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ABSTRACT

The presented article is devoted to finding a solution to one problem for a heat equation with discontinuous coeflicients on the semiaxis. Applying an integral
transformation to the problem, a boundary value problem is constructed for an ordinary differential equation depending on a complex parameter. In this
case, it is assumed that the solution to the problem found at infinity is bounded. Since the coefficient of the equation is discontinuous, the solution to the
problem is found in both finite and infinite intervals. In the general solutions found in both intervals, there are constants that are independent of each other.
Although in the problem the number of boundary and associated conditions is three, the number of constants involved in the solution is four. This can
lead to violation of the uniqueness of the solution to the problem. To eliminate this discrepancy, it is necessary to choose one of the found constants equal
to zero, using the condition that the solution is bounded at infinity. The other three constants are found from the boundary and associated conditions and
taken into account in the solution of an ordinary differential equation with discontinuous coefficients. The article shows that the solution of an ordinary
differential equation with discontinuous coefficients is a meramorphic function on the complex plane. The singular points found for solving the problem are
pole-type singular points located in a strip containing an imaginary axis. In the paper, the expansion theorem is proved and the solution of the problem is
constructed in the form of a contour integral. The absolute and uniform convergence of the found contour integral for the solution is shown, which means
the substantiation of the formal solution of the original problem.
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In the article we consider the following problem:
It is requrired to find the bounded solution to the equation u(x, ) EC**'(0<x<at>0)NC*(a<x<1,t>0)
du a%u (1) Applvi :
o _ gu pplying the integral transform
P a(x) et xe(0,4+»),t >0
y(x,A) = fom u(x, t) e *tdt 4)

satisfying the initial conditions
to the considere problem (1)-(3), for second order second order
u(x,0) = ¢(x) 2) discontinous coefficient equation dependent on the complex
parameter , A we obtain the following problem:
and the condition

a(x)y’ — 2%y =—¢@(x), a <x <+

a,u(0,t) + fu(a—0,t) =0 (5)
a,y(0,4) + Byy(a—0,1) =0
tu(0,8) + By (@ = 0,) =0 (3) ! '
au(a —0,t) + fu(a+0,t) =0 ay'(0,4) + Bry'(a—0,4) =0
Here ayla—0.1)+pfay@+0,y=0  ©
D<x<a For 0 < x < a and Red = 0, finding the solution to the

2

a(XJ = {pgj < x <+
[ a]

T a=x problem (5), we obtain
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Yo 2= C (e e 7 42 [ p@)er™ Vg + 22 [Fp@er Vag O

For 0 < x < @ and Red < 0, we can find the solution to the problem (5) as follows.

A y) A y)
Y, )=C(Der™+ C;Me 7" — = [ p(©)er™ Vg — = [T p(e)er g ®
2pA-x 2pA 0
For @ << x < +ooand ReAd = ( finding the solution to the problem (5) we obtain

Y ) G (e T+ Cy (e T+ — I p(©ei® grt i et ©)

As x— +00, a necessary condition for the function y(x,4) to be bounded is C,=0 i.e we can write the solution to the problem (9) as
follows :

A A A
Y6 )= Cs(We 7+ o= [T p(©er dg + o [ p(§ed™ Vg (10)

For @¢ < x < +oo and Red < 0, finding the bounded solution to the equation (5) withim the condition x— -+ we obtain

i, 1 x Ao . A,
yix, A)=Cy(A)e™ — 2—;{fﬁ .-p{.,r)gq': ﬂdf_ ;1_1-[: tp(-,’}e'it% Jd.f (11)

For finding the poles of the function y(x,A) in the halp-plane RerA>0, we write the formulas (7) and (10) in the system (6)

(ar + B1er)Ci () + (ay + Bre )G () = 320 (A) — 20, ()
(az + B2e") D) — (a2 + Boe )20 = — 520 (D) + 1206 (2

A a a
ase]_:'acl(&) + agﬁ'_gacz(ﬂ) + 33"3_5“53(3) = ——Hz(ﬂ) - Hs(ﬂ)

In this system we introduced the following denotations

a

A
5%
@ = [ o(©e 7 g
0
Aor_ (13)
() = [} p@erds
+oo
1) = 7 g
() =] ¢ )9 $
a
Calculating the principal determinant of the system (12) , we obtain:
A — Aa 2.
A = =2 3677 [2cra + Bi) + (o + ra) (e +e750)| (14
We find the zeros of the charactristical determinant as
= %(Ino(—T +VT2 — 1) + 27mi) , neR (15)
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Here

— a;az+f15;
a1fz+fiaz

s 1Py +Pra; #0, B3 #0

Note that in the half-plane ReA<0, substituting the formulas (8)
and (11) in the system (6) and finding the zeros of A(A), we have
the validty of the formula (15).

Appyling the Cramer method to the system (12), we can find the
constants C, (4) . So, we find
L)

Ck("l): A(A) ’

Here the determinants Ak (), k=1,2,3 are determined as follows:

=123

A
e LAG R LA R A, ,s,e‘s“ 0
8 () =1- ML(A) +—x~(,1} —(as + fae F ; )— 0
k] By " —Af’
o A}(:(l} g €3] aze 7 fae @
iy & 2
a, + B,er _IHJ.(A)_.. lxz(-l) 0
El
B0 = (e +Boe?™) 2+ 2(l) 0
1, o g A
tyer - pjl #,(1) ——‘xa () P v
iy i oy g
a, + f§,er a, +f5er ——,(L(.l)——’k:..(.l}

apd "2

A ir{ i _J_‘ﬂ
Ay (1) = Sl foer) —Z(antfev) - A’L(-U"‘ .-(-(.l)

-y, (A)—ﬁxgm

Fl
e P
3 Ttz 2

A
=
oy er

Theorem 1: (Exspansion Theorem) Assume that the following

conditions are satisfied:

*  the function ¢(x) has a continuous derivative to the second
order on the interval  [0,+)

« the function x"p ¢"((k) ) (x)=0(1) ,
¢(0)=p(a)=0, p>1 ,k=0,1,2

o B, o#0, B0

x—+oo and

Then for the function @(x) the expansion formula

@) ==X [ Ay(x DdA (16)

is valid. Here C is a simple closed path and contains one pole
of the function y(x A) in itself.

Proof: Within the theorem conditions, on the half-plane ReA>0

twice integrating by parts each of the integrals %, (1) (k&=1,2,3),
we can write them as follows.

@) [[ 0" @ FdE + ¢'0) - ' (@e ]

1) = 2| [ 0707 dg + 90 7~ ¢'(@)] (17)

2|7 a
AOEES I | 0@ P+ 0@

Now within the theorem conditions, integrating twice each of the
integrals occuring in the formulas (7) and (9), we obtain:

[ 0(©erde =) - Lo (x) - ' (@) 7 — [Fp(©)er® V]
£ 907 Ddg =2p(0) + B /() + 9/ (@er ™ 4 [£ g (01er" V]

%i[fp’(x) — (P’(O)e_é_lx - f;qou(f)e‘_f(f_x)df]
(18)

JF e®en g = 1p(x) -

[ 9@t O = Lp() + L g/ () — [ 9" (§er V]

After these transformaions, on the half plane ReA>0 we estimate
the function y(x,4) of 4 found by the formula (15) outside 5>0.
For that we transform the characteristical determinant A(X) and
auxilarly determinants A, (4) (k=1,2,3) as folows:

(19)

A A
A(A) = 2e?" T V()

A

A
A(A) = e V() L k=123

Here the functions V(4) and V, () (k=1,2,3) are bounded and
analytic functions of the half-plane A#0 and ReA>0 outside the
zeros of A()L). Taking into account the equalities (17)-(19) in the
formulas (7)-(9), we obtain:

y(x, A) = Azga(x) + = )13 J(;»;,/1) (G =12) (20)

Here K, (x,4) and K, (x,A) are bounded and analytic functions
of the zeros of A0 and A(A) outside 6>0 in the sets [],{(x,4)
:0<x<0, ReA>0} and [],{(x,4) :a<x<+oo ,Rek>0} , respectively.
From the problem (5),(6) it is scen that the y(x,4)=y(x,-1) equality
is valid. This means that the formula (20) is validon the half-plane
ReA<0 as welll. Now we denote the sequnce of cirles centered in
the origin of coordinates and whose radii increase monotonically

and satisfy the condition ?llljg Tn = +9 on the complex plane A
by O. (n=1,2,...).

We choose the radii of the sequence of citcles Oy, (n=1,2,...) so
that they do not intersect the curves |A-A, |=0 . This is always
possible, because the condition [A , - |= 2p7 is satisfied.

a

Using the condition (20) we obtain :

lim L[, Ay(e)dd =22 m

n—oo 27

)1+fllmf

27i n—owo

di =(x)

21)
Here the functions K, (x, A) are bounded and analytic functions
on the circles O,.
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Indeed,
Ay =ppe'®, 0 <@ <2r
asn — o p, > .

|Ki(x, )| <M

|/, BB 2| = |jc,2”§1g(x,pgw)fe—wd<p| <M [ ="t 20

On the other hand, according to the Cauchy residual theorem we
can write:

clgmifonly(x, Ddl=3¥= —

n=0zp;

fc Ay(x,A)dA (22)

n—

Finally, comparing (21) and (22), for the function ¢(x) we obtain
the following formula:

o) = =Y, [ Ay(x, DdA

The theorem is proved.
Now we give the following theorem for the solution of the problem

(D-3).

Theorem 2: Assume that the following conditions are satisfied:

» the function ¢(x) has a continuous derivative to the second
order in the interval [0,+o0)

o p(0)=p(a)=0 , xPp® (x)=0(1) , x—+o0 , p>1 ,k=0,1,2

B0 ,0, 5,151 070

Then the solution to the problem (1)-(3) can be shown in the form
of the loop integral

u(x, t) = éfgl y(x, A)e'tda (23)

Here S is an infinitely expandable contour line on the half-plane
ReA>0 . The for enough part of the contour line S located in the
first quarter coinsides with

A, = Atg (E + 6). on the fourth quarter it coinsides with the line
Ay = —Aitg (G + 6)

Proof: From the formula (15) found for the poles of the spectral
problem it can be seen that the contour S can be chosen so that
the function y(x,4) inside this contour is analytic.

From the formulas (7) and (9) found for the solution of the spectral
problem we can easily see that the condition lim y(x.4) = ¢inside the
contour S is satisfied. Using these two facts and imverse Laplace
integral transform , we can show the inverse of the transform (4)

in the form of (23).

We now show that the function u(x,f) determined by the formula
(23) is the solution of the problem (1)-(3) within the theorem
conditions. By the line 2,=0 we denote the contour §* symmetric
with the contour S. We denote the part of the contour S inside the
cride O, by S, the part inside the contour S O, by u,. We denote
the part of the cirde O, locased in the first and second quarters
and between the contours S and S* by v,".

Note that curves g *, S * are symmetric with g _and S, with
respect to the straightline 4,=0. At the same time, the arc v is
chosen symmetric with the curve v,* with respect to the straightline
L,=0. To solve the spectral problem when proving the expansion
theorem, it was shown that the inequality

ly(x )| = % (24)

is valid

im am
EL My E-28
A%t 4 TRCOS2 Y12 Tgcost . —
J“v#l y(x, et tdi | <M, J;;Tﬂ? e 0T dg = = f,z_r”a e"keost - df =

an
1 n TrCosO 1 = 28 T C0S0
oM, f§+25rke ko0dg  + My [2 T net0d <

1 w e (1-28)
ElengZSrke '’ df +

1 28 263 ﬂ 1-20)["
IM, [z e G0 gp = Ty, " (D)
2 o 4 Zy28
2
am_
231z _
LM, e+ .37 (e e _
4 - 4
44 48 48
e w'k )+EM1(er’f( ?) +e k)= “Me ®mk—0
4 2 Tp—o

To estimate the following integral on the arc v," , we use the
equality (24).

3 3m
2 -8 M, 526
|fv;i y(x, et tdA | <M, fﬂis Ty, @5 THEOS2P oy = —2‘ Eizﬁ et Tkeost 1 g <
4 2

28 t 29_3 M. —4—61.‘7'
e et G dg= e r T —0

3am
M, t rp(1-26) My ro—
=+ T € = ldg+—]2
2 j§+26 k 2 fn ko

(25)

In the same way we can prove the similar inequality on the arc
v, . Using the Cauchy integral theorem, we obtain:

[ y(x, e tdr = S Av(x, Det’tdt

[ y(x,Ae?tdr = [ e y(x, Nettda (26)

Using the Cauchy integral formula and the relations (25),(26)
m we obtain:

== Ay, Detdi + j I A y(x, DettdA = i Toso [ Ay(x Deda

2mi

u(x,t) = ﬁ ;'fzofcnly(x,l)eﬂztdl (27)

We now show that the last formula staisfies the equation (1).

B p) =Ly [ Ry d) - ply” (x, D]Ae i =

at dx?  2mi
i oo
71 Zico [ 0(x) 2e¥d =0

Using the expansion theorem, we see that the series (27) satisfied
the initial condition (2):

u(x,0) = ﬁZ;":o Je Ay, Dert| _ dl=e(x)
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Taking into account that the function y(x,1) satisfiess (6), we can
easily verify that the function u(x,f) found by the formula (27)
satisfies the conditions (3).

Let us substatiate the found formal solution:

|elzt| — etReﬂZ _ etllz‘cosargﬂz — etlﬂzlcuszargl _ etliz‘cos(g+26) e*t‘ﬂzlsinzﬁ

since 6>0 as |A\|— the function e exponentially converges to
zero. This shows that the found solution absolutely and regularly
converges, i.e. all the operations we conducted are legal. The
theorem is proved [1-7].
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