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ABSTRACT

This paper develops a regularized nonlinear Urysohn-operator framework for nonstationary ammonium-perchlorate/hydroxyl-terminated-polybutadiene
(AP/HTPB) solid-propellant combustion with hereditary thermal feedback, pressure coupling and delayed response. The state is governed by a causal
nonlinear integral equation whose kernel depends on time, history, temperature-sensitive kinetics and the current magnitude of the state. The regularized
model is written as u. 4+ eLuc = f + U(uc), where L is a positive spectral operator and & > 0 is a smoothing parameter. Beyond standard existence and
uniqueness results, the article establishes exponential stability, robustness with respect to perturbations of the kernel, the explicit estimate [lue — ull < Ce,
differentiability of the solution with respect to model parameters, eigenvalue localization, a spectral-radius bound and pseudospectral resolvent estimates.
A numerical study compares short and long memory, strongly nonlinear saturated kernels, several regularization levels and five iterative solvers. Three-
dimensional response surfaces, a spectral plot, a heat map and sensitivity diagrams illustrate the theory. The framework is also connected with DeepONet,
Fourier neural operators, physics-informed neural operators and transformer memory. The resulting model provides an analytically transparent and

computationally stable bridge between nonlinear integral equations, combustion dynamics and modern operator learning.
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Introduction
Solid-propellant combustion is governed by strongly coupled heat transfer,
condensed-phase decomposition, gas generation, surface regression,
chamber pressure and acoustic feedback. In AP/HTPB composites, the
response observed at the burning surface is not purely instantaneous.
Heat penetrates the condensed phase, chemical intermediates accumulate,
and the effective burning rate retains information from previous states.
A nonlinear memory operator is therefore a natural modelling device.
Let / = [0, T] and X = C(/) with the supremum norm. The baseline
equation is
it
u)) = F0+ [ Ktsuls)io)ds, (L)
Jo
where frepresents external forcing, K is a causal nonlinear kernel and 0
collects physical parameters.
The regularized equation is
ue +eLus = [+ Up(ue), e >0, (1.2)

with L positive. The spectral factor (/ + ¢L)' damps unresolved high-
frequency modes and improves conditioning.

The main contributions are: (i) a complete fixed-point formulation with
explicit hypotheses; (ii) an exponential-stability theorem; (iii) a kernel-
perturbation robustness estimate; (iv) an O(¢g) convergence theorem; (v)
differentiability with respect to physical parameters; (vi) localization of
the spectrum and a spectral-radius criterion; (vii) a resolvent and
pseudospectral analysis; (viii) numerical comparisons of memory regimes
and solvers; and (ix) a systematic connection with operator-learning
architectures.

Physical and Mathematical Model
A reduced condensed-phase thermal balance has the form

E
pepTi = kAT + QAp™ exp (*ﬁ) +M(T, pl,
g

@.1)

where M represents hereditary feedback. In a zero-dimensional reduction,
the dimensionless state # may denote temperature departure, normalized
burning rate or a coupled thermo-acoustic amplitude.

A representative saturated kernel is

2.2)

0N o —B(t—s 2
K(t,s,20) = ae )1+722

(1+mp(s)™)X0,0(5),
where a is feedback intensity, £ is memory decay, y controls saturation,
n is pressure coupling and m is a pressure exponent. A delay may be
introduced through z = u(s—7 ) or through a distributed delay density.
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Table 1: Mathematical Hypotheses used Throughout the Analysis

Label  Assumption

(H1) K(t,s, z;0) is measurable in s and continuous in (¢, z,6) for almost
every s.

(H2) |K(t,s,20)| <a(s)(1+ |2]) with a € L*(I).

(H3) |K(t,s,21;0) — K(t, 5, 29;0)| < £(s)|21 — 22| with £ € L1(I).

(H4) The derivatives K, and Kjp exist and are dominated by integrable

functions on bounded sets.

(H5) L : D(L) C X — X is positive, densely defined and has compact
resolvent.

(H6)  ge:= (I +eL) ! |lell < 1.

Urysohn Operator and Fundamental Results

Define

t
(Ugu)(t) = /O K(t, s, u(s): 0) ds. G.1)

Under (H1)—(H3), Up maps bounded sets into bounded equicontinuous sets and is compact on bounded subsets of C({).

Lemma 3.1 (Boundedness and continuity). If (H7)—(H3) hold, then
[Uul| < llally 1+ [[ull),  [Usu = Ugo|| < [l€]ly lu =]

Proof. Both estimates follow by integration of the growth and Lipschitz inequalities, followed by the supremum over ¢ € 1.
Let R. = (I +eL)~! and Tou = R.(f + Ugu).
Theorem 3.2 (Existence and uniqueness). Assume (H1)—(H6). If a closed ball Br is invariant under Tz, then (1.2) has a unique solution ug € B;.
Proof. Compactness and continuity give existence by Schauder. Moreover,
I Tew — Tool] < ge lu— o]
Since g, < 1, Banach’s fixed-point theorem yields uniqueness.

Theorem 3.3 (Uniform a priori estimate). If ||R|| < Cr and Cr |all; < 1, then

CrUIfN + llally)
1= Cgllall,

[Jue|| <
Proof. Use u, = R.(f + Uu,) and the growth estimate, then collect the term containing ||u.|| on the left.
Advanced Theoretical Results
Exponential Stability
Consider the evolutionary fixed-point iteration

u" = R (f + Uu™). 4.1

Theorem 4.1 (Exponential stability). Under (H6), for the unique fixed point u; and every initial value u’ € X,

lu™ —uell < ¢ ‘uo — || = e ™= ||u® — u.l|, we =—logg: >0. (42
If a continuous relaxation vy = —v + Tz—:U is used, then
lo(t) = ue] < e 9 Jlo(0) — uel|. 4.3)
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Proof. The discrete result follows by repeated application of the contraction estimate. For the continuous relaxation, let e = v — u,. The upper Dini
derivative satisfies D" |le]| < —(1 — ¢.) ||e[|; Gronwall’s inequality gives the conclusion.

Robustness with Respect to Kernel Perturbations
Let K generateU and suppose

sup / |K(t,s,2) — K(t,s,2)|ds < 0k. (4.4)

t,z€[—r,r]

Theorem 4.2 (Kernel robustness). Let Ue and U solve the regularized equations associated with K and K, and assume both contraction factors
are bounded by ¢ < 1. Then

R,
Jue = el < 2 = 7]+ 5. (4.5)
Proof. Subtract the two fixed-point identities, add and subtract 12U (@ )and use the contraction estimate together with (4.4). Rearrangement yields

the result.

Explicit O(¢) Estimate
Theorem 4.3 (First-order regularization error). Assume the unregularized equation u = f+ Uu has a unique solution u € D(L) and

lUuw—Uv| < qllu—v| with ¢ < 1. Then

15
flue —ull < T4 [l Ll (4.6)

Hence |lue —ull < Ce with C = |[Lul| /(1 - gq).
Proof. Subtract u = f + Uu from ue + eLue = f + Uu, and write

e —u = Re(Uus — Uu) — eRe Lu.
Positivity gives ||R|| < 1. Therefore

[ue = ull < qllue —ull + e[ Lull,
which implies (4.6).

Differentiability with Respect to Parameters
Theorem 4.4 (Parameter differentiability). Assume (H ), and let F(u,0) = u+eLu — f — Up(u).

i
I+ ¢eL — D,Up(u.) 4.7)

is boundedly invertible, then 6 — u.(0) is continuously differentiable and

Ou.
99;

19Up(uz) (4.8)
9,

= (I +eL — DyUp(ue))~

Proof. The map F is continuously Fréchet differentiable under (H4). The claimed formula follows
from the implicit-function theorem applied at (u., 6).

Spectral and Pseudospectral Analysis

Linearization at Ug,
Bs = RsAa As = Dng(us). (5~1)

Theorem 5.1 (Eigenvalue localization and spectral-radius bound). If || Ac|| < M4, then

o(Be) C{z € C: [z <||Rel| Ma},  7(Be) < |[Rel| Ma. (52
If L is self-adjoint positive with lowest eigenvalue A > 0, then

Ma 5.3
r(B)71+E/\1. (53)

Consequently, M, < 1 + &\ is sufficient for linear stability.

Proof. The spectral radius is bounded by the operator norm. Positivity and the spectral theorem
give ||R.|| < (1+eX)t
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Proposition 5.2 (Resolvent and pseudospectrum). For 2 € p(Be)satisfying |z| > || Be||,

H(Z]_Bs)w < m. (5.4)

Thus the n-pseudospectrum satisfies
oy(Be) € {2« 2| <||Bel| +n}. (5.5)

Proof. Use the Neumann series (2] —B) ™! = 271 37,5(B/z)*. The pseudospectral inclusion follows from the definition
[T =B > .

The condition number of the linearized regularized operator is
be =1 +eL— Al [T +eL—4)7Y|. 56

A moderate ¢ separates unstable modes from the origin and may reduce x,, whereas excessive regularization introduces bias.
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Figure 1: Spectral Damping Factor for Three Regularization Levels
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Figure 2: Representative Localized Eigenvalues of the Linearized Regularized Operator; The Dashed Circle Indicates a Stability
Enclosure
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Table 2: Principal Properties of the Regularized Operator

Property Consequence

Positivity of L Suppression of high-frequency modes and resolvent bound.
Compact resolvent Compactness of R, and existence through Schauder.

Contraction factor g, < 1 Uniqueness and exponential convergence of Picard iteration.
Bound r (Bg) < 1 Linearized spectral stability.

Small pseudospectrum Robustness against nonnormal perturbations and numerical noise.
Finite x, Stable solution of Newton and sensitivity systems.

Numerical Discretization and Solver Comparison
Onagrid 0=+t <--- <ty =T, trapezoidal quadrature and a discrete Laplacian L, yield
(I +eLp)up = fr + Up(up). (6.1)
The nonlinear system may be solved by Picard, Newton, damped Newton, Gauss—Newton or Levenberg—Marquardt iterations. The
values below are reproducible synthetic indicators generated from the same discrete model and should not be interpreted as laboratory

measurements.

Table 3: Comparison of nonlinear solvers for a common tolerance 1076

Method Iterations Relative time Final residual Robustness

Picard 31 1.00 2.8 %1073 High when contractive
Newton 8 1.90 4.5 %107 Sensitive to initial guess
Damped Newton 11 1.70 7.2 %107 Very good
Gauss—Newton 14 2.20 1.4x 10 Good for calibration
Levenberg—Marquardt 12 2.40 59 %107 Best under noisy data

304

N
o

N
153

Iterations

-
@

Final residual

Picard Newton Damped Gauss- Picard Newton Damped Gauss- m
Newton Newton Newton Newton

(a) Iterations. (b) Residuals.
Figure 3: Algorithmic Comparison for the Regularized Discrete Problem
Memory Regimes and Parametric Examples
The forcing is

F(t) = 0.35+ 0.08sin(0.8t) + 0.03 cos(1.7¢), 0 <t < 10. .0

Short memory corresponds to large 8, while long memory corresponds to small . Saturation through 1 + 722 prevents
unphysical blow-up.

Table 4: Parameters for Representative Numerical Regimes

Case a p y & T

Short memory 0.22 1.40 0.20 0.01 0.00
Moderate memory 0.36 0.80 0.25 0.04 0.05
Long memory 0.50 0.35 0.35 0.08 0.12
Strong nonlinearity 0.58 0.50 0.65 0.05 0.10
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Figure 7: Numerical Indicators Supporting the O(¢) Estimate and the Joint Influence of Memory Decay

AP/HTPB Combustion Interpretation

For AP/HTPB systems, the kernel can combine condensed-phase thermal persistence, pressure sensitivity and delayed feedback.
Differentiating with respect to a, f, y, m, E and 7 using (4.8) yields quantitative sensitivities. Increasing a strengthens hereditary
reinforcement; increasing f shortens memory; increasing y strengthens saturation; increasing 7 shifts the response and can reduce
the stability margin.

The Arrhenius term introduces strong temperature sensitivity. Figure 8 shows an illustrative normalized response, not a substitute
for proprietary or laboratory AP/HTPB data. A genuine validation study should use measured burning-rate curves, chamber pressure
histories and uncertainty intervals.

12

Normalized burning response

550 600 650 700 750 800 850 900
Surface temperature (K)

Figure 8: Illustrative Influence of Surface Temperature and Delay on a Normalized Arrhenius-Type Combustion Response
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Figure 9: Circular Diagrams Summarizing Model Components and Operator-Learning Extensions. Percentages Are Illustrative
Allocations for Model Design, Not Empirical Fractions

Integration with Artificial Intelligence
The Urysohn model naturally maps an input function, such as pressure or heat-flux history, to an output function, such as burning
rate or temperature, which places it directly within the operator-learning paradigm.

DeepONet

A DeepONet approximates the solution operator by combining a branch network, which encodes the input history, with a trunk
network, which encodes the evaluation location. In the present setting, the branch input may include discretized p(#), T(t) and material
parameters, while the trunk variable is time or space-time.

Fourier Neural Operator
An FNO learns global integral transforms through spectral convolution. It is suitable for repeated simulation on uniform grids and

can approximate the map ( LK ) > u.. The analytical regularization parameter ¢ can be included as an input feature and as a
stability prior.

Physics-Informed Neural Operator and PINNs
A physics-informed loss may penalize the residual

Relu] = u+eLu— f—U(u), ©.1)

plus initial, boundary and data mismatch terms. This hybrid strategy uses the integral equation directly and does not require numerical
differentiation of the memory term.

Transformer Memory

Attention weights can represent data-driven memory kernels. To preserve physical interpretability, the learned attention can be
constrained to be causal, nonnegative when appropriate, and exponentially or algebraically decaying. A hybrid transformer-Urysohn
model separates a known physical kernel from a learned correction.

A Priori Energy Estimates and Dissipativity

The contraction argument gives uniqueness, but a combustion model also requires bounds that remain meaningful when the

observation horizon is enlarged. We therefore derive dissipative estimates for an energy functional that combines the present state

with its hereditary contribution.

Let 1 U t

E(t) = () + £ / B9y (s)|? ds, (10.1)
0

where u > 0 measures the strength of stored thermal memory. The first term represents the instantaneous normalized thermal or
burning-rate energy and the second term represents the accumulated contribution of the condensed phase.
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Theorem 10.1 (Dissipative energy inequality). Assume that the reduced evolution associated with the regularized equation satisfies

w(t) + agu(t) + eLu(t) = g(t) + a/ot e PP (u(s)) ds, (10.2)

where ag > 0, L is positive, |®(2)| < co + c1|z|, and g € L*(0,T). If ap > ac1/B, then there exist constants

cg,Cp > 0, independent of T, such that

t t
5(t)+cE/ lu(s)[2 ds ge(o>+cE/ (1+[g(s)?) ds.  (103)
0 0
Proof. Multiply the evolution equation by u(?). Positivity of L yields (Lu, u) > 0. Young’s inequality gives
ap, o L, o
ul < —lu|”+—|g|°.
lgul < = lul™+ - ldl
For the hereditary term, define w(t) = [3 e #(=)®(u(s)) ds. Then w = —Bw + ®(u) and Then 1y = —Bw + ®(u) and
ao 2 052 2
aluw| < —ul® + —|w|*.
4 ap

The differential identity for the memory part of £ contributes a negative term proportional to . Choosing x so that this negative term
absorbs a’jw|*/a, and using the linear growth of @, gives

%5@+wMMUP§Cﬂ1+W@P)

Integration over (0, ¢) proves the assertion.

Corollary 10.2 (Absorbing ball). Under the hypotheses of Theorem 10.1, if g is uniformly squareintegrable on unit intervals, the
dynamics possesses an absorbing ball in the natural energy space. Its radius depends on a,, o, B, ¢, c, and the translation-bounded
norm of g, but not on the initial state.

The result identifies a physically transparent stability threshold. Stronger instantaneous damping a, and faster memory decay /3 enlarge
the admissible feedback intensity. Conversely, long memory, represented by small f, can destroy dissipativity unless the nonlinear
feedback is sufficiently saturated.

Continuous Dependence on Data, Delay and Memory Intensity
In applications, the forcing, delay, pressure exponent and kernel parameters are uncertain. The next estimates separate the contributions
of these perturbations.

Theorem 11.1 (Continuous dependence on forcing and parameters). Let u. (6, f) and us(é, ) beregularized solutions in a common
ball B, Suppose

t . N
sup/ |K(t,s,2;,0) — K(t,s,z,0)|ds < Cy|0 — 0] (11.1)
ter Jo

for |z| < r. If the common contraction factor is at most q < 1, then

S R. . N
Jucl6. )~ ue(@. Pl < V2L (1 = i+ Colo - 31) (112)

Proof. Subtract the two fixed-point equations, insert and subtract R.Up(us (5 , f )), and estimate the state difference by ¢ and the
parameter difference by Cy|6 — 8. Moving the state term to the left gives the stated bound.

For a discrete delay, let K, (¢, s, 2) = K(t, s, z(s — 7)).If u is Lipschitz continuous with constant M , then
lu(- —7) —u(- = 7)|| < My|t —7|. (11.3)

Combining this inequality with Theorem 11.1 yields a first-order delay-sensitivity estimate. This is useful because delay errors often
arise from imperfect knowledge of condensed-phase heat-transfer times or instrumentation latency.

Proposition 11.2 (Sensitivity to memory decay). For the exponential memory kernel GG 5(75 —s) = e P (t_s), one has

J Phy Math & its Appli, 2026 Volume 4(5): 9-21
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t T2 —~
/ Galt = 8) = G3(t — )| ds < |5 — . (11.4)
0
Consequently, the corresponding regularized solutions satisfy a Lipschitz estimate with respect to . Proof. The mean-value theorem
gives [e ™" — e=P7| < 7|8 — B| for 0 < r < T. Integration over r gives the result.
Second-Order Expansion of the Regularized Solution

The first-order estimate in Theorem 4.3 can be sharpened under additional smoothness. This provides an asymptotic correction that
is useful for extrapolation.

Theorem 12.1 (Second-order regularization expansion). Assume that U is twice continuously Fréchet differentiable near the
unregularized solution u, that w € D(L?), and that I — DU (u) is boundedly invertible. Then there exist vw € X such that

u: = u+ v + 2w + o(e?), (12.1)
where
(I = DU(u))v =—Lu (12.2)
and 1
(I - DU(u))w = —Lv + §D2U(u)[v,v]. (12.3)

Proof. Insert the ansatz ug = u+ev+e*w+rg into ug +eLug, = f+U(ug) and use the second-order Taylor formula for U. The terms of order
one cancel because u = f+ U(u). Equating coefficients of ¢ and & gives the two linear equations. Invertibility of / — DU(u) determines
v and w. The Taylor remainder and the bounded inverse imply ll7¢ll = o(&?).

A practical consequence is Richardson extrapolation. Given two computations with ¢ and ¢/%, the combination

ext
3

ud™ = 2u, 9 — ue (12.4)

removes the leading O(e) bias and is formally second order. This improves accuracy without eliminating the stabilizing effect of
regularization during each solve.

Galerkin and Nystrom Discretization Error
Let X, © X be a finite-dimensional approximation space and let P, : X — X, be a stable projection. The discrete regularized equation is

U+ eLpucp, = Prf + PoU(uep). (13.1)
The following theorem separates regularization and discretization errors.

Theorem 13.1 (Combined error estimate). Assume the hypotheses of Theorem 4.3. Suppose that for some p > 0,

inf |Jue — vp|| < Cah?, |(U — PyU )| < Coh? (13.2)
v €EXp

Jor U in a bounded subset of X,. If the discrete contraction factor is bounded by gh < q,. < 1, then
llu — uep|| < Cre + Coh?, (13.3)
where C, and C, are independent of ¢ and h in the admissible range.
Proof. By the triangle inequality, ||u — ue || < |Ju — uel| + ||ue — uep||. The first term is controlled by Theorem 4.3. For the second,
choose a quasi-best approximant Uy, to ue, subtract (13.1) from the projected continuous equation and apply stability of the discrete

resolvent. The contraction term is absorbed by 1 — g+. Approximation and quadrature consistency then give C /"

The estimate suggests balancing ¢ and #”. Choosing ¢ = A” avoids over-solving the discretized problem and produces the optimal
combined rate. In inverse calibration, the noise level ¢ adds a third contribution, leading to the schematic rule

)
1
lu = ugpll S & +h°+ =, (13.4)

where D depends on the smoothing mechanism and observation operator.

J Phy Math & its Appli, 2026 Volume 4(5): 10-21



Citation: Manuel ] Alves, Elena V Molchanova Alves (2026) A Regularized Urysohn Operator Framework for Nonstationary AP/HTPB Solid-Propellant Combustion
with Memory Effects, Spectral Analysis and Artificial Intelligence. Journal of Physical Mathematics & its Applications. SRC/JPMA-199.
DOI: doi.org/10.47363/JPMA/2026(4)166

Table 5: Error Sources and their Mathematical Control

Error source Representative term Control mechanism

Regularization bias Ce Theorem 4.3 and second-order extrapolation.

Spatial or temporal grid Chn Approximation order of the Galerkin, collocation or
Nystrom scheme.

Quadrature @ Qh” Composite Gaussian or trapezoidal consistency for
the causal integral.

Nonlinear iteration q"lle,ll Exponential fixed-point convergence or Newton stopping
criterion.

Measurement noise Co/e” Discrepancy principle, cross-validation or Bayesian
regularization.

Model discrepancy C.o, Kernel robustness estimate of Theorem 4.2.

Adaptive Choice of the Regularization Parameter
A fixed value of ¢ is simple but not always efficient. The stability margin and the data mismatch can be used to adapt ¢.

Discrepancy Principle
Let C : X — Y be the observation operator and let y‘s satisfy ||y — ¢|ly < .. Select the largest smoothing compatible with the data
by imposing
|Cu: —°|ly <76, 7>1.
The monotonicity of the residual is not universal for nonlinear Urysohn equations, but a bracketed search over a logarithmic grid is

robust in practice.

Spectral Stability Rule
Theorem 5.1 suggests selecting ¢ so that

Ma . . (14.2)

Solving for ¢ gives
> MA/rtarget - 1'

> N (14.3)

This criterion has a direct dynamical meaning: it guarantees a prescribed contraction or damping margin for the linearized map.

Continuation Strategy
A useful computational strategy starts with a relatively large €0, solves the well-conditioned problem, and then decreases € geometrically:

Epp1 = Vs, 0.4 <9 <0.8. (14.4)

The solution at level £ initializes the iteration at level k + 1. Continuation reduces sensitivity to the initial guess and often prevents
Newton failure near sharply nonlinear combustion regimes.

Table 6: Practical Strategies for Selecting ¢

Strategy Advantage Limitation

Discrepancy principle Uses a known noise level and has a clear Requires reliable estimates of measurement noise.
stopping interpretation.

Spectral margin Directly enforces linearized stability. Needs an estimate of M and the lowest spectral value of L.

L-curve Balances residual and smoothness Corner detection may be unstable for sparse data.
graphically.

Generalized cross-validation Data driven and suitable for repeated Computationally more expensive for nonlinear models.
calibration.

Continuation Robustly tracks the solution Does not by itself identify the statistically optimal final
branch. value.
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Two-Dimensional Thermochemical Extension
The zero-dimensional model can be embedded in a spatially distributed formulation. Let 2 C R? represent a cross-section of a
propellant grain. A regularized thermochemical model is

t
T, — dpAT + eA?T = QR(T,p,Y) + / G(t — sYH(T(s), Y (s)) ds, (15.1)
0
with boundary conditions describing insulation, convective exchange or imposed heat flux. Here Y denotes an effective reactant

fraction and R is an Arrhenius-pressure reaction law.

The biharmonic regularizer e AT is one possible spatial realization of € L. In a weak formulation, the regularizing energy is

el|AT| 12 Alternative choices include fractional Laplacians, graph Laplacians for heterogeneous microstructures and anisotropic
diffusion operators aligned with manufacturing directions.

Proposition 15.1 (Spatial spectral damping). Let —Agoj = \jp; on §2 on Q with the selected boundary conditions. For
L= (=A)", the resolvent multiplier is 1
M) = e (15.2)

. . . —T . T
Hence high spatial frequencies are damped at order )‘j , while low modes are nearly unchanged when 6)\]- < 1.

Proof. Expand the state in the orthonormal eigenbasis {<,0j}- The operator J+e(—A)" acts diagonally with eigenvalues 1 + EA],
so inversion gives the stated multiplier.

For heterogeneous AP/HTPB microstructures, the kernel may depend on x and y:
t
UT)(x, 1) :/ /K(x,yJ,s,T(% 5);0) dy ds. (153)
0 Jo

This formulation can represent nonlocal heat transfer, particle-size effects and spatially varying binder properties. The compactness
argument extends when the kernel is continuous in (x, #) and integrably dominated in (y, s).

Calibration Against AP/HTPB Burning-Rate Data
A standard empirical burning-rate relation is Saint Robert’s law
T

Ty =ap . (16.1)

In a memory-dependent formulation, the instantaneous law is replaced by
' 16.2
lt) = a(TO)p(O)" + [ Galt = WD) p(s)ro(s) ds, (162

where T is the surface temperature. The inverse problem consists of estimating
0=(a,n,E apB,7,T) (16.3)
from measured pressure, temperature and burning-rate histories.
For observations y; at times t, define
1 A
J0) = 3 3w (CuelBite) —yi)* + S8 — Bprion|*. (16.4)
The gradient follows from Theorem 4.4:

Ou, (tz)
00;

07 Y
5. = > wi (Cuc(ts) —yi) C + X0(6; — Oprior.j)- (16.5)
J =1
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Table 7: Representative Calibration Parameters and Qualitative Effects

Parameter Unit Typical role Qualitative influence

a problem dependent rate coefficient Sets the baseline magnitude of the pressure law.

n dimensionless pressure exponent Controls curvature of the burningrate versus pressure relation.
E J mol™ activation energy Amplifies temperature sensitivity through the Arrhenius factor.
o dimensionless memory intensity Strengthens hereditary thermal or chemical feedback.

s s memory decay Large values shorten the effective memory horizon.

y dimensionless saturation coefficient Limits growth and prevents unrealistically large feedback.

T S effective delay Shifts the feedback phase and may reduce the stability margin.

A scientifically valid comparison with experiments should report uncertainty intervals, sensor bandwidth, pressure range, temperature
range, specimen composition, particle-size distribution and the calibration-validation split. Synthetic figures in the present paper
demonstrate methodology only and must not be interpreted as experimental confirmation.

Uncertainty Quantification and Identifiability
Parameter sensitivity does not guarantee identifiability. Two parameters may produce nearly collinear effects on the observations. Let

S € RNxm be the sensitivity matrix,

g _ 9Cuc(t)) (17.1)
i§= T ap
89j
The Fisher information matrix is
Z(0) = STWS, (17.2)

where I is the observational precision matrix. Small eigenvalues of / indicate poorly identifiable parameter combinations.

Proposition 17.1 (Local covariance approximation). Under a locally linear Gaussian observation model with noise covariance X,
the posterior or asymptotic covariance of the parameter estimator is approximated by

-~

-1
Cov(B) ~ (STS™S + Aol (17.3)

The pair (a, p) is particularly prone to correlation: a stronger memory amplitude with faster decay can resemble a weaker amplitude
with slower decay over a limited observation window. Deliberately varying chamber pressure or imposed heat flux improves
identifiability by exciting different temporal scales. Profile likelihoods, bootstrap resampling and Bayesian posterior sampling provide
complementary uncertainty assessments.

Polynomial Chaos Representation
If uncertain inputs are represented by a random vector &, a nonintrusive polynomial chaos expansion has the form

u(t,&) = Y u, ()W, (). (17.4)

lvI<p

The regularized solver is evaluated at quadrature or sparse-grid nodes. Mean and variance follow directly from the coefficients. Neural
operators may be used as surrogates when repeated Urysohn solves are too expensive.

Additional Numerical Experiments

This section documents a reproducible protocol for testing the theoretical conclusions. The synthetic benchmark uses the forcing
stated earlier and varies memory decay, feedback intensity, delay and regularization. All comparisons use the same temporal grid
and stopping tolerance.

Experiment A: Memory Horizon

Set a =0.42, y=0.30, ¢ = 0.04, and compare f € {0.25, 0.50, 1.00, 2.00}. The effective memory horizon is approximately //5. As S
decreases, the state accumulates a larger contribution from earlier forcing and exhibits a longer transient. The contraction factor also
increases because the L' norm of the exponential kernel is approximately /8 for long horizons.

Experiment B: Regularization Path

Usee € {104,103, 1072 107'}. Small values preserve high-frequency structure but may increase the condition number. Large values
improve stability but visibly bias peaks and phase. The log-log error plot confirms a slope close to one over the asymptotic range,
in agreement with Theorem 4.3.
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Experiment C: Delay-Induced Loss of Stability
Increase 7 while keeping the remaining parameters fixed. The phase lag produced by the delayed feedback can move eigenvalues of
the linearized return map toward the unit circle. A practical diagnostic is the minimum distance

d. = min [1—\| (18.1)
A€o (Be)

A small d; indicates both reduced stability and increased sensitivity of Newton corrections.

Experiment D: Solver Robustness

Picard iteration is globally reliable in the contraction regime but linearly convergent. Newton is locally quadratic, yet may diverge
when initialized far from the solution or when the Jacobian is nearly singular. Damped Newton improves globalization. Gauss—Newton

and Levenberg—Marquardt are especially useful when state and parameter estimation are combined.

Table 8: Synthetic parametric sweep illustrating qualitative trends

a p & T Predicted Stability Expected Conditioning
0.20 1.50 0.01 0.00 Strong Good
0.35 0.80 0.03 0.05 Moderate to strong Good
0.50 0.40 0.05 0.10 Moderate Acceptable
0.60 0.25 0.08 0.15 Near threshold Sensitive
0.70 0.20 0.12 0.20 Regularization dependent Potentially poor

Operator Learning with Mathematical Constraints
The analytical results can be incorporated into training objectives and architectures. Let G, denote a neural operator with trainable
parameters w. A hybrid loss is

»C(W) = )\d»cdata + )\ngw(a) + 5ng(a) - f - U(gw(a)) ||2 + As'cstab- (19.1)
The stability penalty may enforce a bound on the Jacobian norm:
2
'Cstab - [maX (07 ”Dgw (CL) H - Qtarget>] . (19.2)
Causality and Memory Constraints
For time-dependent combustion data, the predicted state at t must not depend on future inputs. Causality can be imposed by triangular
attention masks, causal convolutions or Volterra-type integral layers. Positivity constraints on portions of the kernel are appropriate

when memory represents accumulated heat release, while signed kernels may be needed for oscillatory acoustic feedback.

Regularized Neural Operator
A network can predict an unregularized latent output v, followed by the deterministic layer

u, = (I +eL) o, (19.3)

This architecture guarantees spectral damping independently of training. The parameter ¢ may be fixed, learned within a positive
interval, or supplied as an input to create a family of models.

Generalization Error Decomposition
For an exact solution operator G and a learned regularized operator G, .,

1G(a) = Guela)ll < |IG(a) = Ge(a)| + [|Ge(a) = Guela)] - (19.4)

regularization bias  approximation and training error

The first term is O(e) under Theorem 4.3; the second depends on architecture, data coverage and optimization. This separation allows
the mathematical regularizer to be tuned independently from statistical approximation error.

Reproducibility Protocol

A reproducible computational study should include the following information: the complete kernel formula, nondimensionalization,
grid, quadrature rule, matrix representation of L, solver tolerances, continuation schedule, random seeds, hardware-independent
iteration counts and all synthetic or experimental input files. Results should be reported for multiple grid levels to verify convergence.
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For each numerical case, we recommend reporting:

(1) theresidual ||u+eLu— f —U(u)l;

(i1) the difference between consecutive grid levels;

(iii) the estimated contraction factor or linearized spectral radius;
(iv) the condition number of the Newton matrix;

(v) wall-clock time and iteration count;

(vi) sensitivity norms [|0u/06jll;

(vii) uncertainty intervals when data are noisy.

Table 9: Minimum Reproducibility Checklist for Computational Experiments

Item Required Information

Model definition Kernel, forcing, delay convention, boundary and initial data.

Discretization Grid, basis or collocation nodes, quadrature and discrete regularizer.

Nonlinear solve Algorithm, initialization, damping, stopping tests and maximum iterations.
Parameter selection Rule used for &, calibration bounds and prior values.

Validation Independent cases, error metrics and uncertainty treatment.

Software Language, package versions and scripts needed to regenerate figures and tables.
Data status Clear distinction between synthetic, public experimental and proprietary data.

Limitations and Open Mathematical Problems

The present framework is intentionally reduced and several limitations remain. First, a scalar Urysohn equation cannot represent all
spatial flame structures, particle-scale heterogeneity or multiphase transport. Second, the contraction condition is sufficient rather
than necessary and may be conservative near bifurcation. Third, the current spectral analysis is based on linearization and does not
fully characterize nonlinear transient growth. Fourth, experimental calibration is not supplied in the present synthetic study.

Important open problems include the following. One is the construction of global attractors for nonlocal combustion equations with
state-dependent delay. Another is the characterization of Hopf bifurcation when the linearized Urysohn operator is nonnormal. A third
is adaptive regularization with rigorous convergence under simultaneous discretization and data noise. A fourth is the derivation of
error bounds for neural operators constrained by causal integral equations.

Finally, multidimensional AP/HTPB models require coupled thermal, chemical, mechanical and acoustic fields with uncertain interfaces.
A particularly interesting direction is the pseudospectral analysis of the discrete Jacobian. Even when all eigenvalues lie inside the
unit disk, nonnormality may produce large transient amplification. Bounds involving the Kreiss constant or resolvent integrals could
connect transient growth with ignition sensitivity and pressure oscillations.

Implementation Workflow and Pseudocode

The complete numerical workflow combines parameter continuation, a nonlinear solver and posterior diagnostics. The following
sequence is recommended. First, nondimensionalize all inputs and assemble the causal quadrature weights. Second, construct the
discrete positive regularizer L, and verify that its smallest eigenvalue is nonnegative. Third, choose an initial regularization value
from the spectral-margin rule. Fourth, solve the regularized nonlinear system and decrease € by continuation until the discrepancy
or bias criterion is reached. Finally, compute sensitivities, leading eigenvalues and uncertainty indicators using the converged state.
Step 1: Select the grid, quadrature rule, physical parameters and admissible interval [€min, Emax]-

Step 2: Form the residual F j,(u) = u + eLpu — f, — Up(u) and its Jacobian.

Step 3: Initialize ul = fn or use the converged solution from a larger regularization value.

Step 4: Apply damped Newton; use Picard iteration as a fallback when the Jacobian step fails the descent test.

Step 5: Stop when both the residual and relative increment satisfy their tolerances.

Step 6: Estimate r(B. ), x(F.,) and the data discrepancy.

Step 7: Reduce ¢ only when the stability margin remains above the prescribed threshold.

Step 8: Solve the sensitivity equations and store all diagnostics needed to reproduce tables and figures.
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A robust hybrid update can be written as

dE L — b 4 sk (1= Ag)sh, (22.1)

where sﬂc\, is the Newton correction and

sb = Rep(fn + Un(uh)) — ¥ (22.2)

is the Picard correction. When the Jacobian is well conditioned and the Newton model predicts sufficient decrease, 4, is close to one.
Near a singular or poorly initialized regime, reducing 4, moves the method toward the globally safer fixed-point direction.

The final computational record should contain ¢, /, the number of nonlinear and linear iterations,final residual, spectral radius estimate,
condition number estimate, and a checksum or version identifier for the input data. This small amount of metadata is sufficient to
detect most accidental inconsistencies between manuscript tables, source code and regenerated figures.

Detailed Proof of Compactness for the Causal Urysohn Operator
We provide the compactness argument used implicitly in the existence theory. Let B, = {u € C(I) : ||U|| < 7’}~ By the growth
condition,

@] < [ als)1+7)ds < 1+ Dlallson, ()

so U(B) is uniformly bounded. To prove equicontinuity, let 0 < ¢; < to <T. Then

[(Uu)(t2) — (Uu)(t2)] < /Otl | K (t2,5,u(s)) — K(t1, 5, u(s))| ds (A.2)

+ /th K (ta, 5, u(s))| ds. (A.3)

The second integral tends to zero uniformly in u € B, by absolute continuity of the Lebesgue integral. For the first, continuity of K in
t on bounded state sets and dominated convergence imply uniform convergence to zero as £, — f, — 0. Hence U(By) is equicontinuous.
The Arzela—Ascoli theorem shows that its closure is compact in C({).

If the kernel is only measurable in t, compactness can still be obtained in L?(I)under appropriate translation estimates. For spatially
distributed kernels, the same reasoning is applied in the product variables (x, £), using compact embeddings or the Fréchet-Kolmogorov
criterion.

Lemma A.1 (Compactness after regularization). If R. = (I+eL)™! is compact and U is continuous and bounded on bounded
sets, then T. = R.(f + U(:)) is compact on bounded subsets of X.

Proof. For a bounded sequence u , the sequence f + U(un) is bounded. Compactness of I2. yields a convergent subsequence of
R(f + Ul(un)).

Newton, Damped Newton and Levenberg—Marquardt Algorithms
Define the nonlinear residual

F.(u) =u+eLu— f—U(u). (B.1)

The Fréchet derivative is

Fl(u) =1 +¢eL — DU(u). (B.2)

For the kernel (2.2), the state derivative is

2

(DU = [ e T (1 (s ds. (B3)

Newton Iteration
Given u” , solve

F/(uk)sk _ _Fg(uk)’ uk-i—l _ uk + Sk. (B.4)
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Local quadratic convergence follows when F is Lipschitz continuous and F!(u,) is invertible. In
practice, the linear system is dense because of the integral term, although causality produces a lower-triangular structure under time
marching.

Damped Newton Iteration
A globalization parameter A € (0, 1] is selected so that

1F=(u® + Aes®) || < (1= e |F= ()], (B.5)

with ¢ € (0, 1). Backtracking starts from 4, = 1 and repeatedly multiplies it by a factor p € (0, 1).
This method retains fast local convergence while protecting against poor initial guesses.

Levenberg—Marquardt Calibration
For a data residual 7(6) = Cu.(0) — y, the parameter update solves

(JEW Iy, + N I)d* = =T Wr(6%), (B.6)

where J, is the sensitivity matrix. Large 4, produces a gradient-like step; small 4, approaches Gauss—Newton. A trust-ratio test compares
actual and predicted decrease to update 4,.

Table 10: Recommended Stopping Tests for Nonlinear and Inverse Iterations

Test Condition Interpretation
Residual HF c (uk) H <7TF The discrete equation is satisfied to tolerance.
Increment ||’LLIH'1 — uk H < T u(l + ||uk'H ||) Further iterations change the state negligibly.
Data discrepancy |C uF —y° | <710 The fit is consistent with the noise level.
Gradient T Approximate first-order stationarity in

H Je Wk H =Ty carl’i%ration. g
Iteration cap k> kmax lf’ra)tection against stagnation or model

ailure.

Nondimensionalization of a Reduced Combustion Model
Consider a characteristic temperature difference 47, time scale ., pressure scale p. and burning-rate scale r,. Introduce

T-—-1Ty t P T
19:7 = —_— = — = —,
ﬁT ) f ) 7T 9 pb

C.1
te Pc Tc €D

A reduced thermal-memory equation can be written as

(31? + Biv = Daﬂ"exp(—

S)

¢
T < g —De(§—5)
1+ 5T19) * Me/o € ®(J(s),m(s))ds.  (C2)

Here Bi is an effective thermal-loss number, Da is a reaction-to-transport ratio, ® = E/(RgTo) is an activation parameter, Me is the
memory intensity and De = f¢_is the dimensionless memory-decay rate.
The nondimensional groups clarify parameter interactions. Large Da and ® promote sharp temperature sensitivity. Large Bi stabilizes
the thermal state. Small De corresponds to persistent memory and can strengthen delayed feedback. The regularization parameter
becomes

lr,

Ex = EE’ (C.3)

where £, depends on the scaling of L. Reporting dimensionless parameters improves comparison across propellant formulations and
experimental facilities.

A Worked Scalar Example

Consider
u(t) +eu(t) = f(t) + a/ot e #0=5) tanh(u(s)) ds, 0<t<T. (D.1)
Here L = I, and the resolvent is multiplication by (1 + ¢)~!. Since |tanh’(z)| < 1,
|Uw - Uv|| < aIZBTHU—vH. (D.2)
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Therefore the regularized fixed-point map is a contraction whenever

a 1—eFT

e <1 (D.3)
Take T=5,0=0.7, f=0.8 and ¢ = 0.1. Then
0.71—¢*
N~ (.781 < 1. (D.4)
™11 o0 OL<

The Picard error is bounded by 0.781"lle,|l. After 20 iterations, the theoretical factor is below 7.2 x 107. The bound is conservative
because the derivative of tanh is substantially smaller than one away from the origin.

For the unregularized equation, the contraction factor is approximately 0.859. Regularization improves the contraction margin from
1—0.859 to 1 —0.781. If the unregularized solution belongs to D(L) = X, Theorem 4.3 gives
e 1—e AT (D.5)
ull, Qo = a———.
-l 5

This explicitly displays the trade-off: increasing ¢ accelerates iteration but increases bias linearly. Differentiating (D.1) with respect
to a gives

lue — ul| <

(I+e)ua(t) — /Ot e P79 sech?(u(s))uq(s) ds = /Ot e A=) tanh(u(s)) ds. (D.6)

Thus sensitivity is obtained by solving another linear Volterra equation with the same stable left-hand operator as the Newton correction.

Notation and Symbols
Table 11: Principal Notation used in the Manuscript

Symbol Meaning

X Banach space of continuous or integrable state functions.

Uy Nonlinear causal Urysohn integral operator with parameter vector 6.
L Positive regularization operator, possibly differential, fractional or graph based.
R, Resolvent (7 + eL)™.

U Solution of the unregularized integral equation.

Ue Regularized solution.
Ue b Regularized and discretized solution.

K Nonlinear integral kernel.

o Memory or feedback intensity.

153 Exponential memory-decay parameter.

v Nonlinear saturation coefficient.

T Discrete or effective delay.

A, Derivative D U (u,).
B. Regularized linearized map R A .
r (Bs) Spectral radius of B..

Ke Condition number of the linearized regularized operator.

h Discretization scale.

p Approximation order or, when explicitly stated, pressure.

C Observation operator mapping states to measurable quantities.
S Sensitivity matrix.

z Fisher information matrix.

1) Measurement-noise level.

0K Kernel perturbation magnitude.

Recommended Validation Matrix
The theoretical and computational claims can be assessed through a structured validation matrix. Each row should be checked on at

least three grid levels and, for experimental work, on independent datasets.
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Table 12: Validation Matrix for Future Experimental and Computational Studies

Claim Numerical test

Acceptance Indicator

Existence and boundedness

Run from several bounded initial guesses and

All trajectories remain in the predicted invariant

parameter values. ball.
Uniqueness Start Picard or damped Newton Convergence to the same discrete solution within
from separated initial states. tolerance.

Exponential stability
difference on a semilog scale.

Plot iteration error or perturbed trajectory

Observed slope consistent with the predicted
contraction bound.

O(e) convergence

Compute against a highly resolved
reference for a geometric sequence of €.

Log-log slope near one in the asymptotic regime.

Kernel robustness
within controlled bounds.

Perturb memory amplitudes and decay rates

State difference below the theoretical Lipschitz
envelope.

Spectral stability
norms of the discrete Jacobian.

Compute leading eigenvalues and resolvent

Spectrum inside the prescribed stability enclosure.

Discretization order Repeat on grids h, h/2 and h/4.

Empirical order approaches the expected p.

Parameter sensitivity
finite differences.

Compare analytical sensitivities with centered

Relative discrepancy decreases with the finite-
difference step before roundoft.

Experimental prediction
another.

Calibrate on one subset and validate on

RMSE, MAE and uncertainty coverage reported
without data leakage.

Neural-operator surrogate

parameter functions.

Compare against unseen forcing and

Stable residuals and controlled out-of-distribution
degradation.

Discussion

The new results show that regularization does more than smooth
numerical profiles. It changes the linearized spectrum, improves
the resolvent bound and creates a quantitative stability margin.
The estimate (4.6) separates modelling bias from discretization
error. The robustness theorem controls uncertainty in the memory
kernel, while parameter differentiability enables calibration and
uncertainty propagation [1-51].

The numerical results indicate that long memory increases
amplitude and slows convergence. Newton-type methods reduce
iteration counts but require linear solves and a reliable initial
guess. Levenberg—Marquardt is attractive when parameters are
inferred from noisy combustion data. The spectral plots and heat
map provide practical diagnostics for choosing €. The present
computational data and numerical results are synthetic and are
intended solely to illustrate the theory. Experimental validation
remains necessary before predictive use in a specific propellant
formulation.

Conclusions

A regularized Urysohn operator provides a rigorous framework
for nonlinear AP/HTPB combustion with hereditary effects.
Existence, uniqueness, a priori bounds, exponential stability, kernel
robustness, first-order convergence, parameter differentiability,
spectral localization and pseudospectral control have been
established. The numerical study covers short and long memory,
strongly nonlinear

kernels, several values of €, solver comparisons and sensitivity
to temperature and delay. Deep- ONet, FNO, physics-informed
neural operators and transformer memory offer natural data-driven
extensions.

Future work should combine laboratory AP/HTPB datasets with
uncertainty quantification, multidimensional heat conduction,
acoustic coupling, adaptive regularization and certified neural
operators.
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