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ABSTRACT

We propose method of solving problem with integral conditions for system of partial differential equation of higher order.
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Introduction

The problem with integral condition for system of partial
differential equation and partial differential equation have been
widly investigated and found a lot of applications in important
practical problems. The integral conditions are used in particular,
in models of heat conduction [1-6]. Evolution problems with
nonlocal boundary conditions have received attention in several
papers [4,7]. Mixed problems with nonlocal boundary conditions
or with nonlocal initial conditions were studied in [8-11]. In the
work the research was carried out nonloval-integral problem
for differential equations of third order. Problems for parabolic
equations were studied in the works and for hiperbolic equations
were studied in the works [7, 8, 13, 14].

This paper, which continues our investigation in [15, 16] and
for partial differential equations study of the unique solvability
with a problem with integral condition for equations first order
[17-21]. problem with integral conditions in Sobolev space were
investigated in several papers [22-27].

Statememt of the Problem

Let 7B+ xR") be a class of entire functions on® XZis a class of
quasipolynomials of the form

m

o) = 3 Q) explaal, (1)
j=1

where a; € M CC, a; # ap, for j#k, = €R, Q;(z), are polynomials
with complex coefficients. Each quasipolynomial ¢(x) of the form
(1) defines differential operation

Q; (&) of finite order on the class of entirie functions (),
namely,

o (45) 20 - g@» () o0

1

) - ]i:;Qj (%) oA +ay). (2

In the strip Q = {(t,z) € R**! : ¢ € {(0,T),z € R"},

we consider of the system of partial differential equations of
higher order:

o"U; " 0 6”‘][]@ B o

et (a*) ginmg 0 1= e, (3)
T
/tkU,i(t,:L’)dt: oir(z), k={1,..,n}, te(0,T),zcR" ()
0

Where a;; (£ ). are differential expression with entire symbols

a;;(\) # 0. Along the lines of equation (3), replacing & by A € C
we wirte down the ordinary differential equation

T
dt n

- dniT
j=

)

satrisfies integral conditions

T

/t"‘lT(m N)dt =1,
0

T

..,/T(t,,\)dt =0, (6)

T
/t”‘QT(t,/\)dt =0,
0 0

The solution of equation (5) is given by the formula

T(t)‘) = ZCI(A)TI(fv)‘)* (7)

Taking into account conditions (6) in equality (7) we obtain an
algebraic system of equations, to designate a function
C1(N), Ca(A), ..., Cr(N),

T
[ G A = 1
0

T
hff/”’z L GLENdt =0 (8)
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The main determinant of the system (8)

1 1
ST, Ndt o [T, (¢ V)t
0 0
A(N) =
1

STt A)dt J Ta(t, N)dt
0

C— =

To determine C (¢, ), Ca(t, A), ..., Cp(t, \) we consider

determinants
1 1
1 [Tt A)dt ST, (8 N)dt
AH()\) _ 0 0
0 flt"*lTl(t, A)dt flTn(t,)\)dt
0 0
1 1
[T, Nde 1 [T, (¢ \)dt
App(N) = ’ ’ .
f Ty (t, \)dt 0 flT,L(t \)dt
0 0
1 1
ST, Ndt [ T A)d.. 1
Aln()\) _ 0 0
flTl(t, \)dt fng(t,)\)dt... 0
0 0
Ci(t,\) = AAIE(A?)’ Co(t,\) = AAES), , Cnl(t,\) = AXES)

Solution of the system (8) we have:

zn(>\
Z AQ) Ti(t, \).
Denot be P = {\ e C: A()) = 0} set of zeros of a function

Ain(X
n(A) = A(/(\))’ denote be M = {X € C: A(X) # 0}for which
there is a solution to the problem (3)-(4).

Lemma 1. LetT'(¢, \) solution of the equation (5), for\ € M c C

satisfies conditions:

T
/t’“T(t,x)dt =0, 9)
0
Proof. If T'(¢, \) is a solution to equation (6), then it can be

expressed in the form (7). C;(\) any functions of the parameter
A€ M C C satisfying the conditions (9), we obtain a system of

equations

ft" LS L Ci(NTi(t, A)dt =0

ft" 23 Gy T, N)dt = 0 (10)

IZZ 1 Ci(NTi(t, A)dt = 0.

Of course A € M, we get the condition A()) # 0. It follows from
this that the system (10) has a trivial solution

C1(\) = Co(\) = --- = Cp(\) = 0, then T'(¢, A)=0na (0, 7) x M.
Which concludes the proof.

Lemma 2. Forany ¢ e (0,7) and ) e C\ P, the following
equality holds:

d"_j

Proof. The followmg equality we have:

l + Za” dtn JJ] {Tkjp(t7 )\)} =

Jqr n dr—i n Aino\) _
s +jz;aij(/\)dt"j‘| {z AN Ti(t, /\))} =

d" [~ Ai(N) 1 A Am()\)
*ﬁ{izl Aoy BN+ G

~ Ain(Y)
[dtn Za” dtn— J] {il AN Ti(t, /\)}

Which concludes the proof.

Theorem. Let pi(z) € K, i = {1,...,n}, j = {1,...,n} then the
class Kr\p exist and unique solution of the problem (1)-(2), can
be represented

n—1 n

=3 o (&E) { )Tk]p(t /\exp[/\a;’]}

k=0 p=1

., (1)

A=0

Proof. If ¢i(v) € Ky fori = {1,...,n}, a T(¢, A) solution of
the equation (5) according with formul (2) function

@i (&) {T(t, \) exp[Az]

belongs to the class Kcwp.
A=0

Then for some ¢;(z) € Ky for i = {1,...,n} according to the
formula (11), we have U;(t,2) dla i = {1,...,n} isa
quasipolynomial in the class Km\P .Using the equationi

ai (&) = ai(\), for i = {1,...,

(11) satisfies the system of equations (3).

n}, we will show that the function

onU; " 15] 8""JU1- N
o +Z:a;] <£> = U(t,z) =

ﬁf{ggw’“ () { s Tnte Moot

k=0

be
A=0

Jrjéaij <;1 :1 J{Si%p <61> {7( )Tk]p(t A) exp[)\;z]}

e

0 p=1
- :zég% (98x> 86; {n(A)Tka(t N eXPP\I]} .
+:2§§99k1) <38T> 2": ( > 8; ]]{ (1)\) Tiojp(t, )\)exp[)\L]} - —0

We shall prove the realization conditions (4) we have:
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T
/tkUik(t, z)dt =
0

T n—2

-[1E

o (2) {sint v

0 p= A=0
n—2 n T
—Zzwk,,(ax) [ st eshal | = pu)
k=0 p=1 0 A=0

We proved the existence and unique solutions (11) of the problem
(3)-(4). Let be ¢, € Ky for k € {0,1,...,n— 1} exists two
solutions (7}, 2 of the problem (3)-(4) in the form:

(3) G
( ) {ﬁ:rmp(t? N exp[)\z]}

dlai = {1,...,n}. Then the difference of these functions satisfies
the equation V! = Ul —U2 e C\ P.

S

Tritp(t, A) exp[m]}
pa

A=0

[\’)O

X
Lo

A=0

8t“ -t Z %ig (8:10) o
By calculating we have:

o ) N oo
Z -+ S (2) 520

2SS o () {shy e ool

k=0 p=1

— Ui2) =

A=0

b
A=0

+Zn;az‘j (a%) g;:{rfim ((%) {no\)Tkﬂp (t /\)cxp[)w]}

n—2 n

D0 e < m) {7 Thjap(t, ) exp[/\x]}

k=0 p=1

= A=0
n—2 n 1
+ 33 o (52 ) g Bunte v exvlal }
k=0 p=1 A=0
n—2 n
Thjip(t, A) exp[A -
kzopzltpkp <8I) {7/ ) k]lp( exp[ I]} o
n—2 n
_ Z ZS"MJ <Bx> { )Tkﬂp(t A) exp[)\x]} =0.
k=0 p=1 A=0
Satisfying the integral conditions:
iy
/thi(t,w)dt =0.
T
By calculating we have:
T T
/thi(t,x)dt = /t’“(U}(t, x) — UZ(t,x))dt =
0 0
T n—-2 n 1
- / 2.2 (690) {77(/\) Thatplts ) eXpM} )
0 p= A=0

—O/Ttk (Tgp:% (%) {%A)Tkjgp(t,x) exp[)\a:]} H) dt =
:Zz;% (806) O/Tt’“{ Tkﬂ,, (t,\) exp[)\x]} Azodt—
- ZX;ZH;W (ax) O/Tt’“{ ()\)Tkﬂp (t,\) exp[)\m]} A:Odt =0.

Of course ¢y, (z) € Kur, k € {0,...,n — 2}, it according to the forms
(11) quasipolynomial ¥ (¢, x) belongs to class K¢ z.

The quasipolynomial he has a property Ty, (t, \) — Thizp(t, ),
for p € {1,...,n}Triop(t, ) — Tritp(t, A), forp € {1,...,n}, and their
derivatives with respect to A in point (t, L), where A € M, t € (0, 7).
With regard to the condition (7) we receive, that difference function
Teitp(t: A) = Thizp(t, M), Thizp(t, A) — Thinp(t, A) satysfies condition Lemma
1. It according to it Lemma 2 we receive the equality of the ones
function Ty, (£, A) — Thiop(t, A) Thinp(t, X) — Trirp(t, A) and their
derivatives with respect to A in points (t, 1). So V' (¢, x) =0

in strip Q, then Ul(t,z) = U2(¢, ).

Exempl and Applied of the Method

Exempl 1. We consider problem with integral conditions for
syustem of equations fourth order. In the strip
Q= {(tw) eR*:t e (0,1),z € R} we consider equations

84U1(t7x) _ 84U2(t7l‘) -0
ott gzt 7
84U2(t7.l’) _ 64U1(t,£) -0
ott gzt 7

satysfies integreal conditions:

1 1 1
/Ul(t7 z)dt = xe®, /tUl(t, z)dt = 2%e® /tZUl(t,z)dt = ze® + ate™,
0 0 0
1
/tsUl(t, x)dt = ze*®
0
1 1 1
/tng(t,ft)dt = (1-2%)e?, /t“’Ug(f,, z)dt = (1+x)e™, /t2U3(t,m)dt = ¢,
0 0 0

1
/tZUii(t"I)dt =(1+az+2"+a%)e",
0
Solution of the problem, according to formua (11)

EZW, ( ) Thip(t, )\exp[)\z]}

k=0p=1

A=0

Exempl 2. We consider problem with integral conditions for
system of equations thirt order. In the strip

Q= {(t,z,y) e R?:t € (0,1),z € R?}we consider system of equations
83U1(t,x,y) 83U2(t7 x,y) 0 0 0
ot 02° ot (817 ay) Us(t,2,9) =0,
83U2(t,;17,y) 7 83U1(t7 x,y) 83U3(t,x,y) =0
ot3 Ox? oy? -
aBUQ(t,I) + 62U1(t7x7y) + 82U3(t,m,y) =0,
ot3 Ox? Oy?
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satysfies integreal conditions:

1 1
/ Ui(ta,y)dt = (@ + 3 + 2 — y)e*, / U (t, 2, y)dt = (@ —y — 1)e>,
0 0

1
UL (¢, 2)dt = (x +1)e*™ Y,
0

1 1 1
/tUg(t7 z,y)dt = e*, /tUg(t7 x,y)dt = €Y, /tUg(t7 x,y)dt = Y,
0 0 0

1 1
/tQUg(LLE)dt =1 +x+y)e T, /tng(t,z,y)dt = (z+1y* —y?)e",
0 0

1
/tQUg(t, z)dt = (14 z)e3* %,
0

Solution of the problem, according to formua (11)

Ui;

2 3
(o) =D > o

(8‘1) Tt )\exp[/\:c]}

A=0

Conclusion. In the present paper, we propose a method of solving
problem with integral conditions for system of partial differential
equations of higher order with respect to time. We prove the
existence and uniqueness of a solution of the problem in a class
of quasipolynomials of the specjal form. Solution problem of
this problem with the use of the differential-symbol method [20,
21,27-30].
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