
584-594 (Dezember 1872), https://link.springer.com/journal/208/volumes-and-issues/5-4,
https://link.springer.com/article/10.1007/BF01442913, JFM 04.0056.02 [by Eugen O.E. Netto], MR1509796.
WATERHOUSE, W.C.: The Early Proofs of Sylow’s Theorem. Archive for History of Exact Sciences,
Volume 21, Issue 3, 279-290 (September 1980), https://link.springer.com/article/10.1007/BF00327877,
7Zbl 0436.01006 [by Frédéric Campana], MR0575718 [MR 82i:01034].

Pablo Picasso — La Joie de vivre which shepherds the Trilogy as a flock
along all abysses (see the covers of [1.1], [1.2], [1.3], [1.4] and [4.])

Received: 3 May 2026 Copyright: © 2026 Felix F. Flemisch. This is an open-access article
Accepted: 17 May 2026 distributed under the terms of the Creative Commons Attribution License,
Published online: 24 May 2026 which permits unrestricted use, distribution, and reproduction in any

medium, provided the original author and source are credited.

] Mathe & Comp Appli, 2026 Volume 5(3): 13-138



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory — Second edition.
Journal of Mathematical & Computer Applications. SRC/JMCA-290. DOI: doi.org/10.47363/JMCA/2026(5)243

Ludvig Sylow and William Waterhouse and Winfried Scharlau

After 13 pages created by myself and thus copyrighted, I finally present six short beauteous articles which

were not created by myself but by Ludvig Sylow and William Waterhouse and Winfried Scharlau:

® the “Om Systemer af konjugerede Substitutioner, der kunne tilhore irreduktible Ligninger, hvis Grad er
Primtal” by Ludvig M. Sylow (see [25.]), a forerunner of the very famous [26.] [22 pages];

® the translation (by UZM GmbH) into English of Ludvig M. Sylow’s article [25.] “On Systems of Conjugate
Substitutions that could belong to irreducible Equations whose Degree is a Prime Number” [22 pages];

® the very famous “Théoremes sur les groupes de substitutions” by Ludvig M. Sylow (see [26.]) [20 pages];

® the famous “The Early Proofs of Sylow’s Theorem” by William C. Waterhouse (see [27.]) [17 pages];

® the equally famous “Die Entdeckung der Sylow-Sétze” by Winfried Scharlau (see [24.]) [27 pages];

® the translation (by myself) into English “The Discovery of the Sylow Theorems” of Winfried Scharlau’s
pioneering article [9 pages] (Copyright © 2026 Felix F. Flemisch).

Ludvig Mejdell Sylow (12 December 1832 until 7 September 1918)
(see https://en.wikipedia.org/wiki/Peter_Ludvig_Sylow)

The discoverer and explorer of Sylow theory
3 Pardl Parit2 Parit3
|G| = pknz H<G H, K Sylow p-subgroups =1 1 ‘
= 2= Ny = moa p ng\m
|H| = p* H =gKg " ’
Monsieur L. Sylow (Frederiksiiald en Norvege): Théorémes sur les groupes de substitutions.
Mathematische Annalen 5, Issue 4 (December 1872), 584-594
Ludvig M. SleW (see hitps /link.springer.com/journal/208/volumes-and-issues/5-4).
(12 December 1832 until 7 September 1918) MR1509796 (no review: see hitps:#mathscinet ams.org/mathscinet-getitem?mr=1509796);
(see hitps:/fen. wikipedia.org/wikiPeler_Ludwig_Mejdell_Sylow and hitps:/mathshistory. Zbl JFM 04.0056.02 (Eugen O. Netto: see hitps:/fwww. zbmath org/?g=an% 3A04.0056.02
st-andrews_ac.uk/Biographies/Sylow/ and https://fen. wikipedia org/wiki/Sylow_theorems) and https:/fwww zbmath org/pdfi02718820 pdf). @

In 1904 Ludvig Sylow was admitted to the German order Pour

le Mérite fiir Wissenschaften und Kiinste (see https://www.orden-
pourlemerite.de/mitglieder/peter-ludwig-mejdell-sylow and
https://en.wikipedia.org/wiki/Pour_le_M%C3%A9rite and
https://de.wikipedia.org/wiki/Pour_le_M%C3%A9rite and
https://commons.wikimedia.org/wiki/Category:Pour_le_M%C3%A0rite).

Winfried Scharlau (12 August 1940 until 26 November 2020)
(see https://en.wikipedia.org/wiki/Winfried_Scharlau)

Die Westfalische Wilhelms-Universitét Minster trauert um

Prof. Dr. Winfried Scharlau

der am 26. November 2020 im Alter von 80 Jahren verstorben ist.

Winfried Scharlau wurde am 12. August 1940 in Berlin gebaren. Er studierte
Mathematik an der Rheinischen Friedrich-Wilhelms-Universitét in Bonn und der
Columbia University in New York. 1967 promovierte er bei Friedrich Hirzebruch
in Bonn mit einer Arbeit aus den Gebieten Zahlentheorie und Algebra. Bereits
1970 wurde er zum Ordentlichen Professor am Mathematischen Institut der
Universitdt Minster ernannt, wo er bis zu seiner Emeritierung im Jahre 2005

forschte und lehrte. Er war &uBerst aktiv in seinem Fachbereich und auch mehr- Winfried Scharlau Winfried Scharlau Winfried und
fach dessen Dekan. Als Forscher und Lehrer war er sehr erfolgreich. Von seinem im Jahr 2018 im Jahr 2006 Dorothee Scharlau
Engagement als Mathematiker und als Mensch profitierten Kollegen, Schiler im Jahr 2000

und Studierende gleichermafen. Er brachte 15 Doktoranden zur Promation,
war Verfasser einer Manographie dber Quadratische Formen und weiterer
mathematischer Lehrbiicher. 1972 war er Invited Speaker beim Internationalen Winfried Scharlau Ve Gokacian
Mathematikerkongress in Vancouver. Er war korrespondierendes Mitglied der Wer ist Alexander Grothendieck? Wer ist Alexander Grothendleck?

Akademie der Wissenschaften in Gattingen und 1991/92 Préisident der Deut- i
schen Mathematikervereinigung (DMV).

Er schrieb Biografien der Mathematiker Alexander Grothendieck und Friedrich
Hirzebruch sowig mit einem Koautor eine historisch orientierte Einfiihrung in
die Zahlentheorie. Ganz auBerhalb der Mathematik war er leidenschaftlicher

Anarchie, Mathematik, Spiritualitat, Einsamkeit Anarchic, ¥ aitik, Spiritualitit, Ei

Eine Biographie Eine Biographic

Teil 3: Spiritualitiit
Teil 1: Anarchie

Hobbyfotograf und Ornithologe und Autor zweier literarischer Bicher. Wer ist Alexander Grothendieck?
Die Westfalische Wilhelms-Universitit und der Fachbereich Mathematik und Anarchie, Mathematik, Spiritualitiit, Einsamkeit
Informatik werden Winfried Scharlau ein ehrendes Andenken bewahren. —FEine Biographie von Winfried Scharlau

Der Rektor der Westfalischen Wilhelms-Universitat
Prof. Dr. Johannes Wessels

Der Dekan des Fachbereichs Mathematik und Informatik
Prat. Dr. Xiaoyi Jiang

Der geschaftsfohrende Direktor des Mathematischen Instituts
Prot. Dr. Wilhelm Winter

Alle Institutsangehdrigen

imiried Schubii

Das Gliick,

Mathematiker
zusein
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Deutsche Mathematiker-Vereinigung (https://www.mathematik.de)

( ly DMV https://www.mathematik.de/hochschule-beruf/mathemacher-innen/

https://www.mathematik.de/hochschule-beruf/mathemacher-innen/2326-winfried-scharlau
https://www.mathematik.de/kontakt-medienbuero

Winfried Scharlau

Mathemacher des Monats Februar 2017

Winfried Scharlau, ein Doktorsohn von Friedrich Hirzebruch, ist in Fachkreisen flir seine Arbeiten in der Zahlentheorie
bekannt, die an seiner langjahrigen Arbeitsstatte, der Universitéat Minster, entstanden sind, sowie als ehemaliger Prasident

der DMV — er leitete den Verein in den Jahren 1991/92. Doch das ist nicht alles: Scharlau hat auch zwei Romane geschrieben:
I megali istoria (die groBe Geschichte) (siehe https://www.mathematik.de/leseecke-article/1105-i-megali-istoria) und
Scharife (siehe https://www.mathematik.de/leseecke-article/1011-scharife) — und bedeutende Mathematiker-Biographien,
zum Beispiel (ber den Braunschweiger Mathematiker Richard Dedekind und den geheimnisumwitterten Alexander
Grothendieck sowie den grandiosen Ludvig Sylow (siehe Seite 52 bis Seite 78). Scharlau, seit nunmehr 11 Jahren emeritiert,
dient seinem Fach auch heute noch als Biograph. Gerade erschien sein jiingstes Werk bei Springer Spektrum: “Das Gliick,
Mathematiker zu sein — Friedrich Hirzebruch und seine Zeit”. Grund genug, Winfried Scharlau zum Mathemacher des
Monats zu machen und ihn kurz zu interviewen. Thomas Vogt vom DMV-Medienbiiro sprach mit ihm.

Nachtrag: Zu unserer grof3en Trauer erfuhren wir vom Tode Winfried Scharlaus am 26.11.2020.
Die DMV trauert um ihr Ehrenmitglied und ihren ehemaligen Prasidenten (1991/92).

Auf welchen mathematischen Teilgebieten haben Sie hauptsachlich geforscht?
Algebra, Zahlentheorie, insbesondere Theorie der quadratischen Formen.

Hatten Sie schon immer ein mathematik-historisches Interesse und wann fingen Sie an,
mathematik-historisch zu arbeiten?

Mich haben vor allem Mathematiker interessiert und weniger die Ideengeschichte der Mathematik.
Insofern bin ich eigentlich gar kein richtiger Mathematik-Historiker. Mein Interesse begann

etwa 1980 mit Arbeiten zu Dedekind, an dessen 150. Geburtstag erinnert werden sollte.

Welche Mathematiker-Persdnlichkeiten haben Sie
besonders in ihren Bann gezogen?
Cardano, Dedekind, Dirichlet, Grothendieck, Hirzebruch, Tits.

Wollten Sie schon ldnger eine Biographie liber Hirzebruch
schreiben, oder war das eine Idee des Verlags?

Ehrlich gesagt, kam mir die Idee am Tag von Hirzebruchs
Beerdigung, als so viele Menschen aus aller Welt sich um

sein Grab versammelten und vielfaltige Erinnerungen aus

der Vergangenheit wach wurden, die alle diesen groBartigen
Mathematiker und so wunderbaren Menschen Hirzebruch
betrafen. Mathe zahlt weil — wie Galilei gesagt hat — das Buch
der Natur in der Sprache der Mathematik geschrieben ist.

Daher auch die Idee nicht nur Hirzebruch, sondern

auch seine Zeit vor dem geistigen Auge des Lesers
auferstehen zu lassen?

Genau. Das bot sich hier perfekt an. Hirzebruch war eben nicht nur
ein weltweit wirkender Mathematiker sondern auch — um im Bild zu
bleiben — pragend fiir die Wiederauferstehung der Mathematik in
Deutschland in der Zeit nach dem Zweiten Weltkrieg. Er hat dieser
Winfried Scharlau in seiner Berliner Wohnung Foto: Thomas Vogt  als erster nach dem Krieg internationale Sichtbarkeit gegeben.

Wie sind Sie bei der Biographie iiber Hirzebruch vorgegangen und wie sind Sie an diesen seltenen,

teils sehr privat anmutenden, Fotoschatz gekommen?

Die Arbeit verlief ziemlich zuféllig. Je nachdem wie ich an Informationen oder Dokumente kommen konnte, mit welchen Personen ich sprechen oder
karrespondieren konnte und oft auch, wie mir gerade der Sinn stand, habe ich mal da und mal dort etwas aufgeschrieben und im Verlauf der Arbeit
zusammengefiigt. Fir fast alle Fotos gibt es Quelienangaben. Die meisten wurden mir von Frau Hirzebruch zur Verfiigung gestellt; viele habe ich im Laufe
der Jahrzehnte selbst gemacht; viel schwirrt heutzutage auch im Internet herum. Ubrigens habe ich alle Fotos bearbeitet, um ein technisch einigermalen
akzeptables Ergebnis zu erzielen. Das ist nicht immer so gelungen, wie ich es mir gewiinscht hatte. Auf dem Gebiet bin ich einfach kein Profi! (lacht)

Haben Sie weitere Biographien geplant oder in Arbeit oder was machen Sie sonst noch so, nun, da Sie emeritiert sind?

Es ist nichts GroBeres geplant und ware wohl auch gar nicht mehr zu schaffen, denn das “nun™ in Ihrer Frage muss man etwas modifizieren:

ich wurde ja schon vor mehr als 11 Jahren emeritiert. Allerdings habe ich eine grofie Sammilung von (selbst gemachten) Fotos von Mathematikern,

und diese Sammlung wiirde ich gerne noch ergénzen.

Hier an der Wand hangen aber nur Fotos von Végeln ...

(lacht) Ja, Vogelbeobachtung und -fotografie ist auch so ein Hobby von mir! Das Buch “Das Gliick, Mathematiker zu sein — Friedrich Hirzebruch und seine
Zeit™ kénnen Sie in der Buchhandlung bestellen oder direkt bei Springer lber diesen Link: https://link.springer.com/book/10.1007/978-3-658-14757-0.

© 2026 Deutsche Mathematiker-Vereinigung

Winfried Scharlau als Mathemacher der DMV im Monat Februar 2017
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Om Systemer af konjugerede Substitutioner, der kunne tilhore

irreduktible Ligninger, hvis Grad er Primtal
(see https://www.biodiversitylibrary.org/bibliography/62508 and https://ia800501.us.

archive.org/31/items/mobot31753002493077/mobot31753002493077.pdf)
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Peter Ludvig Sylow (1832-1918) entwickelte seine berlihmten Satze (ber endliche Gruppen

zwar schon um 1862-1864, verdifentlichte sie jedoch nicht sofort. Der Durchbruch und die

Publikation seiner Ergebnisse in der Fachzeitschrift Math ische Annalen erfolgten erst

spéter, im Jahr 1872.

Obwohl oft von einer Arbeit um 1867 dle Rede ist (oft im Kontext von Vorlesungen oder der

Entwicklung der Gruppenthearie}, gilt:

* Daor originale Artikel (Englisch/Franzdsisch): Sylows grundlegende Arbeit ist auf Franzésisch
verfasst und tragt den Titel “Théorémes sur les groupes de substitutions” (Theoreme tber
Substitutionsgruppen), erschienen in Math. Ann. 5, 5. 584-594, 1872.

+ Inhalt: Sylow bewies, dass flir eire endliche Gruppe G, deren Ordnung durch p” wobel p
eine Primzahl ist) teilbar ist, eine Untergruppe der Ordnung p” existiert. Zudem zeigle er,
dass alle diese sogenannten Sylow-Untergruppen zueinander konjugiert sind und ihre
Anzahl kengruent zu 1 modulo p ist.

* Kontext 1867: Um diese Zeit (Ende der i&GUer) war Sylow mit der Arbeit an den Manus-
kripten und der Varb g seiner Tt héfigt, stand aber in Kontakt mit Carnille
Jordan, dessen Werk “Traiié des substituions” (1870) Sylows Ergebnisse teilweise vorweg-
nahm, was die Publikation verzogerte.

Zusammenfassend: Die bahnbrechenden Ergebnisse wurden von Sylow in den 1860ern
rbeilet, aber die Publikation erfolgie als 10-seitige Abhandlung im Jahr 1872.
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Ludwig Sylow (1832-1918) verdffentlichte seine bahnbrechenden Ergebnisse, die als
Sylow-Sitze bokannt sind, nicht direkt im Jahr 1867, sondern seine Arbeit begann in dieser
Zeit, wahrend der Hohepunkt sainer Verdffentichungen in den frihen 1870er Jahren lag.

Hier sind die zentralen Fakten zu Sylows Wirken um 1867:

. Der Ursprung (1867): Es handelt sich um die Arbeit "Om Systemer af konjugerede

itutioner”  (Uber Systeme konjugierter Substitutionen), die im  Widenskabs-

selskabet i Kristiania Forhandlinger im Jahr 1867 erschien. In dieser Arbeit untersuchte
er die Grundlagen der Gruppenthecrie, insbesondere permutierende Untergruppen.

» Die Sylow-Sitze (1872): Diz formale, detzilierte Beweisfiihrung seiner drei berlihmien
Satze Uber die Existenz und Konjugiertheit von Untergruppen von Primzahipotenz-
ordnung (Sylow-Untergruppen) vertffentlichte er spater, insbesondere in der Arbeit
“Théorémes sur les groupes de substitutions” in den Mathematischen Annalen (1872).

Historische Bedeutung: Sylows Arbeit um 1867-1872 war eine direkte Weiterentwicklung
von Ideen aus Galcis’ Arbeiten (1820er) und Cauchys Theorem (1845), Er enweiterte
den Salz von Lagrange, indem er bewies, dass eine Gruppe der Ordnung g s fwobei p
nicht m teilt) immer Untergruppen der Ordnung o ” besitzt.

Obwohl 1867 das Jahr einer seiner frihesten Publikationen zu diesem Thema ist, werden
die "Sylow-Satze” meist mit seinem Hauptwerk von 1872 assoziiert.

Fristaden Christiania (Freetown Christiania, see https://en.wikipedia.org/wiki/Freetown Christiania)
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% WIKIPEDIA

. Die treie Enzyklopadie

Peter Ludwig Mejdell Sylow

Feter Ludwig Mejdell Sylow, genannt Ludwig bzw. Ludvig Sylow, (" 12. Dezember 1832 in Christiania, heute Oslo, T 7. September
1918 ebenda) war 2in norwegischer Mathematiker, der grundiegende Arbelten Zur (zruppentheacris verfassie

Leben [ Bearbeiten | Queltext bearbeiten |

Sylow war der Sohn von Thomas Edvard von Westen Sylow (1792-1875), einem Hauptmann der Kavallerie und spater
Kriegsminister der norwegischen Regierung, und von Magdalena Cecilie Cathrine Mejdell (1806—1898), die insgesamt zehn Kinder
hatten, von densn Ludvig Sylow der Alteste war.

Sylow besuchte bis 1850 die Kathedralsschule in Oslo (damals Christiania) und studierte an der Universiiat Oslo (damals:
Universitat Christiania) und gewann 1833 €inen Mathematikwettbewerb. 1836 erhiell er seinen Abschiuss als Lehrer fur Mathematik
und Natunwissenschafien Danach unferrichisie er, da es Keina Siellen an der Universitat gab, an der Hanvig Nissen Schule in Osio
(einer unabhangigen Madchenschule, gegriindet von Sylows Mathematikprofessor Ole Jacob Broch und dessen Freund Hartvig Nissen) und von 1858 bis 1898
unterrichtete er an der Schule von Fredrikshald (Halden). Als Schullehrer war er weniger erfelgreich, da er hauptsachlich an hoherer Mathematik interessiert war
und Probleme mil der Disziplin in den Kiassen hatle. 1861 besuchte er mit einem Reisestipendium Berlin. wo er mit Leopold Kronecker diskutierte, aber die
Vorlesungen von Karl Weierstral nicht besuchen konnte, da diesar krank war, und Paris, wo er bei Michel Chasles, Jos=ph Linuville und Jean-ldarie Duhame|
studierte. Weder in Paris noch in Berlin besuchte er Algebra-Vorlesungen. 1862/63 war er ersatzweise flir Broch Dozent an der Universitat Christiania. wo er die
Galcistheorie untemichtete. Darin fanden sich noch nicht die nach inm benannten 1872 verbfentlichten Satze, aber eine Frage in diesem Zusammenhang (ob es
nicht nur zu Primzahlen, die die Ordnung einer Gruppe teilen, Untergruppen gibt, sondem wie €s fur den Fall von Primzahlpotenzen aussieht). Seine Vorlesungsn
wurden vom Studenten Sophus Lie besucht. Borch wollte, dass er auch danach Vorlzsungen fir ihn ubemahm, die Schuie von Sylow ertelite aber keine Freigane
Seinz ersten Chancen auf eine Universitatsprofessur kam 1862 fir die Nachfolge von Boreh, die Universitat hielt aber eine Stelle in reiner Mathematik fir nicht
angezeigt und bevorzugte angewandte Mathematiker, so dass der Lehrstuhl an Carl Anton Ejerknes ging. Schliefilich erhielter auf Initistive won Sophus Lie 1898
€inen Mr inn speziell geschammenen Leisiuni an der Universital Oslo. Obwoll er damals schon 65 Jahre all war, unterriciitele er 20 Jahie lang an der Universitat.

Sylow &1

Die drei nach ihm benannten Sylow-Saize bewies er 1872, er hatte sie aber schon im September 1870 bewiesen. Zuvor hatte Augustin-Louis Cauchy 1545
bewilesen. dass jede endliche Gruppe Unlergruppen zu jeder Ordnung hatte. die eine Primzanl war und die Ordnung der Gruppe teille. Die Sylow-Satze waren die
erste Erweitering dieses Satzes und eines der ersten wichtigen Ergebnissa der 2bstrakten Gruppenthenrie Daneben verdifentlichte er iiber elliptische Funktionen
(speziell deren komplexe Multipiikation), angeregt durch die Arbeiten von Niels Henrnk Abel und Carl Gusiav Jacobi, die er Gber seinen Mathematikprofessor Cle
Jacob Broch kennenlerniz. Er war auch an Abels Aufsaiz Gber die Aufidsbarkeit von algebraischen Gleichungen durch Radikale interessiert und kam Gber seinen
Erafessor Car Anton Bjeiknes von dort zur Galoisthearie. Sylow benuizte beim Bewsis seiner Satze. die aus Sylows Analyse der Arbeit von Galols entstandzn,
Iethoden der Galaistheorie (\Winfried Scharfau).

In den 1870er Janhren stand er in Briefwechsal mit Julius Pefer Christian Petersen
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Zusammen mil Sophus Lie gab Sylow 2wischen 1873 und 1831 das gesamie Werk von Mels Hennk Abel heraus, wobel viele Arbelten erstmals publiziert wurden
(es gab schon zuvor (1839) elne Ausgate gesammelter Schiten von Abel von Bemi Michael Holmboe, dem Viorganger van Groch an der Universitat Gslo). Laut
Lie hatte Sylow die makgeble he Arben dazu geleistet una die ersten wvier Jahre war e datir von der Schule beuriaudi. Die Arneif wurde auf Anregung der
Norwegischen Akademie der Wissenschaften vom Parlament finanziert. 1902 verdflentlichie er mit Elling Holst den Briefwec heel von Abel. Sylow hatte schon
zuver unverdfientlichie Arbeiten von Abel zur Verdentlichung an das Crelle'sche Joumal in Berlin geschick!, wo der Herausgeber Leopold Kronecker allerdings
e Versentichung ablehnte, da er inzwischen seibst die Ergebnisse unabhangig entdeckt hatte. 1902 hielt Sylow den Erdnungsvortrag zur Zwelhundartjanrfaier
vonAbels Geburi und auf gem dritien skandinavischen Mathemaiikerkongress 1913 in Oslo siellie er neventdeckie Dokumenie Zu Abel vor,

18583 wurde er zum komrespondierencen Mitghed der GOttinger Akademee der Wissenschatten gewahl 1 18%4 wurde Sylow Herausgeber der Acta Malfermarca
und erhielt die Enrendokionviirde der Universital Kopenhagen 2

Sykow heiralete nie. Sein Charakier wurde als numongll und warmnerzig besthiieben. In 0an SOMMErtansn war er meaist In gen Bergen. insbesondere in
Kangsvoll zwischen Oslo und Trondhelm, Zum Wandem und Sammeln won Pflanzen,

Hr. Bjerknes fremlagde folgende af Hr. Sylow indsendte Af-
handling: Om Systemer af konjugerede Substitutioner, der
kunne tilkore irredukiible Ligninger, hvis Grad er
Primtal.l

Efter Galois beromte Theori bestaar Betingelsen for, at en
Tational Funktion af Redderneien algebraisk Ligning skal kunne
udtrykkes rationalt ved Koefficienterne og andre som bekjeudte
&Iﬂ&g‘ne Storrelser, deri, at Funklionens numeriske Veerdi maa
forblive den samme, naar man ombytter Rodderne med hinanden
Paa visse Maader. Disse Ombytninger eller Substitutioner
danne, hvad Cauchy har kaldt, et ,System af konjugerede Sub-
'%§.ﬁtuti0112r“, d. e. hvilkesomhelst to af dem, udferte efter hinanden
i en hvilkensomhelst Permutation af Redderne, frembringe samnme
_R’Ea“]faf-. som om man havde udfort en vis tredie af Systemefs
Substitutioner. Galois tenker sig Systemets Substitutioner de-
finerede ved en »Gruppe* af Permutationer, som gaa over til hin-
anden ved Substitutionerne. Ligninger, der under samme For-
uds@tning have samme System af konjugerede Substitutioner eller
samme Gruppe, have saaledes viwesentlige Egenskaber femlles og
kunne derfor opfattes som en swregen Klasse. Paa den anden
Side kan man ngsna bevise, at der til ethvert givet System af
k‘*"‘ﬁ-ﬂgﬂl'ede Substitutioner findes tilsvarende Ligninger. Det vilde
s‘."ﬂ@-‘iles veere en Sag af stor Betydning for de algebraiske Lig-
ningers Theori, om man kunde angive. hvilke Systemer al kon-
Jugerede Substitutioner der kunne henhore til Ligninger afl en

! i &
Optages i Selskabots Forhmilingor ifolge Bedommelse afgiven al DEw. Dr. O.
J. Broch og Bjerknes.
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given Grad, oy ismer hvilke der henhere til irreduktible Ligi
Dette Problem, saavelsom andre Problemer, der staa i
delse med dette, er derfor ogsaa bleven behandlet af
meerkede Mathematikere, uden uat det im-id]-e-rtid er -l'jr'k
oplese det.

For de ved Rodtegn opleselige Ligninger har Pmbl
sig at veere langt lettere, naar Graden er Primtal, end naar
er et sammensat Tal. Denne Omsteendighed gjor det sands
at et lignende Forhold finder Sted for de ved Rodtegn
lige Ligningers Vedkommende. Idet jeg saaledes harind
Undersogelsen til irreduktible Ligninger af Primtalgrad, er
blandt Andet lykkedes wig at fuldstendiggjere nogle Resull
der ere fundne af Mathieu (Mémaoire sur Uétude des [
plusieurs guantités ete. Liouville's Journal 1861). Da im
den Udvikling, der har ledet mig hertil, tildels er f
Mathieu’s, har jeg troet at burde fremsette den 1 sin

I det Folgende skal jeg bruge de samme Betegnelser, SOf
ﬁﬁdss anvendie i 3die Udgave uf Serret’s Cours d'algébre Supt
rieure. Jeg betegner saaledes Ligningens Redder med samm
Bogstav, z, forsynet med Indexer tagne efter Modulen n,
betegner Ligningens Grad; en Substitution af Redderne
ved at angive, hvilken Substitution af disse Indexer den ms -
Naar en Substitution betegnes med et Bogsiav, leenker jog mig
dette som et Funktionsmerke, hvorved den ved Substit
fremkomne Index udtrykkes ved Hjwlp af den oprindelige.
Substitutionen ¢ forstaaes altsaa det Sainme som ved Subs!

(? (i)) hwor ‘da ¢ (B) betegner en vis Funktion af sandd

at den, naar g antager Vardierne 01 2 . . (n—1), selv
kongruent (mod . n) med de samme Tal i en eller anden
Jeg tienker mig (remdeles det System af kn-nj.ugﬂmlﬁ"&i‘
uer, der tilhorer den givue Ligning, defineret ved el
af Permutationer, for, naar Sawdant maatte veeve fort
kanne tale ligesaavel om de Permutationer, der ved
Substitutioner fremgan af hinanden, som om Substitutic
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kunde man, hvis ikke a = o (modn), sette e -1 (mod n) eller
c#é, hvorved man fik
h
9 =@

hvilket er mod Betingelsen. Ligningens System af konjugerede
Substitutioner maa nu indeholde Substitutionen @‘a . #r.6'~«, eller
for at bruge Betti’s Udtryksmaade, den afledede af 6 ved Hjeelp
af §'; den er som afledet ligedannet med #7, altsaa cirkulir.
Man bemeerker nu for det Forste, at man har
g's .0r .0 = (0= .0.0/-%);
de Substitutioner af Formen 6#% .8 8-« i hvilke a har samme
Veerdi, danne altsaa et Swmt af cirkuleere Substitutioner, der saa-
ledes kan siges at veere afledet af Swttet 97 ved Hjemlp af 6.
For det Andet ere de n Set
0r,0'676'1,0':6°0'-2,87670'~3, .. ..., @1 gr g1
forskjellige fra hinanden saavelsom fra 6, Var nemlig
G=.67.8'~2= g%,

fulgte strax 67 — @',

hvilket er umuligt. Var derimod
G'.07.0'~2= 6.0 9’5,
fulgte 6r = @'lb-a)gs, g'~(t-a)

r

hvoraf 6+ — g'b—al @ _g'—(s—a)
Denne Ligning udsiger, at # ved Afledning ved Hjelp af gtth- )
gaar over {il en af sine Potenser. Men na ved man, at enhver

Substitution, der ved Afledning forandrer (k}:— 1) til en af dens

Potenser, selv maa vere af Formen ("";Ic‘d); denne Substitution

er kun cirkuleer, hvis ¢ 1 (mod n). Man maatte saaledes have:
glib—a) — ("'kf d) — 9,

men dette er umuligt, naar ikke b= 4. Det er sanledes bevisl
al 6" og 66" 6'-« repriesentere y» |- 1 St cirknlere Substitutio-
uer; hvis altsea Liguingens System af konjngerede Sy bstitutioner
indeholder mere end et Swt cirknleere Substitutioner, da indehvl-
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der det mindst n -1 Saet. Indeholder det imidlertid flere end
disse, veere 6, en ny cirkuler Substitution. Sysiemet indeholder
da de n S@t, der ere udtrykte ved
B'a.0,7.0'a;
disse ere som ovenfor bevist indbyrdes forskjellige og forskjellige
fra 6. Men de ere ogsaa forskjellige fra Swmttence 6 66'~<; thi
havde man:
G'a 9,76~ = @' G5 ',

saa fulgie 6, — §'i—a) gr g'—b—a)
d. e. 8, horte selv til et af de foregaaende Seet, hvilket er mod
vor Forndsaetning. Indeholder saaledes Systemet flere end hine
41 Seet, da har det mindst 2n 1 1: har det endnu flere, ser
man paa samme Maade, at det mindst har 3s 4+ 1 0. s. v. Paa
denne Maade kan man vedblive at ordne de Systemet tilhorende
cirkuleere Substitutioner, indtil de ere udtemte; Antallet af de
forskjellige St maa altsna veere af Formen np - 1. De ved Rod-
tegn opleselige Ligninger ere indbefuttede heri, idet de svave til
P=o.

Hvis 6 ved Afledning ved Hjwmlp af hivilkensomhelst af Syste-
mets Substitutioner gik over til en Potens af sig selv, maatte Sy-
stemets Substitutioner som bekjendt alle veere af Formen

(ak f !:u)1

Og Ligningen herte til de ved Rodtegn opleselige. Herer den
altsaa ikke til disse, maa Systemet indeholde en saadan Substi-
tation ¢, at ghe—! ikke horer til Swmttet #7. Da Valget af den
cirkulare Substitution, som vi have belegnet med 6, er ganske
vilkaarligt, kunne vi’ forudsm(te:

0 = qbg.
Saettet 67 lader sig da altsna allede af Seettet - ved Hjelp al en
af Systemets egne Substitutioner; det samme gjelder om Swttene
8'676'~e. Indeholder nu Systemet flere Swet civkulere Substitu-
tioner, der kunne afledes af 6 ved Hjrelp af Systemets egne Sub-
stitutioner end disse n+ 1, kanne vi antage at 8, har samme
Egenskab. Man har da:
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6y = $ob—,
hvor ¢ tilherer Systemet. Heraf folger
6'98,76' 1 = 0" L Y- 1.8~ = (B'=d) 8" (6'=Y).

Da 6= og ¢ tilhere Systemet, maa deres Produkt 8.y ogsaa
tilhore Systemet; man ser saaledes, at samtlige Seel ',76' -~ lade
sig aflede af Sewettet 7 ved Systemets egne Substitutioner. Man
kan derfor gjentage det foregaaende Riesonnement og den fore-
gaaende Ordning af de cirkulere Substitutioner, idet man ind-
skrenker sig til de Swmt, der kunne afledes af # ved Substitutio-
ner, der tilhore Systemet. Antallet af disse Swet er saaledes ogsan
af Formen np + 1. Det skal nedenfor vises, at man herved i
Virkeligheden faar alle cirkulere Substitutioner,

Man kan af Seftet 6 aflede et andet ved Hjwelp af hvilken-
somhelst Substitation, der tilherer Systemet; men af disse afledede
Seet kunne flere falde sammen med hinanden, eller med 6. For
at opnaa en Relation mellem Autallet at Systemets Substitutioner,
d. e. Systemets Orden, og Antallet af Swet af cirkulere Substi-
tutioner, der kunne ufledes uf # ved Systemets Substitutioner,
ville vi undersoge, hvormunge af disse sidste kuune give samme
afledede Swet. Lad til den Ende ¢ og ¢ veere to hvilkesom-

helst Substitutiover, ved hvilke der af 6 alledes sanmne Sl
Man har da :

Yo~ = gheg—,
og omvendt er dette tilstriekkeligt, for at de afledede St skulle
veere identiske. Nu er:

POY! = (Y(0) V(1) Y(2). ... Y(a—1)
%879~ = (9(0) ¢(a) 9(24) . . ... ¢ (n—1)a).
Hvis derfor ¢(o) = @(ma), maa man have:

P(l) = gl(n 4 Da). P2) = ¢lm - a), . .. .. Sk = @im | ko)
Seettes alisaa ma =— b (mod a), bliver

(k) = o (ak-4-b).
De Substitutioner, der af (k ’_j' ") aflede samme Set, ~ som

(?LH)‘ cre altsaa de, der indeholdes i Udtrykket ( ?("kﬁ M)- o
disse, og ingen andre. Tilherer nu @ S_ystemet,' saa bLlive de
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Substitutioner i Systemet, der fyldesigjere den omtalte Betin.
gelse, de samme som- de, der eve af Formen (QMT"M). Men til-

horer baade (Q(Eﬂ;‘-{ b") og ¢ Systemet, da gjelder det samme om
Produktet ¢! (‘Pfﬂi'i-b)) eller ("k;rh); omvendt, hvis @ og
(ak}i b) tilherer Systemet, da er det samme Tilleldet med
(wﬂii'b)). Antallet of hine Sublstitutioner er derfor lig Antallet

af Substitutioner i Systemet, der erc af Formen (-ak;{[-b)_

k ;
ser, ser man, at Konstanten b kan have alle n Vierdier; ligeledes

ser man, at hvis Systemet indeholder Snbstitutionen (”k}fb) for

Da Systemet indeholder Substitutionen ('H 1) og dens Poten-

en Vierdi @, da indeholder det ngsaa Substitutionen (}:‘ for samme
Verdi, og omvendt. For nmrmere at undersoge, hvilke Verdier

@ kan have, ville vi ved ¢ betegne en primitiv Rod til Primtallet

x
n og antage, at Systemet indeholder Substitutionen (ﬁk'k); det

indeholder da enhver Potens af denne, altsan enhver Substitution
[ A E‘Ea
al' Formen ( k.k)' Er nu o' den storste ficlles Faktor for = og
n—1, kan man swette:
Ea = o' (mod n—1),
hvorved man faar: 2 o (mod n) ;
s®ttes endvidere n—1=a'. a",

Ser man, at Systemet indeholder folgende Reekke af a* Snbstitu-

tioner:
@ (PO (e

Indeholder Systemet fleve Substitutioner af Formen ( k) end

disse, f. Ex. ai'*), maa det paa samme Maade indeholde en

lignende Reekke af Substitntioner :

e S

livor 8¢ betegner den storste feelles Faktor for B og n—1, og hvor
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n—1 =p§'.8“. Det maa da ogsaa indeholde enhver Substitution
af Formen : ‘ h

g':sm"!"'qﬁl_k
ki
Nu kan man altid give £ og v saadanne Veardier, at

Ea'+ 1B = Ly (mod n—1),
hvor [ er vilkaarlig og v betegner den sterste fwmlles Faktor for
a' og B'. Systemet indeholder altsaa folgende Rackke af y' Sub-
stitutioner

B (7, oy ot

Denne Reekke indeholder alle Substitutioneri (1) og (2). Paa
denne Maade kan man vedblive, til man har udtemt alle Syste-
mets Substitutioner af Formen ({;:‘). Alle disse Substitutioner ere
saaledes Potenser af en eneste Substitution; er deres Antal v,
maa v veere en Divisor af n—1; swettes n—1 = v.v', kunne de skri-

ves saaledes:

i 2k (22 L—=1p
W)t
De Vemrdier, som a kan have, ere alisaa 1. o 2 {”"—1)”

d. e. alle Tal af Formen a“‘. De Substitutioner affmmen( ak | b)

som Systemet mdehulde: ere altsaa udirykte ved (“ 'H_b) og
deres Antal er n.v. ' :

Efter hvad ovenfor er sagt, cr saaledes Antallet af de Sub-
stitutioner i Systemet, ved Hjaelp af hvilke man af # kan aflede
et givet andet St al cirkuleere Substitutioner, lig n.v, hvilket
ogsaa er Antallet af dem, ved hvilke Swttet 67 afledes af sig selv.
Er nu Antallet af de S#t, der ved Hjeelp al Systemets Substitu-
tioner kuune afledes af 67, lig mp -|- 1, bliver altsaa Systemels
Orden lig (np-I-1).n.v. :

Det var tenkeligt, at der gaves flere Swmt eirkulmere Substitn-
tioner, end de navute ap{-1. Lad derfur 9 veere et Swet, der
ikke kan afledes af ¢ ved nogen af Systemets Substitutioner.
Da det er ligegyldigt, hvilken af Systemets cirkulere Substitutio-

ner man betegner med (ki_l)-r gjelder det, som ovenfor er bevist
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om 6, ogsaa om . Hvis Antallet af de Swmt, som ved Systemets
Substitutioner kunne afledes af 97, er lig np, +1, og Antallet af
de Substitutioner, der ved Afledning forandre & til dens Pofen-
ser, er nmv,,; idet v, betegner en Divisor af n—1, saa er Grappens
Ovden lig (np; +1).n.v;. Man har da _
(mpy +Dn.vy = (mp +1)n.v,
hvoraf v, =v(moda), d.e. vy = v,
hvilket atter medforer p, — p. De cirkuleere Substitationer, der
ved Systemels Sabstitutioner kunne afledes af 47, ndgjore altsaa
ligesnamange S:wi, som de, der kunne afledes af #7: jeg tilfoier,
at de ogsaa ere forskjellige fra disse. Thi i modsat Fald maatte
man have en Identitet af Formen
G0 g~ =,
hvor @ og ¢ tilhere Systemet. Heraf fulgte

T=9l0b e b =(p'9).0  ($7".9)"

d. e. ¥ lod sig aflede af 9_:” ved Hjwelp af ¢-'. @, der tilhorer Sy-
stemet; men delte strider jo mod Forndseetningen. Gaves der
alisaa i Systemet flere end np -1 Seet cirkulere Substitutioner,
maatie der mindst gives 2(np {-1). Gaves der flere end disse, ser
wan paa samme Maade, at der windst mantte gives 3(np {-1).
Kort, Antallet af forskjellige St maatte veere el Multiplum af
mp+1; lad det hede m(np {-1). Men efter hvad ovenfor er bevist,
har man da

m(np~|~1)zlmnd n, d. e m=1.
Man kan altsaa swmtte

m(np+1) = (ng 4 1) (ap+1).

Hvert Swet indeholder nu w—1 cirkulere Substitutioner (idet den
identiske Substitution fravegnes); dct hele Antal af cirknlere Sub-
stitutioner  Lliver saaledes (ng |+ 1) (np + 1) (n—1), og dette Tal
maa viere mindre end det hele Antal af Substitutioner; man har

sanledes
(g + 1) (ap + 1) (n=1) < (mp +-1) . 0¥
Da nu n—1=v
folger ng+1<m, d. e. ¢ = 0.
Vidensk..Sclsk. Forh, 1867, - 8
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Der gives altsaa ikke flere Seet cirkulwre Substitutioner, end de,
der kunne afledes af @ ved Systemets egne Substitutioner. Man
erindre her, at den cirknleere Substitution, der er betegnet med
k+1
gjteklder altsna ogsaa om enhver anden. Fremdeles bemeerkes,
at de ved Rodtegn opleselige Ligninger ere indbefattede i den
almindelige Regel, i det de svare til Vaerdien p = 0.

), er valgt ganske vilkaarligt; hvad der er bevist om denne

Sammenstilles Alt hvad ovenfor er bevist, saa bestaar det
altsaa i Felgende:

Tilhorer ct System af konjugerede Substitutioner en irreduktibel
Ligning af Primtalgraden n, moa dets Ovden vere et Tal af Formen
(np 4 1)n.», hvor v betegner en Divisor af n—1. Antallct af de for-
skjellige Seet af cirkulere Substitutioner er np—-1, og hrert af disse
kan ved nv af Systemels Substitutioner afledes af et heilketsonhelst
andet Swt. Benwrnes Roddernc med samme Bogstav med lilfoiede
Indexer, tagne efter Modulen n, i en suadan Orden, al en af de cir-

kulere Substitutioner blier al betegne med (hif), saa er v Antallet

af Systemels Substitutioner af Formen (‘}:‘)

Er det nu end bevist, at Ordenen af ethvert transitivt System
af Primtalgraden #n maa veere af Formen (ap +1)n.v, saa er det
allerede paa Forhaand klart, at der ikke gives Systemer afenhver
Orden, der er et Tal af denne Form. Da nemlig Ordenen er en
Divisor af 2.3...n, maa (ap 4 1)y veere Divisor af 2.3...(n-1)-
Men end ikke naar denne Betingelse er opfyldt, gives der altid
Systemer af Ordenen (up |-1)n.v. Allerede 7de Grad giver her-
paa flere Exempler.

Saaledes bevises let Felgende: Man kan ikke havev — 1, maar
man undtager Tilfeldel p— o, d. e. de Abelske Ligninger.

Er v =1, har Systemet (np-|-1)n Substitutioner, og af disse
ere de (ap-+4 1) (n—1) cirkulere; der gives altsaa kunap-1Sub-
stitutioner i Systemet, der ikke ere cirknlere. Men nu maa An-
tallet af de Substitutioner, der lade en hvilkensomhelst Rod &
uforandret, ogsaa vere —ap41; de np 4+ 1 ikke cirkunleere Sub-
stitutioner lade altsaa en hvilkensomhelst Rod », uforandret. Da

J Mathe & Comp Appli, 2026 Volume 5(3): 30-138



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory — Second edition.
Journal of Mathematical & Computer Applications. SRC/JMCA-290. DOI: doi.org/10.47363/JMCA/2026(5)243

115
Systemet kun har en saadan, den identiske Substitation, sluties:
wp+1=1,p—=o0.

Heraf folger endvidere: Naar p == o, d. e. naar man undtager
de ved Rodtegn oploselige Ligninger, og n er af Formen 4h + 3, kan
man ikke have v — 2.

Systemet maatte nemlig indeholde Substitutionen (-_kk) eller

1.a-1DR,n—2)(3,n—3)..... ("-;-! ) "";.]),
der er sammensat af et ulige Antal Transpositioner. Men nu har
man felgende Smining.

Naar et System af konjugerede Substitutioner indeholder en
Substitution, der er sammensat af et ulige Antal Transpositioner,
da er dets Orden et lige Tal; den ene Halvpart af dets Substitu-
tioner er sammensat af et ulige Antal Transpositioner, den anden
af et lige Antal, og disse sidste udgjere et fuldstendigt System af
konjugerede Substitutioner. : :

Ere nemlig de af Systemnets Substitutioner, der ere sammen-
satte af et lige Antal Transpositioner:

1.9 Gg.0encn. T Sl (a),
faa er ogsaa @; @, en Substitution, der tilherer Systemet og er
sammensat af et lige Antal Transpositioner; den er saaledes ind-
befattet i (@). Substitutionerne (a) danne altsaa et System af kon-
Jugerede Substitutioner. Er endvidere ¢ og y to hvilkesomhelst
af det oprindelice Systems Substitutioner, der ere sammensatte
al et ulige Autal Transpositioner, saa er aabenbart
5 Py SRR o e PR s e e (b)
r distinktle Substitationer af samme Slags. Nu er y~!.y sammen-
sal af et lige Antal Transpositioner, altsaa en af Substitutionerne
a. Man har alisan . |
PTIL =i, L = ¥Qr

Samtlige det oprindelige Systems Substitutioner ere saaledes ind-
befattede i (a) og (b); deres Anlal er saaledes 2r.

Gaves der et System af Ordenen (ap+ 1)m.2, maalte der
Ogsaa gives et al Ordenen (ap 4-1)n, hvilket kun er muligt, hvis

= p.

8+
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Naar man vil gjore sig et Billede af de cirkulere Substitu-
tioners Forhold ved Afledning, kan man tenke sig Ligningen
transformeret til en anden, der er saadan, at der til hvert St
cirkuleere Substitationer tilherende den givne Ligning, svarer en
Rod i den (ransformerede, Da de herved fremkomne transforme-
rede Ligninger desuden i andre Henseender ere af Inferesse, skal
jeg tale noget neermere om Sagen. Jeg maa herved stotte mig
til nogle Swietninger af den almindelige Theori for de algebraicke
Ligninger, som jeg skal hidseette og forsyne med Beviser, da jeg
ikke ved at henvise til noget Sted, hvor de findes udviklede.

1. Lad u veere en rational Funktion med bekjendie Koelfi-
cienfer af Reodderne xox; ... ., i enalgebraisk Ligning, og lad
dens numeriske Veerdi veere uforandret ved en Substitution 3
hvis nu en Subslitution ¢ af det Ligningen tilherende System af
konjugerede Substitutioner forandrer u til #, da er den numeriske
Veerdi af «' uforandret ved den afledede af 8 ved Hjwlp af ¢

Er nemlig

= flrors ... 2s1) = f(’mo'.“'ern """ rs(u—n)‘
maa denne Relation vedblive at gjelde, om man end udferer
Substitutionen ¢, altsaa er

‘l.l‘ =f(.c¢{°)-rq}(l) v ows I?("__]) ) =f(.!?98(0}.1'q9 l) Ve oeow IQB("_-]J);
Man ser saaledes, at ' er uforandret ved Substitutionen

(%ﬁk))) d. e. ved 9.0.¢"".

2. Hvis man i Funktionen wu, = f@ow, . ... xu) udferer
det Ligningen tilherende System af konjugerede Substitutioner,
fanr man et Antal Funktioner, der er lig Systemets Orden, 08
hvoraf hver svarer til en Permutation i Ligningens Gruppe; al
disse kunne imidlertid flere have samme numeriske Vaerdi. Hvis
nu Antallet af de indhyrdes forskjellige Viwerdier af w, er m, 08
Antallet af de til forskjellige Permutationer svarende, der ere ligé
med uy, er p, saa er Ordenen af det Liguningen tilhorende System
af konjugerede Substitutioner lig m. .

Har man nemlig
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]
-1
Mo =1ty = " = .00 = lfow' )

hvor we ug' . ”"nm-—i} svare til forskjellige Permntationer, og an-
tager disse Fuuktioner ved en vis Ligningen tilherende Substitu-

tion Verdierne u ' . . . u.(P"‘l},_ saa har man

== m=.... = u,{:"_h.
Antallet af de Permutationer, der give Vardien u,, er saaledes
mindst lig Auntallet af dem, der give w,. Paa den anden Side
indsees ligeledes, at Antallet af dem, der give uy, mindst er lig
Antallet af dem, der give u,: folgelig er begge Antal lige store,
hvorved Paastauden er retfmrdiggjort.

3. Kaldes de indbyrdes forskjellige Veerdier, som w, antager
ved det Ligningen tilharende System af konjugerede Substitutioner
Mot - .. Wm-1, S8 ere disse Redder i en irreduktibel Liguing af
Graden m, hvis Koefficienter lade sig udirykke rationalt ved be-
kjendte Storrelser.

Gaur ved en vis Ligningen tilhorende Substitution ¢ ug u, ... .2,
over til wp'w,’. ... u's_1, maa disse sidste vaere indbefaitede i de
forste; paa den anden Side maa de veere indbyrdes forskjellige:
thi afy’, = o', fulgte ved Auvendelse af Substitutionen 9= : u, = uy,
hvilket er mod Forudsaetningen. Heraf sluties at uo' w,’ . .. . w1
ere de samme som wou, ....u,-; i en eller anden Orden. Da
saaledes enhver symmetrisk Funktion af wowy . .. . #,.— €r ufor-
andret ved alle Ligningen tilherende Substitutioner, har Ligningen

F(u) = (u—mup) (w—u,) . . . . (h—tiy-1) =0
Koefficienter, der lade sig udtrykke rationalt ved de bekjendte
Sterrelser. Irreduktibiliteten af denne Ligning godtgjores sanledes:
Er u, Rod i en Ligning F/(u) = o, hvis Koefficienter lade sig nd-
frykke rationalt ved de hekjendte Sterrelser, saa folger af Rela-
tionen

F(u) = o umiddelbart F'(uy) = 0, F'(ug) = 0, - - . F'(Uu-1) = 0.
Da en saadan Ligning altsaa maa vere af Graden m i det mind-
ste, er F(u) = o irreduktibel.

4. Det System af konjugerede Substitutioner, der tilhorer
Ligningen F(u) =0, bestaar af de Substitutioner af Redderne
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Moy - -+ . Um—y, der foraanrsages, ved at man i disse Storrelsers
Udtryk som Funktioner af xyx, . ...z, udforer det den givne
Ligning tilherende System af konjugerede Substitutioner.

Kaldes det sidstnsevnte System § og det tilsvarende System
af Substitutioner af »’erne 7', saa kan enhver rational Fuunktion
af disse, der er uforandret ved Substitutionerne 7T, betragtes som
en Funktion af r’erne, der er uforandret ved Substitutionerne 8§,
og kan saaledes udtrykkes rationalt ved de bekjendte Sterrelser.
En rational Funktion af w’erne derimod, der forandrer Veerdi ved
en Substitution, der tilherer 7, er en Funktion af r’erne, der for-
andres ved den tilsvarende Substitution i 8, og kan altsaa ikke
udtrykkes rationalt ved bekjendte Sterrelser. T er saaledes vir-
kelig det System af konjugerede Substitutioner, der tilherer Lig-
ningen F(u) = o.

Jeg kommer nu tilbage til den omtalte Transformation af den
givne Ligning. Lad y betegne en rational Funktion af Redderne
Lo Xy. .- Ty, hvis numeriske Verdi er uforandret ved Substi-

..ul
4 f. d b). men er foranderlig ved alle andre Substitu-

tioner. Dette y bliver da Rod i enirreduktibel Ligning af Graden
np+ D)
n.v

tutionerne

" eller np + 1, hvis Koefficienter ere bekjendte Storrelser.
Ga&r' ved en Substitution g, der tilhgrer den oprindelige Lignings
System af konjugerede Substitutioner, som jeg for Kortheds Skyld
vil bevaevne med Bogstavet 8, y over til ', saa er y' uforandret

ved enhver Substitution, derindeholdes i Udtrykket (‘P°(5;;:)+bJ).
Paa den anden Side kan y* heller ikke veere uforandret ved andre
end disse n.v Substitutioner; thi da omvendt y' gaar over til y
ved ¢~!, vilde derafl folge, at y var uforandret ved flere end n.v
Substitutioner. Til hver Veerdi af y svarer saaledes et partielt

System af konjugerede Substitulioner, der er uf Ordeuen nv 08
1"

er ligedannet med Systemet ‘i+b , 0og som saaledes indehol-

der et og kun et af de np -1 Smt cirkuleere Substitutioner i S-

Da fremdeles ethvert Swt lader sig aflede af Swettet (ki-b) ved
Substitutioner, der tilhore §, vil der ogsaa til hvert Seet svare en
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Veerdi af y; som Felge heraf kan heller ikke to forskjellige Veer-
dier af y veere uforandrede ved det samme Seet af cirkulere Sub-
stitutioner. Ved Afledning ved Hjaelp af Substitutionerne i § vil
saaledes de np-{-1 Seet cirknlere Substitutioner gaa over (il hin-
anden paa en Maade, som kan udtrykkes ved de Substitutioner
af y'erne, som foraarsages ved de samme Substitutioner. Disse
Substitutioner af y'erne ndgjere nu netop det System, der tilhorer
y'ernes Ligning; lader os for Korthed betegne dette System med
Bogstavet T. 7T indeholder nu heist (up+ 1)n.v Sabstitutioner.
Skulde det indeholde ferre, maatte § indeholde Substitutioner,
der lode alle y'er uforandrede. Men lader en Substitution af
Sysiemet § den Funktion, som vi fra forst af betegnede med y,

V‘ i
uforandret, da er den af Formen (“ ’;‘4'5); hvis hera’ = 1, er
den cirkulser, og efter hvad ovenfor er sagt, vil en saadan om-
bytte de evrige y'er i p Cirkler, hver bestaaende af n. Er der-

imod ikke a.”' =1, lader Substitutionen et r staa; hvis dette er

vl
Ty, er b=:0. Betegnes for et (ieblik “k'k) med @, og lader
¢ y', svarende til Swmttet 6,7, uforandret, saa maa man have
$60,% ' = 6,°, ligesom man har ¢fg—' = 9", Som Folge heraf
bliver

i ay !

$06,0-1. ¢! = (¢89~"). (6,9). (.0~ -6~ - 8¢ 8.6~
Da nu ikke a JEI, er denne cirkulere Substitution ikke af
samme St som 66,6, folgelig lader ¢ ikke det til 6.6,6~' sva-
rende y uforandret. Da man uden at forandre den cirkulwre

Substitution "‘“L'i) kan lade hvilketsomhelst » betegnes med mxg,

gjelder det samme ogsaa om de evrige Substitutioner af Formen

.’l
(a i+ b)~, hvor ikke «” ==1. Del er saaledes bevist, at Systemet

T virkelig indeholder (ap 4 1).n.v Substitutioner.

Som Folge heraf vil Redderne i den givne Ligning atter kunne
udirykkes som rationale Funktioner af y'erne. Medregnes nemlig
y'erne blandt de bekjendte Sterrelser, vil, som bekjendt, under
denne nye Forudsetning den givne Lignings System af konjuge-
rede Substitutioner kun beholde de Substitutioner i 8, ved hrilke
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y'erne eve nforandrede, d. e. det vil kun bestaa af den identiske
Substitution. Enhver rational Funktion af r'erne vil altsaa lade
sig udtrykke rationalt ved de bekjendte Sterrelser, hvortil nn
y'erne regnes.

Ethvert transitivt System of konjugerede Substitutioner af Prim-
talgraden n og af Ordenen (np+-1).n.v kan saaledes udledes af el
andet transitivt System af samme Orden, men af Gradem np -+ 1.

Man har vel bekjendte Exempler herpaa; for n = 5, 7, 11
gives Systemer, hvor p = 1, nemlig af Ordenen (n41)n(n—1)
for n =5, og af Ordenen (n4 1)n. ’L'g.‘j' for n = 5, 7, 11, hvoraf
de af 5te Grad indeholder, det ene alle mulige Substitutioner, det
andet Halvparten; de af 7de og 1lte Grad derimod feerre. Nu
ere virkelig Ligninger, hvortil disse to sidste Systemer hore, forst
udledede af Ligninger af 8de og 12te Grad, nemlig af de i de
elliptiske Funktioners Theori saakaldte Modularligninger, henhe-
rende (il Transformationer af 7de og 11te Grad. En nermere
Undersegelse vil ogsaa vise, at disse Modularligninger virkelig
staa i samme Forhold til sine reducerede af 7de og 1lite Grad,
som ovenfor y'ernes Ligning til den oprindelige Ligning af Graden
n. Ligeledes kan Modularligningen, der tilharer Transformationen
af 5te Grad, omdannes til en Ligning af 5te Grad. Nu kan efter
Galois (Leitre & M. Auguste Chevalier, Liouvilles Journal 1lte

Bind 1846) Ligninger af Graden n, hvis System af konjugerede
Substitutioner er udtrykt ved

ak+b

(c.l'i% )
f. Ex. Modularligningerne, kun i de nevnte Tilfelde transforme-
res lil andre Ligninger af Graden n.' Gives der altsaa Systemer
af konjugerede Substitutioner af Graden s og af Ordenen (n+-1)n.v,

hvor n er et Primtal heiere end 11, waa disse kunne udledes af

andre Systemer af Graden n+41, end de, hvis Substitutioner erc
af Formen

' Denne Del af Gal is's Paastand er jkke bevist i Betti's Arbeide om denne

Gjenstand (Sopra l'ahbbassamento cte. Tortolinis Annaler 1853). Jeg skal maa-
ske ved en anden Anledning give Beviset.
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A1

ak-+b
(ck-i-d)'
k
Af de ovenfor udviklede Setninger ere fplgende heviste af
Mathieu i den oftere omtalte Afhandling. Antallet af Smt af

cirkuleere Substitutioner er af Formen mp-+ 1; kuldes Systemets
Orden nr, saa er rdivisibel med en vis Faktor af n —1; er dennev

.’f
0g n—1 ==v.v'| indeholder Systemet de nv Sul:stiiutinuﬂ'(" ’;Jr b)%
Tallet v er storre end 1, og, hvis n er af Formen 4h{ 3, ogsaa

slerre end 2; endelig indeholder Systemet mindst : Sl cirku-
lere Substitationer, idet et saadant Antal kan afledes af et af dem
ved Hjelp at Systemets Substitutioner. Hertil har jeg tilfoict, at
ogsaa Antallet af de S, der knnne ufledes ved Hjelp af Syste-
mets Substitationer af et hvilketsomhelst af dem, er af Formen
np+1; dette har givet Middel til at Levise, at disse np+1 Set
I Virkeligheden indeholde alle Systemets cirknlere Substitutio-
ner; heraf folger videre, at Systemets Orden er Produktet af de
tre Tal, der Letegne Graden, Autallet af Set af cirkulere Substi-
tutioner, og Antallet af de Substitutioner, der ved Afledning lade
€ hvilketsomhelst Sl uforandret. Det bliver saaledes muligt at
angive begge disse sidste Tal uden at kjende andet end Systemets
Orden, Jeg skal (il Slut anfere et Par Exempler herjaa.

Mathieu har vist, at der gives transitive Systemer af Gra-
den ¢*4 1 og af Ordenen (g 1) ¢". (¢ + 1) ‘.::- naar g er Prim-
tal og < en Divisor af r. Er nu g =2 og r en Polens af 2, kan
det hende, at ¢"-+1 er Primtal. Man har da

n=2241; (41).2.(27—1) :_ =n(np|1).v;
heraf folger, da 2. (27 —1) — 2 (mod n)
v=2 :.‘ hvilkket er en Divisor af n— 1 eller 2
np+1=2-1.(2r—1). s I
Disse Systemer indeholde saaledes 2. : Substitutioner afl For-

- ((;ck)’ g 2 1(2r—1) Sezet cirkulere Substitutioner.

Et andet Exempel kan hentes fra Systemer af konjugerede
Eulmt-itulioner, der ere bekjendte fra de ved Rodtegn opleselige
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Ligningers Theori. Lud ¢ som for vieve et Primtal, og lader os
tienke os en Ligning af Graden g7 —1, hvis Redder udskilles ved
r Indexer i k,....,m, der antage alle Veardier efter Modulen g,
undtagen Kombinationen
i=k=l=....=m=o.

Lader os endvidere antage, at det Ligningen lilhorende Sy-

stem al konjugerede Substitutioner betaar af de
(D@ —DG—¢»....(¢—¢"

Substitutionen af Formen
{aaibk4 J-dm, agid byk4-. . . dymye... @i by k4. -+ de—im]|

i - k 1 n

ey

Dennes nu symmetriske Funktioner af de } 11 Systemer af g—1
Rodder, hvis Indexer have samme Forhold til hinanden, saa ere

disse Fuvktioner samtlige uforandrede ved de g—1 Substitutioner
af Formen
{m‘, ak, .....am
i Roaasi m 1

og ville ved Systemnets evrige Substitutioner kun ombyttes med
g —1

11
hvls S}'stem af kuu_]ugeredL Substitutioner bliver af Ordenel

— 5 IO (af -"q’“)

Er nu r et ulige Primtal, kan det hende, at q’—f er et Prim-

hinanden. De ere saaledes Redder ien Ligning af Graden

9=

—_—

tal. Seeties g_r__-—fl ==n, ser man let, at g er primitiv Rod i Kon-

g—1
gruentsen " =1 (mod n),
hvoraf felger, at
50— 1 r—=
=— eller 37— |_|_5--2+ A st 1= (5-q) (3=4%) (3=¢®) ... (2= .
Gjeres nu s=gq" =1,
finder man

(g - @@= @ -¢*)...(¢ —¢") = r (mod n).
1 disse Systemer bliver saaledes v —- r, hvilket er en Divisor

aof n—1, og np-|-1 = T :? A=) (g —¢% ... ¢ —q¢"

] Mathe & Comp Appli, 2026 Volume 5(3): 38-138



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory — Second edition.
Journal of Mathematical & Computer Applications. SRC/JMCA-290. DOI: doi.org/10.47363/JMCA/2026(5)243

On Systems of Conjugate Substitutions that could belong to
irreducible Equations whose Degree is a Prime Number

| presented Sylow’s original Norwegian paper of 1867 on Page 21 to Page 38. | now owe the
Ubersetzerzentrale Minchen (UZM GmbH) (see https://uezm.de/) a rather good translation
into English, including corrections by myself regarding all the mathematical symbols, which
| can present on Page 43 to Page 60. In the following | summarise this English Paper:

In his article of 1867 Sylow relates to and comments on works by Evariste Galois [Memoire sur les
conditions de résolubilité des équations par radicaux, Journal de mathématiques pures et appliquées 1re série,
tome 11 (1846), p. 381-444; see https://en.wikipedia.org/wiki/%C3%89variste Galois and https:/www.numdam.org/
item/JMPA 1846 1 11 381 0.pdf and https:/www.bibliotheque-institutdefrance.fr/sites/default/files/memoire-
equations-radicaux-galois-evariste.pdf], Augustin-Louis Cauchy [see https:/en.wikipedia.org/wiki/Augustin-
Louis Cauchy], Emile Léonard Mathieu [Mémoire sur I’ étude des fonctions de plusieurs quantités, sur la
maniére de les former et sur les substitutions qui les laissent invariables, Journal de Mathématiques Pures
et Appliquées (1861), 241-323; see https:/en.wikipedia.org/wiki/%C3%89mile L%C3%A9onard Mathieu
and https://eudml.org/doc/235340], Jean-Pierre Serret [Cours d’algébre supérieur, Gauthier-Villars, Paris,
1877-79; see https://en.wikipedia.org/wiki/Jean-Pierre Serre and https://archive.org/details/coursdalgeb
superQ1serrrich and https:/archive.org/details/coursdalgebsuper02serrrich], Nils Henrik Abel [Abel equations;
see https://en.wikipedia.org/wiki/Abel equation], Theodor Schénemann [Uber die Beziehungen, welche
zwischen den Wurzeln irreductibeler Gleichungen stattfinden, insbesondere wenn der Grad derselben eine
Primzahl ist, Denkschriften k. k. Akademie der Wissenschaften, Math.-Naturwiss. Klasse (1853); see under
https://en.wikipedia.org/wiki/Theodor Sch%C3%B6nemann and https:/www.biodiversitylibrary.org/item/247907]
and Enrico Betti [Sopra I’abbassamento delle equazioni modulari delle funzioni ellittiche, Annau di Scienze

MatemaricHe € FisicHe, Tomo QuarTo, (marzo 1853), 81-100, by Barnaba Tortolini; see under https:/en.wikipedia.org/
wiki/Enrico Betti and https://www.sba.unifi.it/p589.html and htips://en.wikipedia.org/wiki/Barnaba Tortolini].
His concern is to describe the systems named in the title and to show how they relate to the works of the
quoted distinguished mathematicians. He limits his investigations to irreducible equations of prime degree
whence he is not yet investigating prime powers as he did in his excellent article of 1872. He frequently

uses the binomial coefficients ( : ) =(n(n1)n-ke1))/ (k(k-1))=n!/(k!(n-k)!) for pairs of
integers n = k = 0 (see https://en.wikipedia.org/wiki/Binomial coefficient) and says that he has used the

same symbols as used in Serret’s book. He cites Schonemann’s and Mathieu’s result that for an
irreducible equation of prime degree n the associated system of conjugate substitutions must contain a

circular substitution ( k: ! ) of the n roots and relates this to Galois’s memoir. He then develops on 15 pages

his outstanding and hitherto hardly known theory of systems of conjugate substitutions belonging to irreducible
equations of prime degree n which precedes his famous article of 1872.
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Abstract

THE death of Ludvig Sylow (September 7, 1918), at the age of eighty-five, has removed an

eminent mathematician, whose career was in many ways remarkable, Sylow s seventh

published paper ("Théorémes sur les groupes de substitutions”) occupies less than ten pages
invol. v. of the Mathematische Annalen (1872); this contains the proof of his justly celebrated
theorem about groups, which has perhaps done more than any other single proposition to

advance our knowledge of groups in general. In spite of this great achievement, Sylow had to

earn his living as a secondary-school

reacher untl he had served a term of forty vears.
Recognition came at last; he was made professor at Christiania at the age of sixty-five, and
filled the chair successfully for twenty years.

https://www.nature.com/articles/103049a0
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Peter Ludvig Sylow

Peter Ludvig Meidcll Sylow (/'sylav/) (12 Dmemher 1832 — 7 September 1018)
was a Norwegian wha proved fi i results in Group Theory, 11 Ludvig Sylow
Sylow processed and further developed the innovative works of mathematicians Niels
Henrik Abel and Fvarste Galais in Algebra. Sylow thearems and p-groups, known as
Splour subgroups, are fundamental in finite groupst=! By profession, Sylow was a
teacher at the Fredokshald Latin School [Norwegian: Fredrikshalds lerde og
realskole) for 40 years from 1858 to 1808, and then a professor at the University of
sl for 20 years from 1808 to 191800 Despite the isolation in Frederikshald, Sylow
was an active member of the mathemsath \mtid He wru&r @ total of approximately

25 mathematical and bi phical work. d with many of the leading
mathematicians of the time, and was an able co-editor of Acta Mthematica from the Lishig Sylony
Jjournal's start in 1882121 He was also elected into the Norwegian Academy of Seience Bom Patar Lurig Mokdel] Sylow
and Letters in 1868, a corresponding member of the Academy of Sciences in Géttingen £2 Decamber 1812
and the University of Copenhagen awarded him an honorary doctorate in 18gq 10izl Chirgtiaria, Norway

Disd 7 Saplambar 1978 (aged 15}
Eﬂl’ly life Chestiaria, Nepway

Al e Linisssity of Chisania
Ludvig Syluw was born in Kristiznia (now Oslo) on 12 December 1832 (o later minister and Knowmfor  Sybaw thecrams
enstonms treasrer Thomas Fdvard vom Westen Svlow (i7oe—1575) and Magdalene Cecilie Sciontific carser
Cathrine Mejdell (15806-08) [112] His father had been an officer and & captain in the cavaley, Fialds. Mathematics
and lnter be served ns the head of the Ministry of the Army between 1548 nnd 185412121
Initially, hiz father was aware of his son's talent in 3 ics, anh zed him towork independently. From home, Sylow leamed a senge of duty and

= also tanght o he modest and although lhl:» s clome with the best of intentions, it wlnrlsl become an ohstack: for him ke in life sinoe it
e that Bie was hiappy to spend many yesrs i moee Jowly position than he shoald hive had k]

Career as a mathematician

Education and first steps in mathematics
Abel and the theory of equations

Fallure to join a university

Sylow's theorems

‘Written works.

Later career

Personal life

Sylow never married, but was a warm person with a nice sense of humourI=! He was an avid lover of being ont of doors and often spent summer
vaeations in the mountains, uswally in Kongsvoll, where he studied plants. Kongsvoll is a mountain station providing food and shelter on the
route between Oslo and Trondbeiny, erected when (he route was used by pil grits visiting the shrine of 3L Olay in Trondheim. =

Death

Sylow died on 7 September 1918, at the age of B5, in Christiania, Norway.!!

RE ]
k

s

= The Crown Prince’s Gold Medal (1853}

= The Norwegian Academy of Science and Lattars, alae:ad in 1868

= Corresponding member of the Academy of gen (1893)
= Editor of Acta wmmavmm [139‘31

- (1894)
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Mr. Bjerkn e s presented the following paper submitted by Mr. Sy lo w :
On Systems of Conjugate Substitutions that could
belong to irreducible Equations whose Degree
isaPrime Number.'

9

According to G alois famous theory, the condition for a
rational function of the roots of an algebraic equation to be
expressed rationally by the coefficients and other known quantities
1s that the numerical value of the function must remain the same
when the roots are interchanged in certain ways. These permutations
or substitutions,alsocalledby Cauchy a“system of
conjugate substitutions”, i.e. any two of them performed one after
the other in any permutation of the roots, produce the same result as
if a certain third substitution of the system had been performed.
G alois conceives of the substitutions of the system as defined by
a “group” of permutations, which are transformed into each other by
the substitutions. Equations that, under the same conditions, have
the same system of conjugate substitutions or the same group, thus
have essential properties in common and could therefore be
regarded as a distinct class. On the other hand, it can also be proven
that for any given system of conjugate substitutions there are
corresponding equations. It would be of great importance to the
theory of algebraic equations if one could specify which systems of
conjugate substitutions could belong to equations of a given degree,

! Included in the Society’s Proceedings according to the assessment given by gentlemen
Dr. O.J. Broch and Bjerknes.
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and especially which ones belong to irreducible equations. This
problem, as well as other problems related to it, has therefore
also been addressed by several distinguished mathematicians,
without, however, succeeding in solving it.

For equations that can be solved by root signs, the problem has
proven to be much easier when the degree is a prime number
than when it is a composite number. This circumstance makes it
likely that a similar relationship applies to equations that can be
solved by root signs. Having thus limited my investigation to
irreducible equations of prime degree, I have, among other things,
succeeded in completing some results found by M athieu
(Mémoire sur [’etude des fonctions de plusieurs quantités etc.
Liouville’s Journal 1861). However, since the development that
has led me to this point differs in part from M athie u’s,
I have thought it appropriate to present it in its entirety.

In the following, I will use the same symbols as those used in
the third edition of S err e t’s Cours d’algebre supérieur.
I thus denote the roots of the equation by the same letter, x,
provided with indices taken from the modulus n, where n
denotes the degree of the equation; a substitution of the roots is
denoted by indicating which substitution of these indices it
entails. When a substitution is denoted by a letter, I think of this
as a function symbol, whereby the index resulting from the substi-
tution is expressed using the original one. The substitution is

thus understood to be the same as in the substitution ( (p,:k) ),

where ¢(k) denotes a certain function of such a nature that, when &
assumes the values 0 1 2 ... (n—1), it becomes congruent (mod )
with the same numbers in some order. I still think of the system
of conjugate substitutions belonging to the given equation, deter-
mined by a group of permutations, before, when the substituent
must be compatible, to be able to speak as much about/of the
permutations that emerge from each other through the substi-
tutions of the system as about/of the substitutions themselves.
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Schénemann' andlaterMathieuzhaveproventhat
when the degree of an irreducible equation is a prime number n,
the system of conjugate substitutions associated with the equation
must contain a circular substitution of the n roots. Let this be
denoted by 8, and let the roots be denoted by xo, x1, x3, ..., X,,.; In
such an order that we have
0=012..@7n1)ie0=("");

the equation belonging to the system of conjugate substitutions
then also contains all powers of 6. For brevity, I will refer to a
circular substitution together with its powers as a set of circular
substitutions. If the equation is solvable by root signs, then the
system contains only this one set; conversely, we also know
that if the system of conjugate substitutions associated with the
equation contains only one set of circular substitutions, then the
equation is solvable by root signs. If, on the other hand, the
equation is not solvable by root signs, then there must be more
than one set of circular substitutions in the system; that is, there
must be a circular substitution 8" such that we do not have:

el = Qa
for any value of a. Nor can we have
eia — eb :

unless both a and b are divisible by n, whereby 6'“ and #” become
= 1, 1.e. indicating, that no change occurs in the position of the roots.
For from 6'“ = 0° follows 0°“¢ = 6°¢, since n is now a prime number,

1 Uber die Beziehungen, welche zwischen den Wurzeln irreductibeler Gleichungen stattfinden
etc. [On the relationships that occur between the roots of irreducible equations] in the Sth
volume of Denkschriften der math.-naturw. Classe der kaiserlich. Acad. Wien. Schénemann
assumes that the coefficients of the equation are rational numbers; however, this restriction is
not essential for the proof. This proof is undoubtedly one of the most significant advances the
theory has made since Galois’s death; in particular for the first time, one of the most important
solutions in Galois’s “Memoire sur les conditions de résolubilité des équations par radicaux”
has been completed, namely that in Proposition VIII, where it is assumed, without full proof,
that the group must contain a circular permutation.

2 In the above-mentioned treatise “Memoire sur I'étude des fonctions de plusieurs quantités”
Liouville’s Journal Year 1861. Page 304.
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one could, if not a = 0 (mod n), set ac = 1 (mod n) or ¢ = 1/a,
thereby obtaining
o =
which is contrary to the condition. The system of conjugate
substitutions in the equation must now contain the substitution
00" 0" or,touse Betti’s expression, the derivative of 0"
using 0'“, which is derived in the same way as ', i.e., circular.
First, note that we have
9i¢ g i = (eia 0 ei—a)r ;
the substitutions of the form 6'“ " §'*“, in which a has the same
value, thus form a set of circular substitutions, which can thus
be said to be derived from the set §” using '“. Secondly, the n sets
0", 0 0" 91‘-1, 02" 91'-2, 913 o 8;‘-3, " pitmh) gr gi-@-D
are different from each other as well as from 6'". Namely,
from §'“ 6" 0" “ = §**
immediately followed 6" = 0",
which is impossible. If, on the other hand,
from 6'“ 0" 0" “= 0" 6° 0",
followed 0" = ' g -9
then 97 = 90 g gi-t-0)
This equation states that 6, when derived using 6'“®, changes
to one of its powers. But now we know that any substitution

o c k+1 .
that, by derivation, changes ( ,: ) to one of its powers must

itself be of the form ( Ck;d) ; this substitution is only circular if
c =1 (mod n). We must therefore have

el(ba) _ ( k+d) =8d
but this is impossible when b = a. It has thus been proven that
0'" and §'“ " 6" “ represent n + 1 sets of circular substitutions; if,
therefore, the system of conjugate substitutions in the equation
contains more than one set of circular substitutions, then it contains
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at least n + 1 sets. However, if it contains more than these, let 0,
be a new circular substitution. The system then contains the
n sets expressed by
Qia (91}’ 91’ -a

which, as proven above, are mutually different and different
from #'". But they are also different from the sets §'“ " §'"“; for
if one had , ‘ _ ‘

0“0, 6"“=6"0"0"",
then it follows 8, = 0'¢? g7 9" i e. 0, itself belonged to
one of the preceding sets, which is contrary to our assumption.
Thus, if the system contains more than those n + 1 sets, then it
has at least 2n + 1; if it has even more, then we see in the same
way that it has at least 3n + 1, and so on. In this way, we can
continue to arrange the circular substitutions belonging to the
system until they are exhausted; the number of different sets
must therefore be of the form np + 1. The equations solvable by
root signs are included in this, as they correspond to p = 0.

If 6, by derivation using any of the substitutions of the system,
became a power of itself, then the substitutions of the system
must all be of the form
( ak+b
k ’

and the equation would belong to those solvable by root signs.
If it does not belong to these, the system must contain a substi-
tution ¢ such that 8¢~ does not belong to the set #”. Since the
choice of the circular substitution, which we have denoted by ',
1s quite arbitrary, we could assume
. 0' = pbo.

The set 8" can then be derived from the set 8" using one of the
system’s own substitutions; the same applies to the sets 0'* 0" 6" .
If the system now contains more sets of circular substitutions
that could be derived from 6" using the system’s own substi-
tutions than these n + 1, we could assume that #; has the same
property. We then have
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6, = \V9\|1'1,
where ¢ belongs to the system It follows that
eia 91 ei—a eia v er 91 a_ (ela \V) 0" (ela \V)

Since #'“ and y belong to the system, their product (9’“ v must
also belong to the system; but we see that all sets §'“ §,” §"“
can be derived from the set 8" by the system’s own substi-
tutions. One can therefore repeat the previous reasoning and the
previous arrangement of the circular substitutions, limiting oneself
to the sets that could be derived from 6" by substitutions
belonging to the system. The number of these sets is thus also
of the form np + 1. It will be shown below that this actually
yields all circular substitutions.

One can derive another set from the set 8" using any substi-
tution belonging to the system; but several of these derived sets
could coincide with each other or with 8" . In order to obtain a
relation between the number of substitutions in the system, i.e.
the order of the system, and the number of sets of circular
substitutions that could be derived from 6" by the substitutions
of the system, we would examine how many of the latter could
give the same derived set. To this end, let @ and ybe any two
substitutions by which 8" gives the same set. We then have
Yoy~ = 0%,
and conversely, which is sufficient for the derived sets to be
identical. Now
YOy = (\V(O) v(D) y(2) ... y(n-1)) and
009" = (0(0) p(a) ¢(2a) ... p(n-1)a)
Therefore, if y(0) = ¢(ma), we must have
y() = o((m + Da), y(2) = o((m+2)a), ... y(k) = o((m+k)a).
If we set ma = b (mod n), we get
y(k) = @(ak + b).
The substitutions that derive the same setas ( o ) from ( qﬂ,ik) )

k b
are thus those contained in the expression ( 7 ; : ), all of these
and no others. If ¢ now belongs to the system, then they become
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substitutions in the sy s t e m that satisfy the aforementioned
. k+b
condition are the same as those of the form ( & . ! ) However,

if both ( q}(ak,:b) ) and ¢ belong to the system, then the same
applies to the product ¢’ ( (P(ak -0 ) ( ar ) conversely, if ¢ and

e k b
( - ) belong to the system, then the same is true of ( il )

The number of these substitutions is thus equal to the number
ak +b
of substitutions in the system that are of the form (

Since the system contains the substitution ( B ) and its
powers, we see that the constant b can have all n values;
similarly, we see that if the system contains the substitution
(ak+b) for a value a, then it also contains the substitution
( ‘;ck ) for the same value, and vice versa. To examine more
closely what values a can have, we would denote by ¢ a
primitive root of the prime number n and assume that the
system contains the substitution ( a;k ); it then contains every
power of this, i.e. every substitution of the form ( ai:k ). If a'is

now the greatest common factor of o and n—1, we can set
Eo=a' (mod n-1),

whereby we obtain g% = g (mod n;

furthermore, if n—1 = a' a", one sees that the system

contains the following series of a" substitutions:

D CH -,

: o k
If the system contains more substitutions of the form ( - ) then

PRy . : o : s
these, e.g. ( : ) it must contain a similar series of substitutions:

G CEY (),

where B’ denotes the greatest common factor of 3 and #—1, and where
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n—1 =B’ B". It must also contain every substitution of the form:

gl +
(5 )
Now, C and 1 can always be given values such that
Ea'+MB' =y (modn-1),
where ( is arbitrary and y denotes the greatest common factor of

o’ and B'. The system therefore contains the following series of
v' substitutions

(:) ( -‘3;" ) ( Ezlk ) ( a“':“’k ),Where vy =n-—l.

This series contains all substitutions in (1) and (2). In this way, one
. . . ak .
can continue until all substitutions of the form ( - ) in the system

have been exhausted. All these substitutions are therefore powers
of a single substitution; if their number is v, then v must be a divisor
of n—1; if n—1 = v+ v/, they could be written as follows:

( k) ( Ev'k ) Ez\"k a(\‘—]}\"k
D)) ).
g(v—l)v .

The values that a can have are therefore 1-&" &2 ... , 1.e.
all numbers of the form a'. The substitutions of the form

ak +b . .
( " contained in the system are therefore expressed by

'k +b
( L ), and their number 1s n-v.
According to what has been said above, the number of substitutions
in the system by means of which one can derive a given other set of
circular substitutions from 6" is equal to n-v; which is also the
number of those by which the set 6" is derived from itself. If the
number of sets that can be derived from 6" using the substitutions of
the system is np + 1, then the order of the system is (np + 1)-n-v.

It is conceivable that there are more sets of circular substitutions
than the ones mentioned np + 1. Therefore, let 3" be a set that
cannot be derived from #" by any of the system’s substitutions.
Since it does not matter which of the system’s circular substitutions

1s denoted by ( k,: ' ) , the following applies, as proven above about 6
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also applies to 9. If the number of sets, that could be derived
from 9" by the substitutions of the system, is equal to np; + 1,
and the number of substitutions, that change 9 to its powers by
derivation, 1s nv;, where v; denotes a divisor of n — 1, then the
order of the group is equal to (np; + 1) nv,. We then have
(npy + 1) nvy = (np + 1) nv where v; = v (mod n), i.e. v = v,
which again implies p; = p. The circular substitutions that could
be derived from 9" by the substitutions of the system therefore
constitute as many sets as those that could be derived from 6";
I add that they are also different from these. For otherwise one
would have to have an identity of the form
0O ¢ =y 9y,
where ¢ and y belong to the system. From this it follows that
9=y 00" 0 y=(y" ) 0" (v 9),
i.e. 9 could be derived from #” using y '+, which belongs to
the system; but this contradicts the assumption. If there were
more than np + 1 sets of circular substitutions in the system,
there would have to be at least 2(np + 1). If there were more
than these, it can be seen in the same way that there would have
to be at least 3(np + 1). In short, the number of different sets
must be a multiple of np + 1; let it be called m (np + 1). But
according to what has been proven above, we then have
m(np +1)=1 (mod n),ie m=1.
One can therefore set
mmp+1)=mg+1) (np+1).
Each set now contains n—1 circular substitutions (excluding the
identical substitution); the total number of circular substitutions
is thus also m(np + 1) (n—1), and this number must be less than

the total number of substitutions; we thus have
(nmg+1)(nmp+1)(n-1)<(np+1)-nv.
Since n—1 > v, it follows that ng + 1 < n, 1.e. ¢ = 0.

Scientific Society Negotations/Discussions [Vidensk.-Selsk. Forh.] 1867. 8
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Therefore, there are no more sets of circular substitutions than
those that could be derived from " by the system’s own substi-
tutions. It should be noted here that the circular substitution

denoted by ( k,:l) has been chosen quite arbitrarily; what has

been proven about this one thus also applies to any other. It should
also be noted that the equations solvable by root signs are
included in the general rule, as they correspond to the value p = 0.

Putting together everything that has been proven above, we have
the following:

If a system of conjugate substitutions belongs to an irreducible
equation of prime degree n, then the order must be a number of the
form (np + 1)-n-v, where v denotes a divisor of n—1. The number of
different sets of circular substitutions is np + 1, and each of these
can be derived from any other set by n-v of the system’s substi-
tutions. If the roots are denoted by the same letter with added
indices taken from the modulus n, in such an order that one of the

. ST . k+1 .
circular substitutions is denoted by ( i ), then v is the number of
P k
substitutions of the system of the form ( ‘:( )

If it is now proven that the order of any transitive system of
prime numbers of degree n must be of the form (np + 1)-n-v,
then it is already clear in advance that there are no systems of
any order that are numbers of this form. Since the order is a
divisor of 2-3-...-n, (np + 1)-v must be a divisor of 2-3-...-(n—1).
But even when this condition is not fulfilled, there are always
systems of order (np + 1)-n-v. The 7th degree already provides
several examples of this.

Thus, the following is easily proven: One cannot have v = 1,
except in the case p = 0, i.e. the Abel equations.

If v =1, the system has (np + 1)-n substitutions, and of these, (np + 1)
-(n—1) are circular; thus, there are only np + 1 substitutions in the
system that are not circular. But now the number of substitutions
that leave any root x; unchanged must also be = np + 1; the np + 1
non-circular substitutions therefore leave any root x; unchanged.
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Since the system has only one such substitution, the identical
substitution, we conclude: np + 1 =1, p=0.

It further follows that: When p > 0, i.e. when excluding the
equations solvable by root signs, and n is of the form 4k + 3,
one cannot have v = 2.

The system must contain the substitution ( ;k ) or
(1, n—1) (2, n-2) (3, n-3) ... (n—1)/2, (n+1)/2),

which is composed of an odd number of transpositions. But
now we have the following theorem.

When a system of conjugate substitutions contains a substitution
composed of an odd number of transpositions, its order is an even
number; one half of its substitutions is composed of an odd
number of transpositions, the other of an even number, and the
latter constitute a complete system of conjugate substitutions.

Namely, those of the system’s substitutions that are composed
of an even number of transpositions:
1-([)1 Q2 ... Opg ... (Cl),

then @; @, 1s also a substitution belonging to the system and

composed of an even number of transpositions; it is therefore

included in (a). The substitutions (a) thus form a system of

conjugate substitutions. Furthermore, if y and y are any two of

the original system’s substitutions that are composed of an odd

number of transpositions, then it is obvious that

W, VOL, YP2, <oy YO, 1, ... (D)

are r distinct substitutions of the same kind. Now y -y is

composed of an even number of transpositions, i.e. one of the

substitutions a. We therefore have

v =grand 3 =y @

All the substitutions of the original system are thus included in

(a) and (b); their number is therefore 2r.

If there were a system of order (np + 1) n-2, there would also

have to be one of order (np + 1) n, which is only possible if p = 0.
g+
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When one wishes to form a picture of the relationship between
circular substitutions in derivation, one can imagine the
equation transformed into another such that for each set of
circular substitutions belonging to the given equation, there
corresponds a root in the transformed equation. Since the
transformed equations thus obtained are also of interest in other
respects, I shall discuss the matter in more detail. I must thus
refer to some theorems of the general theory of algebraic
equations, which I shall insert and provide with proofs, as I do
not know of any place where they are developed.

1. Let u be a rational function with known coefficients of the
roots Xxop, X, ... , X, In an algebraic equation, and let its
numerical value remain unchanged by a substitution &; if now a
substitution ¢ of the system of conjugate substitutions belonging
to the equation changes u to u', then the numerical value of u'
remains unchanged by the derivative of 6 using .

Namely

u = f(xo X1 ... Xou1) = f (Xo0) Xo(1) -+ Xo(a-1))5
this relation must continue to hold, even if the substitution ¢ is
performed, i.e.

u' = f (X Xo(1) - Xom-1) =f (Xo00) Xoo(1) -+ Xobn-1))-

Thus, we see that ' remains unchanged by the substitution
( T(ik)) ), i.e. by (p-H-(p_l.

2. If in the function uy = f(xg X1 ... x,_1) one performs the system of
conjugate substitutions associated with the equation, one obtains a
number of functions equal to the order of the system, each of which
corresponds to a permutation in the group of the equation; however,
several of these could have the same numerical value. If the number of
mutually different values of u, is m, and the number of different
permutations corresponding to ug 1S u, then the order of the system of
conjugate substitutions associated with the equation is equal to m - u.

Namely, if on has
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-1
I/t():I/t()': I/t()”:.. :I/t()(M )

where uy up' ... u™™" correspond to different permutations
and i1f these functlons assume the substitution values u; u;’
.. 11"V belonging to a certain equation, then we have

— — - — . D
ul—ul—ul = ... =U .

The number of permutations, that give the value u;, is thus
at least equal to the number of those that give uy. On the
other hand, it is also clear that the number of those that give
Uy 1s at least equal to the number of those that give u;; so
both numbers are equal, thereby justifying the assertion.

3. If we call the mutually different values assumed by u in
the system of conjugate substitutions ug u; ... u,,_; associated
with the equation, then these are roots of an irreducible
equation of degree m, whose coefficients can be expressed
rationally by known quantities.

If by a certain substitution ¢ ug u; ... u,_; belonging to the
equation, we go over to uy' u;' ... u',_1, these latter must be
included in the former; on the other hand, they must be
mutually different; for from u'; = u'; 1t follows, by applying
the substitution (p , that u; = u;, which is contrary to the
assumption. From th1s it follows that uy' u;' ... u,_;" are the
same as Uy U ... U, in some order. Since symmetric
functions of uy u; ... u,_; are unchanged by all substitutions
belonging to the equation, the equation

F(u) = (u—up) (u—uy) ... U—up1)=0
has coefficients that can be expressed rationally by the
known quantities. The irreducibility of this equation is
therefore demonstrated. If u is a root of an equation F(u) =0
whose coefficients can be expressed rationally by the known
quantities, then it follows immediately from the relations

F'(u) =0 that F'(up) =0, F'(u1) =0, F'(up) =0, ..., F'(u,1) = 0.

Since such an equation must therefore be of degree m at
least, F(u) = 0 is irreducible.

4. The system of conjugate substitutions belonging to the
equation F(u) = 0 consists of the substitutions of the roots
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Uy Uy ... U,_1, which are caused by performing the system of
conjugate substitutions belonging to the given equation in the
expressions of these quantities as functions of xy xy ... x,,_;.

If the latter system is called S and the corresponding system of
substitutions 7', then any rational function of these that is
unchanged by the substitutions 7" can be regarded as a function
of the x’s that is unchanged by the substitutions §, and can thus
be expressed rationally by the known quantities. A rational
function of the r’s, on the other hand, which changes value by a
substitution belonging to T, is a function of the r’s that changes
by the corresponding substitution in S, and so cannot be expressed
rationally by known quantities. 7T is thus really the system of
conjugate substitutions belonging to the equation F(u) = 0.

I now return to the aforementioned transformation of the given
equation. Let y denote a rational function of the roots xj x; ... X,,_1,

whose numerical value is unchanged by the substitutions
a’k+b

("%

becomes a root in an irreducible equation of degree (n(np+1) v)/nv

or np + 1, if the coefficients are known quantities.

), but is variable by all other substitutions. This y then

If by a substitution ¢@ belonging to the original system of
conjugate substitutions, which for brevity I will denote by the

letter S, y is transformed into y’, then y’ remains unchanged by

o : : : @k +b)
any substitution contained in the expression ( o) ). On the

other hand, y’ cannot remain unchanged by substitutions other
than these n-v substitutions; for if, conversely, y'is transformed
to y by ¢!, it would follow that y remained unchanged by more
than n-v substitutions. Each value of y thus corresponds to a

partial system of conjugate substitutions of order n, which is

equal to the system ( “vk;b) and thus contains one and only

one of the np + 1 sets of circular substitutions in §. Since every
. k+b - 0 o

set can be derived from the set ( ; ) by substitutions belonging

to S, there is also a value of y; as a result, two different values
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of y cannot remain unchanged by the same set of circular
substitutions. By derivation using the substitutions in S, the np + 1
sets of circular substitutions will thus correspond to each other
in a way that can be expressed by the substitutions of the r’s
caused by the same substitutions. These substitutions of the y’s
now constitute precisely the system that belongs to the equation
of the y’s; for brevity, let us denote this system by the letter 7.
T now contains at most (np + 1)-nv substitutions. If it
contained fewer, T would have to contain substitutions that left
all y’s unchanged. But if a substitution of the system S leaves
the function that we initially denoted by y unchanged, then it is

of the form ( “v‘k;b ); if here @ = 1, it is circular, and according
to what has been said above, such a substitution will exchange
the other y’s in p circles, each consisting of n. If, on the other
hand a” = 1, the substitution leaves an x; if this is xo, then b = 0.
Let us denote (akk) by ¢ for a moment, and let ¢ y’ corres-
ponding to the set 6," remain unchanged, then we must have

(p(91(p‘1 = 6,°, just as we have (pH(p‘1 -0"  Asa result, we get
006,60 =00¢0) (@0ho) (00" ¢)=0" 00"

Since " = 1, this circular substitution is not of the same set as
06,6, and consequently ¢ does not leave y, corresponding to
6 0,6, unchanged. Since, without changing the circular substi-

tution ( k,: ' ) , any x can be denoted by x;, the same applies to the other

substitutions of the form ( “ k; ’ ), where @” = 1. So it has been proven
that the system 7 really contains (np + 1)-n-v substitutions.

Now as a result, the roots in the given equation can again be
expressed as rational functions of the y’s. If the y’s are included
among the known quantities, then, as i1s well known, under this
new assumption, the system of conjugate substitutions in the
given equation will retain only those substitutions in S for which
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the y’s are unchanged, i.e. it will consist only of the identical
substitution. Any rational function of the x’s can therefore be
expressed rationally by the known quantities to which the y’s
are now counted.

Any transitive system of conjugate substitutions of prime degree
n and of order (np+1)-n-v can thus be derived from another
transitive system of the same order, but of degree np + 1.

There are well-known examples of this; for n = 5, 7, 11, there
are systems where p = 1, namely of order (n + 1) n (n—1) for n
=5,and of order (n+1)n-n-1/2forn=735, 7, 11, of which the
5th degree contains all possible substitutions, the other half;
those of the 7th and 11th degrees, on the other hand, fewer.
Now, the equations to which these last two systems belong are
first derived from equations of the 8th and 12th degrees,
namely from the so-called modular equations in the theory of
elliptic functions, belonging to transformations of the 7th and
11th degrees. A closer examination will also show that these
modular equations really stand in the same relation to their
reduced forms of the 7th and 11th degrees as the above
equation of the y’s to the original equation of the degree n.
Similarly, the modular equation belonging to the transformation
of the Sth degree can be converted into an equation of the Sth
degree. Now, according to G al o1 s (Lettre a M. Auguste Chevalier,
Liouville’s Journal, Volume 11, 1846), equations of degree n,
whose system of conjugate substitutions is expressed by

ak+b
ck+d
k ’

e.g. modular equations, are transformed into other equations of
degree n only in the cases mentioned. ' If there are systems of
conjugate substitutions of degree n and of order (n + 1)n-v,
where n 1s a prime number greater than 11, these must be
derivable from other systems of degree n + 1 than those whose
substitutions are of the form

' This part of Galois’s assertion is not proven in Betti’s work on this subject (Sopra
I’abbassamento etc. Tortolini’s Annaler 1853). I shall give the proof on another occasion.
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ak+b
ck+d
k

Of the theorems developed above, the following are proven by
Mathieu in the frequently mentioned treatise. The number
of sets of circular substitutions is of the form np + 1; if the
order of the system is called n r, then r is divisible by a certain

factor of n—1; if this is v and n—1 = v - v/, the system contains

the n v substitutions ( “vk;b ) The number v 1s greater than 1,

and, if n 1s of the form 44 + 3, also greater than 2; finally, the
system contains at least /v sets of circular substitutions, since
such a number can be derived from one of them using the
substitutions of the system. To this I have added that the
number of sets that could be derived using the substitutions of
the system from any of them is of the form np + 1; this has
provided a means of proving that these np + 1 sets in fact
contain all the circular substitutions of the system; from this it
further follows that the order of the system is the product of the
three numbers denoting the degree, the number of sets of
circular substitutions, and the number of substitutions that,
when derived, leave any set unchanged. It thus becomes
possible to specify both of these last numbers without knowing
anything other than the order of the system. Finally, I will give
a couple of examples of this.

M athieu has shown that there are transitive systems of
degree ¢" + 1 and of order (¢" + 1) ¢’ (¢" + 1)r/t, when g is a
prime number and ¢ is a divisor of r. If g = 2 and r is a power
of 2, it may be that ¢" + 1 is a prime number. We then have

n=2"+land 2"+ 12" 2" -1))r/t=n(np + 1)-v,
from which it follows that 2" (2" — 1) =2 (mod n) and

v =2 r/t, which is a divisor of n—1 or 2,
andnp+1=2"2"-1).

These systems thus contain 2r/t substitutions of the form
k : .
( %) and 2" (2"— 1) sets of circular substitutions.
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Another example can be found in systems of conjugate substitutions,
which are known from those equation theories solvable by root signs.

Let g be a prime number as before, and let us consider an equation of
degree ¢" — 1, whose roots are separated by r indices i, k, ..., m, which
assume all values according to the modulus g, except for the combination
i=k=l=...=m=0.

Let us further assume that the system of conjugate substitutions
belonging to the equation consists of the

@-D@ -9 @ ~q)..(q"~q)
substitutions of the form
{ ai+bk+..+dm, aji+bik+..+dm, .. a._i+b_k+..+d._m }

l . k i m

These are now symmetrical functions of the (¢"—1)/(g—1) systems of
q— 1 roots, whose indices have the same relation to each other, so that
these functions are all unchanged by the g— 1 substitutions of the form

ap Ny e a,,
{ i k}i ey M }
and would only be interchanged with each other by the other substi-
tutions of the system. They are thus roots of an equation of degree
(¢'—1)/(g—1), whose system of conjugate substitutions is of the order
q-11g-1)(q -9 G -4 . (¢"-q .
If r is an odd prime number, it may be that (¢'—1)/(g—1) is a prime
number. If (¢"—1)/(g—1) = n, it is easy to see that ¢ is a primitive
root in the congruence z" = 1 (mod n), from which it follows that
(z'=1/2=1) (z=q) (z=¢") (z=¢)... (z=¢ 7).
If we now set z=¢" = 1, we find

@ =9 (G =) (G ~q) . (¢ ¢~ =r (mod ).
In these systems we have v = r, which is a divisor of n—1, and

np+ 1= -q/N G-V G ~7)...(d~q")

Copyright © 2026 Felix F. Flemisch
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Théoremes sur les groupes de substitutions.

Par M. L. Syrow & FreEperiksuarp en Nonvian.

On sait que si l'ordre d'un groupe de substitutions est divisible
par le nombre premier 1, le groupe contient tonjours une substitution
d’'ordre . Ce théoréme important est contenu dans un autre plus
géuéral que voici: ,,Si Tordre d'un groupe est divisible par n%, n étant
premier, le groupe contient un faisceau partiel d'ordre ne%. La dé-
monstration méme du théortme fournit quelques autres proprid¢tés
générales des groupes de substitutions. J'y ajouterai eucore quelques
propositions moins générales qui s’y ratachent ou qui en écoulent,
dont quelques unes pourtant sont -déji connues par un travail de
M. E. Mathieu.

Les notations et les termes employés sont ceux de M. C. Jordan.

1. Si G est un groupe de substitutions dont lordre N est divisible
par le nombre premicr %, on sait que G contient une substitution
d'ordre 2, mais nous pouvons supposer plus géndralement quil con-
tienne un groupe g d'ordre n, dont par conséquent chaque substitution

est d'un ovdre diviseur de m*. Nous désignerons les substitutions
de g par

1 9' 92 LI
tandis que les substitutions de & en général seront désignées par

L v
Enfin nous snpposerons que G ne contient aucun groupe partiel

dont Pordre est une puissance de » supérieure & n®. Or @ contient
toujours des substitutions permutables & g, savoir les substitutions de
ce dernier elles-mémes, mais il est possible qu'il en contient un nombre
plus grand; en tous cas ces substitutions forment un groupe ¥, qui
contient g, et dont I'ordre sera désigné par n*v; ce nombre est i son
tour un diviseur de N; nous pouvons done faire:

N =nv],,
Les substitutions du groupe p seront désignées par

lo, @p......
Les 0 sont done comprises parmi les ¢, ainsi que celles-ci parmi les .
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Cela posé, nous allons d’abord démontrer que le nombre » doit
¢tre premier & n. Soient , #, &, . ... les lettres que le groupe G
permute entre elles, et soit , une fonction ratiounelle des z, invariable
par les substitutions de g mais variable par toute autre substitution.
Cette fonction prend par les substitutions de p les v valews différentes

YoYU YpveoooYp—1-
Chacune de ces fonctions est invariable par les substitutions de g
mais variable par toute autre substitution. En effet, si y, se déduit
de g, par la substitution ¢,, y, est invariable par le gronpe transformé
de g par @,, mais variable par toute autre substitution; mais @, étant
permutable & g, le groupe transformé se confond avee g. Or si T'on
opere dans les y les substitutions de y, on aura entre ces quantités
un groupe p* nécessairement transitif et isomorphe & . Pour en avoir
Vordre il faut diviser celui de y par le nombre des substitutions ¢ qui
Nalterent aucune des y, cest-i-dire par #2. Llordre de 3 est donc ».
Si maiutenant » 6tait divisible par 2, ° devrait contenir une sub-
stitution d’ordre #; une substitution correspondante ¢, de y devrait
remplir la condition
Q" =0, .

Mais puisque ¢, est permutable & g, on voit que dans ce cas les sub-
stitutions 0, @,? formeraient un groupe d'ordre n*+! contenu dans
G. Cela étant contraire i hypothise, on conclut que » est premier a n.

Notons ici que les @ sont les seules substitutions de p dont les
ordres sont des puissances de n. En cffet, si ¢, est une substitution
de y étrangere & g, les substitutions 8,¢,” forment un groupe dont
Vordre est égal & nom, m désignant l'exposant de la puissance la
moins élevée de ¢, qui appartient & g. Or on voit sans peine que
les seules puissances de ¢, qui appartiennent & g sont celles dont les
exposants sont des multiples de m, d'olt il suit immédiatement que m
est un divisewr de lordre de ¢, Si donc lordre de ¢, était une
puissance de 2, on aurait m= 2#, ce qui est impossible, le groupe
des 0,¢,? ne pouvant étre dordre n*+7.

Le nombre % n'est pas non plus divisible par n. Pour le faire
voir imaginons une fonction rationnelle des z invariable par les sub-
stitutions de g, mais variable par toute autre substitution. Soit z,
cette fonction, et représentons par

303]52..- -zﬁ—-l

les I valeurs quelle prend par les substitutions de G. Effectuons
dans les 7z les substitutions de g; par cela z, ne varie pas, mais
chacune des autres z prend un nombre de valeurs qui est un diviseur
de lordre de g, c'est-d-dire une puissance de n. Cette puissance ne
peut se réduire & l'unité; si par exemple z, était invariable par g
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et que z, se déduise de 2z, par la substitation @, 2z, devrait étre in-
variable par le groupe transformé de g par u,~'; or, le seul groupe
d'ordre 22 contenu dans yp étant g, ¥,— ' devrait étre permutable & g,
ce qui n'apas liew. Si done on partage les fonctions 2, . ... 2, en
systemes, en réunissant ensemble celles qui se permutent entre elles
par les substitutions de g, le nombre de fonctions contenues dans
chaque systeme sera une puissance de n. Par conséquent le nmombre
I est de la forme mp 4-1. Lordre de g égale done la plus grande
puissance de n qui divise lordre de G. Les résultats obtenus se
résument ainsi:

Théoréme 1. Si ne disigne la plus grande puissance du nombre
premier n qui divise Uordre du groupe G, ce groupe contient un autre
g de Vordre w®; si de plus nev ddsigne Uordre du plus grand groupe
contenw dans G dont les substitutions sont permutables & g, Vordre de
G sera de la forme n*v (np 4 1).

2. Kvidemment g nest pas le seul groupe d'ordre n® contenu dans
G, excepté seulement le cas p=0. Mais on pourrait demander si
G en contient d'antres que g et ses transformés par les substitutions
de ¢. Voili ce que nous allons rechercher. Soit ¢ un groupe d’ordre
n® contenu dans G mais différent de g, et soient

1858, i
ses substitutions. Effectuons ces substitutions dans les fonctions Z,
et réunissons en systemes celles qui par cela s'échangent entre elles.
Comme nous P'avons déja dit, le nombre des fonctions contenues dans

chaque systeme doit éfre un diviseur de 7%; on doit donc avoir une
égalité de la forme

np+l=n~+n®+4n ...
n% 0%, #°. .. désignant le nombre des fonctions contenues dans les
divers systémes. Mais cela exige qu'au moins un des exposants
abe ... soit nul; en dautres termes, il faut qu'au moins une des
fonctions # soit invariable par toutes les substitutions de ¢. Soit
cette fonction, et supposons quelle se déduise de z, par la sub-
stitution ¢. On 2 n’est invariable que par les substitutions 3~ 1,y
de plus ¥~ 1g,¢y; est semblable a ., et parmi les @, il n’y a que
les 6 dont les ordres sont des puissances de . Il faut done qu'on ait

8 = Y~ 10y
pour toutes les valeurs de b. Le groupe ¢ est done le transformé de
g par yp.
Si d'ailleurs on remplace ¥y par @, ¢, on a évidemment le méme
groupe transformé, De l'autre coté ¢ ne peut étre remplacée que
par @,¢z. En effet, si 'on a

Y 10ty = P~ 10, ¢
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pour toute valeur de @, il s’ensuit
Ut~ 0 Puihs— ' =0,
d’ott 'on conclut

P~ = @
ou

Y= @Y.
On peut douc énoncer ce théoréme:

Théoreme II. Tout dtant posé comme au théoréme precédent, le
groupe G contient précisément np + 1 groupes distincts d'ordre n*; on
les obtient tous en tramsformant Uun quelconque dentre cuxr par les
substitutions de @, tout groupe étant donné par n*v transformantes
distinctes.

Par un raisonuement analogue on voit que tout groupe contenu
dans G dordre #f, B étant moindre que e, est le transformé d'un
groupe contenu dans g par une substitution de G, et quil y a au
moins nev manicres de lobtenir par transformation. Il est en effet
possible quil y en ait plus, puisque de la relation

Ypty 10, P = B

ti'mb:.-" = @r
i moins qu'elle n’ait lien pour toute valeur de a.

3. Nous allons maintenant nous occuper du groupe g. Formons
les transformées des substitutions 10,0, ... par une d'elles; comme
par cela on ne fait que les reproduire dans un autre ordre, on a une
substitution entre les substitutions 6 elles mémes. Si on les frans-
forme successivement par toutes les substitutions de g, on a un groupe
de substitutions; cela résulte en effet immédiatement de Videntité:

'Bf,__ lﬂa_lﬁrﬁa B& — (ﬂaab)_ler ('Baeﬁ) .

Le groupe entre les' 6 quon obtient de cette maniere est nécessairement
intransitif, la substitution identique au moins étant in'variaifle par les
transformations; mais il y a aussi d’autres substitutions invariables,
comme nous allons voir. En cffet on peut réunir en systémes celles
des substitutions qui s’échangent entre elles par les transformations;
cela fait, les transformations produiront un groupe trapsitif entre les
substitutions de chaque systtme. Or le nombre de substitutions 6
contenues dans un systéme est un diviseur de lordre du groupe cor-
respondant; mais on voit par un raisonnement familier que Iordre de:
ce groupe cst égal & ne divisé par le nombre des transformations qui
ne font varier ancune des substitutions du systeme considéré. Ainsi
donc le nombre de substitutions contenues dans chaque systeme est
une puissance de 2. La substitution identique étant invariable, on
doit avoir une égalité de la forme

ne=1-4ns4n" 4

on ne peut conclure
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ol 1n%n’ ... sont les nombres des substitutions des divers systemes,
Cela exige qu'au moins # — 1 des exposants ab. . . soient nuls. Tlya
done dans le groupe g au moins n substitutions, y comprise la sub-
stitution 1identique, qui sout invariables; en d'autres termes il y a
dans g au moins » substitutions échangeables & toutes les substitutions
du groupe.

Or puisque, deux substitutions étant échangeables, leurs puissances
le sont également, il y aura toujours parmi les substitutions échan-
geables & toutes les autres une substitution d'ordre n. Soit 0, cette
substitution, et soit 7, une fonction rationnelle des x, invariable par
6, mais variable par toute autre substitution, et représentons par

YoYr Yo <o evs

les n*—* valeurs qu'elle prend par les substitutions de g. En effectuant
dans les y les substitutions de g on aura entre ces fonctions un groupe
isomorphe & ¢, dont lordre est évidemment ne—1. En vertu de ce
qui vient d’¢tre démontré ce groupe doit contenir une substitution
d'ordre n échangeable & toutes les substitutions du gronpe. Soit main-
tenant 6, une substitution correspondante de g. Effectuée n fois de
suite 6, doit ramener toutes les y & leurs places primitives, donc
' 6" = 0,%.
De plus, si & désigne une substitution quelconque de g, 6, doit pro-
duire entre les y la méme substitution que sa transformée par &, cest-
ia-dire, on a
919,84 = 0,°6, .

Les substitutions 0,78,* constituent évidemment un groupe d’ordre
1% Si maintenant on forme une fonction rationnelle des z invariable
par les 6,'6,%, mais variable par toute autre substitution, et qu'on
raisonne sur cette fonction, comme nous avons raisonné sur y,, on
voit que g doit contenir une substitution 0, qui remplit les conditions

9291- = guceld
’B'_lez'a' = Bﬂeeltez »
En continuant ainsi on démontre le théoreme suivant:

Théoreme III. Si UVordre d'un groupe est n®, n étant premier, une
substitution quelconque & du groupe peut étre exprimée par la formude

= Bﬂ.’elkegi . .. B“—lr

al G{]“ |
.Blﬂ — Bna
0," = 6,°0,°

Ban - Bﬂdeleezf
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et on lon a - 910,80 =6,
9—10,8 = 0,00,
9-10,9 = 0,70,6,
10,9 =6,10,50,76,

On voit que les facteurs de composition du groupe 3{0:«1}{: tousﬁ éganx
4 m, nous pouvons donec énoncer comme corollaire la proposition snivante:

Si Vordre dune équation algébrique est une puissance dun nombre
premier, Uéquation est résoluble par radicanz.

Supposons que le groupe g soit transitif et que le nombre des
lettres soit égal & mf. Dans ce cas la substitution que nous avons
nommée 0, est réguliere, c'est-i-dire qu'elle déplace toutes les lettres,
et que toutes ces cyeles en contiennent un méme nombre; ear aut-mn}eut
elle ne serait pas évidemment échangeable a toutes les subst}tut!ons
du groupe. De plus le groupe sera imprimitif; en effet les substitutions
remplaceront les lettres contenues dans un méme cycle de 6, par ‘des
lettres d'un méme eycle. Done Iéquation le partagera par la réso-
lution d'une équation de degré mf—! en nf—! équatiaus: de degref n.
Lvidemment les groupes de ces derniéres équations, ainsi que celui de
Iéquation auxiliaire, ne contiendront que des substitutions dont les
ordres sont des puissances de n; les équations de degré n seront par
suite abéliennes. Done:

Théoréme IV. Si le degré dume cquation irréductible est nf, n
dtant premicr, et que Uordre de son groupe soit cgalement une wfz'ssaﬂcc
de n, U'une quelconque de ses racines se ddterminera par une suite de p
équations abéliennes de degré n.

Pour le cas 1 = 2 cette derniere proposition a été démontrée par
M. J. Petersen (Om de Ligninger, der kunne léses ved Kvadratrod
ete. Kjobenhavn 1871). o

Ces résultats peuvent méme &tre généralisés. En eﬂ:ei;, si lordre
du groupe d'une équation est égal & nom, m étant mmndr‘e que 7,
on a, cn employant le théoreme I, p=0, m =w». Par suite toutes
les substitutions du groupe sont permutables au groupe partiel que
nous avons désigné par g. Le groupe se réduit domc a g, sl l’m}
adjoint les fonctions que nous avons désignées par ¥, « - -, ef; qui
sont les racines d’une équation dont l'ordre et le degré 501,113 égaux
3 m. Si done l'équation auxiliaire est résoluble par radicaux, ]équu_tmn
donnée lest également. De la s'ensuit comme conséquence immédiate:

Thioréme V. Si Uordre dune dquation algébrique est

ﬂ-aﬂ,a'ﬂzﬂ" ?33“' L RC R R

n N, N, Ny . ... ctant premiers, si de plis on a
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H > nMn," 0, , |, .,

Ny 2> MBng™ . L.,

Mo 2> Ny% L 0L,
Ucquation est résoluble par radicauz.

4. De ce qui précéde on tire aussi une démonstration simple du
théortme de M. E. Mathieu: Tout groupe tramsitif entre ne dettres,
n désignant un nombre premier, contient une substitution régulierve d'ordre
n. (Voir le journal de M. Liouville 1861.)

Soit G un groupe transitif de degré n=m, et soit N son ordre.
Or N est divisible par nem; faisons done

N=un=+ém N",
N’ étant supposé premier & n; soit de plus G’ le groupe d’ordre nf N’
qui contient les substitutions de G qui ne déplacent pas z,. Maintenant
G contient un groupe g d’ordre ne+#, et les substitutions de ce dernjer

qui ne déplacent pas z, forment un groupe ¢, dont nous désignerons
Pordre par n¥, Or ¢ est évidemment contenn dans G', done on a

y <8.

Mais si Ton désigne par » le nombre des places qui sont succes-
sivement occupées par z,, quand on effectue toutes les substitutions
de g, on a, comme on sait,

L
done r > 0",

Le nombre » est nécessairement une puissance de n; d'ailleurs ce
qui vient d’étre démontré pour x, a aussi lien pour chacune des z,
Done chaque lettre prend par le groupe ¢ un nombre de places qui
est une puissance de n égale ou supérienre i ne.

Si maintenant on suppose m =1, on voit (que g doit étre transitif,
Cela étant, g doit contenir une substitution régulitre comme nous
Vavons déja dit. Le théoreme est donc démontré.

11 'y a un autre cas oit Yon peut également démontrer l'existence
de substitutions régulitres. Supposons en effet « =1 avec m < .
Puisque %® > mn, on conclut que chaque lettre prend par les sub-
stitutions de g précisément n places différentes. Si donc m réunit dans
un méme systeme les lettres qui s'échangent entre elles, on aura m
systemes de n lettres chacun. Boit maintenant ¢ un cycle dune sub-
stitution de g, ¢ représentera une substitution circulaire des # lettres
d'un méme systeme. Or si une autre substitution de g fait subir aux
mémes lettres un déplacement, ce déplacement ne sera autre chose
quune puissance de ¢, car dans le cas contraire on pourrait des deux
substitutions dériver une troisitme qui me soit pas d'ordre n. Soit
donc 0 une substitution de ¢, on a
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0=¢cC....0C
¢z désignant une substitution circulaire entre les lettres du 1 gysteme.
Si maintenant » < m, le groupe g doit contenir une substitution 6,
qui permute les lettres du (r 4 1)" systéme, et d'aprés ce qui vient
d’étre dit on a
B =el¢t .. ep16 g me - Cry
les nombres & ¢ ... ¢ pouvant étre nuls. On en fire
0P, = e Hlepte. et 1. - G

Or, puisque le nombre des systémes est inférieur & 2, on peut
déterminer p de sorte qi'aucun des nombres p +d, p4¢,...p+§
ne soit égal & zéro. On obtient ainsi une substitution ayant r 4
cycles. Si # - s < m, on déterminera de la méme maniére une sub-
stitution de ¢ qui a plus de r -4 s cycles; en continuant ainsi on
finira par trouver une substitution réguliere.

Théoréme VI. Une groupe transitif entre nm letlres, n ctant premier,
et m < n, contient une substitution réguliére dordre n.

En vertn de ces deux théortmes tout groupe transitif emtre un
nombre de lettres moindre de 12 contient des substitutions régulieres.
Mais déji pour le degré 12 il existe des groupes transitifs qui en sont.
dépourvus. Ainsi les substitutions du groupe dérivé de

8y = (@, %3) (32, %s) (T6T7%s)

0, = (232, 25) (X @5 %7) (Ty%10%11)

P = (& T3 Ty Ty Ty Ty T Tyy) (@ 2 1 %1o)
sont semblables les unes 4 ,, les autres aux puissances de @. Un
autre exemple est le groupe dérivé de 6, 6, et des substitutions smivantes

(2 T3 2, ;) (Z2%5) (242927 %y1) (wg2p)
(% @7 2, %) (wy28) (@329, zy,) (%5 2y) -

Ces deux groupes sont d'ordre 72, et caractérisent des équations réso-
lubles par radicaux. .

5. Considérons maintenant les groupes transitifs de degré premier.
Soit n le degré, N Vordre du groupe. Puisque N est divisible par n
mais non divisible par »*, on a

N=mnv (np -+ 1)
Supposons les lettres rangées dans un ordre tel qu'une substitution
circulaire du groupe est exprimée par

0=|k k4 1|;
alors les substitutions permutables au groupe dérivé de © sont de la
formo

|k ak - 0]
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Or nv est égal & Vordre de ce dernier groupe, donc » est éoal au
nombre des substitutions du groupe domné qui sont de la forme
|L ak|; v est done un diviseur de » — 1. On a done ee théortme:

Théoréme VII. L'ordre dun groupe transitif entre un nombre
premicer de lellres est de la forme nv (np 4 1), ot n est le degré,
np -1 le nombre des substitutions régulicres essenticllement différentes,
cest-a-dire, qui me sont pas des puissances les unes des autres, et ot v
est le nombre des substitutions de la forme |k alk|, unc substitution
circulaire quelconque dant désignée par |k T 4 1].

Ces résultats sont en partie conmus par les recherches de M. E.
Mathieu, qui a démontré que le nombre des substitutions ecirculaires
essentiellement différentes est de la forme np 41, et qu'il y en a an

moins -IE, un tel nombre pouvant dtre déduit des [k % - b] en les
ny

transformant par les substitutions du groupe. Ce qu’il faut ajouter
aux propositions de M. Mathieu pour avoir le théortme ci-dessus c’est
done que toutes les substitutions circulaires peuvent étre déduite de la
maniére mentionnée, un point sur lequel M. Mathien semble avoir
conservé des doutes.

Qu'on se rapelle iei ces deux propomtanm également dues i
M. E. Mathieu:

1) Si p > 0, v ne peut étre égal a 1.
2) Sip >0, et que n soit de la forme 41 -+ 3, v ne peut
étre cgal a 2.

Etant donné 'ordre N d'un groupe transitif entre n lettres, notre
théoréme permet de déterminer le nombre des substitutions cireulaires
et le nombre des substitutions permutables au groupe dérivé d'une
substitution circulaire. En effet », étant moindre que n, est com-
pletement déterminé par la congruence

N
_';t.? — HIU{] 'n-;,

np -+ -

ny

et puis on a

;
gt —1 .
Prenons pour exemple le groupe du degré qq —1 * ¢ ¢tant un nombre

premier, que I'on peut dédnire du groupe linéaire & » indices. Si
5

v B E 2 -1
est un nombre premier impair, il peut arriver gne r‘; T est un

nombre premier. Faisons donc

g =1
g—1

=IH -0 @—a). ).

17n =
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Or on voit aisément que ¢ est une racine primitive de la congruence
2" = 1 mod n;
par suite on a
gr=ltg=td . . Fe2etl=—q—g¢)...(eg — g1,

Si maintenant on fait

=g =1,
on obtient
- (—D@—a)...(—g-Y)=r.
¢'est-i-dire
N —
?I: — =

Si donc on choisit les indices de sorte qu'une substitution circulaire
est représentée par |k L - 1|, le groupe contiendra » substitutions
de la forme |k alk| savoir les |k ¢'k|; le nombre des substitutions

circulaires essentiellement différentes sera qr—:g(g’— ... (@"—q ).

La formule N = nv (np 4 1) réduit considérablement le nombre
des diviseurs du produit 2.3 ... .7n propres & désigner l'ordre d'un
groupe transitif. Si par exemple on fait n =7, v doit étre égal a 6
ou & 3, excepté pour les équations résolubles par radicaux. Mais sl
existe un groupe d'ordre 7 (Tp 4+ 1)6, il y en a aussi un d'ordre
T(Tp+ 1) 3 contenant celles des substitutions du premier groupe qui
équivalent & un nombre pair de transpositions. Pour avoir les valeurs
de Tp 4 1 il suffit donc d'examiner le cas n =3; donc Tp 4 1 doit
étre un diviseur du nombre 2. 5. 4. 3, et par conséquent égal & un des
nombres 1, 23, 5. 3, 5. 3. 2°, dount le troisitme doit &tre rejeté,
puisqu’il 'y a pas de groupe d'ordre 5. 3 entre 6 lettres. Pour 22— 11
il n'y aura que 15 cas & examiner ete.

Examinons maintenant la composition des groupes en question.
Soient donc G et H deux groupes transitifs, et soit (¢ contenu dans
H et permutable & ses substitutions. Soit de plus % (np -4 1) » Tordre
de G, et désignons par 0,0, ... 0,, ses substitutions circulaires essen-
tiellement différentes. G contient done les np + 1 groupes d’ordre #:
8y, 6,",...0s". Bi l'on transforme ces groupes par une substitution
circulaire quelconque de H, qui sera désignée par 6', on doit les re.
produire dans un autre ordre; on & donc une substitution entre les
np -+ 1 groupes. Mais on voit sans peine que si un groupe 6/ n’est
pas invariable par la transformation, il doit faire partie d'un cycle de
n groupes. Donc au moins un des groupes est invariable par la
transformation. Si nous supposons que c'est 6", ce groupe ést permu-
table & 6", d'ott I'on conclut

B' = eub-
En effet, si I'on choisit les indices de sorte que
Mathematische Annalen, V. 38
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6y =1k L4 1],
il n'y a parmi les n (n — 1) substitutions |k ak 4 |, seules permu-
tables & 0,7, que les |k % -4 b| qui sont d'ordre n. Toutes les sub-
stitutions circulaires de H font donc partie de G.
Réciproquement, si G- et H contiennent les mémes substitutions
circulaires et que H contienne G-, H est composé avec G. Soit tou-
jours # (np 4~ 1) v lordre de G, celui de H sera n (np -+ 1) vv,, v,

étant un diviseur de ﬂ—:!- Les substitutions de la forme |k «ak| con-

tenues dans H sont les puissances d'une seule d'entre elles; désignons
celle-la par @; celles qui appartiennent & G seront par conséquent les
puissances de . Or il est facile & voir que H dérive des substi-
tutions 6, 0, ... 8.p . En effet le groupe dérivé de ces substitutions
est contenun dans H; de l'autre coté son ordre ne peut éire moindre
que n (np -+ 1) vv,, puisqu'il a np 4 1 substitutions circulaires et vv,
substitutions |A De méme G dérive des substitutions 6,6, . . .
0., ¢". G est donc permutable aux substitutions de I, il est per-
mutable & @. Or cela a lien, car premierement les transfonnees de
8, ;... 0., par ¢ sont des substitutions circulaires appartenant & H
et par suite & G; secondement @ est échangeable & g.

Ainsi nous avons démontré le théoreme suivant:

Théoréme VIII. Pour quun groupe transitif de degré premicr soit
composé avec un groupe partiel, il faut et il suffit que le second groupe
posside toutes les substitutions circulaires du premicer.

Soit donnée une équation dont le groupe est H. Si l'on forme
une fonetion des racines invariable par les substitutions de G, mais
variable par toute autre substitution, elle sera évidemment racine dune
équation abélienne de degré v,. ¥n adjoignant cette fonction on réduit
le groupe de I'équation a G.

Si donc une équation irréductible de degré m est composée, elle
devient simple par l'adjonction de la racine d'une équation abélienne,
dont le degré est un diviseur de n — 1.

En suppomnt p=20, on retombe sur une propriété connue des
équations résolubles par rudmaux.

Sylow, L.

Theorems on the theory of substitutions. (Théorémes sur les groupes de substitutions.)
{(French) JFM 04.0056.02

Clebsch Ann. V, 584-594 (1872).
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Cette Btude a pour oblet llanslyse des diverses dBnonstrations fleblis pour le
thbordme de Sylow dans les premiers gulnge ans sprds sa dbcouverte, en TH7L,

On sait que, par son cours sur la théorie des groupes de substitublon I. Sylow,
professeur 4 1'Universith Cristisnia de Horvége, fut un des mathbmeticiens gui
ont contribut 2 la diffusion et au dbéwveloppement de 1'oeuvre de Galois. Te
présent article nous fait assister ainsi 4 un des plus inléressants Bpiscdes
concernant la thborie des groupes, i1 y a un sidcle, FL.P. Clmpan.

The Early Proofs of Sylow’s Theorem
WiLLiaMm C. WATERHOUSE

Communicated by B.L, VAN DER WAERDEN

1. Intreduction

The early history of SYLOW's theorem is surprisingly unfamiliar. A recent
bulky history of mathematies, for instance, recounts that “Having arrived at the
abstract notion of a group, the mathematicians turned to proving theorems
ahout abstract groups that were suggested by known results for concrete cases,
Thus Frobenius proved Sylow's theorem for finite abstract groups”' MNow a
moment’s thought shows that this in itsell is not much of an accomplishment:
any finite group can be realized as a group of permutations (CAYLEY's theorem),
and so SYLOW's theorem for permutation groups implies the abstract result. The
reader then wonders whether FROBENIUS somehow did not know CaAYLEY's
theorem. But a glance at the paper in question® shows thal FROBENIUS not only
mentioned that result but had included it in one of his own earlier publications.
Obviously more careful analysis is needed to grasp what FROBENIUS was
actually doing.

The specific purpose of this paper is precisely (o analyze the various different
proofs that were given for SYLOW's theorem in the first fifieen years after its
discovery, This is of interest m itscll, since the theorem is still basic, and the
major lines of argument now known all turn out to have been discovered in
some form by that time. Bul also, by tracing this single theorem through a
crucial period in the development of group theory, we will see more generally
how the introduction of new ideas throws new light on the same result, Indeed,
we almost have a case study in levels and use of abstraction. Some of the
authors still thought of changes of variable in polynomials, others applied
group-theoretic reasoning (o permutation groups, and finally FROBENIUS him-
sell made serious use of abstract greups. In addition to the advance, the
continuity in this development will also be illuminated, since we will see
techniques equivalent to the construction of coset actions and quotient groups
used in proofs before these concepts were formulated explicitly.

! M. KLing, Mathematical Thought from Ancient to Modern Times (Oxflord, 1972,
p. 1141,
£]. reine angew. Math, 100 (1887), 179-181_ See § 6 below.

Archive for History of Exact Sciences, Volume 21, @ by Springer-Verlag 1980
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2. Sylow's Proof

It was in 1872 that L. SyLow (1832-1918)3 published the paper which keeps
his name alive.* Our subject is the first theorem in it: if G is a finite group whose
order |G| is divisible by a prime p, then & contains a subgroup of index prime to
p which has p-power order.’ SYLow's own proof, not very well known now-
adays, is as follows.

Let F be a p-power subgroup of maximal order. Let N be its normalizer. 1f p
divides the order of N/P, then by CaUcHY's theorem N/P contains an element
of order p, and a corresponding element of N adjoined (o P gives a larger p-power
subgroup. Hence |[N/P| must be prime to p. Similarly, any element of p-power
order in N lies in P, since otherwise it together with P would give a larger p-
power subgroup.

Wow let P act by translation on the cosets of N in &, If gN is fixed, then
gPg '= N, whence gPg~ ' =P since no other p-power elements lie in N. Hence
by definition g is in N, and gN =N, Every other orbit has then a cardinality
divisible by p, so |G : V| is congruent to | modulo p. In particular it is prime to p,
so [(r: Pl=|G:N||N:Pj is prime to p, Q.E.ID,

Technically, this proof is interesting for the crucial role of the normalizer N
{which SyLow introduces, though he invenis no name for 1t); this is the
beginning of the study of “p-local™ group structure. But historically more
interesting {(and making the proof much harder to read) is the fact that SyLow
does not explicitly have the concept o action on cosets. What appears in its
place is a theorem of CAUCHY which is hardly remembered now: I H is any
group of substitutions of » variables, then there is a function of those variables
left invariant by the substitutions in H and by no other substitutions.® One can
see how this is used by examining a more literal version of the second half of
SYLOW’s prool,

* For biographical information on SyLow, see H.B. KRaGeMo, Nord. Math. Tids.
15 {1933), 73-99.

4 “Théorémes sur les gronpes de substitutions,” Math, Ann. 5 (1872}, 584-594,

T will preserve this notation throughout the paper and silently substituie it for the
various symbols used by the dilferent anthors.

* CaucHY's proof was an explicit construction. Let s=ax+by+cz+... be a linear
Tunction of the variables where the coefficients are unequal and have nonzero sum. Let {1
be the product of 5 and is images ander the substitwtions in H. 1T & is the image of #
under a substitution leaving © unchanged, then the eguation =0 implics =0 and
hence implies 57 =0 lor some image 57 of 5 ender a substitution in H, As the sum of the
coefficients s nonzere, this implies 5'=§". Az all coefficients are distinet, the substitutions
must be the same, and the original substitution is in H. ("Sur le nombre des valeurs
égales o inégales gque peut acquérir une fonction de n variables indépendantes, quand on
permute ces variables entre elles d'une maniére quelcongue,” C. B Acad. Sci. XX1 (1845),
777 er seq.=Euvres I, 9, no. 303, pp. 337-9). The original connection with solution of
equations is clear from CaUcHYs stalement of the theorem, which says only that there s
a Munction of the variables taking each value exactly |H| times. The theorem and its proof
are reproduced in the treatiscs of JORDAN and SERRET.
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“Let xyx,;x;,.. be the letters which the group G permutes among
themselves... Let us consider a rational function of the x unchanged by the
substitutions in N but changed by every other subsiitution. Let z, be this
function, and let us represent by

Fpfpig e By

the h values that it assumes under the substitutions of G. Let us carry out in
the z the substitutions of P; by this z,, is unchanged, but each of the other =
assumes a number of values which is a divisor of the order of P, that 15, a
power of p, This power cannot reduce to unity, if for instance z;, were
unchanged by P and z, is derived from z, by the substitution ¢, z, would
have to be unchanged by the group comjugate to P under i, '; but as the
only group of order p* contained in N is P, =" would have to be
permutable with P, which is not the case. Therefore if one partitions the
functions 7, ...z, _, into systems, bringing together those that are permuted
among each other by the substitwtions of P, the number of functions
contained in each system will be a power of p. Consequently the number h is
of the form np+ 1.7

SYLOW of course also has no explict concept of quotient group. In the first
part of the proof he takes a function y, invariant only under the substitutions in
P, lets y, ... ¥, be the values it assumes under the substitutions in N, and shows
that performing these substitutions on the y gives a group N' of substitutions
which is a homomorphic image of N with [N'j=v=|N:P|.

Meedless to say, “group”™ for SYLOW meant an explicit group of sub-
stitutions, though as we saw one can present his proofl for abstract groups
merely by using coset actions in place of actions on certain functions. But there
15 a further technical point not yet brought out. SYLOW’s proof uses the weaker
result of CAUCHY that G contains an element of order p. This result is itself
nontrivial, and we must now look back at it.

3. Cauchy’s Theorem

Someone giving SYLOW's proofl today would probably establish CAUCHY's
theorem by induction, using the partition into conjugacy classes and reducing
ultimately to Abelian groups.” But this argument was not known before
FROBENIUS (see §6). CAUCHY's original proof (1845) is explicitly tied to
substitution groups, and his nine-page argument involves two lemmas of sub-
stance in themselves.® As late as 1878 NETTO could begin a paper with the
remark that the prool of CAUCHY's theorem was as rccondite as that of
LAGRANGE's theorem was simple.” Formally it is a part of SYyLOW's proof, and

" After writing this, I found that such a approach is indecd adopted in J.J. RoTMan,
The Theory of Groups (Boston, 1965).

¥ “Mémoire sur diverscs propriétés remarquables des substitutions réguliéres ou
irréguliéres et des systémes de subsiniutions conjuguées” OB, Acad, Sci. XX (1845, 835
et seq. ={Euvres 1, 9, no. 304, pp. 349-358.

¥ SecBh
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its method of argument also became important later, so it must be skeiched
herc.

The first lemma is the explicit consiruction of a “SYLOW subgroup™ m the
full symmetric group. CAUCHY"s procedure for this is the one still familiar. That
is, he scparates the elements into p-tuples (discarding any left over) and takes a
cyclic permutation of each p-tuple; then he separates the p-tuples into sets ol p
and permutes these in p-cycles, and so on. An explicit computation shows that
the highest power of p dividing n! is exactly the order of this group.'”

The second lemma in CAUCHY's proof runs as follows. Take two groups G
and M inside the symmetric group. and list off the cosets aM of M. Assume now
that no nontrivial element of G is conjugate to any element of M. Then for any
fixed v one can show that the elements {gv|geG} lie in different cosets of M.
Furthermore, if w is pot in those cosets, the elements gw lie in cosets distinet
not only from each other but also from those of the gr. Continuing this process,
we eventually exhaust all cosets of M and have them gathered into |G|-tuples,
Thus the index of M is a multiple of |G,

Finally now suppose |G| 15 divisible by p, and take M 1o be the previously
constructed p-group. The index of M is prime to p and thus not divisible by |G].
Hence the assumption in the second lemma cannot hold. That is, & must
contain a nontrivial conjugate of an element in M. Such elements are of p-power
order, and hence & contains an element of order p.

One can see why the theorem was thought to be difficult, and CAUCHY
himself soon took the first step toward a better understanding of it. In a later
paper in the same series’' he extended the lemma to show that if I is the
collection of substitutions conjugating 1 nontrivial element of G into M, then
n!—|I| is a multiple of |G|-|M|. Te do this he tabulated the products
{gvm|geG, me M}, showing that for ¢ not in I these are all distinct and the
substitutions oulside I are partitioned into such sets. This is the first appearance
of double cosets. But CAUCHY had no occasion to examine the cases where the
products are not all distinct, and the impulse for that came from an entirely
different area of mathematics.

4. The Caochy-Frobenius Proof

Let G be a subgroup of the symmetric group 5. Take the subgroup M of §,
constructed by Caucny, and let § =G5 M be the double coset decom-
position. Each |Gs M| is a multiple of |M[. and in fact [Gs,M|=|M|-[G|/|£]
where P=Gns ' Ms,. Then |8, |/|M|=2|GI/|E| is prime to p by the con-

0 The original paper has a minor slip: CAUCHY was overhasty in (reating the
wreath produoct, and wrote that all elements in the group had order p. The error is put
right in the version published in the Exercisss=(Buvres IL, 13, pp. 171-282 (see pp. 221-
235},

IF “ainge sur un théoreme fondamental relatif 4 deux systémes de substitutions
conjuguées™ C. R, Acad. Sci, XX (1846), 630 ef seq.=Euvres I, 10, no. 327, pp. 65-68.
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struction of M, so some ierm is prime Lo p. Bui that means the p-group P has
index in G prime to p, and SyLow's theorem is proved.!?

This proof 1s a patural extension of CAUCHYs argument, and when we recall
that SYLOW’s own proof needed CaucHy’s theorem, we see that this approach
15 deflimtely shorter overall, By 1909 G. A, MILLER could comment in passing
that “Cauchy used a method which required only slight changes to yield an easy
proof”* But in fact the crucial concep: of double coset arose rather from deep
work in number theory.

In 1880 KRONECKER published an announcement of a major theorem
relating the factorization of an integer polynomial to the number of roots it has
module all primes.’* He also briefly stated a related result: Let F be an
rreducible integer polynomial of prime degree p with solvable splitting field of
degree pd. If Dy is the density of the primes g for which F has k roots modulo g,
then Iy =1—(l/d) and D,=...=D,_, =0 and D,=1/pd. These relations caught
the attention of FROBENIUS, They are closely connected with double cosets
mside the GALOIS group of the splitting field,'* and FROBENIUS says explicitly
that it was this study that led him to double cosets.

DEDEKIND independently came across double cosets in his study of the same
problem. He did not publish his work uatil 1894.' and FROBENIUS waited until
after that to publish the number-theoretic part of his results.'” But in the mean
time he wrote up the other part as a paper devoted specifically to double cosets
and their applications in group theory.'® The paper presumes an abstract
notion of finite group, begins its exposiion with the definition of double cosets
as classes for a cerfain “congruence” relation, derives various counting relations

: "* One could replace 8, by any group for which SYLoW’s theorem is known. Some
madern authors using this argument embed G in n % n invertible matrices over the field
with p elements, where simple counting shows the strict upper triangular group is a
SvLow subgiorp,

* “Extensions of two theorems due to Cauchy,” Bull. Amer. Math. Soc. 16 {1909,
510-513 = Works 111, 138-140. In his later note “ History of the theory of groups to 1900
(Works 1, 427-467), his memory actually misled him into saying that “Sylow recognized
that the method employed by A C. Cauchy to prove the given result could readily be
extended so as to prove the general theorem™ (p. 449)

'# *Uber die Irreductibilitiit von Gleichungen,” Berlin Monatsberichte 1880, 155-162
=Werke 1L, 85-93. “Let F(x) be an integer polynomial, and for every prime p let v, be
the number of (equal or unegual) roots of the congruence F(x)=0modp. Then the
limiting valug nfzvpp' == for infinitely small positive e is equal to log(1/w) multiplied
by the number of irreducible factors of Fix)"

'* The two subgroups involved are the decompaosition group for & prime ideal over g
and the subgroup fixing a root of F, :

' “Zur Theorie der ldeale,” Gottingen Nachrichten (Math.-phvs. Klassey 1594, 272
177 =Werke I, 43-48.

'" “Uber Bezichungen zwischen den Primidealen eines algebraischen Korpers und
der Substilutionen seiner Gruppe,” Berlin Sitzungsherichte 1896, #89-703 = Abhand-
lungen 11, 719-733. This is the paper defining the Fromesius automorphism and
proving the FROBEXIUS density theorsm,

** “Uber die Congruenz nach einem avs zwei endlichen Gruppen gebildeten Dop-
pelmadul,” J. reine angew. Math, 101 (1887), 273-299 = Abhandlungen 11, 304-330.
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involving them, and as first application proves the SYLOW theorems, In style
and approach FROBENIUS is completely modern, and the presentation at the
start of this section is guite faithful to his.

5. Metto's Proof

The modern style of FROBENIUS® argument is clearly brought out when we
compare it with a related proof published nine years earlier by E. NETTO (1846~
1919).'* Omitting the introduction, I translate it here, noting that |G| is called &.

“Let ¢ now be a function of the n elements x,,...,x, which remains
unchanged for all substitutions in G and only for these; then for all possible
substitutions of the quantities x the function ¢ will assume altogether nl/k
different values ¢,, @, , ®,,, ..., where say @, arises from ¢ by application of
the substitution 5,. — If now p’ is the highest power of p that divides n!, one
can construct a group H of order p’ on the n quantities x. Let  be a
function unchanged only for the grecup H; among the possible choices of ¢
and i let ¢, and ¥, be chosen so that the order p* of the group I that leaves
both these functions unchanged is as large as possible.

“Il further @ and b are indeterminaie constants, ag, +byr, will assume
n!/p® different values for the substitutions of the x among themselves, since it
remains unchanged only for the p* substitutions of I} which belong simul-
taneously to the groups G, and H,. Il now among the (n!/k)(n!/p") possible
values ap,+b, (A=1..nl/k: p=1...n!/[f) there are some dillerent from
those obtained from ap, +by,, e.g. ap, +by, , then ap, . +by, . =agp,
+ b, also does not oceur among them. This function ag, + by, yields nl/p*
values for the substitutions of the x, where p* is the order of the group that
leaves ¢, and i, both unchanged. By assumption # =« If there are still more
ag, + by, besides these (n!/p*)+(n!/p”) expressions, one can continue in the
same way; and since obviously none of the expressions can be repealed, one
gets

al nl n! n! nl

?- F:p—m+r¥+...-—-pﬂc <5
where s is an integer, since necessarily p* Zp”, p. ... But this equation yields
pronl=pl . k-s.
The highest power of p that occurs on the left side is p**/, and hence k can

be divisible at most by p*. On the other hand, k& must be divisible at least by

p® by Lagrange’s theorem; it follows from this that k=p* x where & is
relatively prime to p.”

L9 «“Neuer Beweis eines Fundamentaltheorems aus der Theorie der Substitutionen-
lehre,” Math, Ann. 13 (1878), 249-250. The only convenient source of biographical
information on NETYO is the article by BigRMaNy in the Dici. Sci, Biog.
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FROBENIUS rather modestly wrote that “aparl from the simplification
gained by the absiract lorm of expression, the [double-coset] proof is identical
with that™ given by NETTO. The counting in NETTO's argument is a bit more
complicated, but certainly the proofs are closely related. Like Syrow, NETTO
uses functions with prescribed stabilizer nstead of cosets, and the “inde-
terminate constants” serve to keep the two actions apart, so that in modern
terms the proofl uses the action of 5§, on § /G =8 /H, Each orbit contains an
element of the form (eG, tH), and its stabilizer is Gt~ ' H{, the same as for the
(G = H)action with double cosels as orbits,

In speaking of the abstract lorm of his prool, FROBENIUS here does not
mean 1o contrast absiract groups with substitution groups. The double coset
prool takes place in §, and would have been perfectly comprehensible to
CAUCHY. He means rather that his argument (like CAUCHY's) deals with
substitution groups rather than functions on which they act: it s “group-
theoretic”, H, WUSSING has emphasized the importance of such group-theoretic
thinking in the growth of abstract group theory,® and this is a good example,
because NETTO obviously still thought much more in terms of polynomials.

This style of thought is evident in NETTO's first book on substitutions, The
Theory of Substitutions and its Application to Algebra®' The title itsell shows
that “algebra™ still meant eguations and polynomials, and one part of the
preface deserves careful attention. NETTO granis that if one can “free the
foundations and development from all assumptions not absolutely necessary, the
generality of the objects with which it works makes possible ils application in
many different areas.” But by treating only “application to a definitely prescribed
and strictly limited area”™ one gets “freedom from everything superfluous and
heightened usefulness, in place of a genzrality which is absent but not missed.”
These ideas are so familiar that it is a shock to read on and find that NETTO
does not at all intend to contrast abstract groups with groups of substitutions.**
It is rather substitution proups themselves that NETTO considers absiract in
comparison with the original idea of substitutions as explicit changes of
variable.** He indeed goes on to say that using polynomials from the beginning
gives “a comprehensible foundation for the ‘operating with operators” which is
substitution theory"”

One of the traditional advantages of abstraction is that it reveals common
features. NETTO saw no relation between his argument and CAUCHY's. His
opening comment on CAUCHY's theorem was already cited in § 3. He goes on to
quote the 5, construction lemma (which is used in his proof), but he describes
the other lemma only vaguely as “investigating the relationship between two
groups that contain no conjugate substitutions.” His argument in fact virtoally

a0

H. Wussmng, Die Genesis des abstrakten Gruppenbegrilfs (Berlin, 1969),
Substitutionstheorie und ihre Anwendung auf die Algebra (Leipzig, 1882,
This point 15 missed by WUSSING (op. cif. pp. 176-178), It is true that NETTO gives
KRONECKER's abstract lreatment of finite Abelian groups, bul he does little more than
reproduce it; he does not call such systems of objects “groups”, nor does he deal with
similarly abstract systems in the rest of his book.

** We still preserve the old terminology in calculus courses when we speak of
“imiegration by substitution”.

1k
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contains a prool of that lemma?®*, but the relationship was not yet within his
grasp.®® FROBENIUS, by contrast, not only recognized that his proofl was
extremely close to NETTO's but also carefully recorded which cases of the
double-coset counting had been found by CalUcHY.

6. The Frobenius Class-Equation Proof

About the same time as the double-coset work, FROBENIUS wrote a paper
containing an essentially different prool of SyLow's theorem.?® Unlike all the
proofs discussed so far, it does not require previous construction of the SYLOw
subgroup of §,. One can hear a new tone in the way FROBENIUS describes this:

“Since the symmetric group, which is introduced into all these proofs, is
totally alien to the content of Sylow’s theorem, | have iried to find a new
derivation of it in which the Cauchy lemma is not used.”

Obviowsly the man who wrote this did not think that groups were by
definition groups of substitutions inside 5. This 15 made explicit a few lines
later:

“The elements of every finite group can be inierpreied as substitutions
(this Journal 86, p.230).0*77 Nevertheless, considering the theorem to be
proved, I specifically do not want to assume this interpretation in what
follows.”

FROBENIUS thereupon gives an abstract definition of a finite group.”® To
understand the role of absiraction here, we must look at the actual proof.

The first step is to prove CAUCHY's theorem for a finite Abelian group Z, If
p divides [Z], list the elements g, of Z, let n; be the order of g;, and consider IT g
for 0=r <n;. This represents each element in Z the same number of times, so |Z]
divides 1T (r,). Hence p divides some n;, and g}”*’ has order p, as desired.*®

** Suppose G and H are any two subgroups of §, with G *Hr trivial for all ¢
Then in NETTOS construction éach orbit of functions has n! elements, so nl divides
I8, :G|-15,:H|. Hence |G| - |H| divides nl,

** NETTO's later book Gruppen- und Substitutionentheorie (Leipzig, 1908), which is
strongly influenced by FROBENIUS, treats abstract groups and is group-theoretic through-
out,

3¢ “Neuer Beweis des Sylowschen Satzes” I. reine angew. Math. 100 (1887), 179-181
= Abhandlungen TI, 301-303,

37 FroBENIUS & STICKELBERGER, “ Uber Gruppen von vertauschbaren Elementen,”
1. reine angew. Math, 86 (1879), 217-262 = FroseNIUS, Abhandlungen I, 345-5590,

8 Az he says, the definition is modelled on that of KrRoweECKER for finite Abelian
groups,

*® FroBEWIUS mentions here a place in his paper with STICKELBERGER (above, note
27y where this argument is uvsed in a more general context. The result also follows
immediately from the structore theory of finite Abelian groups, which itself is presented
in FROBENIUS & STICKELBERGER. But obwviously FrOBEWIUS wanied to give a simple
argument to make his proof of SyLow’s theorem self-contained,
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Mow the prool of SYLOW's theorem goes by induction on |G|, Let £ be the
center of G, and assume first that p divides |£|. Let {g» be a subgroup of Z of
order p, and lorm G/{g>. By induction this has a SyLow subgroup, and its
inverse image is a SYLOW subgroup of G. Now assume that p does not divide
|Z], and partition the group into its cenjugacy classes. The number ol classes
with just one element is |£], prime to p Since |7} is divisible by p, some larger
class also has order prime to p. The centralizer of an element in il then is a
smaller group involving the same power of p, and by induction it contamns a
SYLOW subgroup.®”

There i5 no need to dilate on the atiractiveness of this argument. which
quickly became standard;®' it is quite short and avoids the preliminary con-
struction, WUSSING is guile wrong in atiributing publication of the paper
merely to a desire for abstract presentation.® FROBENIUS indeed stresses
abstract groups, but this is not just a personal preference: they are needed to
make the proof work. At one step, as we saw, he identifies elements in G which
differ by a power of a central element g. He explicitly points out that after this
identification the postulates still hold. and therefore he can apply the induction
hypothesis to this quotient. In this paper abstraction not only makes the proof
clearer, it actually makes 1t work.

Theoretically it would be possible te construet a substitution group playing
the role of the quotienl. SyLow we saw did something of this sort. B
psvchologically this simple argument seems much more likely o occur to
someotie who thinks of groups with absract elements, and in fact we have good
confirmation of this. W, BURNSIDE later discovered the same proofl indepen-
dently,* and his introductory remarks emphasize abstract groups even more
than FROBENIUS did:

“Now, since every group of finitz order can be represented as a permu-
tation-group, there can be no objeclion to the validity of the proefs above
referred to [ie., SYLow and NETTO]: but from the point of view of right
method they leave something to be desired. A theorem so [undamental in
the theory, which also from its statement is independent of the infinite variety

** FrOBEMIUS notes that this use of conjugacy classes was supgested by SYLOW's
proof thal & p-group has nontrivial center,

*1 Tt is given, for instance, in NETTO's book (note 25 above), in 11 WespRr, Lehrbuch
der Algebra, vol. 2 (Braunschweig, 1889), and in R. Fricke, Lehrbuch der Algebra, vol. 1
(Braunschweig, 1924),

** Op.cit. pp. 182-3: “Citing the theorem that every finite group can be represented
as & permutation group, he admitls that the problem is essentially solved and the theorem
also helds for groups in general, But Froberius wants to obtain the theorem in guestion
abstractly.” The misinterpretation mentioned at the start of the paper is of course much
WOTSE,

*3 “Notes on the theory of groups of finite order,” Proc. London Math, Soc. 25
(1894}, 9-1%. In his argument he forgets 1o mention the Abelian case with which the
induction must start, but a full version is given in his book, Theory of Groups of Finite
Order (Cambnidge, 1897), pp.91-92. By then he had also come across the article by
FrOBENIUS.
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ol forms in which a group can be presented, should not depend for its proof
on the properties of a very special mode of representation.”

7. Dedekind’s Proof of Cavchy’s Theorem

We should pause here to observe a similar use of abstract groups much
earlier, though it did not reach as far as SYLOW's theorem. In the period 1855-
1858 DepEKIND did a little work on group theory.®* His results were not
published at the nme, had no contemporary influence, and are not discussed by
WussmNG, But they included a rediscovery of CAUCHYs theorem ** with the
following proof.

Assume inductively that the theorem is known for all groups of smaller
order than G. II any proper subgroup of G has order divisible by p, then by
induction it contains an element of order p. Assume therefore that this does not
happen. If now K is any nontrivial normal subgroup, then the group of classes
G/K has prder divisible by p and hence contains a class of order p. An element g
in & representing that class must have order divisible by p, so some power of g
has order p. We may thus assume that ¢ has no nontrivial normal subgroups,

Let K be a cyclic subgroup. Its normalizer now must be a proper subgroup,
and so has order prime 1o p. Hence the number of conjugaies of K is divisible by
p. Now each cyclic subgroup of order d contains p(d) generators (elements of
order d), so if there are y(d) such subgroups in & we have

1G|=Y Yid)p(d)=1+ } ide(d).
d=1

But since |G| and all id) are divisible by p, this is impossible.

By a similar counting argument DEDEKIND also showed that a p-group has
a normal subgroup of order p. These strange but ingenious proofs, which of
course were never polished for poblication, are obviously modelled on Gauss’
counting argument lor the existence of primitive roots.*® For our purposes the
significant feature is that passage to quotients is used freely in the induction.”” It
is almost unnecessary to add that DEDEKIND's groups consist not of sub-
stitutions but ol unspecified “objects™.

** DEDERIND, Werke 11, 419, The dates are given in a letter of 1895 to FROBENIUS.

3% Werke 111, 442-443. Obviously DEDERIND was not previcusly acquainted with the
resull. since the sheet is headed “ Theorem {717, followed by “Attempted Proof”

3 Disquisitiones Arithmeticac § 52-55.

*" This is probably also influenced by study of Gauss. Like KRONECKER and
FrROBEMIUS, DEDEKNE had number-theoretic training and interests, and knew Gauss’
use of congruences and classes of quadratic forms. We may recall that FROBENIUS used
Gialrss” word “congruence” for the double-coset relation.
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8. Capelli's Forgotten Proof

The Ttalian mathematician ALFREDD CAPELLI (1855-1910)*% published his
thesis*® in 1878, six years after SYLOW's paper appeared. His only sources
appear to be SERRET and JORDAN and a course given from JORDAN's book by
BATTAGLINI, There are several different sections. In one, for instance, he extends
the concept of homomorphism and analyzes those many-to-many correspon-
dences between two groups that respect multiplication. In another he essentially
constructs guotients G/N using the seme funclion-permutation approach as
SyLow did, and he shows that any transitive action can be matched up with an
action on functions constructed by the CAUCHY method. Section IV is headed
*A new theorem relative to an arbitrary group of substitutions. — Cauchy’s
theorem follows as a corollary,” Here CAPELLT rediscovered SYLOW’'s theorem
with a quite different proof.

The first and crucial step in the procf is to take the transitive action of G on
|G| variables x|, ..., x,, and form the function

f=xx; .x,+x s s S S x

p+1+=="kp =1 T

together with all the different f which arise in this way from all possible
renumberings of the wvariables® The number of different functions is
|G iphee(1Gl/p)l, which is prime to p (the denominator includes all those
factors in the numerator divisible by p), and G permutes the functions via its
action on the x,,

Suppose [irst some f is left fixed by G. Then the variables v, =x,...x,, ...,
Yo=X1 4 (p-1jp--- Xpe are permuted transiively among themselves by G; we repeat
the process with these variables and continue inductively, “In the most excep-
tional case.” we can continue thus dividing the number of variables by p until
the number is prime to p. Then the clements in G fixing some one of these
variables will form our desired subgroup. “But in general” we will have to stop
before this, The functions constructed at that stage will fall into nontrivial
orbits, at least one of which must have crder prime to p. Then the stabilizer of a
function in such an orbit s a proper sthgroup involving the same power of p.
and the theorem follows by induction.

I have slightly simplified the originzl (ten-page) presentation by using non-
faithful group actions where CAPELLI each time introduces the substitution
group to which & maps, but the essence of the proof is here. The end of the
argument is similar to the later FROBENIUS induction, but obvicusly the basic
idea in the proof is to find @ priori 1 reasonable action of G on a set of
cardinality prime to p. And this is a very good idea indeed.

3% There is an obitvary of CapELLI by G. ToRELLL, Giornale di Mat. (3) 1 (1910),
5-15.

1% v8opra lisomorphismo dei gruppi di sostituzioni,” Ciornale di Mat 16 (1878),
32-87.

40 Set-theoretically, one would say that he is considering all partitions of G into p-
element subsels.
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The Fortschritte review (by NETTO) did not discuss this method of proof, and
almost the only later reference to it is oy G.A. MILLER. In his 1915 paper “A
new proof of Sylow's theorem™*" he remarks that "among the later proofs those
by A. Capelli, E. Netto and G, Frobenius are most noteworthy from the stand-
point of originality and simplicity.” The comment is appropriate enough, because
MILLER's proof 15 a somewhat more polished version of the same basic idea.
The set he uses is all the permutations of the elements which involve only p-
cycles and move p® elements, where p* |G| <p®* !, This proof was adopted in a
couple of American texts,** but did not become generally known. Tt was only in
1959 that WIELANDT independently found his brilliantly polished proof** using
the action of & on the collection of subsets that have order equal to the highest
power of p dividing |G|,

Though CAPELLI's basic idea is good, there is one curiosily in the pre-
sentation that illustrates how unfamiliar group actions stll were. As was
mentioned earlier, one part of the thesis is devoted to showing how every
transitive group action can be matched up with one construcied from a
subgroup by the CAUCHY method. Section V1, using 4 counting argument
similar to the proof in Section TV, proves that a p-group has a chain of
subgroups Po P, =... 2P, ={e} with B, normal in F_, of index p. And CAPELLI
explicitly remarks that having a fixed function [ in his original construction
means that the group action on the x; is imprimitive. But he did not think of
combining these facts to see that the chain of subgroups corresponds to a lixed
function at each stage in his prool of SYLOW's theorem. What he calls the
“general™ case is impossible, and only his “most exceptional™ case actually
DCCULS,

In CAPELLI's paper, the functions corresponding to F, in the CAUCHY lemma
need not be the same as the y; he meets in the SYLOW theorem construction.
The relation between them does not strike the eye as much as it would if both
were expressed intrinsically in terms of cosets. Thus we see here once again what
we have already observed: greater understanding of SYLOW's theorem went
hand in hand with the more intrinsic, abstract grasp of groups in gencral

This work was supported in part by the LS, National Science Foundation,

1 Ann. of Math. 16 (1915), 169-171 =Works 111, 435-437.

42 MiLLer, BLicHrELDT & Dickson, Theory and Applications of Finite Groups
(NewYork, 1916 and 1938); and R.D, CarmMicHAEL, Introduction te the Theory of
Groups of Finite Order (Boston, 1937),

*3 “Kin Beweis fiir die Existenz von Sylowgruppen,” Arch. Math. 10 (1959), 401-402,
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Abstract

The paper describes Sylow's discovery of the theorems named after him. He was led to this discovery by his study of Galois’ work, in
particular of Galois' criterion for the solvability of equations of prime degree, It is explained how Sylow used methods from Galois
theory in his proofs. The paper also discusses relevant correspondence between Sylow, Jordan, and Petersen.
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Diese Arbeit behandelt Sylows Entdeckung der Sdtze, die nach ilhm benannt sind. Er gelangte zu ihnen durch seine Beschdftigung mit
Galois’ Arbeiten iiber die Auflosbarkeit von Gleichungen vom Primzahlgrad. Es wird beschrieben, wie Sylow im Beweis seiner Sitze
Methoden aus der Galois-Theorie benutzt, Es wird weiterhin auf die diesbeziigliche Korrespondenz zwischen Sylow, Jordan und
Petersen eingegangen.

Résumé

Cet article traite de la découverte par Sylow du théoréme qui porte depuis son nom. Il a trouvé ce théoréme en étudiant les travaux de
Galois sur la résolubilité des équations dont le degré est un nombre premier. On y indigue comment Sylow utilise dans sa
démonstration les méthodes de la théorie de Galois. De plus, on étudie dans cet article la correspondance a ce propos entre Sylow,
Jordan et Petersen.
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iéveloppement naturel de vos besux théargmes. donl | 'ai €0 be premier. si g me ne thompe i
prédire U'tmporcance future. 1k momt inspiné & votre dgard ume amitié inteDectuelle qui ns'a
it me réjouir & la vue de volre éomiture, [2]

Die Geschichte ciner mathematischen Theone ist vor allem die Geschichte der
zeatealen Sdtre und tiefen Ergebaisse dieser Thearie. Entsprechend verdienen die
Sylow-Séize besondere Aufmerksamkeil im Rahmen einer allpemeineren Ge-
schichte der Gruppentheorie. Es ist das Verdienst von Waterhouse [1980], erstmals
eine solche Untersuchung vorgelegt zu haben, der von der mathematischen Sub-
stanz her nur wenig hinzuzullgen ist und die vor allem eine umfassende Darstel-
lung verschicdener—heutc z. T. fast vergessencr—Beowcisvananten cathili. Dic
vorliegende Note—die als Erginzung zu der Arbeit von Waterhouse ungeschen
werden kann—beschéftigt sich mehr mit der historischen Seite der Entdeckung
der Sylow-Satze, Wahrend Waterhouse die Zeil nach der ersten Verdffentlichung
der Sylow-Sitze im Jahre 1872 behandelt, gebt ¢s uns vor allem um die Zeit vor
1872, Es wird der Frage nachgegangen, wic Sylow zu der Froblemsiellung seiner
Satze gekommen ist, welche Hilfsmittel und Methoden er zur Verflgung hatte, ob
und gegehenenfalls welehe Anregongen er von Zeitgenoscen erhisll, wie ér colbet
seine Sdtze einschatzie, welche Hoffnungen und Erwartungen er mit ihnen ver-
band, wie sie sich vielleicht in ein umfassenderes *'Forschungsprogramm”™
einordnen lassen.

Diese Fragen konnen nicht alle ganz eindeutig und vollstandig beantwortet
werden, ober es lifit sich doch folgendes feststellon:

1, Sylow ist ganz offensichtlich von der Theorie der algebraischen Gleichungen
und der Galois-Theorie zur Gruppentheornc gekommen und nicht—was auch
denkbar wire—von ciner abstrakteren Theorie der Permutations-Gruppen im
Sinme Cawchys (1789-1857). Darliber hinaus war fiir ihn Gruppentheorie noch
praktisch ein Teil der Galois-Theorie, gewissermaBen angewandie Galois-Theo-
rie, und er verwandte galois-theoretische Konstruktionen und Schiasse an Stel-
len, die spiter rein gruppentheoretisch behandelt wurden. Seine ersten beiden
IInuptsitze (Existenz, Ancahl und Konjugiertheit der p-Sylow-Gruppen) hat er in
unmittelbarem Anschlull an ein Ergebnis von Galois (1811-1832) aunachst in
einem sehr speziellen Fall indgmlich p-Sylow-Gruppen einer Uniergruppe der §,)
gefunden und anschlieBend verallgemeinen. Bei dieser Verallgemeinerung konnte

2 won 13
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Die Entdeckung der Sylow-Satze

WINFRIED SCHARLAU

Mathematisches Institut der Universitdat Miinster, Einsteinstr. 62, D-4400 Miinster, Germany

HERRN H. WUSSING ZUM 60. GEBURTSTAG, AM 15. OKTOBER 1937 GEWIDMET

The paper describes Sylow’s discovery of the theorems named after him. He was led to
this discovery by his study of Galois’ work, in particular of Galois’ criterion for the solvabil-
ity of equations of prime degree. It is explained how Sylow used methods from Galois theory
in his proofs. The paper also discusses relevant correspondence between Sylow, Jordan,
and Petersen. © 1988 Academic Press, Inc.

Diese Arbeit behandelt Sylows Entdeckung der Sitze, die nach ihm benannt sind. Er
gelangte zu ihnen durch seine Beschaftigung mit Galois' Arbeiten iiber die Auflésbarkeit von
Gleichungen vom Primzahlgrad. Es wird beschrieben, wie Sylow im Beweis seiner Siitze
Methoden aus der Galois-Theorie benutzt, Es wird weiterhin auf die diesbeziigliche Korre-
spondenz zwischen Sylow, Jordan und Petersen eingegangen. © 1988 Academic Press, Inc.

Cet article traite de la découverte par Sylow du théoréme qui porte depuis son nom. Il a
trouvé ce théoréme en étudiant les travaux de Galois sur la résolubilité des équations dont le
degré est un nombre premier. On y indique comment Sylow utilise dans sa démonstration les
méthodes de la théorie de Galois. De plus, on étudie dans cet article la correspondance i ce
propos entre Sylow, Jordan et Petersen. @ 198 Academic Press, Ine.

AMS 1980 subject classification: 01 ASS.
KEY Worbs: Ludvig Sylow, Sylow theorems, Galois theory, group theory.

1. EINLEITUNG UND ZUSAMMENFASSUNG

Diese Arbeit beschaftigt sich mit der Entdeckung der Sylow-Sitze, die ungefahr
in das Jahr 1870 fallt. Sie behandelt damit ein wichtiges Ereignis der frithen Ge-
schichte der Gruppentheorie und schlieBt unmittelbar an eine Arbeit von Wa-
terhouse [1980] an. Fir eine knappe, aber sehr prignante und die wesentlichen
Punkte deutlich hervorhebende Darstellung der Geschichte der Gruppentheorie in
dem hier interessierenden Zeitraum wird auf Dieudonné [1978, Kapitel 3.4.1]
verwiesen, fiir eine auBerordentlich griindliche Diskussion vieler Einzelheiten und
Zusammenhinge auf das bekannte Buch von WuBing [1969].

Weil es in wenigen Zeilen geschehen kann (selten genug bei einem historischen
Thema), soll zunichst an die Aussagen der Sylow-Sitze erinnert werden: Es sei G
eine endliche Gruppe der Ordnung n = p*m wobei p eine Primzahl und m kein
Vielfaches von p ist. Dann enthélt G eine Untergruppe P der Ordnung p* (eine p-
Sylow-Gruppe). Je zwei solche Untergruppen P;, P, sind konjugiert, d.h. es exi-
stiert ¢ € G mit P, = gP,g~!. Die Anzahl der p-Sylow-Gruppen ist einerseits ein

40
0315-08B60/88 $3.00
Copyright © 1988 by Academic Press, Inc.
All rights of reproduction in any form reserved.
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HM 15 SYLOW-SATZE 41

Teiler von n, andererseits von der Form pk + 1. SchlieBlich ist jede Gruppe P der
Ordnung p* auflésbar, genauer es existiert eine Folge von Normalteilern P, C . . .
C Py = P mit |P;| = p'.

Die zentrale Bedeutung dieser—vielleicht technisch und abstrakt erscheinen-
den—Siitze fiir die Theorie endlicher Gruppen kann hier nicht erlautert werden.
Es muf geniigen festzustellen, daB mit ihnen der Grundstein fiir die gesamte
Strukturtheorie endlicher Gruppen gelegt ist [1]. Ihre fundamentale Wichtigkeit
wurde auch von dem fithrenden Gruppentheoretiker des vorigen Jahrhunderts, C.
Jordan (1838-1922), sofort erkannt. In [Jordan 1873, 40], einer Arbeit, die erste
Anwendungen enthélt, schreibt er:

Cette proposition mérite assurément par sa simplicité, sa netteté et sa généralité, d'étre
considérée comme fondamentale; et nous ne doutons pas qu'elle ne donne lieu a d'impor-
tantes conséquences.

Dieses Urteil brauchte Jordan nie zu revidieren; noch im Juli 1907 schrieb er an
den inzwischen 75-jihrigen L. Sylow (1832—1918) inzwischen auf eine fast vierzig-
jiahrige personliche und wissenschaftliche Bekanntschaft zuriickblickend:

Vous me parlez  la fin de votre lettre des nombreux travaux dont la théorie des groupes a fait
I'objet dans ces derniers temps; . . . . Et ces travaux devraient vous plaire, n’étant que le
développement naturel de vos beaux théorémes, dont j ai été le premier, si je me ne trompe a
prédire I'importance future. Ils m'ont inspiré & votre égard une amitié intellectuelle qui m'a
fait me réjouir a la vue de votre écriture. [2]

Die Geschichte einer mathematischen Theorie ist vor allem die Geschichte der
zentralen Sitze und tiefen Ergebnisse dieser Theorie. Entsprechend verdienen die
Sylow-Sitze besondere Aufmerksamkeit im Rahmen einer allgemeineren Ge-
schichte der Gruppentheorie. Es ist das Verdienst von Waterhouse [1980], erstmals
eine solche Untersuchung vorgelegt zu haben, der von der mathematischen Sub-
stanz her nur wenig hinzuzufiigen ist und die vor allem eine umfassende Darstel-
lung verschiedener—heute z. T. fast vergessener—Beweisvarianten enthilt. Die
vorliegende Note—die als Erginzung zu der Arbeit von Waterhouse angesehen
werden kann—beschiftigt sich mehr mit der historischen Seite der Entdeckung
der Sylow-Sitze. Wiihrend Waterhouse die Zeit nach der ersten Veroffentlichung
der Sylow-Siitze im Jahre 1872 behandelt, geht es uns vor allem um die Zeit vor
1872. Es wird der Frage nachgegangen, wie Sylow zu der Problemstellung seiner
Sitze gekommen ist, welche Hilfsmittel und Methoden er zur Verfiigung hatte, ob
und gegebenenfalls welche Anregungen er von Zeitgenossen erhielt, wie er selbst
seine Sitze einschiitzte, welche Hoffnungen und Erwartungen er mit ihnen ver-
band, wie sie sich vielleicht in ein umfassenderes ‘‘Forschungsprogramm™
einordnen lassen.

Diese Fragen konnen nicht alle ganz eindeutig und vollstindig beantwortet
werden, aber es laBt sich doch folgendes feststellen:

1. Sylow ist ganz offensichtlich von der Theorie der algebraischen Gleichungen
und der Galois-Theorie zur Gruppentheorie gekommen und nicht—was auch
denkbar wire—von einer abstrakteren Theorie der Permutations-Gruppen im
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Sinne Cauchys (1789-1857). Dariiber hinaus war fir ihn Gruppentheorie noch
praktisch ein Teil der Galois-Theorie, gewissermaBen angewandte Galois-Theo-
rie, und er verwandte galois-theoretische Konstruktionen und Schliisse an Stel-
len, die spiter rein gruppentheoretisch behandelt wurden. Seine ersten beiden
Hauptsitze (Existenz, Anzahl und Konjugiertheit der p-Sylow-Gruppen) hat er in
unmittelbarem AnschluB an ein Ergebnis von Galois (1811-1832) zuniichst in
einem sehr speziellen Fall (ndmlich p-Sylow-Gruppen einer Untergruppe der S,)
gefunden und anschlieBend verallgemeinert. Bei dieser Verallgemeinerung kénnte
Cauchys bekannter Satz (Existenz eines Elementes der Ordnung p in einer
Gruppe mit durch p teilbarer Ordnung), der auch im Beweis benutzt wird, eine
Rolle gespielt haben [Cauchy 1845].

2. Sylow ist zwar ganz unabhingig von anderen Autoren zu der Entdeckung
seiner Sdtze gekommen, aber die Gruppentheorie hatte zu dieser Zeit ein
Entwicklungsstadium erreicht, dafB strukturelle Fragen dieser Art nahelagen und
die Zeit fir die Entdeckung der Sylow-Sitze reif war. Schon bei Galois und
Dedekind (1831-1916) finden sich in lange Zeit unverédffentlicht gebliebenen
Manuskripten Teilaussagen der Sylow-Sitze. Weiterhin war etwa gleichzeitig mit
Sylow der dinische Mathematiker J. Petersen (1839-1910) [3] im Zusammenhang
mit Konstruktionsproblemen auf das Problem der Auflésbarkeit der 2-Gruppen
gestoBen. Uber diesen Fragenkreis existiert eine Korrespondenz zwischen Sylow
und Petersen aus den Jahren 1870/71.

3. Wenn auch—wie gerade gesagt—die Zeit fiir die Untersuchung der inneren
Struktur der endlichen Gruppen gekommen war, so riickten diese Probleme doch
nicht sofort in das Zentrum des Interesses der Gruppentheoretiker. Das eigentlich
zentrale Problem der Gruppentheorie im ganzen 19. Jahrhundert seit Cauchy und
Galois war das Klassifikationsproblem oder, genauer und sinnvoller, das Problem
der Klassifikation transitiver Permutationsgruppen, wobei von vornherein nahe-
liegend war, nach Ordnung, Grad und Transitivititsgrad vorzugehen. Wesentliche
Beitrdge stammten vor allem von Jordan [1961] und E. Mathieu (1835-1890) [4].
Wie aus seinem NachlaB und dem Briefwechsel mit Jordan ersichtlich ist, stand
dieses Problem auch bei Sylow im Vordergrund des Interesses. Auf die Sylow-
Siitze stiel er vielleicht eher beilaufig. Er versuchte, sie sofort auf dieses Problem
anzuwenden, und in seinen Briefen klingt etwas Enttduschung an, daB sie bei der

Bearbeitung des Klassifikationsproblemes sich nicht von durchschlagendem Nut-
Zen erwiesen.

2. DAS ERBE GALOIS’

Unsere heutige (Lehrbuch-) Literatur suggeriert insofern ein etwas unzutref-
fendes Bild, als man den Eindruck gewinnen konnte, daB Galois’ Hauptleistung
darin bestand, das gefunden zu haben, was wir heute Galois-Theorie nennen. Dies
ist nur sehr eingeschrankt richtig: ein Kernpunkt der Galois-Theorie, nimlich die
Bedeutung der Gruppen fiir die Behandlung algebraischer Gleichungen, war
schon vorher im Prinzip bekannt. Insbesondere war J. J. Lagrange (1736-1813) in
seiner groBen Arbeit zu diesem Thema schon dem **Hauptsatz der Galois-Theo-
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rie’” sehr nahe gekommen—und zwar nicht nur im ‘“‘generischen Fall’® unbe-
stimmter Koeffizienten der betrachteten algebraischen Gleichung, sondern im all-
gemeinen [Lagrange 1770/71, insbesondere Artikel 104]. Auch hatte er die
prinzipielle Bedeutung der Gruppentheorie fiir dieses Problem erkannt. Vielleicht
wiirde es zu weit gehen zu behaupten, dafl Lagrange den Hauptsatz der Galois-
Theorie schon kannte, aber er hatte zweifellos klare und richtige Vorstellungen
davon, in welcher Richtung die Thecorie der algebraischen Gleichungen zu
entwickeln sei[5]. Die eigentliche Leistung von Galois besteht darin, dal} er schon
weit iiber “‘abstrakte Galois-Theorie’” hinausgeht und, angeregt von dem Problem
der Aufldsung algebraischer Gleichungen durch Radikale, mit einer eingehenden
Untersuchung der Struktur endlicher Gruppen beginnt. Zu diesem Zweck—und
das ist sicher eine seiner beeindruckendsten Ideen—erfindet er die Theore der
endlichen Kérper, um namlich durch Darstellung der Gruppe in einer passenden
linearen Gruppe iiber einem endlichen Korper Aufisbarkeitsaussagen zu gewin-
nen. Damit ist mit einem Schlage ein weites Spektrum gruppentheoretischer Pro-
bleme und Konzepte angesprochen: diec Untersuchung der inneren Struktur end-
licher Gruppen, das Problem der Bestimmung aufldsbarer Gruppen, die Be-
schreibung von Gruppen als lineare Gruppen iiber endlichen Kérpern und damit
eine erste Idee einer allgemeinen Darstellungstheorie, etwas spezieller und
konkreter dann die Bestimmung der aufiésbaren Untergruppen affiner oder pro-
jektiver linearer Gruppen, und, weil Galois-Gruppen als transitive Permutations-
gruppen operieren, die Untersuchung transitiver Gruppen nach Ordnung, Grad
und Transitivititsgrad. Auf diesem Gebiet ist Galois praktisch ohne Vorginger
und aus dem Nichts heraus zu Ergebnissen gekommen, von denen Bourbaki
[1971, 70] noch hundert Jahre spiter sagen konnte, daf} sie **zu den scharfsinnig-
sten der Theorie zdhlen®’. Galois selbst hat die Bedeutung und Tragweite dieser
Zusammenhinge selbst hervorgehoben, als er schrieb:

C’est surtout dans la théorie des permutations, ou 'on a sans cesse besoin de varier la forme
des indices, que la considération des racines imaginaires des congruences parait indispensa-
ble. Elle donne un moyen simple et facile de reconnaitre dans quel cas une équation primitive
est soluble par radicaux, comme je vais essayer d'en donner en deux mots une idée. [Galois
1962, 125]

Eines der bemerkenswertesten Einzelergebnisse Galois’ war sein Kriterium fiir
die Auflosbarkeit irreduzibler Gleichungen vom Primizahlgrad, das sich rein glei-
chungstheoretisch formulieren lieB (in heutiger Sprechweise: p(x) = 0 ist auflosbar
durch Radikale genau dann, wenn der Zerfallungskorper durch je zwei beliebige
Waurzeln erzeugt wird). Vergleiche die Bemerkung:

Pour qu'une équation irréductible de degré premier soit soluble par radicaux, il faut et il suffit
que deux quelconques des racines étant conneus, les autres s'en déduisent rationellement.
[Galois 1962, 69]

Bekanntlich hat Galois weder Zeit gehabt noch sich die Zeit genommen, sein
algebraisches und gruppentheoretisches Programm auszufiihren. Es kann aber
kein Zweifel bestehen, daB er mehr gewuBt hat, als sich in seinen Aufzeichnungen
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oder gar seinen Publikationen findet. So kann auch kaum verwundern, dalB er
offenbar den wesentlichen Teil der Sylow-Sitze gekannt hat, wie sich aus einer
unverdffentlichten Randbemerkung ergibt, auf die wohl als erster Dieudonné
[1978, 117] hingewiesen hat. Es heifit dort [Galois 1962, 72]:

Théoréme. Si le nombre des permutations d’un groupe est divisible par p* (p étant premier),
le group aura pour diviseur un groupe de p" permutations.

Es ist miifiig, dariiber zu spekulieren, ob Galois diesen Satz wirklich bewiesen
oder nur erraten hatte. Sicher hatte er die Fihigkeiten und Mittel zum Beweis.
Andererseits ist zu bedenken, daB der Satz, so wie er formuliert ist, fast die
Auflosbarkeit der p-Gruppen mit einschlieBt. Da sein Hauptziel gerade Auflos-
barkeitskriterien waren, wire es dann eigentlich naheliegend gewesen, ihn auch in
diesem Zusammenhang zu erwihnen.

Es ist oben gesagt worden, dafl Galois® Werk fiir jeden Mathematiker dieser
Generation eine Herausforderung darstellen muBte. Einer, der diese Herausfor-
derung (in spiter beiseite gelegten Untersuchungen) annahm, war Dedekind
[1932; 1981]. Es ist nicht notwendig, darauf noch einmal niiher einzugehen. Was
die Gruppentheorie betrifft, sollen nur drei Feststellungen gemacht werden: 1) Fiir
einen Mathematiker vom Range Dedekinds bestanden um die Jahrhundertmitte
keine grundsitzlichen Schwierigkeiten mehr, cine abstrakte Gruppentheorie zu
konzipieren und mit einer Ausarbeitung zu beginnen, 2) als eines der ersten Pro-
bleme stellte sich das Klassifikationsproblem [Dedekind 1932, 439; Cayley 1878],
3) ausgehend von Cauchys schon erwihntem Satz scheint eine Untersuchung der
inneren Struktur der endlichen Gruppen immer in Richtung auf die Sylow-Sitze
zu verlaufen: Dedekind zeigt, daB eine p-Gruppe ein nicht-triviales Zentrum hat;
da er den Begriff der Faktorgruppe kannte, hitte er daraus ohne weiteres die
Auflosbarkeit der p-Gruppen folgern kénnen [6, 7.

Uberhaupt kann man feststellen, daB die Galois-Theorie in den fiinfziger und
sechziger Jahren recht schnell bekannt wurde; eine gréBere Zahl von Mathemati-
kern in verschiedenen Lindern beschiftigten sich mit ihr, darunter auch weniger

bekannte oder solche, die an abgelegenen Orten wirkten, wie Sylow selbst oder
der schon erwihnte Petersen.

3. SYLOWS WEG ZU DEN SYLOW-SATZEN

Aus der vorhandenen Literatur und einigen weniger bekannten Arbeiten Sy-
lows, seinem NachlaBl und seinem Briefwechsel 148t sich rekonstruieren, wann
und wie Sylow zu seinen gruppentheoretischen Untersuchungen gekommen ist.
Wir stiitzen uns vor allem auf den von Kragemo [1933] verfaBten Lebenslauf, auf
Sylows eigene Arbeiten [1867] und [1872] und auf den im NachlaB befindlichen
Briefwechsel mit Jordan und Petersen [8].

Von Kragemo erfahren wir zunichst, daB Sylow sich schon wihrend seines
Lehramtsstudiums mit der Theorie der Gleichungen beschiftigt hat, und daB er
sich von ca. 1856 an, angeregt durch seinen Lehrer C. A. Bjerknes (1825-1903),
intensiv mit Abels (1802-1829) z. T. fragmentarischen Untersuchungen iiber al-
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gebraische Gleichungen beschéftigt hat. Unabhingig von Kronecker (1823-1891)
gelang es ihm, ein Fragment von Abel zu vervollstindigen. 1860 reichte er diese
Arbeit bei Crelles Journal ein; die Arbeit wurde aber von Kronecker abgelehnt.
1861 erhielt er ein Stipendium, reiste nach Berlin, Leipzig und Paris, ‘“‘um die
Bekanntschaft der bedeutendsten Mathematiker zu machen und die Theorie der
Gleichungen und die Theorie der Gruppen zu studieren’’. Spétestens zu dieser
Zeit mull er auch begonnen haben, sich intensiver mit Galois zu beschéftigen,
dessen Arbeiten in Serrets Cours d’algébre supérieure allgemein bekannt gewor-
den waren. Schon im Friithjahr 1863 hielt Sylow eine Vorlesung iiber Galois-
Theorie, zu deren Horern auch Lie (1842—-1899) gehorte.

Einige Jahre spiter publiziert er dann seine erste selbstindige Arbeit [Sylow
1867] iiber Gruppentheorie, die der Sache nach genau zwischen Galois' schon
erwiahnter Arbeit liber irreduzible Gleichungen vom Primzahlgrad und seiner
eigenen spiteren Arbeit liber die Sylow-Sitze steht. Sylow beweist namlich in
dieser Arbeit die Aussagen der Sylow-Sitze im Spezialfall einer Untergruppe der
symmetrischen Gruppe 5, vom Primzahlgrad » fiir diese Primzahl n. Ausgangs-
punkt dieser Untersuchung war offensichtlich die naheliegende Frage nach den
moglichen Ordnungen der Gruppe einer irreduziblen Gleichung vom Primzahl-
grad. Er schreibt diese Ordnung in der Form n(np + 1)v (wobei v also der Index
einer n-Sylow-Gruppe in ihrem Normalisator und np + [ der Index dieses Norma-
lisators ist); es verdient hervorgehoben zu werden, dal} er auch in seiner spiteren
Arbeit genau diese Bezeichnungen verwendet. Damit liegt die Vermutung nahe,
dal die beriihmte Arbeit von 1872 unmittelbar aus diesen Untersuchungen
erwachsen ist.

Dies wird durch den Briefwechsel mit Petersen bestatigt, der Ende der sechzi-
ger Jahre an seiner Dissertation iiber Konstruktionen mit Zirkel und Lineal ar-
beitete. Er versuchte, die in diesem Zusammenhang zentrale Frage zu losen,
welche algebraischen Gleichungen die Koordinaten von konstruierbaren Punkten
erfiillen miissen. Er war schon ungefihr zu der richtigen Vermutung gekommen,
deren gruppentheoretischer Kern besagt, da3 die Galois-Gruppe eine 2-Gruppe
sein muB. Da er das Problem jedoch nicht vollstindig l6sen konnte, wandte er sich
in einem Brief vom 19.7.1870 an Sylow mit der Bitte um Auskunft, ob Galois
etwas zu dieser Frage gesagt hiitte. Sylow antwortete daraufhin in einem Brief
vom 17.9.70 unter anderem folgendes [9]:

Aus [hrem Brief schlieBe ich, daBl es nur einen Punkt gibt (nimlich 5) fir welchen Ihnen der
Beweis noch fehlt. Ich glaube, hieriiber versichern zu kénnen, daB es sich wirklich so verhalt,
wie Sie vermuten. Wenn sich eine irreduzible algebraische Gleichung vom Grad 27 mit Qua-
dratwurzelzeichen auflésen ldBt, dann kann jede Wurzel durch n Quadratwurzeln rational
ausgedriickt werden, so dal} jede Kombination der Vorzeichen dieser Wurzeln eine neue
Wurzel der Gleichung gibt. Ausgehend von einem Satz der Substitutionentheorie, den ich
schon lingere Zeit gekannt, aber noch nicht verdffentlicht habe, bin ich imstande, dies zu
beweisen. Ich habe in diesem Winter den ersten Entwurf einer Abhandlung, wo dieser Satz
unter anderen bewiesen werden soll, ausgearbeitet. Da ich aber wiihrend der letzten zwei
Jahre die auslindischen Zeitschriften nicht ordentlich verfolgt habe, habe ich sie zur Seite
gelegt, weil ich erst feststellen will, ob jemand anders in der letzten Zeit dieselben Dinge
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bewiesen hat. Hiermit bin ich jetzt beschiftigt, und wenn ich nach Frederikshald zuriick-
komme, wird es vermutlich meine erste Arbeit sein, diese Abhandlung fertig zu machen.
Wenn ich von den Resultaten dieser Abhandlung ausgehen kann, wird der Beweis fiir Punkt
5) in Ihrem Brief einfach sein. Es wird ein Spezialfall eines allgemeinen Theorems iiber
Gleichungen vom Grad p* sein, deren Auflosung auf die sukzessive Losung von n *‘abel-
schen™ Gleichungen vom Grad p reduziert werden kann.

Sylow driickt sich weder hier noch in folgenden Briefen véllig eindeutig iiber die
von ihm entdeckten Sitze aus; es hort sich aber ganz so an, als ob er die Sylow-
Sitze zu diesem Zeitpunkt schon einige Zeit lang gekannt und bewiesen hatte. Er
gibt auch keine Andeutung einer Beweismethode und iiberlifit es insbesondere
Petersen, den Fall p = 2 selbst zu erledigen. In seiner Veroffentlichung von 1872
weist er auf Petersens Arbeit hin, ohne anzudeuten, daB er diesen Satz schon
friiher und unabhingig von Petersen gekannt hat.

4. GRUPPENTHEORIE ALS GALOIS-THEORIE

Sylow ist also unzweifelhaft von der Theorie algebraischer Gleichungen und
Galois-Theorie zur Gruppentheorie gekommen. Es soll jetzt diskutiert werden,
welche Konsequenzen sich aus diesem Ansatz ergaben und wie die Beweise von
Sylows Sitzen vor diesem Hintergrund zu lesen sind. In diesem Zusammenhang
ist als erstes festzustellen, daB allen Mathematikern dieser Generation offenbar
die Tatsache geldufig war, daB jede Permutationsgruppe als Galois-Gruppe reali-
siert werden kann, und da3 man sich somit bei der Untersuchung beliebiger Grup-
pen auf Galois-Gruppen beschrinken kann [10]. Ein besonders eindrucksvoller
Beleg dafiir findet sich in einem Algebra-Lehrbuch aus dieser Zeit, das von dem
schon mehrfach erwihnten Petersen verfaBt worden war. Dort heifit es [Petersen
1878, 325]:

Der obenstehende Beweis zeigt, dass keine anderen transitiven Gruppen von der Ordnung p~
(n > 1) existieren als imprimitive. Der Beweis setzt freilich voraus, dass es eine Gleichung
giebt, welche die gegebene Gruppe hat. Indessen entspricht jeder Gruppe eine Gleichung,
nimlich die allgemeine Gleichung vom Grade der Gruppe, wenn man dieser eine Function der
Wurzeln, die durch die Substitutionen der Gruppe und nicht durch andere Substitutionen
unverdndert bleibt, adjungiert denkt.

Kiirzer und lakonischer kénnte man wohl auch heute nicht die iibliche Konstruk-
tion einer Gruppe als Galois-Gruppe abhandeln, und man wird annechmen kénnen,
daB dieser Gedankengang allgemein bekannt war, wenn er so knapp beschrieben
wurde. Auch Sylow [1867] schreibt zu Beginn seiner erwihnten Arbeit ohne né-
here Ausfithrungen:

Auf der anderen Seite kann man auch beweisen, daB zu jedem gegebenen System von konju-
gierten Substitutionen [d.h. zu jeder Gruppe] eine entsprechende Gleichung existiert.

Wie noch ausgefiihrt werden wird, machte er in seiner Arbeit iiber die Sylow-
Sitze von dieser Tatsache implizit Gebrauch. SchlieBlich ging Kronecker schon
einen Schritt weiter, indem er nimlich bereits 1853 das Problem aufwarf, welche
Gruppen eigentlich als Galois-Gruppen iiber Q realisiert werden kénnen, wobei

] Mathe & Comp Appli, 2026 Volume 5(3): 117-138



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory — Second edition.
Journal of Mathematical & Computer Applications. SRC/JMCA-290. DOI: doi.org/10.47363/JMCA/2026(5)243

HM 15 SYLOW-SATZE 47

die Realisierbarkeit iiber einem passenden Korper mit unbestimmten Elementen
fiir ihn wohl selbstverstiandlich war:

Ja, man konnte eigentlich gar nicht wissen, ob . . . Gberhaupt noch irgend welche Glei-
chungen existiren, welche die gegebenen Aufidsbarkeits-Bedingungen erfiillen. Noch weniger
konnte man solche Gleichungen bilden. . . . [Kronecker 1853, 3]

Es ist durchaus amiisant zu verfolgen, wie Sylow und auch Petersen von der
Realisierung einer beliebigen Gruppe als Galois-Gruppe Gebrauch machen. Sieht
man sich die heutigen Beweise der Sylow-Sitze an, so ist ein Kernpunkt immer,
eine geeignete Operation der Gruppe anzugeben. Vom Standpunkt der Galois-
Theorie ist nichts einfacher und natiirlicher als das: die Galois-Gruppe operiert
eben auf den Wurzeln der Gleichung bzw. den Konjugierten irgendeines passen-
den Elementes. Auch kann man in der Sprache der Galois-Theorie die abstrakt-
gruppentheoretische Konstruktion der Faktorgruppe nach einem Normalteiler
umgehen: diese ist einfach die Galois-Gruppe des entsprechenden Normalkor-
pers. In ihnlicher Weise braucht man auch keine Nebenklassen nach einer Unter-
gruppe; diese werden ebenfalls durch Konjugierte eines passenden Korperele-
mentes ersetzt. Nach diesen Vorbemerkungen liest sich der Beweis von Sylows
erstem Satz dann in ganz natiirlicher Weise wie folgt [vgl. Waterhouse 1980]: Es
sei G die Galois-Gruppe der Koérpererweiterung L/K, ferner P eine maximale
Untergruppe von p-Potenzordnung, N ihr Normalisator und F der Fixkorper von
N. Wegen der Maximalitit von P enthdlt N/P keine Elemente von p-Potenz-
ordnung, und nach dem Satz von Cauchy ist |N/P| teilerfremd zu p. Es sei jetzt x
= x, primitives Element von F mit Konjugierten x;, . . . , x;. Wir betrachten die
Operation von P auf den x;. Trivialerweise wird x, festgelassen. Dies kann aber fiir
kein anderes x; = gx,, g € G, gelten, denn aus Pgx, = gx, folgt g7 'Pgx, = x,, also
g~ 'Pg C N. Dann gilt aber sogar g~'Pg = P, denn alle Elemente von p-Potenz-
ordnung von N liegen schon in P. Es folgt g € N, also x; = x,. Die Menge
{x1, . . ., x,} zerfillt also unter der Operation der p-Gruppe P in Bahnen, von
denen nur eine 1-elementig ist. Es folgt h = 1 (mod p) und damit der erste Sylow-
Satz.

In ganz dhnlicher Weise geht Petersen in seinem Lehrbuch beim Beweis der
Auflosbarkeit der p-Gruppen vor. Wie wir in dem oben angefithrten Zitat gesehen
haben, hebt er diesen Ansatz auch ganz ausdriicklich hervor. Es ergibt sich dann
eine etwas andere Aussage und ein anderer Beweis als heute iiblich fiir diesen
Satz; sein eigentliches Anliegen ist ein Satz iiber die Auflésung algebraischer
Gleichungen, den er so formuliert:

Die nothwendige und ausreichende Bedingung dafiir, dass eine Gleichung mit Hiilfe von
Abelschen Gleichungen p*" Grades aufgeldst werden kann, besteht darin, dass die Ordnung
ihrer Gruppe eine Potenz von p ist. Ihr Grad ist dann auch eine Potenz von p.

In heutiger Terminologie beweist Petersen folgendes: Ist G eine p-Gruppe und H
eine Untergruppe, so existiert eine Folge von Untergruppen G = Hy D H; D H, D

. . D H,= H, so daBB H;,, normal vom Index p in H; ist. Sein galois-theoreti-
scher Beweis verlduft in heutiger Ausdrucksweise folgendermafBien: Sei G die
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Galois-Gruppe von L/K und F der Fixhérper von H mit einem primitiven Element
x. Wir betrachten die Operation von H auf den Konjugierten von x. Da x festgelas-
sen wird, missen wenigstens (p — 1) Konjugierte x5, . . . , x, auch festgelassen
werden, liegen also in F. Es gibt ein o € G mit ox; = x,, also oF = F. Also ist o
ein nicht-trivialer Aummurpmsmus von F, etwa der Ordnung p’. Es sei F, der
Fixkorper von o” ' und H, D H die zugehorige Galois-Gruppe. Dies Verfahren
wird dann fortgesetzt,

Es ist interessant, zum Vergleich einen Blick auf Sylows eigenen Beweis dieses
Satzes zu werfen: In seinem ersten und wesentlichen Teil ist es genau der bis
heute tibliche; G operiert durch Konjugation auf sich selbst, und man stellt fest,
dall das Zentrum nicht-trivial ist. Weil er den Begriff der Faktorgruppe nicht kennt
oder nicht benutzen will, kommt Sylow anschlieBend auf seine galois-theoretische
Betrachtungsweise zuriick, um die Induktion zu Ende zu fiihren.

Mit diesen Beispielen sollte hinreichend deutlich geworden sein, wie eng in dem
betrachteten Zeitraum die Gruppentheorie noch mit der Galois-Theorie zusam-
menhing und wie die genannten Mathematiker von gleichungstheoretischen Fra-
gestellungen ausgingen. Es sollte jedoch noch auf einen Punkt in diesem Zusam-
menhang eingegangen werden, ndmlich die wesentliche Rolle, die der Satz vom
primitiven Element in den diskutierten Beweisen spielte. Bei Sylow wird er in
folgender Form gebraucht: Ist H eine Untergruppe der vollen Permutationsgruppe
von m Unbestimmten, so existiert eine rationale Funktion in diesen Unbe-
stimmten, die genau unter den Substitutionen aus H invariant bleibt. Diese
Funktion ist also ein primitives Element des Fixkdrpers von H (auf dem rationalen
Funktionenkérper in den m Unbestimmten operierend gedacht) iiber dem Kérper
der symmetrischen Funktionen. Es verdient hervorgehoben zu werden, daB
dieser Satz (oder eng verwandte) einer der Kernpunkte beim Aufbau der Galois-
Theorie war; er hiangt ja auch mit dem Hauptsatz der Galois-Theorie eng zusam-
men. Er spielte eine wesentliche Rolle bei Galois selbst [Galois 1962, 47 ff.] als
auch in spiteren Darstellungen der Galois-Theorie [Dedekind 1981, 81]. Insofern
wurde er von Sylow (und auch Petersen) wie selbstverstindlich benutzt [12].

5. GRUPPENTHEORIE IN DER GENERATION NACH GALOIS

Es wiirde iiber die Fragestellung dieses Aufsatzes hinausgehen zu versuchen,
eine vollstiandige Darstellung der Hauptentwicklungstendenzen in der Gruppen-
theorie nach Galois zu geben. Es soll darauf nur so weit eingegangen werden, daf}
deutlich gemacht werden kann, wie Sylows Arbeiten sich in diese Tendenzen
emnpassen. Insgesamt ergibt sich ein Bild von bemerkenswerter Einheitlichkeit.
Sowohl Cauchys Theorie der Permutationsgruppen als auch die Galois-Theorie
(die die abstrakte Gruppentheorie um Begriffe wie Normalteiler, Faktorgruppe,
auflosbare Gruppe etc. bereichert hat) fiithren in natiirlicher Weise zu der Untersu-
chung (transitiver) Gruppenoperationen. Dieses Problem steht, wie schon in der
Einleitung hervorgehoben, (neben dem der Untersuchung linearer Gruppen) ganz
eindeutig im Vordergrund des Interesses.

Es ist meines Erachtens nicht angebracht, den Gegensatz zwischen abstrakter
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Gruppentheorie und Theorie der Permutationsgruppen in dieser Zeit liberzube-
tonen. Es scheint vielmehr, dal das Konzept einer abstrakten Gruppentheorie
den Mathematikern dieser Generation durchaus gegenwiirtig war und den (oft
unausgesprochenen) Hintergrund ihrer Arbeiten bildete. Zumindestens Cayley
[1878] und Dedekind [1981] hatten auch schon in den fiinfziger Jahren ganz expli-
zit eine abstrakte Gruppentheorie konzipiert. Beide stellen in diesem Zusam-
menhang auch das Problem der Klassifikation aller (endlichen) Gruppen als zen-
trale Frage auf. Andererseits ist der Satz von Cayley, dal} jede abstrakte Gruppe
als Permutationsgruppe realisiert werden kann, eine solche Trivialitat, dal} er
sicher ebenso allgemein bekannt war wie die Identitit der Begriffe Permutations-
Gruppe und Galois-Gruppe. Es gab also fiir die Gruppentheoretiker dieser Zeit—
insbesondere soweit sie an konkreten Fortschritten in dieser Theorie und nicht
wie Dedekind an abstrakter Algebra interessiert waren—kaum einen Anlal,
scharf zwischen abstrakten Gruppen, Permutationsgruppen und Galois-Gruppen
zu unterscheiden. SchlieBlich ist auch vom rein mathematischen Standpunkt die
Untersuchung der Permutationsgruppen naheliegender und erfolgversprechender
als abstrakte Gruppentheorie. Stellt man sich z. B. das naheliegende Problem der
Bestimmung mehrfach transitiver Gruppen, wie es Mathieu und Jordan getan
haben, so kommt man bald zu tiefen Ergebnissen und schwierigen Problemen, die
auch heute noch nicht gel6st sind.

Aus allen vorhandenen Dokumenten ergibt sich ganz eindeutig, dall Fragen
dieser Art es waren, die auch Sylow sein ganzes Leben lang beschéftigt haben und
die sein mathematisches Werk geprigt haben. Es ist schon ausgefihrt worden,
wie er sich im Anschlul} an Galois die Frage nach den Untergruppen der S, gestellt
hat, und wie er dadurch zu seinen Theoremen gekommen ist. Diese Sitze ver-
sucht er noch in derselben Arbeit von 1872, auf Probleme iiber transitive Grup-
penoperationen anzuwenden, wobei er Resultate von Mathieu verallgemeinerte
[Sylow 1872, Théoréme VI, VII und VIII]. An Jordan schreibt er um diese Zeit
liber seine weiteren Absichten:

Je me suis proposé le probléme de trouver toutes les groupes de degré netd’orde (n + 1)n - v,
mais je n'ai encore pu le résoudre. . . . L'insuffisance des mes efforts pour résoudre ce
probléme ayant un peu rebaissé I'opinion que je m'étais d’abord formée sur ['utilité de mon
théoréme. . . . Quand vous me honorez d’une seconde lettre, je vous prie Monsieur de
vouloir bien me dire si 'on a fait I'énumération des groupes transitifs pour des degrés plus
grands de 7, et ol cela est imprimé. . . . (Brief vom 20.8.1872)

Je vais mantenant m'occuper du nombre p dans 1'égalité 0 = n*v(np + 1) et de la forme des
groupes d’ordre #°. . . . (Brief vom 6.12,1872)

Dans le temps évulée depuis ma derniére lettre je me suis principalement occupé des groupes
d'ordre n%, en me bornant pour le moment aux groupes transitifs. . . . (Brief vom 8.2.1873)

Jordan seinerseits wendet, unmittelbar nachdem er bei seinem Besuch in Christi-
ania (Oslo) von Sylows Sitzen erfahren hatte, diese—ganz im Sinne des be-
schriebenen ‘‘Forschungsprogrammes’ —an, um Abschétzungen fiir den hochst-
moglichen Transitivitiatsgrad einer Permutationsgruppe zu erhalten. Mit Unter-
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suchungen dieses Problems hatte er sich schon friiher in mehreren Noten beschiif-
tigt [Jordan 1961]. Um diese Fragestellung geht es hauptséchlich in seinen Briefen
an Sylow aus dieser Zeit; er publiziert diese Resultate in [1873] und hebt in der
Einleitung die Bedeutung von Sylows Ergebnissen hervor (vgl. das Zitat in Ab-
schnitt 1).

Sylow selbst hat nur noch einmal [1888] eine groBere gruppentheoretische Ar-
beit publiziert, die wohl viel friiher entstanden war und sich unmittelbar an friihere
Untersuchungen von Galois, Jordan und ihm selbst anschlieBt. Hatte er in der
Arbeit [1867] transitive Gruppen vom Grad p untersucht, so geht es in dieser
Arbeit um transitive Gruppen vom Grad p2. Er bestimmt weitgehend vollstindig
in diesem Fall die Struktur der moglichen p-Sylow-Gruppen, ihrer Normalisatoren
und die moglichen Ordnungen dieser Gruppen. Galois und Jordan hatten sich mit
den auflosbaren Gruppen dieser Art beschiftigt, iiber die Galois eine Vermutung
gedulBert hatte, die von Jordan berichtigt, vervollstindigt und bewiesen worden
war. Sylow erweitert diese Untersuchungen also auf nicht-auflésbare Gruppen.
Aus seinem unverdffentlichten NachlaB [vgl. Skolem 1922] ist ersichtlich, daB er
sich auch intensiv mit héheren Graden, insbesondere dem Fall p’, aber auch
zusammengesetzten Graden wie 2p beschiftigt hat. Zu abschlieBenden Resultaten
und Publikationen ist er aber nicht mehr gekommen.

Sylow wirkte als Gymnasiallehrer im abgelegenen Frederikshald weitab von
allen Zentren mathematischer Aktivitit, und er klagte oft in seinen Briefen iiber
seine vollige Isolierung. Wohl deshalb und auch wegen anderer zeitraubender
Verpflichtungen (Abel-Ausgabe, Mitherausgabe der Acta Mathematica) hat er nur
einmal eine bahnbrechende Arbeit veréffentlicht. Seine wirkliche Originalitiat und
mathematische Kraft ist deshalb nur schwer abzuschitzen. In seinem gruppen-
und galois-theoretischen Werk hat er sich jedenfalls mit zentralen Problemen
beschéftigt. Es bleibt sein Verdienst, eines der Hauptergebnisse der Struk-
turtheorie endlicher Gruppen entdeckt zu haben, auch wenn diese Entdeckung
um diese Zeit fast als historische Notwendigkeit erscheint.

FUSSNOTEN

1. Z. B. heibt es in Hupperts umfangreichem Handbuch (1967, 35]: Die Sitze 7.3 bis 7.6 [das sind
die Sylow-Satze] sind von grundlegender Bedeutung fiir die Theorie der endlichen Gruppen. Wir
werden sie immer wieder verwenden, und ein nicht geringer Teil unserer Arbeit wird die Suche nach
Ausdehnungen dieser Sitze sein.

2. Die Briefe Jordans an Sylow werden mit dam NachlaB Sylows in der Universitiitsbibliothek Oslo
aufbewahrt. Ich danke T. Gulliksen fiir die Beschaffung von Fotokopien und der Universitatshi-
bliothek fiir die Genehmigung zur auszugsweisen Verdffentlichung,

3. J. Petersen war offenbar ein guter und kenntnisreicher Mathematiker, der eine Reihe ausgezeich-
neter Lehrbiicher verfat hat. Eine wissenschaftliche Biographie iiber ihn, die seine Beziehungen zu
anderen Mathematikern beschreibt und etwas Licht auf den Entwicklungsstand der Mathematik in den
skandinavischen Lindern wirft, wire wiinschenswert.

4. Im Sinne der These, daB die Geschichtsschreibung einer mathematischen Theorie sich vor allem
mit den tiefen Resultaten befassen sollte, wire eine Untersuchung iiber Mathieus bemerkenswertes
Werk, insbesondere seine Entdeckung der nach ihm benannten einfachen Gruppen, hochst wiin-

] Mathe & Comp Appli, 2026 Volume 5(3): 121-138



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory — Second edition.
Journal of Mathematical & Computer Applications. SRC/JMCA-290. DOI: doi.org/10.47363/JMCA/2026(5)243

HM 15 SYLOW-SATZE 51

schenswert. Hier ist ein Vorgriff auf eine Entwicklung zu sehen, die erst fast 100 Jahre spiter wirklich
aktuell wurde.

5. Bei Lagrange [1770/71, 403] heilit es: Voila, si je ne me trompe, les vrais principes de la
résolution des équations et I'analyse la plus propre & y conduire; tout se réduit, comme on voit, 4 une
espéce de calcul de combinaisons, par lequel on trouve a priori les résultats auxquels on doit s'atten-
dre.

6. Galois, Dedekind und Sylow erwihnen alle drei im Zusammenhang mit den Sylow-Sitzen
zunichst den Satz von Cauchy.

7. Dedekinds gruppentheoretische Studien werden in WuBings grundlegender Untersuchung [1969]
nicht erwiihnt; auch der hier diskutierte Problemkreis wird nur stiefmiitterlich behandelt. Insgesamt
erscheinen einige Korrekturen an dem von Wussing gezeichneten Bild notwendig: 1.) Die Idee einer
abstrakten Gruppentheorie schien schon lange, bevor sie explizit formuliert wurde, den Gruppen-
theoretikern durchaus gegenwirtig gewesen zu sein, und half ihnen, Ordnung und Struktur in ihre
Untersuchungen zu bringen. 2.) Zumindest die Theorie endlicher Gruppen hat sich iiberwiegend wohl
doch aus der Galois-Theorie entwickelt. Eine ausfiihrliche Diskussion ist hier nicht moglich.

8. Der Briefwechsel Petersen-Sylow wird an der Universitit Oslo aufbewahrt; vgl. FuBnote 2. Die
Briefe von Sylow an Jordan befinden sich in der Bibliothéque centrale de I'école polytechnique in
Palaiseau. Ich danke Frau Cl. Billoux fiir freundliche Unterstiitzung bei der Beschaffung der Briefe.

9. Ich danke J. H@yrup fiir Hilfe bei der Entzifferung und Ubersetzung dieser Briefe.

10. In diesem Zusammenhang ist es wohl eher nebensichlich, ob und wieweit der abstrakte Grup-
penbegriff und die Darstellung abstrakter Gruppen als Permutationsgruppen bekannt war.

11. Dieses Buch, dessen dénische Originalausgabe ein Jahr friilher erschienen war, ist ein be-
merkenswert klares, verstiandliches und vollstandiges Lehrbuch der Algebra, weit besser als Serrets
und vermutlich eines der besten vor Webers Algebra. Es verdiente, etwas besser bekannt zu sein,

12. In diesem Zusammenhang meine ich, daB Waterhouse [1980, 280] sich etwas mifverstindlich
ausdriickt, wenn er schreibt:

But historically more interesting (and making the proof much harder to read) is the fact that
Sylow does not explicitly have the concept of action on cosets. What appears in its place is a
theorem of Cauchy which is hardly remembered now: If H is any group of substitutions of n
variables, then there is a function of those variables left invariant by the substitutions in H
and by no other substitutions.

Es geht im wesentlichen einfach um den Satz vom primitiven Element!
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Scharlau, Winfried

The discovery of the Sylow theorems. (Die Entdeckung der Sylow-Sétze.) (German)
Hist. Math. 15, No. 1, 40-52 (1988).

The author notes the discovery of Dieudonné that Galois had asserted the essence of the Sylow. fheorems in a marginal note. According to
the author, it was Dedekind who took up the challenge in Galois’ legacy. The basis of the author's thesis is that there were no essential
barricades to the development of an abstract group.thegry after 1850, that Cauchy's thearem pointed in the direction of a classification of
finite groups which would necessarily lead to the Sylow theorems; and that Dedekind, knowing that a p-group has a non-trivial center, could

have deduced the solvability of p-groups directly.

The author traces the route followed by Sylow from his studies, while a student of Bjerknes, of Abel's incomplete works on algehraic
equations, through his first publication (in 1867) of a theorem intermediate between that of Galois and the full Sylow theorems, to a letter of
19 September 1870, in which he indicates that he is in possession of the full theorem, though he applies it only for p = 2 and gives no
proof. Sylow's statement of the theorem is in terms of Galois groups rather than abstract groups, for reasons the author makes clear in the

subsequent section.
Reviewer: Roger L. Cooke (Burlington)
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Scharlau, Winfried (D-MUNS)

Die Entdeckung der Sylow-Sitze. (English and French summaries)
[The discovery of the Sylow theorems]

Historia Math. 15 (1988), no. 1, 40-52.

The author evokes primarily the works of Sylow that antedate
1872—the date of the first publication of Sylow’s famous theorems
—and proposes to provide answers to the following questions: How
did Sylow arrive at the formulation of his theorems, what were the
mathematical techniques at his disposal, what was the influence of
his contemporaries, and what hopes did Sylow have for his work?

The author points out that this article may be considered to be
a complement to a paper by W. Waterhouse [Arch. Hist. Exact Sci.
21 (1979/80), no. 3, 279-290; MR 82i:01034].

Sylow undertook his research at a time when the works of Galois
were already very widely known, and the author shows us to what
extent Galois’s legacy had a determining influence on Sylow’s
thinking, which would lead him from the theory of algebraic
equations to the formulation of his renowned theorems (derived
from his research on the subgroups of permutation groups).

Relying also on Sylow’s correspondence with some of his illustri-
ous contemporaries (Petersen, Jordan), the author underlines the
fact that abstract group theory was implicit in the works of most
mathematicians of that era who had an interest in groups, even if
they actually did not feel the need to make a distinction among
abstract groups, permutation groups and Galois groups.

Jean-Luc Steffan (Strasbourg)
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HISTORIA MATHEMATICA 15 (1988), 40-52

The Discovery of the Sylow Theorems

WINFRIED SCHARLAU
Marhemarical Institute of the Universiry of Miinster, Einsteinstr. 62, D-4400 Miinster, Germarny
DEDICATED TO MR, H. WUSSING ON HIS SIXTIETH BIRTHDAY, OCTOBER 15, 1987

The paper describes Sylow’s discovery of the theorems named after him. He was led
to this discovery by his study of Galois” work, in particular Galois® criterion for the
solvability of equations of prime degree. It is explained how Sylow used methods from
Galois theory in his proofs. The paper also discusses relevant correspondence between
Sylow, Jordan, and Pelersen, o 1985 Academic Press, Tne

Diese Arbeit behandelt Sylows Entdeckung der Sitze, die nach ihm benannt sind, Er
gelangte zu ihnen durch seine Beschiftigung mit Galois® Arbeiten iiber die Auflasbarkeit
von Gleichungen vom Primzahlgrad. Es wird beschrieben, wie Sylow im Beweis seiner
Siitze Methoden aus der Galois-Theorie benutzt. Es wird weiterhin auf die diesbeziigliche
Korrespondenz zwischen Sylow, Jordan und Petersen eingegangen. & 1988 Acsdemic Press, lne,

Cet article traite de la découverte par Sylow du théoréme qui porte depuis son nom. [I
a trouvé ce théoréme en étudiant les travaux de Galois sur la résolubilité des équations
dont le degré est un nombre premier. On y indique comment Sylow utilise dans sa
démonstration les méthodes de la théorie de Galois. De plus, un étudie dans cet article la
correspondance & ce propos entre Sylow, Jordan et Petersen. @ 1988 Academic Pres, Inc.

AMS 1980 subject classification: 01AS5.
KEY Worns: Ludvig Sylow, Sylow theorems, Galois theory, group theory.

1. INTRODUCTION AND SUMMARY

This paper deals with the discovery of the Sylow theorems, which occurred around 1870, It
thus addresses an important event in the early history of group theory and directly follows a
paper by Waterhouse [1980]. For a concise yet highly succinct presentation of the history of
group theory during the period under consideration, highlighting the essential points, see
Dieudonné [1978, Chapter 3.4.1], for an exceptionally thorough discussion of many details
and interrelationships, see the well-known book by WubBing [1969].

Because it can be done in just a few lines (rare enough for a historical topic), let us first
recall the statements of the Sylow theorems: Let G be a finite group of order n = pkm. where
p is a prime number and m is not a multiple of p. Then G contains a subgroup P of order Pt
(a p-Sylow group). Any two such subgroups P, P; are conjugate, i.e., thereexistsage G
such that P, = gPig”'. The number of p-Sylow groups is, on the one hand, a divisor of n, and
on the other hand, of the form pk + 1. Finally, every group P of order p* is solvable; more
precisely, there exists a sequence of normal subgroups P; = ... = P, = P such that [P} = p'.
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The central importance of these—perhaps seemingly technical and abstract—theorems for
the theory of finite groups cannot be explained here. It must suffice to state that they lay the
foundation for the entire structural theory of finite groups [1]. Their fundamental importance
was also immediately recognised by the leading group theorist of the previous century,
C. Jordan (1838-1922). In [Jordan 1873, 40], a paper containing initial applications, he writes:

Cette proposition mérite assurément par sa simplicité, sa netteté et sa généralité, d'éme considérée comme
fondamentale; et nows ne doutons pas qu’elle ne donne lien & d"importantes conséquences.

Jordan never had to revise this judgment; in July 1907 he wrote to the now 75-year-old L. Sylow
(1832-1918), now looking back on almost forty years of personal and scientific acquaintance:

Vous me parlez 4 la fin de votre letire des nombreux travaux dont la théorie des groupes a fait I'objet dans ces derniers
temps: ... Et ces travaux devraient vous plaire. n’étant que le développement naturel de vos beaux théortmes, dont j'ai été
le premaer, st jo me & rompe @ prédire 'importance future. s m'ont inspiré & votre égard unc amitié intellectuelle qu
m’a fait me réjouir & la vue de votre denture. [2]

The history of a mathematical theory is above all the history of that theory’s central theorems
and profound results. Accordingly, the Sylow theorems deserve special attention within the
framework of a more general history of group theory. It is to Waterhouse’s credit [1980] that
such an investigation was first presented, to which little can be added in terms of
mathematical substance and which, above all, contains a comprehensive preseniation of
various—now partly almost forgotten—proof variants. This note—which can be seen as a
supplement to Waterhouse's work—is more concerned with the historical aspect of the
discovery of the Sylow theorems. While Waterhouse deals with the period after the first
publication of Sylow’s theorems in 1872, our focus is primarily on the period before 1872.
We will investigate how Sylow arrived at the problem posed by his theorems, what tools and
methods were available to him, whether and, if so, what suggestions he received from
contemporaries, how he himself assessed his theorems, what hopes and expectations he
associated with them, and how they might be integrated into a broader “research program”.

These questions cannot all be answered completely and unambiguously, but the following
can nevertheless be established:

1. Sylow quite obviously arrived at group theory from the theory of algebraic equations
and Galeis theory, and not—as would also be conceivable— from a more abstract theory of
permutation groups in the sense of Cauchy (1789-1857). Moreover, for him group theory was
still practically a part of Galois theory, in a sense applied Galois theory, and he used Galois-
theoretical constructions and inferences in places that were later treated purely from a group-
theoretical perspective. He derived his first two main theorems (existence, number, and
conjugation of p-Sylow groups) directly from a result by Galois (1811-1832), initially in a
very specific case (namely, p-Sylow groups of a subgroup of §,) and subsequently generalized them.
Cauchy’s well-known theorem (existence of an element of order p in a group with order divisible
by p), which is also used in the proof, may have played a role in this generalisation [Cauchy 1845].

2. Although Sylow arrived at the discovery of his theorems entirely independently of other
authors, group theory had reached a stage of development at that time where structural questions
of this kind were obvious and the time was ripe for the discovery of Sylow’s theorems. Even
in manuscripts by Galois and Dedekind (1831-1916), which remained unpublished for a long
time, partial statements of Sylow's theorems can be found. Furthermore, around the same
time as Sylow, the Danish mathematician J. Petersen (1839-1910) [3] encountered the problem
of the solvability of 2-groups in connection with construction problems. A correspondence
between Sylow and Petersen on this topic exists from the years 1870/71.

3. Although—as just mentioned—the time had come for the investigation of the internal
structure of finite groups, these problems did not immediately move to the center of interest of
group theorists. The truly central problem of group theory throughout the 19th century, since
Cauchy and Galois, was the classification problem, or, more precisely and meaningfully, the
problem of classifying transitive permutation groups. From the outset, it seemed obvious to
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proceed according to order, degree and degree of transitivity. Significant contributions came
primarily from Jordan [1961] and E. Mathien {1835-1890) [4]. As is evident from his papers
and correspondence with Jordan, this problem was also of paramount interest to Sylow. He
may have come across Sylow’s theorems rather incidentally. He attempted to apply them
immediately to this problem, and his letters reveal a certain disappointment that they did not
prove of decisive use in addressing the classification problem.

2. GALOIS® LEGACY

Our current (textbook) literature suggests a somewhat inaccurate picture, as one might get
the impression that Galois's main achievement was discovering what we now call Galois
theory. This is only partially true: a key aspect of Galois theory, namely the importance of
groups for the treatment of algebraic equations, was already known in principle. In particular,
J. L. Lagrange (1736-1813) had already addressed the “Fundamental Theorem of Galois
Theory” in his major work on this topic. Lagrange came very close to the fundamental
theorem of Galois theory—not only in the “generic case” of indeterminate coefficients of the
algebraic equation under consideration, but in general [Lagrange 1770/71, especially Article
104]. He had also recognized the fundamental importance of group theory for this problem.
Perhaps it would be going too far to claim that Lagrange already knew the fundamental
theorem of Galois theory, but he undoubtedly had clear and correct ideas about the direction
in which the theory of algebraic equations should be developed [5]. Galois's real achievement
lies in the fact that he goes far beyond “abstract Galois theory™ and, prompted by the problem
of solving algebraic equations by radicals, begins a thorough investigation of the structure of
finite groups. To this end—and this is certainly one of his most impressive ideas—he invents
the theory of finite fields, namely, to obtain solvability statements by representing the group
in a suitable linear group over a finite field. At once, a wide spectrum of group-theoretical
problems and concepts is addressed: the investigation of the internal structure of finite groups,
the problem of determining solvable groups, the description of groups as linear groups over
finite fields and thus a first idea of a general theory of representation, somewhat more
specifically and concretely then the determination of the solvable subgroups of affine or
projective linear groups, and, because Galois groups operate as transitive permutation groups,
the investigation of transitive groups with respect to order, degree and degree of transitivity.
In this area, Galois arrived at results practically without predecessors and out of thin air,
results which Bourbaki [1971, 70] could still say a hundred years later were “among the most
insightful in the theory.” Galois himself emphasised the significance and scope of these
connections when he wrote:

Clest surtout dans la théorie des permutations, ou I'on a sans cesse besoin de varier la forme des indices, que la

considération des racines imaginaires des congruences parait indispensable. Elle donne un moyen simple et facile de

reconnaitre dans quel cas une éguation primitive est soluble par radicaux, comme je vais essayer d'en donner en deux
mots une idée, [Galois 1962, 125]

One of Galois’s most remarkable individual results was his criterion for the solvability of
irreducible equations of prime degree, which could be formulated purely in terms of equation
theory (in modern terms: p(x) = 0 is solvable by radicals if and only if the splitting field is
generated by any two roots). Compare the remark:

Pour gu'ung dquation irréductible de degré premier soit soluble par radicaw, i1 faut et il suffit gue deux guelcongues
des racines étant conneus, les autres "en déduisent rationellement. [Galods 1962, 69]

As is well known, Galois neither had the time nor took the time to carry out his algebraic and
group-theoretical program. However, there can be no doubt that he knew more than what he
revealed in his writings or even in his publications. It is thus hardly surprising that he apparently
knew the essential part of the Sylow theorems, as can be seen from an unpublished marginal note,
which was probably first pointed out by Dieudonné [1978, 117]. It reads there [Galois 1962, 72]:

Théoréme. 5i le nombre des permutations d'un groupe est divisible par p (p étant premier), le groop aurs pour divisear
un groupe de p permutations.
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It is pointless to speculate whether Galois actually proved this theorem or merely guessed at
it. He certainly had the skills and means to prove it. On the other hand, it must be considered
that the theorem, as it is formulated, almost implies the solvability of the p-groups. Since his
main goal was precisely resolvability criteria, it would have been natural to mention him in
this context as well.

It has been stated above that Galois’ work must have posed a challenge for every
mathematician of that generation. One who accepted this challenge (in investigations later set
aside) was Dedekind [1932; 1981]. It is not necessary to elaborate on this further. Regarding
group theory, only three observations should be made: 1) For a mathematician of Dedekind’s
caliber, there were no longer any fundamental difficulties around the middle of the century in
conceiving an abstract group theory and beginning to develop it; 2) One of the first problems
that arose was the classification problem [Dedekind 1932, 439; Cayley 1878]; 3) Starting
from Cauchy’s theorem already mentioned, an investigation of the internal structure of finite
groups always seems to lead in the direction of the Sylow theorems: Dedekind shows that a
p-group has a non-trivial center; since he knew the concept of the factor group, he could
easily have deduced the solvability of p-groups from this [6, 7].

In general, it can be observed that Galois theory became known quite quickly in the 1850s
and 1860s; a large number of mathematicians in various countries worked on it, including
lesser-known ones or those working in remote locations, such as Sylow himself or Petersen,
already mentioned.

3. SYLOW’S PATH TO THE SYLOW THEOREMS

From the existing literature and some of Sylow’s lesser-known works, his papers, and his
correspondence, it is possible to reconstruct when and how Sylow arrived at his group-
theoretical investigations. We rely primarily on the curriculum vitae written by Kragemo
[1933], on Sylow's own works [1867] and [1872], and on the correspondence with Jordan and
Petersen found in his estate [8].

From Kragemo we learn first that Sylow had already been studying the theory of equations
during his teacher training, and that from about 1856 onward, encouraged by his teacher C. A.
Bjerknes (1825-1903), he intensively studied Abel's (1802-1829) partly fragmentary
investigations on algebraic equations. Independently of Kronecker (1823—-1891), he succeeded
in completing a fragment by Abel. In 1860, he submitted this work to Crelle’s Journal;
however, it was rejected by Kronecker. In 1861, he received a scholarship and traveled to
Berlin, Leipzig, and Paris “to make the acquaintance of the most important mathematicians
and to study the theory of equations and the theory of groups.” At this time at the latest, he
must also have begun to study Galois more intensively, whose work had become widely
known in Serret’'s Cours d'algebre supéricure. As early as spring 1863, Sylow gave a lecture
on Galois theory, which was attended by Lie (1842-1899).

A few years later, he published his first independent work [Sylow 1867] on group theory,
which, in essence, lies precisely between Galois’s aforementioned work on irreducible
equations of prime degree and his own later work on the Sylow theorems. In this work, Sylow
proves the statements of the Sylow theorems in the special case of a subgroup of the
symmetric group S, of prime degree n for this prime number n. The starting point of this
investigation was evidently the obvious question of the possible orders of the group of an
irreducible equation of prime degree. He writes this order in the form n{np + D)v (where v is
the index of an n-Sylow group in its normaliser and np + 1 is the index of this normaliser); it
is worth emphasising that he uses precisely these notations in his later work as well. This
strongly suggests that the famous work of 1872 arose directly from these investigations.
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This is confirmed by the correspondence with Petersen. who was working on his
dissertation on constructions with compass and straightedge at the end of the 1860s. He was
attempting to solve the central guestion in this context which algebraic equations must be
satisfied by the coordinates of constructible points? He had already arrived at the correct
conjecture, the group-theoretical core of which states that the Galois group must be a 2-group.
However, since he could not completely solve the problem, he wrote to Sylow on July 19,
1870, asking whether Galois had said anything about this question. Sylow replied in a letter
dated September 17, 1870, stating, among other things, the following [9]:

Aug Threm Brief schlicfe ich, daB es nur cinen Punkt gibt (niimlich 5) fiir welchen Ihnen der Beweis noch fehlt, Ich

glaube, hierilber versichern zu kiinnen, daB es sich wirkhch so verhilt, wie Sie vermuten, Wenn sich eine irreduzible

algebraische Gleichung vom Grad 2" mit Quadrarwurzelzeichen auflésen lHBr, dann kann jede Wurzel durch n

Quadrarwurzeln rational ausgedriickt werden, so daB jede Kombination der Vorzeichen dieser Wurzeln eine neue

Warzel der Gleichung gibt, Ausgehend von einem Satz der Substitutionentheorie, den ich schon lingere Zeit gekannt,

aber noch nicht verdffentlicht habe. bin ich imstande, dies zu beweisen. Ich habe in diesem Winter den ersten Entwurf

einer Abhandlung, wo dieser Satz unter anderen bewiesen werden soll, ausgearbeited. Da ich aber wihrend der letzien
ewel Jahre die auslindischen Zeitschriften nicht ordentlich verfolgt habe, habe ich sie xur Seite gelegt, weil ich erst
feststellen will, ob jemand anders in der letzten Zeit dieselben Dinge bewiesen hat. Hiermit bin ich jetzt beschifrigt.
und wenn ich nach Frederikshald zuriickkomme, wird es vermutlich meine erste Arbeit sein, diese Abhandlung fertig
zu machen, Wenn ich von den Resultaten dieser Abhandlung awsgehen kann, wird der Beweis fiir Punkt 5) in Threm
Bricl einfach sein. Es wird cin Spezialfall eines allgemeinen Theorems iiber Gleichungen vom Grad p" sein, deren
Auflisung anf die sukzessive Losung von m “abelschen™ Gleichungen vom Grad p reduziert werden kann,

Sylow does not express himself completely unambiguously about the theorems he discovered,
either here or in subsequent letters; however, it sounds very much as if he had already known
and proven the Sylow theorems for some time at this point. He also gives no indication of a
proof method and, in particular, leaves it to Petersen to work out the case p = 2 himself. In his
1872 publication, he refers to Petersen’s work without indicating that he had known this
theorem earlier and independently of Petersen.

4. GROUP THEORY AS GALOIS THEORY

Sylow undoubtedly arrived at group theory from the theory of algebraic equations and
Galois theory. We will now discuss the consequences of this approach and how the proofs of
Sylow’s theorems should be read in this context. First, it should be noted that all
mathematicians of this generation were apparently familiar with the fact that every
permutation group can be realized as a Galois group, and that one can therefore restrict oneself
to Galois groups when investigating arbitrary groups [10]. A particularly impressive piece of
evidence for this can be found in an algebra textbook from this period, written by Petersen,
whom we have already mentioned several times [11]. There it states [Petersen 1878, 325]:

Der obenstechende Beweis zeigt, dass keine anderen fransitiven Gruppen von der Ordnung p" (n > 1) existicren als

imprimitive. Der Beweis setzt freilich voraus, daB es eine Gleichung giebt, welche die gegebene Gruppe hat, Indessen

entspricht jeder Gruppe eine Gleichung, nimlich die allgemeine Gleichung vom Grade der Gruppe, wenn man dieser ging

Function der Wurzeln, die durch die Substitutionen der Gruppe und nicht durch andere Substitutionen unverindert
bleibt, adjungiert denkt.

Even today, one could hardly treat the usual construction of a group as a Galois group more
concisely and laconically, and one can assume that this line of reasoning was generally known
if it was described so succinctly. Sylow [1867] also writes at the beginning of his afore-
mentioned work, without further elaboration:

Auf der anderen Seite kann man ausch beweisen, dal #2u jedem gegebenen System von konjugierien Substitutionen
[d.h. zu jeder Gruppe] eins entsprechends Gleichung existiert.

As will be explained later, he made implicit use of this fact in his work on the Sylow
theorems. Finally, Kronecker went a step further by raising the problem as early as 1853 of
which groups could actually be realized as Galois groups via (@, whereby the realizability
over a suitable field with indeterminate elements was probably self-evident to him:
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Ja, man konnte cigentlich gar nicht wissen, ob ... iiberhaupt noch irgend welche Gleichungen existiren, welche dic
gegebenen Auflisbarkeits-Bedingungen erfiilllen. Noch weniger konnte man solche Gleichungen bilden. ...
[Kronecker 1853, 3]

It is quite amusing to follow how Sylow and also Petersen make use of the realisation of an
arbitrary group as a Galois group. If one looks at the modern proofs of the Sylow theorems, a
key point is always to specify a suitable operation of the group. From the standpoint of Galois
theory, nothing is simpler and more natural than this: the Galois group simply operates on the
roots of the equation or the conjugates of some suitable element. In the language of Galois
theory, one can also circumvent the abstract group-theoretic construction of the quotient
group by a normal subgroup: this is simply the Galois group of the corresponding normal
field. Similarly, one does not need cosets by a subgroup; these are also replaced by conjugates
of a suitable field element. After these preliminary remarks, the proof of Sylow’s first theorem
then reads quite naturally as follows [cf. Waterhouse 1980]: Let & be the Galois group of the
field extension L/ K, furthermore P a maximal subgroup of p-power order, N its normaliser,
and F the fixed field of N. Because of the maximality of P, N/P contains no elements of
p-power order, and by Cauchy’s theorem, N/P is coprime to p. Now let x = x) be a primitive
element of N with conjugates xa, ... , x;. We consider the operation of P on the x;. Trivially,
x is fixed. However, this cannot hold for any other x; = gx;, g € G, because from Pgx; = gx;
follows that g"Pgm = x; whence g'ng — N. Then, however, even g'ng = P holds, since all
elements of p-power order of N are already in P. It follows that g € N, so x; = x;. The set
{x1. ... . xx} thus splits under the operation of the p-group P into orbits, of which only one is a
singleton, It follows that k = 1 (mod p) and therefore the first Sylow theorem.

Petersen proceeds in a very similar way in his textbook when proving the solvability of
p-groups. As we saw in the quotation above, he also explicitly emphasises this approach. This
results in a somewhat different statement and a different proof than is customary today for
this theorem; his actual concern is a theorem about the solution of algebraic equations, which
he formulates as follows:

Die nothwendige und ausreichende Bedingung dafier, dab eine Gleichung mit Hiilfe von Abelschen Gleichungen p*"

Grades anfgeltst werden kann, besteht darin, dafl die Ordnung ihrer Gruppe eine Potenz von p ist. lhr Grad ist dann
auch eine Potenz von p,

In modern terminology, Petersen proves the following: If G is a p-group and H a subgroup,
then there exists a sequence of subgroups G =H, > H; > H, o ... © Hy = H, such that Hy,; is
normal to the index p in H,. His Galois-theoretical proof proceeds in modern terms as follows:
Let G be the Galois group of L/K and F be the fixed field of H with a primitive element x. We
consider the operation of H on the conjugates of x. Since x is fixed, at least (p - 1)} conjugates
X3, ... , X, must also be fixed, and thus lie in F. There exists a o € G such that ox; = x3, i.e,,
oF=F. T!ln]:reform @ is a non-trivial automorphism of F, say of order p’. Let F, be the fixed
field of 6"  and H; o H the corresponding Galois group. This procedure is then continued.

It is interesting to take a look at Sylow’s own proof of this theorem for comparison: In its
first and essential part, it is exactly the one still in use today; & operates on itself by conjugation,
and it is found that the center is non-trivial. Because he does not know or does not want to use
the concept of the factor group, Sylow subsequently returns to his Galois-theoretical approach
to complete the induction.

With these examples, it should have become sufficiently clear how closely group theory
was still related to the period under consideration. Galois theory and how the aforementioned
mathematicians proceeded from questions of equational theory. However, one point in this
context should be addressed further, namely the essential role that the primitive element
theorem played in the proofs discussed. Sylow uses it in the following form: If H is a
subgroup of the full permutation group of m indeterminates, then there exists a rational
function in these indeterminates that remains invariant precisely under the substitutions from H.
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This function is thus a primitive element of the fixed field of H {conceived as operating on the
rational function field in the m indeterminates) over the field of symmetric functions. It
deserves emphasis that this theorem (or closely related ones) was one of the key points in the
construction of Galois theory; indeed, it is closely related to the fundamental theorem of
Galois theory. It played an essential role for Galois himself [Galois 1962, 47 ff.] as well as in
later presentations of the Galois theory [Dedekind 1981, 81]. In this respect, it was used by
Sylow (and also Petersen) as a matter of course [12].

5. GROUP THEORY IN THE GENERATION AFTER GALOIS

It would go beyond the scope of this essay to attempt a complete account of the main
developmental trends in group theory after Galois. It will only be addressed to the extent
necessary to demonstrate how Sylow’s work fits into these trends. Overall, a picture of
remarkable uniformity emerges. Both Cauchy’s theory of permutation groups and Galois
theory (which enriched abstract group theory with concepts such as normal subgroups, factor
groups, solvable groups, etc.) naturally lead to the study of (transitive) group operations. This
problem, as already emphasized in the introduction, is (along with the study of linear groups)
clearly at the forefront of interest.

In my opinion, it is inappropriate to overemphasize the contrast between abstract group
theory and the theory of permutation groups during this period. Rather, it seems that the
concept of an abstract group theory was quite present for mathematicians of this generation
and formed the (often unspoken) background of their work. At least Cayley [1878] and
Dedekind [1981] had already explicitly conceived of an abstract group theory in the 1850s. In
this context, both also posed the problem of classifying all (finite) groups as a central
question. On the other hand, Cayley’s theorem that every abstract group can be realized as a
permutation group is such a triviality that it was surely as widely known as the identity of the
terms permutation group and Galois group. Thus, for the group theorists of this time—
especially insofar as they were interested in concrete advances in this theory and not, like
Dedekind, in abstract algebra—there was hardly any reason to sharply distinguish between
abstract groups, permutation groups, and Galois groups. Finally, from a purely mathematical
standpoint, the investigation of permutation groups is more obvious and promising than
abstract group theory. If one poses, for example, the obvious problem of determining multiply
transitive groups, as Mathieu and Jordan did, one soon arrives at profound results and difficult
problems that remain unsolved even today.

All available documents clearly show that questions of this kind occupied Sylow
throughout his life and shaped his mathematical work. It has already been explained how,
following Galois, he posed the question of the subgroups of S, and how he thereby arrived at
his theorems. In the same work of 1872, he attempts to apply these theorems to problems
conceming transitive group operations, generalizing results from Mathieu [Sylow 1872,
Théoréme VI, VII and VIII]. At this time he wrote to Jordan about his future intentions:

Je me suis proposé le problem de trouver toutes les groupes de degré n et d'orde (n + [ v, mais je n'a encore pu le
résoudre. .. L'insuffisance des mes efforts pour résoudre ce probléme ayvant un pen rebaiss€ "opinon que je m' &tais
d’abord formée sur P'otifité de mon théoréme.... Quand vous me honorez d’une seconde letire, je vous prie Monsieur de
vouloir bien me dire si 'on a fait I'énumération des groupes transitifs pour des degrés plus grands de 7, ef ol cela est
imprimé. .., (lettre of aodt 20, 1872)

Je vais maintenant m'occuper du nombre p dans "égalité 0 = n®v(np+1) et de la forme des groupes d'ordre n”, ...
(lettre of décembre 6, 1872)

Dans le temps évalée depuis ma demiére lettre je me suis principalement occupé des groupes dordre #°, en me bornant
pour le moment aux groupes transitifs. ... (lettre of févrer 8, 1873)

Jordan, for his part, immediately after learning of Sylow's theorems during his visit to
Christiania (Oslo), applies them—entirely in keeping with the described “research program'—
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to obtain estimates for the highest possible degree of transitivity of a permutation group.
He had already dealt with investigations of this problem earlier in several notes [Jordan 1961].
This question is the main subject of his letters to Sylow from this period; he publishes these
results in [1873] and emphasizes in the His letters to Sylow from this period primarily revolve
around this question; he published these results in [1873] and, in the introduction, emphasized
the significance of Sylow’s findings (see the quotation in Section 1).

Sylow himself published only one more major work on group theory [1888], which was
likely written much earlier and directly follows previous investigations by Galois, Jordan, and
himself. While he had investigated transitive groups of degree p in his work [1867], this work
deals with transitive groups of degree pz. In this case, he largely determines the structure of
the possible p-Sylow groups, their normalizers, and the possible orders of these groups. Galois
and Jordan had studied solvable groups of this kind, about which Galois had formulated a
conjecture that was subsequently corrected, completed, and proven by Jordan. Sylow thus
extended these investigations to non-solvable groups. His unpublished papers [cf. Skolem 1922]
reveal that he also intensively studied higher degrees, particularly the case of p:‘. but also composite
degrees such as 2p. However, he never achieved any conclusive results or published his work.

Sylow worked as a secondary school teacher in the remote town of Frederikshald, far
removed from any centers of mathematical activity, and he often complained in his letters
about his complete isolation. Probably for this reason, and also due to other time-consuming
commitments (editing Abel’s works and co-editing Acta Mathematica), he published only one
groundbreaking work. His true originality and mathematical power are therefore difficult to
assess. In his work on group and Galois theory, he certainly addressed central problems. His
achievement lies in having discovered one of the main results of the structure theory of finite
groups, even if this discovery at that time seemed almost a historical necessity.

FOOTNOTES

1. For example, Hupperl's comprehensive handbook [1967, 35] states: The Theorems 7.3 to 7.6 [these are the Sylow
theorems] are of fundamental importance for the theory of finite groops. We will use them again and again, and a
considerable part of our work will be the search for extensions of these theorems.

2. Jordan's letters to Sylow are kept with Sylow's estate in the Oslo University Library. [ thank T. Gulliksen for
providing photocopies and the University Library for permission to publish excerpts,

3, 1. Petersen was evidently a skilled and knowledgeable mathematician who authored & number of excellent textbooks.
A scholarly biography of ham, describing bis relationships with other mathematicians and shedding some light on the state of
mathematical development in the Scandinavian countries, would be desirable.

4. In line with the thesis that the historiography of a mathematical theory should primarily focas on its profound results,
an investigation into Mathieu's remarkable work, especially his discovery of the simple groups named after him, would be
highly desirable. Here we see a foreshadowing of a development that only became truly relevant almost 100 vears later.

5. Lagrange [1770/T1, 4031] states: “Voila, s je ne me trompe, les vrais principes de la résolution des équations et
I'analyse la plus propre 4 v conduire; tout se réduit, comme on voit, & une espéce de caleul de combinaisons, par lequel on
trouve & prion les résuliats auxguels on doat & attendre.”

6. Galois, Dedekind, and Sylow all first mention Cauchy’s theorem in connection with Sylow’s theorems.

7. Dedekind’s group-theoretical studies are not mentioned in Wubing's fandamental study [1969]; also the problem area
discussed here is only treated as an orphan. Overall, several corrections to the picture painted by WuBing seem necessary: 1.)
The idea of an abstract group theory appears to have been quite present in the minds of group theorists long before it was
exphicitly formulated, and it helped them to bring order and structure to their investigations, 2.} At least the theory of finite
groups hikely did, in fact, develop predominantly from Calois theory. A detailed discussion is not possible here.

&, The Petersen-Sylow comespondence is kept at the Umiversity of Oslo; see foomnote 2, Svlow’s letters to Jordan are
located in the Bibliothégue centrale de 1"école polytechnique in Palaiseau. 1 thank Ms. ClL Billoux for her kind assistance in
obtaining the letters.

9. 1 thank J. Heyrup for his help in deciphering and translating these letters.

10. In this context, it is probably rather irrelevant whether and to what extent the abstract concept of groups and the
representation of abstract groups as permutation groups were known,

1. This book, whose Danish original edition appeared a year earlier, is a remarkably clear, understandable, and complete
texthbook of algebra, far superior to Serret’s and probably one of the best before Weber's Algebra. Tt deserves to be better known,
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12, In this context, I think that Waterhouse [1980, 280] expresses himself somewhat misleadingly when he writes:

But historically more interesting (and making the proof moch harder to read) is the fact that
Sylow does not explicitly have the concept of action on cosets. What appears in its place is a
theorem of Cauchy which is hardly remembered now: If H is any group of substitutions of n
vanables, then there 1s a function of those variables left invaniant by the substitutions in H
and by no other substitutions.

Essentially it's simply a matter of the primitive element theorem!
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Sylow theorems

Three theorems on maximal p-subgroups in a finite group, proved by L Sylow [1] and playing & majer role in the thaory of finite groups,

Sometimes the union of all three theorems is called Sylow’s theorem.

Let Gbe a finite group of order p™s, where pis & prime number not dividing 5. Then the following theorems hold.

Sylow's first theorem: G contains subgroups of order p' for all = 1,...,m; moreover, sach subgroup of order g is a normal subgreup in at least one subgroup of order g
This thearem implies, in particular, the fellowing important results: there is in Ga Sylew subgroup of order p™; any p-subgroup of Gis contained in some Sylow p-subgroup
of order p™; the index of a Sylow p-subgroup is not divisible by p; if G=P is a group of order p”, then any of its proper subgroups is contained in some maximal subgroup
of order p™ and all maximal subgroups of P are narmal.

Sylow’s second theorem: All Sylow p-subgreups of a finite group are conjugate,
For infinite groups the analogous result is, in general, false.
Sylow’s third theorem: The number of Sylow p-subgroups of a finite group divides the order of the group and Is congruent to one madulo g

For arbitrary sets mof prime numbers, analogous theorams have been obtained only for finite solvable groups (see Hall subgroup). For non-solvable groups the situation
is different. For example, in the alternating group Asof degres 5, for m=1{2,3} there is a Sylow n-subgroup 5 of order 6 whose index is divisible by a number from m.

In addition, in Asthere is a Sylow m-subgroup isomorphic to Asand net conjugate with 5. The number of Sylow n-subgroups in A: does not divide the order of A.
References

[1] L. Sylow, "Théerémes sur las groupeas de substitutions”, Math. Ann. 5 (1872), pp. 584-534, Zhl 04.0056.02

[2] M. Hall, “Greup theory™, Macmillan {1959)
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Dedication to Professor Otto H. Kegel

This paper is dedicated to sadly late Professor Dr. Otto Helmut Kegel and especially to his
contributions to Sylow Theory: see Pages 2 to 9. It is drawing challenging conclusions for
future research work from Otto H. Kegel’s grandiose contributions: see Pages 9 to 11.

It is a great honour to commemorate Otto H. Kegel through some photographs:

Professor Dr.
Otto H. Kegel
giving one of
his fascinating
lectures on
Group Theory,
e.g. at the MFO
(see https://opc.
mfo.de/detail?
photo 1d=23960

and https://opc.
mfo.de/search?

term=Kegel),
with an outlook
to challenging
and very beautiful
research topics
thereby offering
his genuine careful
supervision ©.

The Mathematical Institute in Freiburg im Breisgau

This is the Mathematical Institute at Albert-Ludwigs-University in Freiburg im Breisgau in Germuny
where from 1975 until 1999 Prol. Kegel occupied his chair, gave beautiful leciures and seminars,
invited researchers over researchers, und hosted students in the moming offering a cup of coffee

(or two) thereby doing carcful supervision work and suggesting fascinating rescarch topics.

Otto H. Kegel (Ischia, 2016) e courtesy of Nikolay Aleksandrovich Vavilov
(see https://www.advgrouptheory.com/GTArchivum/Pictures/gtphotos/OttoKegel.jpg)

Ot H.
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Chapter 2

Sylow theorems

Let p be a prime number and let G be a finite group.

2.1 Definitions

Definition 2.1. A finite group is called a p-group if its order is a power of p.

Definition 2.2. Let p™ be the largest power of p dividing |G|. A subgroup H of G is
a p-Sylow subgroup (or a Sylow p-subgroup) of G if |H| = p™.

Remarks.

1. Let S be a subgroup of G. Then S is a p-Sylow subgroup of G if and only if S
is a p-group and (G : S) is prime to p.

2. A conjugate of a p-Sylow subgroup of G is a p-Sylow subgroup of G.

Ezamples

1) Take G = Z/NZ, where N = p™m, with m prime to p. By Bézout’s theorem we
have a canonical isomorphism:

Z/NZ~Z/p"Z x Z/mZ.
The factor Z/p™Z is the unique p-Sylow subgroup of G.

2) Let K be a finite field of characteristic p with ¢ = p/ elements. Let G = GL,(K)
be the group of n x n invertible matrices with entries in K. The order of G is the

2.3. Properties of the p-Sylow subgroups 17

2.2. Existence of p-Sylow subgroups 16

number of K-bases of K™. Hence:
1G] =(¢" - D" ~q)(¢" — ")

2
_—
=¢ 7 [[ -1
§=]1

n(n-1)
=p/*7

m,

where m = H;':l (¢" — 1) is prime to p.
Let S be the group of upper triangular matrices with diagonal entries equal to 1. Tt
1)

is a subgroup of G of order ¢~ 7 = p/ = ”, hence it is a p-Sylow subgroup of G.

2.2 Existence of p-Sylow subgroups

The purpose of this section is to prove the first Sylow theorem:

Theorem 2.1 (Sylow [79]). Every finite group has a p-Sylow subgroup.

For the standard proof of this, see exerc.1. We give two other proofs.

2.2.1. First proof.

It relies on the following:

Proposition 2.2. Let H be a subgroup of G and let S be a p-Sylow subgroup of G.
There exists g € G such that H N gSg~" is a p-Sylow subgroup of H.

Proof. Let X = G/S. The group H acts on X by left multiplication. The H-
stabilizers of the points of X are of the form H N gSg~!, with g € G. Since S is a
p-Sylow subgroup of G, we have p{ |X|; hence there is at least one orbit O = H.x of
H whose order is prime to p. Let H, be the stabilizer of = in H. The group H, is a
p-group of the form H N gSg~! (for some g) and (H : H,) = |O| is prime to p, which
shows that H, is a p-Sylow subgroup of H.

Corollary 2.3. If G has a p-Sylow subgroup and if H is a subgroup of G, then H
has a p-Sylow subgroup.

Application: First proof of th.2.1. Let n be the order of G. We embed G into the
symmetric group S, by making G act on itself by left translations. We embed S, in
GL,(F,) as follows: if 0 € S, and (e;)1<i<n is a basis of F‘I’:. we associate to o the
linear transformation ¢; - ¢,(;). Thus, G embeds in GL,,(F,). By example 2) in
§2.1, the group GL,,(F),) has a p-Sylow subgroup: hence the same is true for ¢

2.7. Exercises 24

2.2.2. Second proof (Miller-Wielandt).

Let |G| = gm, where ¢ is a power of p, and m is prime to p. Let X be the set of all
the subsets of G of cardinality . We have |X| = (";”).

Lemma 2.4. (";") =m (mod p).

Proof. Let R = F,lt] be the polynomial ring in an indeterminate ¢ over F,. Since ¢
is a power of p, we have (1 +¢)? =1+ t? in R, hence (1 +1)?™ =1+ mt?+ ... The
coefficient of t7 in (14 £)?™ is thus m. On the other hand, it is ((’ZI"). Hence (q;") and
m have the same image in F; this proves the lemma.

End of the second proof of th.2.1. The above lemma shows that |X| is prime to p.
The group G acts on X by left translations: A — gA, for g € G and A € X. Since
| X| is prime to p, there is at least one orbit O of G such that |O| is prime to p. Let
A be an element of O and let H be the set of g € G such that g4 = A. We have
|0 = (G : H), hence (G : H) is prime to p, i.e., ¢ divides |H|. If a € A, the map
H — A given by h ~ ha is injective, hence |H| < |A| = ¢. Since ¢ divides |H|, we
have |H| = ¢, and H is a p-Sylow subgroup of G.

Corollary 2.5 (Cauchy). If p divides the order of G, then G contains an element of
order p.

Proof. Let S be a p-Sylow subgroup of G. Since p divides |G|, S is nontrivial. Let
2 be an element of § = {1}. The order of z is p™ for some m > 1. Then 2?" ' has
order p.

2.3 Properties of the p-Sylow subgroups

Theorem 2.6 (Second Sylow theorem, cf. [79]).
(1) Every p-subgroup of G is contained in a p-Sylow subgroup.
(2) The p-Sylow subgroups of G are conjugate to each other.

3) The number of p-Sylow subgroups of G is congruent to 1 modulo p.

Lemma 2.7. Let P be a p-group acting on a finite set X. Let XF be the set of
clements of X fized by P. Then |X| =|XF| (mod p).

Indeed, every orbit of P in X = X" has order divisible by p; hence |X = X*| is
divisible by p.

Proof of parts (1) and (2) of th.2.6. Let S be a p-Sylow subgroup of G, let P be a
p-subgroup of G, and let X = (/S. We apply lemma 2.7 to X and P (with P acting
on X by left multiplication): since |X| # 0 (mod p), we have |[X”'| # 0 (mod p),

chap.I. The subcategory P is the category of algebraic tori, i.e., of groups isomorphic
to a finite product of copies of the multiplicative group G, = GL;.
For a proof of a) and b), see Borel [2], §11.3.

2.6.4. Linear algebraic groups and connected solvable groups.

Here @ is the same as in 2.6.3, and P is the subcategory of connected solvable groups.
The P-Sylow subgroups are the Borel subgroups.

For a proof of a) and b), see Borel [2], §11.1.

2.6.5. Linear algebraic groups and unipotent groups.

Here G is the same as in 2.6.3, and P is the subcategory of unipotent algebraic groups.
Proofs of a) and b) have been given by V.P. Platonov, [72]; the main point is to show
that, if a unipotent group U acts on an algebraic linear group G, there exists a Borel
subgroup of G which is stable under the action of U (|72|, th.3.20).

Let us also mention a property which is only valid for cases 2.6.1 and 2.6.5:

f) Let A C G be an inclusion in the category G, and let S be a P-Sylow subgroup of
A. Then there exists a P-Sylow subgroup T of G, such that S = ANT.

This follows from the the following fact, which only applies to 2.6.1 and 2.6.5:
2) (A subgroup of a P-group is a P-group.) Let A C G be an inclusion in the category

G. IfGeP, then AcP.

2.7 Exercises

1. (Proof of the existence of Sylow p-subgroups by reduction to the abelian case.)

Let G a fi group, and let p be a prime number. Assume that groups of smaller
order, and abelian groups, have p-Sylow subgroups. Let C' be the center of G. Suppose
that |G| is divisible by p. There are two cases:

a) The order of C'is prime to p. In that case |G = C| is prime to p. Show that there
exists a conjugacy class X, contained in [ = C|, whose order is prime to p. If z € X,
the centralizer of z has index prime to p and is distinct from , hence has a p-Sylow
subgroup; that subgroup is a p-Sylow subgroup of G.

b) If the order of (' is divisible by p, choose a nontrivial p-subgroup C’ of C; if S is a
p-Sylow subgroup of G//C’, the inverse image of S in G is a p-Sylow subgroup of G.

N

. (Sylow, [79].) Let G be a group acting faithfully and transitively on a set with p
elements, p prime. Let H be the subgroup of G generated by the elements of G of
order p.

a) Prove that H is a simple group.

b) Show that G//H is cyclic of order dividing p — 1.

[Hint: let C' be a p-Sylow subgroup of G it is contained in H. Show that the map
/c(C)/Nu(C) — G/H is surjective.|

¢) Assume p = 5; construct an example where / is nonabelian. Give examples where

G/ H has order any given divisor of p — 1.

29. SERRE, J.-P.: Finite Groups: An Introduction — Second edition. International Press, Somerville, Massachusetts,
U.S.A., ISBN 978-1-57146-410-1 (January 2022). https://intlpress.com/BDetail?from=book&id=1726537209895026690.
Page 15 and Page 16 and Page 17 and Page 24.
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This is the Happy Birthday Postcard which was sent by Felix F. Flemisch on July 17, 2025 to
Professor Otto Kegel (together with tasty treats) on the occasion of his 91" birthday.
Unfortunately, Prof. Otta Kegel could not receive it.
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Miige das kommende Lebensjahr viele wunderbare Abenteuer,
Erfolge und tolle Erinnerungen bringen.

Geburtstagsgriife und Nachrichten
Lieber Professor Otto H. Kegel,

Ich wiinsche Thnen alles Gute und allerbeste Gesundheit zu Threm 91. Geburtstag.
Nach dem Trubel um Thren 90. Geburtstag letztes Jahr sollten Sie nun dieses Jahr
Thren Geburtstag ganz ruhig und sehr vergniigt im Kreise Ihrer tollen Familie feiern
kénnen. Anbei eine Happy Birthday Gift Box mit kleinen SchmankerIn. Ich wiinsche
Thnen und Threr Familie “A vitre santé et bon appétit! ”

Felix F. Flemisch — Happy Birthday and Gratitude Greetings to
Professor Otto H. Kegel (July 17, 2025) (see Reference [8.]).

-
Session Speaker:
Felix F. Flemisch

A Community for Research

g
g
>
=
o
7]
i)
s
o
2
o
2
-
E
B
(=
Q
E
(7]
E
£
|
c
=]
(]
=

g
g
=
=
k
o
9
5
@
m
an
T
g
x
T
o
=
o
o
=
=
c
2

Mathematics & Physics

Frontiers 2026 —
Theories, Models and Application_s
Q@ Venue: Frankfurt, Germany | Dates: 22-23, April 2026

“The Convergence of Mathematics and Physics:
Modelling Complexity in Nature and Technology”

https://www.instagram.com/p/DVF _n9mErrO/

] Mathe & Comp Appli, 2026 Volume 5(3): 137-138



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory — Second edition.
Journal of Mathematical & Computer Applications. SRC/JMCA-290. DOI: doi.org/10.47363/JMCA/2026(5)243

hittps://www.srcscholarsmedia.com/powerpoint-prasentations.php

|¢ )
b SRC . Home About Our Artilees ~ Submit Your Work Guidelines Contact
Scholars Media

Powerpoint Presentations

CATEGORY: PPTS

Otto H. Kegel’s Beloved Contributions to Sylow Theory

Contact Us: the Author [felix.flemisch@hotmail.com] ™=
and the Journal [mathematics@onlinescientificresearch.info] 29’4

Contact Us

» Felix F. Flemisch '\

» Mitterweg 4e, 82211 Herrsching a. Ammersee \

» Bavaria, Germany \

» E-mail: felix.flemisch@hotmail.com

» Published by:

» Journal of Mathematical & Computer Applications

» ISSN: 2754-6705

» Scientific Research and Community =

» E-mail: mathematics@onlinescientificresearch.info
P '
©:cienniric

: T
] Mathe & Comp Appli, 2026 | https://srcpublishers.com/mathematical-computer-applicatio and Volume 5(3): 138-138

https://srcpublishers.com/mathematical-computer-applicatio/issue/archive and
https://srcpublishers.com/mathematical-computer-applicatio/issue/view/2121




Appendix

”SC' LTS Journal of Mathematical & Computer Applications ISSN: 2754-6705

Presentation by Dipl.-Math. Felix F. Flemisch, M.Sc., Bacc.Math.
at the Conference Mathematics & Physics Frontiers 2026
— Theories, Models, and Applications
in Frankfurt am Main, Germany, on 23 April 2026

Conference Header
%p\snc =M, ! ' SPEAKERS ~ OCM  NENUE  MORE  CONTACTUS
ACommunity for Research Ak f "(3- H' Wik :

)

Mathematics & Physmévfr

Models, and Applications '

Theme: The Convergence of Mathégr)nallcsgﬁél Phys'lcs- Modellmg

Complexity in Nature and Techno‘logy 'rf " f 1 oo o cont
/:)', | "li B4 n,p ountdown nference

/ 03 15 41 00

| Tt
Download Brochure (

Ahout the Conference S
https://srcpublishers.com/physical-mathematics-its-applica/issue/view/2111 and https://srcpublishers.com/physical-mathematics-its-applica/article/view/7415
] Mathe & Comp Appli, 2026 | https://www.srcmeetings.com/mathematics-physics-frontiers-2026-theories-models-and-applications-home-mathphysics.php Page 139



A Community for Research

ykodly \_
Mathematics & Phy‘(z}lnis:-Ffmntlers
Models, and Appllaatl&ns" - |

:"I'

Felix F. Flemisch' Pr'é“ﬁ g

| o g

Felix F. Flemisch
Biography

Felix Fortunatus Flemisch ™ was born in 1951 in wonderful Munich, Germany.
He received his first academic degree, a Bachelor of Mathematics (Bacc.Math.),

\ e in 1974 from the ancient @ Albert- Ludwigs-Universitat Freiburg im Breisgau.

He went on to earn a Master of Science (M.Sc.) degree from the honourable University of London, United
Kingdom, in 1975, and later completed his Diploma in Mathematics (Dipl.-Math.) at the Albert-Ludwigs-

] Mathe & Comp Appli, 2026 | https://www.srcmeetings.com/profile/mathematics-physics-frontiers-2026-theories-models-and-applications-felix-f-flemisch-1491.html Page 140




Universitat Freiburg im Breisgau in 1985. From February 1981 to April 1985, he
was affiliated with the University Medical Center Freiburg, working at the Institute
for Medical Biometry and Statistics (IMBI). In May 1985, he began a long and very
enthusiastic career in the telecommunications industry. On April 11, 1992 he
married his beloved Helga in Florence, Tuscany, Italy. Since retiring in October
2016, he has devoted himself once again to his raging passion for mathematics,
with a particular interest in Group Theory and there especially in Sylow Theory.

Research Interest
Group Theory and its mathematical foundations

Abstract

Otto H. Kegel’s Beloved Contributions to Sylow Theory
— In memory of my adored masterly teacher

Let p be a prime. A p-group is a group all of whose elements have order a power
of pand a p’-group is a group all of whose elements have order prime to p, that is,
not containing any element of order p. A p-group is finite if and only if its order is a

power of p. Every group theorist knows what are very well-known as the three
Sylow theorems: Any finite group G has (D subgroups of order |G|p, where |G|, is
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the highest power of p dividing the order |G| of G, which are called Sylow p-subgroups
and are not only maximal with respect to (w.r.t.) order but also w.r.t. inclusion, whence
@ every p-subgroup of G is contained in at least one Sylow p-subgroup, and @ all the
Sylow p-subgroups are conjugate, that is, if Sy and S2 are Sylow p-subgroups of G, then
there exists an element x of G such that x'Six = S>*. The set of all Sylow p-subgroups of
any group G is denoted by Syl,G. The theorems and the maximal p-subgroups are named
after Ludvig Sylow, the great Norwegian mathematician who discovered them and
published them (fortunately) in December 1872 (see [26.] and https://en.wikipedia.org/wiki/
Peter Ludvig Sylow). A Sylow p-subgroup of an arbitrary group is a p-subgroup, which is
maximal w.r.t. inclusion. Every p-subgroup of a group is contained in at least one Sylow p-
subgroup. A group satisfies the Sylow Theorem for the Prime p or the Sylow p-Theorem,
if all of its Sylow p-subgroups are conjugate, and it satisfies the Strong Sylow Theorem
for the Prime p, if each of its subgroups satisfies the Sylow p-Theorem. A locally finite
group is any group all of whose finitely generated subgroups are finite. Sylow Theory of
Locally Finite Groups studies when they satisfy the Sylow p-Theorem and when even the
Strong Sylow p-Theorem and determines the structure of those groups. A central concept

to that end is the p-uniqueness subgroup of a locally finite group, which is a finite
p-subgroup being contained in a unique Sylow p-subgroup.
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* When G is a finite group, P a p-subgroup of G and S € Syl,G, then the operation of P by conjugation
on C(G,S) = {S”| x € G} has at least one fixed point, that is (3 x € G) (P* < S), and for P € Syl,G
exactly one, which means @ |Syl,G| = |G : NgS| = |C(G,S)| = 1 (mod p); hence G satisfies the Strong
Sylow Theorem for the Prime p, that means, every subgroup U of G conjugates transitively on Syl,U,
and therefore we have the Frattini argument for G (and p), that is, if Nis a normal subgroup of G and
P € Syl,N, then NgP covers G/ N, thatis, G= N+ NgP. B

Otto H. Kegel has since the swinging sixties of last century again and again
showed interest in Sylow Theory and very especially in how to extend it from finite
groups to locally finite groups. He (and a co-author) summarised findings up to
1973 by him and by others in the book [22.], which became a standard book on
locally finite groups. When the book was in press, he developed the new paper
[11.] on Sylow Theory of Locally Finite Groups and presented it in lectures during
11 December 1973. This paper has two open questions until today. 132 years
later Otto H. Kegel presented on 8 June 1987 in four lectures [12.] a summary of
results up to 1987 about Sylow Theory of Locally Finite Groups and extended
them beautifully from locally finite and p-soluble groups for p # 2, according to

equally beautiful results by Brian Hartley and Andrew Rae, to locally finite groups
in general for p =2 5. This paper has ten open questions until today.
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Hesvarch and { ommunity

The paper at hand presents Otto H. Kegel’s achievements of and merits for Sylow Theory of Locally Finite
Groups and communicates that it was a great “Herzensangelegenheit” (matter close to one’s heart) for him. Otto
H. Kegel €2 passed away on his birthday 20 July 2025 at the age of 91. Being in deepest mourning, the author
misses him dreadfully and will always honour his memory m%

The Second edition corrects Page 159 and enlarges Page 161, includes a number of corrections and adds the Appendix
“Presentation by Dipl.-Math. Felix F. Flemisch, M.Sc., Bacc.Math. at the Conference Mathematics & Physics Frontiers 2026 —
Theories, Models, and Applications in Frankfurt am Main, Germany, on 23 April 2026 which presents the Research Article at hand.

The paper presents references to articles on Sylow Theory of Locally Finite Groups by Otto H. Kegel and by
the author. First it presents and summarises the twelve beloved contributions by Otto H. Kegel. Secondly it
presents and summarises the ten enthusiastic contributions by the author, which add thorough comments to Otto
H. Kegel’s admirable contributions regarding wide generalisations, solve two of his open issues and state twelve
still open issues most of which, however, the author solved already in as yet unpublished work. Thirdly it draws
some conclusions from Kegel’s contributions and the author’s contributions thereby suggesting very fascinating
topics for future research based upon the twelve to this day open issues of [11.] and [12.]. The paper almost
closes with Acknowledgements and 30 References. “Almost” because it adds six very distinguished historical
articles about Sylow Theory: Sylow’s Norwegian paper of 1867 [25.] with a translation into English, Sylow’s
famous paper of 1872 [26.], Waterhouse’s paper of 1980 on the Early Proofs of Sylow’s Theorem [27 ],

and Scharlau’s German paper of 1988 on the Discovery of Sylow’s Theorems [24.]

with an appreciation of his performance and a translation into English.
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Romerberg in Frankfurt am Main (see https://de.wikipedia.org/wiki/%20R%C3%B6merberg_Frankfurt
am_Main) and https://en.wikipedia.org/wiki/R%C3%B6merberg_(Frankfurt) and https:/frankfurt.de/frankfurt-
entdecken-und-erleben/sehenswuerdigkeiten/fuer-historisch-interessierte/roemerberg ) with the Alte Nikolai-

kirche (see https://de.wikipedia.org/wiki/Alte_Nikolaikirche ) and the Alte Oper (see htips://www.alteoper.de/en),
a house with a very great tradition (see https://www.alteoper.de/en/ourhouse )
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1 Introduction

The author presents references to articles on Sylow Theory of Locally Finite Groups by Otto H. Kegel and by himself. First he presents and summarises the twelve beloved
contributions by Otto H. Kegel. Secondly he presents and summarises the ten enthusiastic contributions by himself, which add thorough comments to Otto H. Kegel’s admirable
contributions regarding wide generalisations, solve two of his open issues and state twelve still open issues most of which, however, he solved already in yet unpublished work.
Thirdly he draws some conclusions from Otto H. Kegel’s contributions and his contributions thereby suggesting very fascinating topics for future research based upon the
twelve to this day open issues of [11.] and [12.]. He almost close with Acknowledgements and 30 References. “Almost” because he adds six distinguished historical articles
about Sylow Theory: Sylow’s Norwegian paper of 1867 [25.] with a translation into English, Sylow’s famous paper of 1872 [26.], Waterhouse’s paper on the Early Proofs of
Sylow’s Theorem [27.], and Scharlau’s German paper on the Discovery of Sylow’s Theorems [24.] with an appreciation of his performance and a translation into English.

2 Otto H. Kegel’s Beloved Contributions

Otto H. Kegel wrote together with Bertram A.F. Wehrfritz a beautiful book about Locally Finite Groups and published it 1973 [22.]. It includes up to date results and many
references about Sylow Theory by him and by others thereby bridging the gap between 1872 [25.] and 1973. However, it forgoes Kegel’s earlier more than 30 ageless
contributions in the 1960s and 1970s. Those which are related to or are significantly important for Sylow subgroups the author cites as well.

2.1 Early Contributions
The author cites and summarises the nine of them which are related to or are significantly important for Sylow Theory.

2.1.1 Caractérisation des sous-groupes accessibles d’un groupe fini [13.]

Otto H. Kegel presented this out of the ordinary paper on 29 March 1960 in French in the Séminaire Albert Chatelet et Paul Dubreil as the Talk no. 18. Let G be a group.
A subgroup U of G is called accessible if it appears in a composition series of G, that is, if there exists a finite series {N;}1 <;<m Of subgroups of G such that N; = U, N;is a normal
subgroup of N;,4, and N, = G. The subgroup U is a (D)-subgroup of the finite group G if for every prime divisor p of |G| and Sylow p-subgroup S of G the intersection SN Uis a
Sylow p-subgroup of U. Every (D)-subgroup is accessible, and when a subgroup U of the finite group G is accessible then for every prime p and Sylow p-subgroup S of G the
intersection UN Sis a Sylow p-subgroup of U. Kegel proves further conditions when a subgroup is accessible.

2.1.2 Sylow-Gruppen und Subnormalteiler endlicher Gruppen [14.]

In this paper of December 1962 Otto H. Kegel studies the m-quasinormal subgroups U of a finite group G for a set & of prime numbers, which are subgroups where U for each
p U mis permutable with each Sylow p-subgroup of G, and -subnormal subgroups U of a finite group G, which are subgroups where for each p [« and every Sylow
p-subgroup P of G the group U N P is a Sylow p-subgroup of U. Subnormal and m-quasinormal subgroups are n-subnormal. With additional premises Kegel proves that the
subgroup U is subnormal, if U is m-subnormal for the set & of all prime numbers.

2.1.3 Eine Charakterisierung der Sylowgruppen endlicher Gruppen [15.]

Otto H. Kegel submitted this very sublime paper on 10 June 1965. He considers a class K of finite groups which contains with G also every epimorphic image of each subgroup
of G, and calls the function f, which assigns to every G LIK the set f(G) of subgroups of G, a Sylowfunction on K if it has four specified properties, one being that f(G) is a class
of conjugated subgroups for every G [1K . An example is for the prime p and the class E of all finite groups the function p which assigns to every finite group G the set p(G) of all
its Sylow p-subgroups. Kegel then proves SATZ 1 with a ZUSATZ, SATZ 2 and SATZ 3 for Sylowfunctions: see Zbl 0144.01503.

2.1.4 Uber einfache, lokal endliche Gruppen [16.]
This paper Otto H. Kegel submitted on 12 March 1966 to Mathematische Zeitschrift. It contains his famous “approximation principle” for countable simple locally finite

groups (see 2.1.5 and 2.2 and Page 4 of [10.] and the proof in 4.5 Lemma of [22.] with subsequent Remark). For a full summary and some comments the author refers to the

excellent Zbl-review by Riidiger Gobel: see Zbl 0147.27002.
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2.1.5 Locally finite versus finite simple groups [17.]

This paper of May 1968 is a lecture Otto H. Kegel gave at a regional conference on finite groups (a symposium on the Theory of Finite Groups) at Harvard University, which had
Part | (19 lectures), Part Il (seven lectures) and Part Ill (ten lectures, n? 8 being Kegel’s lecture). Based on his famous “approximation principle” “A countably infinite locally
finite simple group G has a strictly ascending sequence { R;} ;o ~ of finite subgroups of G with G = [] { Ri| i LN} such that for each natural number i there exists a maximal
normal subgroup M, of R satisfying M;;; N R; = <1>.” whence G is a limit of the approximating sequence {R;/M;};o~ of finite simple groups ordered by
“involvement” (see 2.1.4 and 2.2), he reports: ® If each of the finite simple groups { Ri/ M;} ; o n is “known”, then either G contains an infinite elementary abelian p-subgroup for
every prime p or there is a field Fand a natural number n such that G is isomorphic to a subgroup of GL(n, ). ® The existence of a non-linear simple locally finite group which for
(at least) one prime p has only finite elementary abelian p-subgroups (possibly <1>) entails the existence of a family of finite subgroups { R;} ; o n such that each of the simple
groups { R/ M;} ;o ~ is “new”. Discussing (simple) locally finite groups in this spirit, many questions about finite groups come up.

2.1.6 Strong finiteness conditions in locally finite groups [18.]

This paper was submitted by Otto H. Kegel on 27 March 1970 to Mathematische Zeitschrift. Kegel himself wrote the following summary: “Eine alte Frage in der
Gruppentheorie ist es, ob die Gruppen, die der Minimalbedingung genligen, einen abelschen Normalteiler von endlichem Index haben. Fiir lokal endliche Gruppen wird diese
Frage hier positiv entschieden. [Dieses Resultat wird auch in V. P. Sunkov, Algebra i Logika, Vol. 9, No. 2, 220-248, March-April 1970 gegeben (see V. P. Shunkov, On the
minimality property for locally finite groups, Algebra and Logic, Volume 9, 137-151, March 1970, https://link.springer.com/article/10.1007/BF02218982)] Wir erhalten dieses
Resultat als Spezialfall eines allgemeineren Satzes, der sagt, daB die lokal endliche Gruppe G, in der alle Primuntergruppen der Minimalbedingung gentigen, genau dann eine
abelsche Untergruppe von endlichem Index hat, wenn die Menge der Zentralisatoren in G als halbgeordnete Menge der Minimalbedingung gentigt.” (see Zbl 0195.03804).

2.1.7 Locally finite simple groups [19.]

Otto H. Kegel presented this paper to the Second International Conference on the Theory of Groups (with about 130 participants) held in August 1973 as the Informal Session C
in the Department of Mathematics of the Institute of Advanced Studies of the Australian National University in Canberra. Kegel himself wrote the following summary: “In dieser
Note wird beschrieben, wie der Fortschritt im Studium "kleiner" lokal endlicher Gruppen von tiefen Klassifikationsséatzen in der Theorie endlicher einfacher Gruppen abhangt und
wie diese Satze fiir unendliche Gruppen nutzbar gemacht werden kénnen. Einige naheliegende Fragen werden formuliert und motiviert.” (see Zbl 0292.20028).

2.1.8 Reinhold Baer (1902-1979). Obituary. [20.]

Otto H. Kegel wrote this detailed while very knowledgeable Obituary for his adored teacher Reinhold Baer, who passed away on 22 October 1979, and published it in June
1980. The author was present in the lecture where Kegel communicated almost tearfully this sad at heart event.

2.1.9 The structure of locally finite groups with min-p [21.]

Otto H. Kegel published this paper in December 1982. He discusses the effect of the classification of finite simple groups on locally finite groups with min-p. Using this
classification he shows how to obtain a very strong structural result for locally finite groups satisfying min-p for some prime p. Such a group has a unique maximal normal locally
p-soluble subgroup S,(G). Let H := G/Sp(G). If H# <1>, then H has minimal normal subgroups. Their join soc(H) is a direct product of finitely many simple groups, and
H/ soc(H) has an abelian normal subgroup of finite rank and finite index. The simple groups referred to, if infinite, are actually known to be groups of Lie type over locally finite

fields, and this fact plays a very central part in the proof. As a direct consequence, if the locally finite group G satisfies min-p, then the factor group G/ O (G) is countable,

since linear simple locally finite group must be countable.
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2.2 “Locally Finite Groups”, co-authored with Bertram A.F. Wehrfritz [22.]

The book mentions the conjugacy part of the Sylow theorems in the Introduction and gives a very profound account of the Sylow Theory in Section D “Maximal p-subgroups” of Chapter 1 with its
Appendix “Conventional Sylow theory and related ideas” and in Section A “A Sylow theory for locally finite groups with min-p [ that is, each of their p-subgroups satisfies min]” of Chapter 3.
Instead of studying Sylow p-subgroups and SylpG, it studies maximal p-subgroups and MaxpG because of the general absence of a satisfactory theory for MaxpG along the lines of the theory of
Sylow p-subgroups of finite groups. However, this is not true for locally finite groups (see [23.]).

First it collects basic properties of maximal p-subgroups: ® The p-subgroup P of the locally finite group G is a maximal p-subgroup if there is a local system X of G [ a set of subgroups whose union is G
and where any two of it lie in a third of it ] consisting of finite subgroups such that P reduces into Z [ i.e., for every subgroup S €  the intersection SN Pis a Sylow p-subgroup of the finite group S].
If the local system X of the group G consists of finite subgroups only and is linearly ordered by inclusion (whence G is countable), then there is a p-subgroup of G which reduces into = .  For a local
system X of the group G consisting of finite subgroups only denote by Max,> the set of those p-subgroups of G reducing into Z. ¢ If the local system £ of the group G consists of finite subgroups only
and is linearly ordered by inclusion, then the following three properties of the set Max,Z are equivalent: a the elements of Max,3 are conjugate in G; b [Max,2| < 27°; ¢ the set Max? is finite. If for
some prime p, every countable subgroup of the locally finite group G contains less than 25 maximal p-subgroups, then in every factor of G the maximal p-subgroups of G are all conjugate. If pis a
prime and G is a countable locally finite group, then the maximal p-subgroups of G are all conjugate if and only if |Maxp2| < 2% e If the locally finite group G contains a finite maximal p-subgroup P,
then the maximal p-subgroups of G are all conjugate to P (see also Page 8 f. of [10.]).

Secondly it summarises heroically with almost fifty (!) references the research work up to 1973 with the sort of result “in such-and-such a group the maximal p-subgroups are all conjugate”. For this
particularly astonishing overview the author refers to Page 26, Page 27 and Page 28 of [22.].

Thirdly it studies Sylow Theory for locally finite groups with min-p. For a prime p and any group, it calls a subgroup P of G a Sylow p-subgroup of G if P is a maximal p-subgroup of G and
contains an isomorphic copy of every p-subgroup of G. The set of all Sylow p-subgroups of G is denoted by SylpG. It proves: ¢ The locally finite group G satisfies min-p if and only if some maximal
elementary abelian p-subgroup of G is finite. ® If G is a locally finite group satisfying min-p, then G contains Sylow p-subgroups and every finite p-subgroup of G is contained in a Sylow p-subgroup of G.
e Let G be a locally finite group satisfying min-p. If P is a p-subgroup of G and if Q is a Sylow p-subgroup of G then the following properties are equivalent: a P is a Sylow p-subgroup of G;
b P contains an isomorphic copy of every finite p-subgroup of G; ¢ P and Q are isomorphic p-subgroups of G. ¢ If G is a locally finite group satisfying min-p, then the p-subgroup P of G is a Sylow
p-subgroup of G if and only if P contains a conjugate of every finite p-subgroup of G.

Fourthly it presents in Chapter 4 “Locally finite simple groups” results related to the study of Sylow subgroups in simple locally finite groups which were previously obtained in 2.1 Early
Contributions: ¢ An infinite group G is simple if and only if it has a local system consisting of countably infinite simple subgroups of G. ¢ A countably infinite locally finite simple group G has a strictly
ascending sequence { R;} i g n of finite subgroups of G with G = ] { Ri| i O N }such that for each natural number i there exists a maximal normal subgroup M;,1 of Ry satisfying Mi.1 N R;= <1>. Later
the terms Kegel cover (R;, M) with Kegel kernels M; and Kegel simple sections R;/ M; were introduced.

2.3 Chain conditions and Sylow’s theorem in locally finite groups [11.]

Having just published a such detailed account of Sylow Theory up to 1973 (see 2.2), Otto H. Kegel presented on 11 December 1973 and published 1976 this new paper which comes with the new and
really excogitated concept of “Sylow-separated (ascending) sequence of p-subgroups with its associated sequence of Sylow p-subgroups” and with a new depiction of the concept of “Sylow
p-intersection”. The author describes, summarises, annotates and enlarges the paper on Page 7 to Page 10 of [10.] including the MR-review and the Zbl-review on Page 21. This paper has two open issues.

2.4 Four lectures on Sylow theory in locally finite groups [12.]

Practically no work on Sylow Theory was done since 1973 until Summer was approaching in 1978 when Otto H. Kegel proposed for my Diplomarbeit — the author had just passed the exam for
the minor Diploma subject with a “sehr gut” — to try to extend Brian Hartley’s tremendous result on Sylow Theory of locally p-soluble locally finite groups for p # 2 to locally finite groups in general,
in particular to simple groups. And then a literally yearslong collaboration between the two of us began until the author could publish the Diplomarbeit on 8 October 1984 which, however, was
rather incomplete since he got hopelessly lost in the classification of finite simple groups. Most of his further drafts were completed by Kegel himself, who contributed in any case the preponderant
part of great ideas, and presented on 9 June 1987. The author described, summarised, annotated and enlarged Kegel’s paper on Page 2 to Page 6 and Page 13 of [10.] including the MR-review

and the Zbl-review on Page 17. This paper of him has ten open issues. During a large number of personal sessions the author was first surprised by and then in admiration of Kegel’s very great

interest in his (!) research subject which showed him that it was a real and sincere “Herzensangelegenheit” (matter close to one’s heart) for Kegel. This is well-documented in [12.], [9.] and [10.].
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3 Felix F. Flemisch’s Enthusiastic Contributions

Being retired since October 2016, the author extra early rediscovered his loving to work for Mathematics and particularly for Group Theory and resumed the topics of his
Diplomarbeit of 1984 and of Otto H. Kegel’s fantastic paper [12.]. This resulted in enthusiastic contributions since 2021 adding thorough comments to Kegel’s contributions.

The author summarises them in the following. They end with twelve open issues suggesting fascinating topics for future research.

3.1 Trilogy about Sylow Theory in Locally Finite Groups [1.]

The books are based on the author’s Diplomarbeit (see 2.4) and continue his paper “Characterising Locally Finite Groups Satisfying the Strong Sylow Theorem for the Prime p~
which appeared in Adv. Group Theory Appl. 13 (June 2022) on pp. 13-39 (see [5.]). Since they contain a lot of material which cannot be published in a mathematical journal, they
were published as Books on Demand (BoD) (see 3.2 and 3.3). In the following the author describes the mathematical subject matter. Regarding the non-mathematical contents,
including very beloved dedications to famous or by the author beloved persons, see the contained four careful recensions: Part 1, Page v; Part 2, Page i; Part 3, Page i and Page 42.

3.1.1 Part 1 [1.1]

Part 1 “Characterising Locally Finite Groups Satisfying the Strong Sylow Theorem for the Prime p” of the Trilogy [1.1] is based on the BoD-Book “Characterising locally finite
groups satisfying the strong Sylow Theorem for the prime p — Revised edition” (see under ISBN 978-3-7562-3416-5) which in turn has been based on my rather pioneering
research paper in Volume 13 of Advances in Group Theory and Applications (AGTA) (see https://www.advgrouptheory.com/journal/Volumes/13/Flemisch.pdf and the good
Summary in Zbl 1496.20065). The First edition of Part 1 removes the highlights in light green of the Revised edition and adds the albeit very considerably improved Pages from
i to vi and Pages from 27 to 34 to the AGTA-paper. In addition, Part 1 adds the ten new Pages from 35 to 44 to the Revised edition and therefore had to renumber the Pages
from xv to xviii into the Pages from 45 to 48. It includes the second paper [12.] of Otto H. Kegel about Sylow theory in locally finite groups (see MR981832 and Zbl 0659.20024)
as Appendix 1 and his first paper [11.] on the beautiful subject (see MR414714 and Zbl 0328.20029) as Appendix 2. Finally, it calls to mind Kegel’s fine contribution to the
conference Ischia Group Theory 2016. Really most importantly, Part 1 introduces the fundamental concepts of the (First) Trilogy about Sylow Theory in Locally Finite Groups:
locally finite group satisfying the Strong Sylow Theorem for the prime p (or the Strong Sylow p-Theorem); singular (Sylow) p-subgroup; (very) good Sylow p-subgroup;
p-unigueness subgroup; minimal (w.r.t. order) p-unique subgroup; (numerical) Sylow p-invariant ap; P-invariant Sylow p-subgroup; P-isomorphic P-orbit.

3.1.2 Part 1 — Second edition [1.2]

The Second edition of Part 1 introduces happily a uniform page numbering, adds page numbers to the appendices, improves Pages iv and v, Page 22, Pages 25 to 34 and
Pages 39, 45, 49, 50, 75, 76, 105 and 106, adds Pages 109 to 112, and adds a two-page Table of Contents of the Trilogy. Part 1 has vi + 48 + 27 + 31 + 8 = 120 pages and
includes 15 references according to the AGTA- paper followed by ¢ a two-page Postscript about Kegel’s Theorem/Conjecture on simple locally finite groups with the Strong Sylow
Theorem for the prime p (see Part 2) and about the (First) Trilogy, by e the section “About the author”, by ¢ a Note on Kegel’s Theorem/Conjecture, by « a fine section about “Sylow
p-intersections and p-unigqueness subgroups”, by e the rather illuminating section “Comparison of Kegel’s two papers on Sylow theory in locally finite groups”, by « the section “Five

personal Notes about Mathematics”, and finally followed by « the very insight gaining section “Augustin-Louis Cauchy’s and Evariste Galois’ contributions to Sylow theory in finite groups

describing and summarising a pioneering follow-up paper. It also adds the section “Mathematical Reviews (MR) (MathSciNet) and zbMATH Open (Zentralblatt MATH)” for the AGTA-paper.
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3.1.3 Part 2 [1.3]

Part 2 “About the Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups” of the Trilogy [1.3] is based on Part 1. It first gives a profound overview of the structure
of simple groups, and in particular of the simple locally finite groups, and reduces their Sylow theory for the prime p to an old (1987) conjecture of Otto H. Kegel, contained in his
second paper [4.], about the rank- unbounded ones of the known 19 families of finite simple groups: “Let the p-subgroup P be a p-uniqueness subgroup in the finite simple
group S which belongs to one of the seven rank- unbounded families. Then the rank of Sis bounded in terms of P.”

Part 2 then introduces a new scheme to describe these 19 families, the family T:= {abelian ,, A", A=PSL,,B=PQ oddn, C=PSpn,D=PQ%enn, 2A=PSU,,

D = PQ evenn, Es, E7,Eg, Fs,Go,%Bs, %Dy, 2Es, °F4, %Gy, sporadic x } of types using well-known symbols, defines the rank of each type, and emphasises the réle of
Kegel covers. This introductory part presents a unified picture of well-known results with proofs only by reference which is the reason why the title of Part 2 starts with “About”.

Subsequently Part 2 applies rather new ideas to prove the conjecture for the Alternating Groups. A considerably thorough abstract of this quite pioneering approach is
presented on Page ii.

Thereupon Part 2 remembers the central réle played by Kegel covers and x-sequences. Finally, it presents a plan how to prove and even how to optimise the conjecture
step-by-step or peu a peu by suggesting a way 1) and a way 2) which leads to further tough conjectures thereby happily unifying Sylow theory in locally finite simple groups with
Sylow theory in locally finite and p-soluble groups being the work by adored professors Otto H. Kegel and Brian Hartley (see Page 27 of Part 1). Part 2 has iv + 20 = 24 pages
and includes 24 references as well as two figures of the very famous classification of the finite simple groups. For any unexplained terminology Part 2 refers to Part 1.

3.1.4 Part 3 [1.4]

The Part 3 “The Strong Sylow Theorem for the Prime p in Projective Special Linear Locally Finite Groups” of the Trilogy [1.4] continues the program begun in Part 2 to optimise
along the way 1) the Theorem there about the first type = = “A" ” of infinite families of finite simple groups step-by-step to further types by proving it for the second type = = “A =
PSL .. It first proves the Conjecture 2 from Part 2 about the General Linear Groups over (commutative) locally finite fields, stating that their rank is bounded in terms of their
p-uniqueness, and then breaks down this deep insight to the Special Linear Groups and to the Projective Special Linear (PSL) Groups over locally finite fields. A thorough
abstract of this three-stage-approach with a description of the new ideas regarding the proof for the General Linear Groups and with a figure showing the transitions to the
Special Linear Groups and the PSL Groups is presented on Page ii.

Part 3 closes with suggestions for future research .« regarding the five remaining rank-unbounded types (the “Classical Groups™) and the way 2), e regarding the (locally) finite
and p-soluble groups by announcing sincerely a first proof of Conjecture 3 from Part 2, thereby somehow rounding off the venerable classical Hall-Higman theory, and thirdly
e regarding Augustin-Louis Cauchy’s and Evariste Galois’ very pioneering contributions to the Sylow theory of finite groups showing three very beautiful rectangles / tableaux
(see Page 10). These three suggestions culminate in the ambitious announcement of the Second Trilogy about Sylow Theory in Locally Finite Groups. Part 3 has iv + 44 =
48 pages and includes 32 references followed by e an insightful Postscript about » the Alternating Groups, » the PSL Groups, » the First Trilogy and » the 19 families of finite
simple groups, and finally followed by e the very beautiful four-page section “A Contribution to the Mathematical Theory of Big Game Hunting”. Its last Page 42 shows the First
Trilogy as a beauteous triptych (see https://en.wikipedia.org/wiki/Triptych and Page 49 of Part 1 with an inspiring overview of three other triptychs).

3.2 Review of a Trilogy about Sylow Theory in Locally Finite Groups [2.]
This comprehensive review of 15 August 2023 concerns the trilogy about Sylow Theory in Locally Finite Groups which has been published in four books by Books on Demand

(BoD), Norderstedt, Germany, namely (see [1.] for an update): Part 1 — ISBN 978-3-7504-0398-7 (November 2023); Part 1 — Second edition — ISBN 978-3-7543-6087-3

(March 2023); Part 2 — ISBN 978-3-7568-3892-9 (December 2022); Part 3 — ISBN 978-3-7568-9853-4 (January 2023).
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3.3 Three Beautiful Books about Sylow Theory in Locally Finite Groups [3.]

The books are based on the author’s Diplomarbeit (see 2.4) and continues his paper “Characterising Locally Finite Groups Satisfying the Strong Sylow Theorem for the Prime p”
which appeared in Adv. Group Theory Appl. 13 (June 2022) on pp. 13-39 (see [5.]). Since they contain a lot of material which cannot be published in a mathematical journal, they
were published as Books on Demand (BoD) (see 3.1 and 3.2 and https://www.bod.de/buchshop/ and https:/www.bod.fr/librairie/).
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3.4 Characterising locally finite groups satisfying the strong Sylow Theorem for the prime p — Manuscript on Sylow theory in locally finite groups — Mathematics edition [4.]
The Mathematics edition (32 pages) extracts from the full editions (see [1.]) the mathematical content and omits the fair and very beautiful personal dedications and information
(Richard Wagner, Albert Camus, Pablo Picasso, Freiburg i.Br., Herrsching a.A., Marcel Proust, Charles Baudelaire, Bertolt Brecht) almost entirely. It is line numbered for
(Scholarly Peer) Review purposes (but the twenty-one Footnotes cannot [and need not] be line numbered). Besides Sylow Theory of Locally Finite Groups (19 pages) the

Mathematics edition provides novel but ultimately classical proofs of considerably historic relevance for the basic theorems of Lagrange and Cauchy on finite groups (11 pages).
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3.5 Characterising Locally Finite Groups Satisfying the Strong Sylow Theorem for the Prime p [5.]

During his lectures to the 1987 Singapore Group Theory Conference Otto H. Kegel proposed the following question: “If every subgroup S of the locally finite group G contains a
finite p-subgroup which is singular in S, does G then satisfy the strong Sylow Theorem for the prime p ?” In this paper the author answers the question in the affirmative. The
paper formed an extremely essential part of the author’s German Diplomarbeit of 1984 (the “Charakterisierungssatz ) (see 2.4), written before he sadly left academia. The
author presents the Charakterisierungssatz as Theorem 3.9, and summarises then the result as Theorem 3.10, stating that if G is a locally finite group and p is a prime, then G
satisfies the strong Sylow theorem for the prime p if and only if every subgroup S of G contains a finite p-subgroup which is singular in S. Subsequently he presents a few novel
concepts for Sylow theory of (locally) finite groups to encourage future research. The paper is divided into four sections: Introduction; Good Sylow p-subgroups and p-uniqueness
subgroups; Basic theorems of Sylow theory in locally finite groups and our Charakterisierungssatz; Novel concepts for Sylow theory in (locally) finite groups.
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3.6 The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups [6.]

This Research Article continues [5.]. The author begins with giving a profound overview of the structure of arbitrary simple groups and in particular of the simple
locally finite groups and reduces their Sylow theory for the prime p to a quite famous conjecture by Prof. Otto H. Kegel (see [12.], Theorem 2.4: “Let the
p-subgroup P be a p-uniqueness subgroup in the finite simple group S which belongs to one of the seven rank-unbounded families. Then the rank of S is bounded
in terms of P.”) about the rank-unbounded ones of the 19 well-known families of finite simple groups. The author introduces a new scheme to describe the 19
families, the family T of types, define the rank of each type, and emphasises the great role of Kegel covers: Prof. Kegel rediscovered from Prof. Philip Hall that an
infinite simple group has a local system consisting of countably infinite simple subgroups (see [12.], Theorem 2.5) (and conversely) and if they are locally finite,
he discovered groundbreakingly that they have a Kegel cover (see [12.], Theorem 2.6), that is, a nested local system {G,} with maximal normal subgroups M, < G,
such that G, N My, = <1> so that G, embeds into G,/ M. This part presents a unified picture of known results all of whose proofs are by reference.

Subsequently the author applies new ideas to prove the conjecture for the Alternating Groups.

Thereupon he is remembering Kegel covers and *-sequences and the classification of simple locally finite groups according to their Kegel covers. Next he
suggest a way 1) and a way 2) how to prove and even how to optimise Kegel’s conjecture step-by-step or peu a peu which leads to Conjecture 1, Conjecture 2 and
Conjecture 3 thereby unifying Sylow theory in locally finite simple groups with Sylow theory in locally finite and p-soluble groups whose joint study directs very
reliably Sylow theory in (locally) finite groups. For any unexplained terminology the author allows him to refer to [5.].

He then continues the program begun above to optimise along the way 1) the theorem about the first type Z = “A"” of infinite families of finite simple groups
step-by-step to further types by proving it for the second type = = “A = PSL,”. He applies new ideas to prove Conjecture 2 about the General Linear Groups over
locally finite fields, stating that their rank is bounded in terms of their p-uniqueness, and then breaks down this insight to the Special Linear Groups and to the
Projective Special Linear (PSL) Groups over locally finite fields. He closes with pretty good suggestions for future research P> regarding the remaining rank-
unbounded types (the “Classical Groups”) and the way 2), P regarding (locally) finite and p-soluble groups, and P regarding Cauchy’s and Galois’ contributions to
Sylow theory in finite groups. He very much hopes to enthuse group theorists with these suggestions and he is ready to support and to cdordinate all related work.

It follows from the two theorems that simple locally finite groups which satisfy the Strong Sylow Theorem for even one Prime p are linear and hence countable
if they have a local system of countable simple subgroups each having a Kegel cover “of alternating type” or “of projective special linear type”.

The author includes the beautiful predecessor Research Article [5.] as the First Appendix for good reasons. This Research Article had been presented as a
slideshow in a Talk at IGT 2024 on April 11. The author includes its 16 slides as the Second Appendix. Slide 1 to Slide 12 had as well been permanently instaled
during IGT 2024 as a Permanent Poster.

The Research Article consists of the following seventeen beautiful Chapters:

e Sketch of proof for A" ; @ Sketch of proof for A = PSLn ; @ Introduction; @ Proof of Theorem 1;
® About Kegel covers; @ Planning future research — Part 1; ® Proof of Theorem 2;
® Proof of Theorem 3; @ Proof of Theorem 4; ® Planning future research — Part 2;
@ The First Trilogy and The Second Trilogy and their reviews; ® Acknowledgements;
® Postscript, Luciano De Creszenzo, Felix F. Flemisch, Conflicts of Interest, Pablo Picasso’s La Joie de vivre ;
® About the author in Munich, in Freiburg i.Br., in London, in Weiden i.d.OPf., and in Florence in Tuscany in Italy;

® 75 References; ® Appendix 1 — Reference [5.] with MR Review and Zbl Review;

® Appendix 2 — Talk by Felix F. Flemisch at Ischia Group Theory 2024.
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3.7 The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups — De Luxe Edition [7.]

This Research Article extends the JMCA Research Article “The Strong Sylow Theorem for the Prime p in Simple Locally Finite Groups” (see 3.6) from 71 pages to

220 pages by adding Pages i to viii, -1 to -18, 72 to 266, and ix to x (see Page v).
Pages i to -18 start with this Abstract and then honour Otto H. Kegel’s beautiful paper [12.] thereby explaining its relationship to its main result and to the 71-pages

Research Article, and then commenting on its final considerations. They then give an overview of the 220-pages Research Article, including the Front Cover and a Table of

Contents, and explain in great detail the relationships of the 71-pages Research Article to JMCA and to the Ischia Group Theory (IGT) 2024 Conference and its

upcoming Proceedings, centred around the Talk given by myself at the Conference (IGT 2024) on April 11, the 100th birthday of Prof. Philip Hall. They close

with a List of Open Issues some of which the author had solved already in yet unpublished work (see Page 161).
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Pages 72 to x start with a dedication to Helga (see Page 16), continue with the PowerPoint Presentation at IGT 2024, honour Ludvig M. Sylow, the discoverer and explorer of Sylow Theory,
recall that Ischia was twice an Artist Colony, remember Philip Hall’s and Graham Higman’s fundamental paper “On the p-Length of p-Soluble Groups and Reduction Theorems for Burnside’s
Problem” thereby explaining its relationship to the 71-pages Research Article, recall Some Historicals on Group Theory, in particular Philip Hall’s handwritten Lecture Notes on Group Theory
and show all these beautiful Lecture Notes, show a considerably reworked presentation of WIKIPEDIA’s Classification of finite simple groups, remember Prof. Kegel and Prof. Hall at the
Mathematisches Forschungsinstitut Oberwolfach (MFO), and finally as the Back Cover refer to Philip Hall’s Archive at the London Mathematical Society and again to his Lecture Notes, and in
the end close by showing Who is Felix F. Flemisch ? (Biography) & Another Abstract of the 71-pages Research Article.

3.8 Felix F. Flemisch — Happy Birthday and Gratitude Greetings to Professor Otto H. Kegel (July 17, 2025) [8.]
This is the Happy Birthday Postcard which was sent by Felix F. Flemisch on July 17, 2025 to Professor Otto Kegel (together with tasty treats) on the occasion of his 91* birthday:

N —

Unfortunately, Prof. Otto Kegel could not receive it.

3.9 Professor Otto H. Kegel out of Great Gratitude for Opening a New and Grandiose Dimension of Mathematics to Me [9.]

This paper presents the author’s true Happy Birthday Greetings (in German) which he sent per express delivery on July 17, 2025 to Prof. Kegel together with a Happy Birthday Gift Box with tasty
titbits to congratulate him on his 91st birthday wishing “A vétre santé et bon appétit!”. But Prof. Kegel could not receive let alone relish them ... ®. He added (in English) two slides of his
beautiful talk at IGT 2024 and his rather thorough comments with quite a number of improvements on Prof. Kegel’s beautiful and groundbreaking paper “Four lectures on Sylow theory in locally
finite groups” (see [12.]). He also added the obituaries of Albert-Ludwigs-University in Freiburg i.Br. and of his family with comments, the English translation taken from 3.8, reminders to Prof.
Kegel’s dedication on the occasion of his 70th birthday in the Archiv der Mathematik, his visit to IGT 2016 and honouring him at IGT 2024.
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3.10 Otto H. Kegel’s Beautiful Contributions to Sylow Theory in Locally Finite Groups [10.]

Otto H. Kegel published two fundamental papers on Sylow Theory in locally finite groups: see [11.] and [12.]. The paper [10.] summarises them, compares them
and above all provides a list of their Open Issues which are still open until the present day. To study crucial configurations, Kegel developed in [12.] the really
quite excogitated concept of the “(smooth simple straight) split sequences of finite p-perfect subgroups with their associated ascending sequences of subgroups”
which is related to his equally very fine concept of the “Sylow-separated (ascending) sequences of p-subgroups with associated sequences of Sylow p-subgroups”
he had developed already more then ten years earlier in [11.]. When the author met him personally in July 2022, he tried to find out how Prof. Kegel had detected
these really ingenious ideas, but woefully was unsuccessful, although he was really very privileged to witness up very close the creation of the idea of [4.] (see
[9.]). A scheduled new attempt in July 2025 (see [9.]) could not be realised ... ®. The author therefore developed [10.] to honour his so fantastic achievements of
Sylow Theory. The paper is thought to be a supplement to Mahmut Kuzucuoglu’s beautiful paper [23.] about life and work of Otto H. Kegel. Before publishing
it in the JMCA, the author sadly failed to publish it in the journal of AGTA and in the journal Archiv der Mathematik (see Page 22 and Page 23).
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4 Conclusions
The author presents in [9.] and [10.] the following List of twelve Open Issues:
* Open Issue 1: Does the strong Sylow Theorem for the prime p force the maximum condition for Sylow-separated sequences of p-subgroups?
* Open Issue 2: Does the maximum condition for I G imply the strong Sylow Theorem for the prime p?
* Open Issue 3: Extend Theorems 2, 3 and 4 of the JIMCA-paper [6.] to the remaining four Locally Finite Classical Groups (i.e., the Symplectic Groups, the Unitary Groups,
the Orthogonal Groups in char # 2 and the Orthogonal Groups in char 2).
* Open Issue 4: Summarise the work by B. Hartley and A. Rae regarding ), and p* and the foregoing work on the classical Hall-Higman theory regarding
Ap and pbp, ¢p, dp, p and 1, by P. Hall, G. Higman, A.H.M. Hoare, T.R. Berger, F. Gross, E.G. Bryukhanova and A. Turull.
* Open Issue 5: Let p be a prime. Let G be a p-soluble finite group, A,(G) be its p-length, and a,(G) be its p-uniqueness (see Page 37 of [5.]). Then (best possible) A,(G) < ay(G) + 1.

* Open Issue 6: Deduce the three rectangles/tableaux shown below and use them to prove Lagrange’s theorem and Cauchy’s concealed second and third group theorems:

set of the first row consists of all right 9 X=<x>;
certain orbits  cosets Gxfof Gin H(0<k < p-1 § | setof all orbits of H
of Hunder G with the powers of some p-blank x; -g under GO U X,
: 5 : : acting by left  of G in H; the following rows & | the simultaneous actions
C'Dmplete the first row consists of all % SftH Orbi(G') translation consist of right cosets of G in A with % of G by left translation and
right elements Zk Of G(1<k<M) = o G \H ofall the powers of left conjugates of x; © | of X by right translation
transversal  acting on H in the following g | orbits of H 3
. . e . @ . Gx'nh =G Gxy Gx* cee | GxyPL — |cosets G=<x;>=GX
forGin H  rows via multiplication from 2 under G acting — dhibls ottt G X
the left by their inverses S | by left translation " -
Gx'h=Gh | Gxatr | GxPz | ... | GxP i — | cosets G<x>1,
5 =1 =% |.& Z3 ZM o | G=,0mb(G) = double coset G X
5] Zr b Zz b i ZM I > sz = ,‘Orb(G) Gx3' =G Gxs ts Gxi’ts v | GxP 1 — | cosets G=<x3>13
= = double coset Gi3 X
I3 bl £} W E) Zm I3 > Gf}ZISOfb(G) .
S - Gxsts=Gts | Gxsts | Gxg’ts | ... | GxsPlts | > | cosets G<xs>1s
r Z3 IR Z3 IR . ZM IR - | Glr= l‘R(:)l'l')((r) = double coset Gis X
rectangle |G| x [H:G] of elements tableau p X [H:G]/ p of cosets
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set of the first row consists of all right cosets _ | X |=i1Hl,=p%
certain orbits Gxof GinH (0 <c¢ <|H|,-1) with the g set of afl orbits of H
of H under G elements of some Sylow p-subgroup Xof H, | 2 |under GO DX, the
acting by left all of whose elements of order p are é simultaneous actions
translation p-blanks of G in H: the following rows E of G by left translation and
consist of right cosets of G in H with the 3 of X by right translation
elements of left conjugates of X
Gxinti =G G xqq G x13 G xyp0,y < | cosets G {x1.|0<c<p?1}
= GX=double coset G1 X
Gat; =Gt Gxyh Gxyp by Gxypoy by < | cosets G {xa. |0 <c<p’l}t,=
double coset Gi, X
Gxpt=Gt G xy 1 Gxpt e | Gxgppat | cosets G {x3. |0<c<pl-1}t;=
double coset Gi: X
Gxptr =Gty Gxpy 1y Gxp by o | Gxpppaty +> | cosets G {xp. |0=<c=<pbl}t;=
double coset G X

rectangle |H| p X [H:G]/ |H| p of cosets

e Open Issue 7: Deduce Cauchy’s fundamental theorem of 1812/1815 from [H:<x>]> |G|, if x is a p-blank of G in H , that is, an element of H of order p withx [1 G.
¢ Open Issue 8: Determine all the (minimal) p-uniqueness subgroups for the known finite simple groups and their natural overgroups, the symmetric and the linear groups,

and for the (locally) p-soluble groups, distinguishing p > 5, p=3 and p = 2.
¢ Open Issue 9: Specify for a finite group the relationships of the properties of its p-subgroups which are minimal (w.r.t. order or w.r.t. inclusion) w.r.t. being contained in a unique

Sylow p-subgroup to the properties (e.g., conjugacy) of its p-subgroups which are maximal w.r.t. being contained in a (unique) Sylow p-subgroup (i.e., its Sylow p-subgroups).
¢ Open Issue 10: Introduce for every prime p a generalised p-length for locally finite groups which is finite if and only if they satisfy the strong Sylow Theorem for p.
e Open Issue 11: Making a revision of Kegel’s (3.5) Theorem [12.] thereby relating it to rarely known articles and extending it to p > 3, extend Kegel’s (4.4) Theorem [12.] to the case p = 3.

¢ Open Issue 12: Summarise Kegel’s wonderful Sylow paper [12.] thereby integrating first of all the AGTA-paper (see https://www. advgrouptheory.com/journal/Volumes/13/Flemisch.pdf)

and then secondly the IMCA-paper (see https://www.onlinescientificresearch. com/articles/the-strong-sylow-theorem-for-the-prime-p-in-simple-locally- finite-groups--de-luxe-edition.pdf)

and then extending thirdly his main Theorem (4.4) [12.] to p = 3 and p = 2 by using the Open Issues 11 and 5.
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The author solved the following Open Issues in unpublished draft and partly German work: OI 3, OI 4, OI 5, OI 6, OI 7, OI 10 and OI 11. The following Open Issues are
without draft work let alone published work: OI 1, OI 2, OI 8, OI 9 and OI 12. Therefore the author gladly suggest the following fascinating topics for future research:
* Develop (possibly himself) the Open Issues OI 3, OI 4, OI 5, OI 6, OI 7, OI 10 and OI 11 to publishable documents thereby using his draft work. © . Develop the Open
Issues OI 1, OI 2, OI 8, OI 9 and OI 12 to publishable papers thereby using his published work. © The author will be happy if this research can be done in 2026.

In the meantime the author published his solution of OI 6 in Reference [4.] and the following Reference:
28. FLEMISCH, F.F.: Characterising locally finite groups satisfying the strong Sylow Theorem for the prime p — Manuscript on Sylow theory in locally finite groups —

Mathematics edition — Second edition. Journal of Mathematical & Computer Applications (JMCA), Volume 5§, Issue 2 (April 2026), 1-40. https://srcpublishers.com/

mathematical-computer-applicatio/issue/view/2041.
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Ludvig Sylow and William Waterhouse and Winfried Scharlau

After thirteen pages created by himself and thus copyrighted, the author finally presents six short beauteous articles

which were not created by himself but by Ludvig Sylow and William Waterhouse and Winfried Scharlau:

e the “Om Systemer af konjugerede Substitutioner, der kunne tilhore irreduktible Ligninger, hvis Grad er Primtal”
by Ludvig M. Sylow from 1867 (see [25.]), a forerunner of the very famous [26.], with English translation [22 pages];

® the translation (by UZM GmbH) into English of Ludvig M. Sylow’s article [25 ] “On Systems of Conjugate
Substitutions that could belong to irreducible Equations whose Degree is a Prime Number” [22 pages];

e the very famous “Théorémes sur les groupes de substitutions” by Ludvig M. Sylow from 1872 (see [26.]) [20 pages];

e the famous “The Early Proofs of Sylow’s Theorem” by William C. Waterhouse from 1980 (see [27.]) [17 pages];

e the equally famous “Die Entdeckung der Sylow-Sitze” by Winfried Scharlau from 1988 (see [24.]) [27 pages];

e the English translation from 2026 (by myself) “The Discovery of the Sylow Theorems” of Winfried Scharlau’s
pioneering article [9 pages] (Copyright © 2026 Felix F. Flemisch).

Ludvig Mejdell Sylow (12 December 1832 until 7 September 1918) (see https://en.wikipedia.org/wiki/Peter_Ludvig_Sylow)

The discoverer and explorer of Sylow theory

Wﬁm Syl Thearem SylowaTheorem!

|G| = p m H <G H., K Sylow p-subgroups 1 ] |
: 2 Ny, =1mod p n,lm
|H| = p* H =gKg : I
Monsieur L. Sylow (Frederiksiiald en Norvege): Théorémes sur les groupes de substitutions.
i s Mathematische Annalen 5, Issue 4 (December 1872), 584-594
Ludvig M. Sylow (see hitps //link springer. com/journal/208/volumes-and-issues/5-4).
(12 December 1832 until 7 September 1918) MR1509796 (no review: see https:/mathscinet ams org/mathscinet-getitem?m=1509796);
(see hitps:/fen. wikipedia org/wiki/Peter_Ludwig_Mejdell_Sylow and https:/mathshistory. Zbl JFM 04.0056.02 (Eugen O. Netto: see hitps:'www. zZbmath.org/?g=an%3A04.0056.02
st-andrews.ac_uk/Biographies/Sylow/ and https:/fen wikipedia org/wiki/Sylow_theorems) and hitps://www zbmath org/pdfi027 18820 pdf). (@)

In 1904 Ludvig Sylow was admitted to the German order Pour

le Mérite fiir Wissenschaften und Kiinste (see https://www.orden-
pourlemerite.de/mitglieder/peter-ludwig-mejdell-sylow and
https://en.wikipedia.org/wiki/Pour_le_M%C3% A9rite and
https://de.wikipedia.org/wiki/Pour_le_M%C3% A9rite and
https://commons.wikimedia.org/wiki/Category:Pour_le_M%C3% AO9rite).
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Winfried Scharlau (12 August 1940 until 26 November 2020) (see https://en.wikipedia.org/wiki/Winfried_Scharlau)

Die Westfalische Wilhelms-Universitat Munster travert um

Prof. Dr. Winfried Scharlau

der am 26. November 2020 im Alter von 80 Jahren verstorben ist.

Winfried Scharlau wurde am 12. August 1940 in Berlin geboren. Er studierte
Mathematik an der Rheinischen Friedrich-Wilhelms-Universitat in Bonn und der
Columbia University in New York. 1967 promovierte er bei Friedrich Hirzebruch
in Bonn mit einer Arbeit aus den Gebieten Zahlentheorie und Algebra. Bereits
1970 wurde er zum Ordentlichen Professor am Mathematischen Institut der
Universitdt Munster ernannt, wo er bis zu seiner Emeritierung im Jahre 2005
forschte und lehrte. Er war duBerst aktiv in seinem Fachbereich und auch mehr-
fach dessen Dekan. Als Forscher und Lehrer war er sehr erfolgreich. Von seinem
Engagement als Mathematiker und als Mensch profitierten Kollegen, Schuler
und Studierende gleichermafen. Er brachte 15 Doktoranden zur Promotion,
war Verfasser einer Monographie dber Quadratische Formen und weiterer
mathematischer Lehrblcher, 1972 war er Invited Speaker beim Internationalen
Mathematikerkongress in Vancouver. Er war korrespondierendes Mitglied der
Akademie der Wissenschaften in GGttingen und 1991/92 Président der Deut-
schen Mathematikervereinigung (DMV).

Er schrieb Biografien der Mathematiker Alexander Grothendieck und Friedrich
Hirzebruch sowie mit einem Koautor eine historisch orientierte Einfihrung in
die Zahlentheorie. Ganz auBerhalb der Mathematik war er leidenschafilicher
Hobbyfotograf und Ornithologe und Autor zweier literarischer Bicher.

Die Westfalische Wilhelms-Universitdt und der Fachbereich Mathematik und
Informatik werden Winfried Scharlau ein ehrendes Andenken bewahren.

Der Rektor der Westfalischen Wilhelms-Universitit
Prof. Dr. Johannes Wessels

Der Dekan des Fachbereichs Mathematik und Informatik
Prof. Dr. Xiaoyi Jiang

Der geschaftsiuhrende Direktor des Mathematischen Instituts
Prof. Dr. Wilhelm Winter

Alle Institutsangeharigen

Winfried Scharlau Winfried Scharlau Winfried und

im Jahr 2018

im Jahr 2006 Dorothee Scharlau
im Jahr 2000

Winfried Scharlau

Eine Biographie

Teil 1: Anarchie

Wer ist Alexander Grothendieck? Wer ist Alexander Grothendieck?

Anarchic, Mathematik, Spiritualitit, Einsamkeit Anarchic, Mathematik, Spiritualitit, Einsamkeit

Winfried Scharlau

Eine Biographie

Teil 3: Spiritualitiit

Wer ist Alexander Grothendieck?
Anarchie, Mathematik, Spiritualitit, Einsamkeit
— Eine Biographie von Winfried Scharlau

Das Gliick,

2usein

Mathematiker
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Deutsche Mathematiker-Vereinigung (https://www.mathematik.de)

,;ﬁi l D MV https://www.mathematik.de/hochschule-beruf/mathemacher-innen/
t".'_,_a:al}a- A

https: //www.mathematik.de/hochschule-beruf/mathemacher-innen/2326-winfried-scharlau
https://www.mathematik.de/kontakt-medienbuero

Winfried Scharlau

Mathemacher des Monats Februar 2017

Winfried Scharlau, ein Doktorsohn von Friedrich Hirzebruch, ist in Fachkreisen fiir seine Arbeiten in der Zahlentheorie
bekannt, die an seiner langjahrigen Arbeitsstatte, der Universitat Minster, entstanden sind, sowie als ehemaliger Prasident
der DMV — er leitete den Verein in den Jahren 1991/92. Doch das ist nicht alles: Scharlau hat auch zwei Romane geschrieben:
I megali istoria (die grofie Geschichte) (siehe https://www.mathematik.de/leseecke-article/1105-i-megali-istoria) und
Scharife (siehe https://www.mathematik.de/leseecke-article/1011-scharife) — und bedeutende Mathematiker-Biographien,
zum Beispiel (iber den Braunschweiger Mathematiker Richard Dedekind und den geheimnisumwitterten Alexander
Grothendieck sowie den grandiosen Ludvig Sylow (siehe Seite 27 bis Seite 44 und Seite 47 bis Seite 53 [resp. Seite 48

bis Seite 54]). Scharlau, seit nunmehr 11 Jahren emeritiert, dient seinem Fach auch heute noch als Biograph. Gerade erschien
sein jlingstes Werk bei Springer Spektrum: “Das Gliick, Mathematiker zu sein — Friedrich Hirzebruch und seine Zeit".
Grund genug, Winfried Scharlau zum Mathemacher des Monats zu machen und ihn kurz zu interviewen.

Thomas Vogt vom DMV-Medienbiiro sprach mit ihm.

Nachtrag: Zu unserer groBBen Trauer erfuhren wir vom Tode Winfried Scharlaus am 26.11.2020.
Die DMV trauert um ihr Ehrenmitglied und ihren ehemaligen Prasidenten (1991/92).

Auf welchen mathematischen Teilgebieten haben Sie hauptsachlich geforscht?
Algebra, Zahlentheorie, insbesondere Theorie der quadratischen Formen.

Hatten Sie schon immer ein mathematik-historisches Interesse und wann fingen Sie an,
mathematik-historisch zu arbeiten?

Mich haben vor allem Mathematiker interessiert und weniger die Ideengeschichte der Mathematik.
Insofern bin ich eigentlich gar kein richtiger Mathematik-Historiker. Mein Interesse begann

etwa 1980 mit Arbeiten zu Dedekind, an dessen 150. Geburtstag erinnert werden sollte.
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Welche Mathematiker-Personlichkeiten haben Sie
| besonders in ihren Bann gezogen?
Cardano, Dedekind, Dirichlet, Grothendieck, Hirzebruch, Tits.

Wollten Sie schon ldnger eine Biographie liber Hirzebruch
schreiben, oder war das eine Idee des Verlags?

Ehrlich gesagt, kam mir die Idee am Tag von Hirzebruchs
Beerdigung, als so viele Menschen aus aller Welt sich um

sein Grab versammelten und vielfaltige Erinnerungen aus

der Vergangenheit wach wurden, die alle diesen groBartigen
Mathematiker und so wunderbaren Menschen Hirzebruch
betrafen. Mathe zahlt weil = wie Galilei gesagt hat — das Buch
der Natur in der Sprache der Mathematik geschrieben ist.

Daher auch die Idee nicht nur Hirzebruch, sondern

auch seine Zeit vor dem geistigen Auge des Lesers
auferstehen zu lassen?

Genau. Das bot sich hier perfekt an. Hirzebruch war eben nicht nur
ein weltweit wirkender Mathematiker sondern auch = um im Bild zu
bleiben — pragend fir die Wiederauferstehung der Mathematik in
Deutschland in der Zeit nach dem Zweiten Weltkrieg. Er hat dieser
Winfried Scharlau in seiner Berliner Wohnung Foto: Thomas Vogt  als erster nach dem Krieg internationale Sichtbarkeit gegeben.

Wie sind Sie bei der Biographie iiber Hirzebruch vorgegangen und wie sind Sie an diesen seltenen,

teils sehr privat anmutenden, Fotoschatz gekommen?

Die Arbeit verlief ziemlich zuféllig. Je nachdem wie ich an Informationen oder Dokumente kommen konnte, mit welchen Personen ich sprechen oder
korrespondieren konnte und oft auch, wie mir gerade der Sinn stand, habe ich mal da und mal dort etwas aufgeschrieben und im Verlauf der Arbeit
zusammengefiigt. Fir fast alle Fotos gibt es Quellenangaben. Die meisten wurden mir von Frau Hirzebruch zur Verflgung gestellt; viele habe ich im Laufe
der Jahrzehnte selbst gemacht; viel schwirrt heutzutage auch im Internet herum. Ubrigens habe ich alle Fotos bearbeitet, um ein technisch einigermalen
akzeptables Ergebnis zu erzielen. Das ist nicht immer so gelungen, wie ich es mir gewiinscht hatte. Auf dem Gebiet bin ich einfach kein Profi! (lacht)

Haben Sie weitere Biographien geplant oder in Arbeit oder was machen Sie sonst noch so, nun, da Sie emeritiert sind?

Es ist nichts GriReres geplant und ware wohl auch gar nicht mehr zu schaffen, denn das “nun” in Threr Frage muss man etwas modifizieren:

ich wurde ja schon vor mehr als 11 Jahren emeritiert. Allerdings habe ich eine grofie Sammlung von (selbst gemachten) Fotos von Mathematikern,
und diese Sammlung wiirde ich gerne noch erganzen,

Hier an der Wand hdngen aber nur Fotos von Vigeln ...
(lacht) Ja, Vogelbeobachtung und -fotografie ist auch so ein Hobby von mir! Das Buch “Das Gliick, Mathematiker zu sein — Friedrich Hirzebruch und seine
Zeit™ kbnnen Sie in der Buchhandlung bestellen oder direkt bei Springer Uber diesen Link: https://link.springer.com/book/10.1007/978-3-658-14757-0.

@© 2026 Deutsche Mathematiker-Vereinigung A | \

Winfried Scharlau als Mathemacher der DMV im Monat Februar 2017
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Om Systemer af konjugerede Substitutioner, der kunne tilhore irreduktible

Ligninger, hvis Grad er Primtal
(see under https://www.biodiversitylibrary.org/bibliography/62508 and
https://ia800501.us.archive.org/31/items/mobot31753002493077/mobot31753002493077.pdf)

FORUANDLINGER

1
VIDENSKABS-SELSKABET
I CHRISTIANIA

VAR ISGT.

MED 13 TITHOGRAPUEREDE PLADER.

Title Page of the Journal where Sylow’s Article of 1867 was published in Norwegian
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oS

First Page of Sylow’s Article of 1867 in Norwegian
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On Systems of Conjugate Substitutions that could belong to irreducible
Equations whose Degree is a Prime Number

105

Peter Ludwiz Mejdell Sylow

—~—

Mr. Bjerkn e s presented the following paper submitted by Mr. Sylow @
On Systems of Conjugate Substitutions that could
belong to irreducible Equations whose Degree
isaPrime Number.'

According to G al oi s’ famous theory, the condition for a
rational function of the roots of an algebraic equation to be
expressed rationally by the coefficients and other known quantities
is that the numerical value of the function must remain the same
when the roots are interchanged in certain ways. These permutations
or substitutions,alsocalledby Cauchy a “system of
conjugate substitutions”, i.e. any two of them performed one after
the other in any permutation of the roots, produce the same result as
if a certain third substitution of the system had been performed.
Galois conceives of the substitutions of the system as defined by
a “group” of permutations, which are transformed into each other by
the substitutions. Equations that, under the same conditions, have
the same system of conjugate substitutions or the same group, thus
have essential properties in common and could therefore be
regarded as a distinct class. On the other hand, it can also be proven
that for any given system of conjugate substitutions there are
corresponding equations. It would be of great importance to the
theory of algebraic equations if one could specify which systems of
conjugate substitutions could belong to equations of a given degree,

! Included in the Society’s Proceedings according to the assessment given by gentlemen
Dr. O.J. Broch and Bjerknes.

First Page of Sylow’s Article of 1867 in English
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Théoremes sur les groupes de substitutions

MATHEMATISCHE ANNALEN

HERAUSGEGEBEN
Ya§

A. CLEBBCH usp C. NEUMANN,

FEOFESSOH 1IN GOTITRAEN. FRAFESSON [N LETPENS,

V. Band. 4. Heft.

LEIPZIG,
DRUCE UND VERLAG VON B G. TEUBNER,
1872,
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INHALT.
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Théortmes sur les groupes de substitutions.

Par M. L. SyLow & FreEpericsuarnp cn Norvecs.

On sait que si lordre d'un groupe de substitutions est divisible
par le nombre premier 1, le groupe contient toujours une substitution
Qordre n. Ce théoréme important est contenu dans un autre plus
géuéral que voici: ,,8i Yordre d'un groupe est divisible par 7%, 1 étant
premier, le groupe contient un faisceau partiel dordre n=%. La dé-
monstration méme du théortme fournit quelques autres propridtés
générales des groupes de substitutions. J'y ajouterai encore quelques
propositions moins générales qui s’y ratachent ou qui en dcoulent,
dont quelques unes pourtant sont -déji connues par un travail de
M. E. Mathieu.

Les notations et les termes employés sont ecux de M. C. Jordan.

1. 8Bi G est un groupe de substitutions dont Tordre N est divisible
par le nombre premier %, on sait que G contient une substitution
d'ordre #, mais nous pouvons supposer plus géndralement qu’il con-
tienne nn groupe g d'ordre n, dont par conséquent chaque substitution
est d'un ovdre diviseur de m¢. Nous désiguerons les substitutions
de g par

10,0~ 0.0
tandis que les substitutions de G en général seront désignées par
19 Uy,

Enfin nous supposerons que G- ne contient aucun groupe partiel
dont Vordre est une puissance de n supérieure & ne. Or @ contient
toujours des substitutions permutables & g, savoir les substitutions de
ce dernier elles-mémes, mais il est possible qu'il en contient un nombre
plus grand; en tous eas ces substitutions forment un groupe ¥, qui
contient g, et dont T'ordre sera désigné par n*v; ce nombre est 2 son
tour un diviseur de N; nous pouvons done faire:

N=uney],
Les substitutions du groupe y seront désignées par

) Gty A
Les @ sont donc comprises parmi les g, ainsi que celles-ci parmi les y.

> 4
&
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6,=1k L4+ 1],
il n’y a parmi les n (n — 1) substitutions |t ak 4 0|, seules permu-
tables & 0,7, que les |k % 4 b| qui sont d'ordre n. Toutes les sub-
stitutions circulaires de H font donc partie de G.

Réciproquement, si G et I contiennent les mémes substitutions
circulaires et que H contienne G, H est composé avee G. Soit tou-
jours n (np + 1) » lordre de G, celui de H sera n (np 4-1) vv,, »,
étant un diviseur de ”%l- Les substitutions de la forme |L ak| con-
tenues dans H sont les puissances d'une seule d’entre elles; désignons
celle-la par ¢; celles qui appartiennent & G seront par conséquent les
puissances de g*. Or il est facile & voir que H dérive des substi-
tations 6, 0, .. . 8,, . En effet le groupe dérivé de ces substitutions
est contenn dans H; de Vautre coté son ordré ne peut &tre moindre
que n (np -+ 1) v, puisquiil a np 4 1 substitutions circulaires et v,
substitutions |k ak|. De méme G dérive des substitutions 6,6, ...
8., ¢". G est donc permutable aux substitutions de fI, il est per-
mntable & @. Or cela a lien, car premitrement les transformées de
8, 0; . .. 0., par ¢ sont des substitutions circulaires appartenant i H
et par suite & G; secondement g* est échangeable i g.

Ainsi nous avons démontré le théoreme suivant:

Théoréme VIII. Powr quun groupe transitif’ de degré premicr soit
composé avee un groupe partiel, i faut et i suffit que le second groupe
posséde toutes les substitutions circulaives du premicr.

Soit donnée une équation dont le groupe est H. Si l'on forme
une fonction des racines invariable par les substitutions de G, mais
variable par toute autre substitution, elle sera évidlemment racine d'une
équation abélienne de degré »;. Fn adjoignant cette fonction on réduit
le groupe de l'équation & G.

Si donc une équation irréductible de degré # est composée, elle
devient simple par V'adjonction de la racine d'une équation abélienne,
dont le degré est un diviseur de n — 1.

En supposant p =0, on retombe sur une propriété connue des
équations résolubles par tadicaux.

Sylow, L.

Theorems on the theory of substitutions. (Théorémes sur les groupes de substitutions.)
(French) JFM 04.0056.02

Clebsch Ann. V, 584-594 (1872).

Bezeichnet n” die hichste Potenz der Primzahl », welche die Ordnung von G theilt, so enthilt diese
Gruppe eine andere von der Ordnung »”. Hieran schliessen sich dhnliche Theoreme iiber enthaltene
Gruppen. Wenn die Ordnung einer algebraischen Gleichung = a0z ... ist, wobei n, ny, my, ...
Primzahlen sind, und n > ny 1 my 2 .,y > 12 ... ist, so ist die Gleichung durch Wurzeln losbar.
Es folgt eine Untersuchung der wichtigsten Eigenschaften transitiver Gruppen.

Reviewer: Netto, Dr. (Berlin)
https://zbmath.org/04.0056.02 and hitps://zbmath.org/pdf/02718820.pdf
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The Early Proofs of Sylow’s Theorem

Document 26 043601006 - zbMATH Cpen

Waterhouse, William C.

The early proofs of Sylow’s theorem. (English) [zsl 0436.01006 |
Arch. Hist. Exact Sci. 21, 279-290 (1979).

Waterhouse, William C.: 01006
The early eprocfs of Srlow's theorem.

Arch, Hist. Ewact Sci, 21, 279-290 (19793.

Cette tiude a pour objet l'anelyse des diverses dBmonstrations flLablis pour le
thEordme de Sylow dans les premiers qulnge ans aprds sa dbcouverte, en 1070,

On sait que, par son cours sur la théorie des groupes de substitubtion L. Sylow,
professeur & 1'Universith Oristisnis de Norvége, fut un des mathBmeticiens qui
ont contribub & la diffusion et au développement de 1'oeuvre de Galois. Te
présent article nous fait assister ainsi 4 un des plus inléressants bpiscdes
concernant la thborie des groupes, i1 ¥ 2 un sigcle, FL.T. CAmpan.

The Early Proofs of Sylow's Theorem
WiLLIaM C. WATERHOUSE

Communicated by B.L, VAN DER WAERDEN

1. Introduction

The early history of SYLOW's theorem is surprisingly unfamiliar. A recent
bulky history of mathematics, for instance, recounts that *Having arrived at the
abstract notion of a group, the mathematicians turned to proving theorems
about abstract groups that were suggested by known results for concrete cases.
Thus Frobenius proved Sylow's theorem for finite abstract groups”' Now a
moment’s thought shows that this in itsell is not much of an accomplishment :
any finite group can be realized as a group of permutations (CAYLEY's theorem),
and so SYLOW's theorem for permutation groups implies the abstract result. The
reader then wonders whether FROBENUS somehow did not know CAYLEY's
theorem. But a glance at the paper in question? shows thal FROBENIUS not only
mentioned that result but had included it in one of his own earlier publications.
Obviously more careful analysis is needed to grasp what FROBENIUS was
actually doing.

The specific purpose of this paper is precisely (o analyze the various different
proofs that were given for SYLOW's theorem in the first fifieen years after its
discovery. This is of interest in itself, since the theorem is still basic, and the
major lines of argument now known all turn out to have been discovered in
some form by that time. But also, by tracing this single theorem through a
crucial period in the development of group theory, we will see more generally
how the introduction of new ideas throws new light on the same result. Indeed,
we almost have a case study in levels and use of abstraction. Some of the
authors still thought of changes of variable in polynomials, others applied
group-theoretic reasoning (o permutation groups, and finally FROBENIUS him-
sell made serious use of abstract greups. In addition to the advance, the
continuity in this development will also be illuminated, since we will see
techniques equivalent to the construction of coset actions and quotient groups
used in proofs before these concepts were formulated explicitly

! M. Kring, Mathematical Thought from Ancient to Modern Times (Oxlord, 1972)
p. 1141
4 ). reine angew. Math, 100 (1887), 179-181. See § 6 below

%
Archive for History of Exact Sciences, Volume 21, © hy Springer-Verlag 1980 \
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The Forischritte review (by NETTO) did not discuss this method of proof, and
almost the only later reference to it is oy G.A. MILLER. In his 1915 paper “A
new proof of Sylow's theorem™*! he remarks that "among the later proofs those
by A Capelli, E. Netto and G. Frobenius are most noteworthy from the stand-
point of originality and simplicity.” The comment is appropriate enough, because
MILLER's proof 15 a somewhat more polished version of the same basic idea.
The set he uses is all the permutations of the elements which invelve only p-
cycles and move p* elements, where p* 2G| <p®* !, This proof was adopted in a
couple of American texts.** but did not become generally known. Tt was only in
1959 that WIELANDT independently found his brilliantly polished proof*? using
the action of G on the collection of subsets that have order equal to the highest
power of p dividing |G|,

Though CAPELLIS basic idea is good, there is one curiosity in the pre-
sentation that illustrates how unfamiliar group actions still were. As was
mentioned earlier, one part of the thesis is devoted to showing how every
transitive group action can be matched up with one constructed from a
subgroup by the CAUCHY method. Section VI, using a counting argument
similar to the proof in Section TV, proves that a p-group has a chain of
subgroups PP, =... 2P, ={e} with P normal in B_, of index p. And CAPELLI
explicitly remarks that having a fixed function f in his original construction
means that the group action on the x; is imprimitive. But he did not think of
combining these facts to see that the chain of subgroups corresponds to a fixed
function at each stage in his proof of SYLOW's theorem. What he calls the
“general” case is impossible, and only his “most exceptional™ case actually
oeeurs,

In CAPELLI's paper, the functions corresponding to F, in the CAUCHY lemma
need not be the same as the y; he meets in the SYLOW theorem construction,
The relation between them does not strike the eye as much as it would if both
were expressed intrinsically in terms of cosets. Thus we see here once again what
we have already observed: greater understanding of SYLOW's theorem went
hand in hand with the more intrinsic, abstract grasp of groups in general.

This work was supported in part by the 1S, National Science Foundation.

. Ann. of Math. 16 (1915), 169-171 = Works 111, 435-437.

“2 MILLER, BLiCHFELDT & Dickson, Theory and Applications of Finite Groups
(NewYork, 1916 and 1938); and R.D. CarmicHaEL, Introduction to the Theory of
Groups of Finite Order (Beston, 1937),

43 “Ein Beweis fiir die Existenz von Sylowgruppen,” Arch. Math. 10 (1959), 401-402.
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HISTORIA MATHEMATICA 15 (1988), 40-52

Die Entdeckung der Sylow-Satze

WINFRIED SCHARLAU

Mathematisches Institut der Universitit Miinster, Einsteinstr. 62, D-4400 Miinster, Germany

HERRN H. WUSSING ZUM 60. GEBURTSTAG, AM 15. OKTOBER 1987 GEWIDMET

The paper describes Sylow’s discovery of the theorems named after him. He was led to
this discovery by his study of Galois’ work, in particular of Galois® criterion for the solvabil-
ity of equations of prime degree. It is explained how Sylow used methods from Galois theory
in his proofs. The paper also discusses relevant correspondence between Sylow, Jordan,
and Petersen. © 1988 Academic Press, Inc.

Diese Arbeit behandelt Sylows Entdeckung der Sitze, die nach ihm benannt sind. Er
gelangte zu ihnen durch seine Beschaftigung mit Galois' Arbeiten iiber diec Aufldsbarkeit von
Gleichungen vom Primzahlgrad. Es wird beschrieben, wie Sylow im Beweis seiner Sitze
Methoden aus der Galois-Theorie benutzt. Es wird weiterhin auf die diesbeziigliche Korre-
spondenz zwischen Sylow, Jordan und Petersen cingegangen. © (988 Academic Press, Inc.

Cet article traite de la découverte par Sylow du théoréme qui porte depuis son nom. Il a
trouvé ce théoréme en étudiant les travaux de Galois sur la résolubilité des équations dont le
degré est un nombre premier. On y indique comment Sylow utilise dans sa démonstration les
méthodes de la théorie de Galois. De plus, on étudie dans cet article la correspondance i ce
propos cnire Sylow, Jordan et Petersen. © 1988 Academic Press. Ine.

AMS 1980 subject classification: 01A55.
KEY Worps: Ludvig Sylow. Sylow theorems, Galois theory, group theory.

1. EINLEITUNG UND ZUSAMMENFASSUNG

Diese Arbeit beschiftigt sich mit der Entdeckung der Sylow-Sitze, die ungefihr
in das Jahr 1870 fillt. Sie behandelt damit ein wichtiges Ereignis der frithen Ge-
schichte der Gruppentheorie und schlieft unmittelbar an eine Arbeit von Wa-
terhouse [1980] an. Fiir eine knappe, aber sehr prignante und die wesentlichen
Punkte deutlich hervorhebende Darstellung der Geschichte der Gruppentheorie in
dem hier interessierenden Zeitraum wird auf Dieudonné [1978, Kapitel 3.4.1]
verwiesen, fiir eine auBerordentlich griindliche Diskussion vieler Einzelheiten und
Zusammenhinge auf das bekannte Buch von Wufling [1969].

Weil es in wenigen Zeilen geschehen kann (selten genug bei einem historischen
Thema), soll zunichst an die Aussagen der Sylow-Stze erinnert werden: Es sei G
eine endliche Gruppe der Ordnung n = p*m wobei p eine Primzahl und m kein
Vielfaches von p ist. Dann enthalt G eine Untergruppe P der Ordnung p* (eine p-
Sylow-Gruppe). Je zwei solche Untergruppen P;, P sind konjugiert, d.h. es exi-
stiert g € G mit P, = gP1g~'. Die Anzahl der p-Sylow-Gruppen ist einerseits ein

40

0315-0860/88 $3.00
Copyright © 1988 by Academic Press, Inc.
All rights of reproduction in any form reserved.
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Scharlau, Winfried

The discovery of the Sylow theorems. (Die Entdeckung der Sylow-Sétze.) (German)
Hist. Math. 15, No. 1, 40-52 (1988).

The author notes the discovery of Dieudonne that Galois had asserted the essence of the Qylow. fhearems in a marginal note. According to
the author, it was Dedekind who took up the challenge in Galois' legacy. The basis of the author's thesis is that there were no essential
barricades to the development of an abstract group.theory after 1850, that Cauchy's theorem pointed in the direction of a classification of
finite groups which would necessarily lead to the Sylow theorems; and that Dedekind, knowing that a p-group has a non-trivial center, could

have deduced the solvability of p-groups directly.

The author traces the route followed by Sylow from his studies, while a student of Bjerknes, of Abel's incomplete works on algebraic
equations, through his first publication (in 1867) of a theorem intermediate between that of Galois and the full Sylow theorems, to a letter of
19 September 1870, in which he indicates that he is in possession of the full theorem, though he applies it only for p = 2 and gives no
proof. Sylow's statement of the thearem is in terms of Galois groups rather than abstract groups, for reasons the author makes clear in the
subsequent section.

Reviewer: Roger L. Cooke (Burlington)
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Die Entdeckung der Sylow-Sitze. [The discovery of the Sylow theorems]
Historia Math. 15 (1988), no. 1, 40-52,

Classifications

01AS5 - History of mathematics in the 19th century
20-03 - History of group theory
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Scharlan, Winfried (D-MUNS)

Die Entdeckung der Sylow-Sitze. (English and French summaries)
[The discovery of the Sylow theorems]

Historia Math. 15 (1988), no. 1, 40-52.

The author evokes primarily the works of Sylow that antedate
1872—the date of the first publication of Sylow’s famous theorems
—and proposes to provide answers to the following questions: How
did Sylow arrive at the formulation of his theorems, what were the
mathematical techniques at his disposal, what was the influence of
his contemporaries, and what hopes did Sylow have for his work?

The author points out that this article may be considered to be
a complement to a paper by W. Waterhouse [Arch. Hist. Exact Sci.
21 (1979/80), no. 3, 279-290; MR 82i:01034].

Sylow undertook his research at a time when the works of Galois
were already very widely known, and the author shows us to what
extent Galois’s legacy had a determining influence on Sylow’s
thinking, which would lead him from the theory of algebraic
equations to the formulation of his renowned theorems (derived
from his research on the subgroups of permutation groups).

Relying also on Sylow’s correspondence with some of his illustri-
ous contemporaries (Petersen, Jordan), the author underlines the
fact that abstract group theory was implicit in the works of most
mathematicians of that era who had an interest in groups, even if
they actually did not feel the need to make a distinction among
abstract groups, permutation groups and Galois groups. _ o

Jean-Luc Steffan (Strasbourg) RN

] Mathe & Comp Appli, 2026 Volume 5(3): 4551 @ ge 178



Citation: Felix F. Flemisch (2026) Otto H. Kegel’s Beloved Contributions to Sylow Theory — Second edition. Journal of Mathematical & Computer Applications. SRC/JMCA-290. DOI: doi.org/10.47363/JMCA/2026(5)243

The Discovery of the Sylow Theorems

HISTORIA MATHEMATICA 15 (1988), 40-52

The Discovery of the Sylow Theorems
‘WINFRIED SCHARLAU
Mathematical Institute of the University of Miinster, Einsteinstr. 62, D-4400 Miinster, Germany
DEDICATED TO MR. H. WUSSING ON HIS SIXTIETH BIRTHDAY, OCTOBER 15, 1987

The paper describes Sylow's discovery of the theorems named after him. He was led
to this discovery by his study of Galois” work, in particular Galois® criterion for the
solvability of equations of prime degree. It is explained how Sylow used methods from
Galois theory in his proofs. The paper also discusses relevant correspondence between
Sylow, Jordan, and Petersen. 1995 Academic Press, Ine

Diese Arbeit behandelt Sylows Entdeckung der Sitze, die nach ihm benannt sind. Er
gelangte zu ihnen durch seine Beschiftigung mit Galois’ Arbeiten ilber die Auflésbarkeit
von Gleichungen vom Primzahlgrad. Es wird beschrieben, wie Sylow im Beweis seiner
Sitze Methoden aus der Galois-Theorie benutzt. Es wird weiterhin auf die diesbeziigliche
Korrespondenz zwischen Sylow, Jordan und Petersen eingegangen. & 1988 Acatemic Press. Inc

Cet article traite de la découverte par Sylow du théoréme qui porte depuis son nom. 1
a trouvé ce théoréme en étudiant les travaux de Galois sur la résolubilité des équations
dont le degré est un nombre premier, On y indique comment Sylow utilise dans sa
démonstration les méthodes de la théorie de Galois. De plus, un étudie dans cet article la
correspondance a ce propos entre Sylow, Jordan et Petersen. @ 1988 Acudemic Press, Inc

AMS 1980 subject classification: 01AS55.
Key Worns: Ludvig Sylow, Sylow theorems, Galois theory, group theory.

1. INTRODUCTION AND SUMMARY

This paper deals with the discovery of the Sylow theorems, which occurred around 1870, It
thus addresses an important event in the early history of group theory and directly follows a
paper by Waterhouse [1980], For a concise yet highly succinct presentation of the history of
group theory during the period under consideration, highlighting the essential points, see
Dieudonné [1978, Chapter 3.4.1], for an exceptionally thorough discussion of many details
and interrelationships, see the well-known book by WuBing [1969].

Because it can be done in just a few lines (rare enough for a historical topic), let us first
recall the statements of the Sylow theorems: Let G be a finite group of ordern = p"m. where
p is a prime number and m is not a multiple of p. Then G contains a subgroup P of order I
(a p-Sylow group). Any two such subgroups P, P; are conjugate, i.e., there existsa g e G
such that P, = gPlg'1‘ The number of p-Sylow groups is, on the one hand, a divisor of n, and
on the other hand, of the form pk + 1. Finally, every group P of order p* is solvable; more

precisely, there exists a sequence of normal subgroups P, = ... © P, = P such that |P| = p".
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12. In this context, I think that Waterhouse [1980, 280] expresses himself somewhat misleadingly when he writes:

But historically more: interesting (and making the proof much harder to read) is the fact that
Sylow does not explicitly have the concept of action on cosers. What appears in its place is a
theorem of Cauchy which is hardly remembered now: If H is any group of substitutions of n
variables, then there is a funciion of those variables left imvariant by the substimtions in H
and by no other substitutions.

Essentially it's simply a matter of the primitive element theorem!
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Dedication to Professor Otto H. Kegel

This paper is dedicated to sadly late Professor Dr. Otto Helmut Kegel and especially to his
contributions to Sylow Theory: see the Pages 145 to 147. It is drawing challenging conclusions
for future research work from Otto H. Kegel’s grandiose contributions: see Pages 157 to 159.

It is a great honour to commemorate Otto H. Kegel through some photographs:
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The Mathematical Institute in Freiburg im Breisgan

This i the Mathematical Institute ot Albert-Ludwigs-University in Freiburg im Breisgao i Germany
where from 1975 until 1999 Prof. Kegel ocouped his chair, gove beautiful lectures and seminiirs.
invited researchers owver researchers, and hosted students in the moming offering a cup of colTee

(or twao) thereby doing careful supervision work and suggesting fascinating resesirch topics,

Otto H. Kegel (Mathomatisches Forschungsinstitut Oberwoliach [MFO), 20104 o courtesy of Renate Schmic

Otto Helmut Kegel (20 July 1934 until 20 July 2025) was a German mathematician who worked on Group Theory.
He was a professor at the University of Freiburg im Breisgau. Kegel was born in Bethlehem, Pennsylvania, USA.
His parents were German and the family returned to Germany in 1938. After a life full of beauteous creations in
mathematics he died near Freiburg 1.Br. within the family circle. We will miss him eternally.
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Dedication to Professor Otto H. Kegel

This paper is dedicated to sadly late Professor Dr. Otto Helmut Kegel and especially to his
contributions to Sylow Theory: see Pages 147 to 149. It is drawing challenging conclusions
for future research work from Otto H. Kegel’s grandiose contributions: see Pages 159 to 161.

It is a great honour to commemorate Otto H. Kegel through some photographs:

Professor Dr.
Otto H. Kegel
giving one of
his fascinating
lectures on
Group Theory,
e.g. at the MFO
(see https://opc.
mfo.de/detail?
photo _id=23960

and https://opc.
mfo.de/search?

term=Kegel),
with an outlook
to challenging
and very beautiful
research topics
thereby offering
his genuine careful
supervision ©.

The Mathematical Institute in Freiburg im Breisgau

This is the Mathematical Institute at Albert-Ludwigs-University in Freiburg im Breisgau in Genmany
where from 1975 until 1999 Profl. Kegel occupicd his chair, gave beautiful leciures and seminars,
invited researchers over researchers, und hosted students in the moming offering a cup of coffee

(or two) thereby doing carcful supervision work and suggesting fascinating rescarch topics.

o
Otto H. Kegel (Ischia, 2016) @ courtesy of Nikolay Aleksandrovich Vavilov
(see https://www.advgrouptheory.com/GTArchivum/Pictures/gtphotos/OttoKegel.jpg)

Otto Helmut Kegel (20 July 1934 until 20 July 2025) was a German mathematician who worked on Group Theory.
He was a professor at the University of Freiburg im Breisgau. Kegel was born in Bethlehem, Pennsylvania, USA.
His parents were German and the family returned to Germany in 1938. After a life full of beauteous creations in
mathematics he died near Freiburg i.Br. within the family circle. We will miss him eternally.
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