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Introduction
Contextualization
Combustion modeling theory is an area of science that focuses on 
developing mathematical and computational models to describe and 
predict combustion processes, which occur when a fuel reacts with 
an oxidant, usually oxygen in the air. In this research, thermodynamic 
concepts, kinetic models and fluid mechanics models are applied to 
model an ideal combustion process in a combustion chamber of a jet 
engine in order predict the temperature variations in the combustor 
caused by the injection of hot gases into the chamber and by combustion.

Objectives
•	 Demonstrate the application of mathematical models based 

on physics and chemistry in combustion;
•	 Use mathematical models to describe the ideal combustion process 

in a combustion chamber of a reaction engine (jet engine).

Methodology
Extensive bibliography review and development of mathematical
models.
Main Notation:

Preliminary Concepts: Combustion
General Combustion Equation: Combustion is a chemical 
reaction between a fuel and an oxidant, producing products, 
usually carbon dioxide CO2 and water H2O.

The general equation can be written as:

Fuel + Oxidant → Products                               (1)

The fuels of interest include hydrocarbons CxHy such as:

▪	 Gasoline ≈ C8H15
▪	 Kerosene ≈ C10H22

Using a hidrocarbon as the Fuel we obtain:

                                                                              
(2)

Preliminary Concepts: Reaction Rate
Combustion can be Lean- excess oxidant, Stoichiometric - ideal
amount of fuel and oxidant or Rich- excess fuel, depending on the
equivalence ratio

                                                                                    (3)

to be Φ < 1, Φ = 1 or Φ >= 1, respectively.

Reaction Rate (Law of Mass Action)
The fuel and oxygen consumption rates can be expressed as:

                                                                                     (4a)

                                                                                      (4b)

Preliminary Concepts: Conservation Equations
The reaction rate constant, k, follows the Arrhenius model and 
varies with temperature according to:

Where:
A = pre-exponential factor;
Ea = activation energy;
Ru = universal gas constant;
T = absolute temperature.

Conservation Equations
These equations are fundamental for combustion modeling:

                             Mass:                                                (5)

Preliminary Concepts: Heat Transfer

Energy:                                                                                        
(6)

Introduction

2 Objectives:
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Preliminary Concepts: Combustion

General Combustion Equation :

Combustion is a chemical reaction between a fuel and an oxidant,

producing products, usually carbon dioxide CO2 and water H2O.

The general equation can be written as:

Fuel + Oxidant → Products (1)

The fuels of interest include hydrocarbons CxHy such as:

Gasoline ≈ C8H15

Kerosene ≈ C10H22

Using a hidrocarbon as the Fuel we obtain:

CxHy + (x + y

4)O2 → xCO2 + y

2H2O (2)
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Preliminary Concepts: Reaction Rate

Combustion can be Lean- excess oxidant, Stoichiometric - ideal

amount of fuel and oxidant or Rich- excess fuel, depending on the

equivalence ratio

Φ =

(
mar
mfu

)
est(

mar
mfu

) (3)

to be Φ < 1, Φ = 1 or Φ >= 1, respectively.

Reaction Rate (Law of Mass Action):

The fuel and oxygen consumption rates can be expressed as:

ω̇fuel = d[CxHy]
dt

= −k(T )[CxHy]m[O2]n (4a)

ω̇O2 = d[O2]
dt

= −v,
O2

k(T )[CxHy]m[O2]n (4b)

5 / 38

Preliminary Concepts: Reaction Rate

Combustion can be Lean- excess oxidant, Stoichiometric - ideal

amount of fuel and oxidant or Rich- excess fuel, depending on the

equivalence ratio

Φ =

(
mar
mfu

)
est(

mar
mfu

) (3)

to be Φ < 1, Φ = 1 or Φ >= 1, respectively.

Reaction Rate (Law of Mass Action):

The fuel and oxygen consumption rates can be expressed as:

ω̇fuel = d[CxHy]
dt

= −k(T )[CxHy]m[O2]n (4a)

ω̇O2 = d[O2]
dt

= −v,
O2

k(T )[CxHy]m[O2]n (4b)

5 / 38
Preliminary Concepts: Conservation Equations

The reaction rate constant, k, follows the Arrhenius model and varies

with temperature according to:

k(T ) = A exp
(−Ea

RuT

)

where:
A = pre-exponential factor;
Ea = activation energy;
Ru = universal gas constant;
T = absolute temperature.
Conservation Equations:

These equations are fundamental for combustion modeling:

Mass: ∂ρ

∂t
+ ∇ · (ρv) = 0 (5)
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Energy: ρcp

(
∂T

∂t
+ v · ∇T

)
= ∇ · (k∇T ) + Q (6)

where Q is the Heat Source term due to chemical reactions:

Q = −
ω̇fuel

Mfuel
∆Hcomb

Species: ∂(ρYi)
∂t

+∇· (ρvYi) = ∇· (ρDi∇Yi)+Miω̇i (7)

where Yi represents the mass fraction of specie i.

Heat Transfer:
Heat exchange with the surroundings follows Newton’s Law of

Cooling that states

−k
∂T

∂n
= h[Tsurface − T∞] (8)
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where Q is the Heat Source term due to chemical reactions:

Species:                                                                                          (7)

where Yi represents the mass fraction of specie i.

Heat Transfer
Heat exchange with the surroundings follows Newton’s Law of
Cooling that states

                                                                                          (8)

Preliminary Concepts: Numerical Method
Mass Flow Rate
The fuel and oxidant flow rate into the combustion chamber is
modeled by

                                                                                          (9)

Numerical Method: Finite Difference Method (FDM)

Combustion in Reaction Engines
Principle of Operation of a Reaction Engine (Jet Engine)

Figure: Principle of Operation of the Reaction Engine

Modeling. Numerical Approach
Mass Conservation inside the Chamber:

                                                                                    (10)

The Model. Numerical Approach
Equation solved by creating a velocity field v = (u, v) with

u = u(x, y) e v = v(x, y) that satisfies it:

Figure: Prescribed Velocity Field

Thermal Energy Variation in the Chamber

                                                                                            (11)

The Model. Numerical Approach
Ignition Model:

where T0 = 320K(47oC) is the initial temperature in the chamber.

Applying the MDF to the energy equation, we obtain the system

The Model. Numerical Approach
Variation of Chemical Species in the Chamber

Fuel:                                                                                      (11)

Similarly, applying the MDF, we obtain

Simulation Domain: Combustion Chamber

Ideal Combustion Chamber:

Figure: Ideal Combustion Chamber. Air and Fuel Inlet

Preliminary Concepts: Heat Transfer

Energy: ρcp
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∂T
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Preliminary Concepts: Numerical Method

Mass Flow Rate:

The fuel and oxidant flow rate into the combustion chamber is

modeled by
∂Yi

∂x

∣∣∣∣
x=0

= − ṁi

ρuLx
(9)

Numerical Method: Finite Difference Method (FDM)

∂ϕ

∂t
= ϕn+1

i − ϕn
i

∆t

∂2ϕ

∂x2 = 1
2

[
ϕn

i+1 − 2ϕn
i + ϕn

i−1
(∆x)2 +

ϕn+1
i+1 − 2ϕn+1

i + ϕn+1
i−1

(∆x)2

]

∂ϕ

∂x
= 1

2

[
ϕn+1

i+1 − ϕn+1
i−1

2∆x
+

ϕn
i+1 − ϕn

i−1
2∆x

]
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Combustion in Reaction Engines

Principle of operation of a reaction engine (Jet engine):

Figure: Principle of operation of the reaction engine

Modeling. Numerical Approach:

1. Mass Conservation inside the Chamber:

∂u

∂x
+ ∂v

∂y
= 0 (10)
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The Model. Numerical Approach

Equation solved by creating a velocity field v = (u, v) with

u = u(x, y) e v = v(x, y) that satisfies it:

Figure: Prescribed velocity field
2. Thermal Energy Variation in the Chamber

∂T

∂t
+u

∂T

∂x
+v

∂T

∂y
= α

(
∂2T

∂x2 + ∂2T

∂y2

)
+

(
∆Hcomb

ρcpMfuel

)
ω̇fuel (11)
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The model. Numerical Approach

Ignition Model:

T (x, y, t = 0) = T0 + ∆T · exp
[
−(x − xign)2 + (y − yign)2

σ2

]

where T0 = 320K(47oC) is the initial temperature in the chamber.

Applying the MDF to the energy equation, we obtain the system

− Smyi,jT n+1
i+1,j − Sbyi,jT n+1

i−1,i + aT n+1
i,j − Smxi,jT n+1

i,j+1 − Sbxi,jT n+1
i,j−1 =

Smyi,jT n
i+1,j + Sbyi,jT n

i−1,i + bT n
i,j + Smxi,jT n

i,j+1 + Sbxi,jT n
i,j−1 + qi,j

⇔ A · T n+1 = M · T n + Q

⇔ A · T n+1 = B
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3. Variation of Chemical Species in the Chamber

Fuel: (11)

∂Yfuel

∂t
+u

∂Yfuel

∂x
+v

∂Yfuel

∂y
= D

(
∂2Yfuel

∂x2 + ∂2Yfuel

∂y2

)
+Mfuel

ρ
ω̇fuel

Oxygen: (12)

∂YO2

∂t
+u

∂YO2

∂x
+v

∂YO2

∂y
= D

(
∂2YO2

∂x2 + ∂2YO2

∂y2

)
+MO2

ρ

(
mar

mfu

)

est

ω̇fuel

Similarly, applying the MDF, we obtain

Af · Y n+1
f = Mf · Y n

f

AO · Y n+1
O = MO · Y n

O
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(12)Oxygen:

Simulation Domain: Combustion Chamber

Ideal Combustion Chamber:

Figure: Ideal combustion chamber. Air and fuel inlet

Chamber dimensions: 0, 6×0, 3(m2)
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Chamber Dimensions: 0, 6×0, 3(m2)

Simulation Domain: Numerical Meshes

Results: Simulation 1 (Mesh - 1, V = const)
I: Injection of the Air-Fuel Mixture and Temperature Variation
before Ignition:

Results: Simulation 1 (Mesh - 1, V = const)
II: Ignition, Air-Fuel Mixture Consumption, and Temperature
Variation:Simulation Domain: Numerical Meshes

Figure: Mesh - 1

Figure: Mesh - 2
(more refined)

Results: Simulation 1 (Mesh - 1, V = const)

I. Injection of the air-fuel mixture and temperature variation

before ignition:
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Results: Simulation 1 (Mesh - 1, V = const)

II. Ignition, air-fuel mixture consumption, and temperature

variation:
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Results: Simulation 1 (Mesh1 - 1, V = const)
III: Variation of the Air-Fuel Mixture in the Combustor along
y = Ly/2 before and After Ignition:

IV: Average Variation of Temperature, Oxidizer, and Fuel in 
the Combustor over Time:

Results: Simulation 2 (Mesh - 2, V = const)
I: Injection of the Air-Fuel Mixture and Temperature Variation
before Ignition:

II. Ignition, Fuel-Air Mixture Consumption, and Temperature
Variation:

Results: Simulation 2 (Mesh - 2, V = const)
III: Variation of the Air-Fuel Mixture in the Combustor along
y = Ly/2 before and after Ignition:

Results: Simulation 1 (Mesh1 - 1, V = const)

III. Variation of the air-fuel mixture in the combustor along

y = Ly/2 before and after ignition:
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Results: Simulation 1 (Mesh1 - 1, V = const)

IV. Average variation of temperature, oxidizer, and fuel in

the combustor over time:
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Results: Simulation 2 (Mesh - 2, V = const)

I. Injection of the air-fuel mixture and temperature variation

before ignition:
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25 / 38Results: Simulation 2 (Mesh - 2, V = const)

II. Ignition, fuel-air mixture consumption, and temperature

variation:
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Results: Simulation 2 (Mesh - 2, V = const)
IV: Average Variation of Temperature, Oxidizer, and Fuel in
the Combustor Over Time:

Results: Simulation 3 (Mesh - 1, V = (u, v)(x,y))
I: Injection of the Air-Fuel Mixture and Variation of 
Temperature before Ignition:

Results: Simulation 3 (Mesh - 1, V = (u, v)(x,y))
II: Injection of the Air-Fuel Mixture and Variation of 
Temperature before Ignition:
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Results: Simulation 3 (Mesh - 1, V = (u, v)(x,y))
III: Variation of the Air-Fuel Mixture in the Combustor along
y = Ly/2 before and After Ignition:

IV: Average Variation of Temperature, Oxidizer, and Fuel in 
the combustor over time:

Conclusion
•	 Mathematical models serve as a bridge of connection between
	 Problem—Solution in combustion field;
•	 The maximum temperature in the combustion chamber was
	 around 3000K, which is about 500K higher than what has 

been predicted in combustion literature;
•	 The non-constant velocity field predicted results more aligned
	 with the reality of combustion in jet engines according to the
	 literature;
•	 There is a need to consider more detailed chemical mechanisms
	 and refined physical parameters for more accurate results.

Future Work
•	 The computational cost of the Crank-Nicolson numerical 

method(version of the MDF used) is high. There is a need 
for more powerful computers to run the codes from more 
sophisticated models;

•	 There is a need to use more advanced numerical methods to 
simulate a chamber closer to the real one;	

•	 There is a need for more powerful softwares (CFDs - 
ComputationalFluid Dynamics) for combustion studies. 
Python was used in this research.
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