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ABSTRACT
Abstract. This substantially revised study develops a mathematical and computational framework for Boundary Element Methods (BEM) applied to boundary 
value problems governed by the Helmholtz operator and coupled with a nonlinear Urysohn integral operator. The differential problem is transformed into a 
boundary integral equation using the Helmholtz fundamental solution. The nonlinear volume source is represented by a Urysohn-type operator, producing 
a nonlinear fixed-point formulation suitable for existence, uniqueness, compactness, stability and convergence analysis. Illustrative theorems with proofs, 
coloured figures, numerical surfaces, convergence tables and MATLAB-oriented algorithms support theoretical interpretation and reproducible computation.
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Introduction
The Boundary Element Method is a powerful numerical technique 
for solving boundary value problems associated with elliptic 
and wave-type partial differential equations. Unlike domain-
based methods such as the finite element method, BEM reduces 
the dimension of the [1-4] numerical problem by  one, since 
the main unknowns are approximated only on the boundary of 
the domain. This reduction is particularly attractive for exterior 
acoustic scattering, radiation problems and problems posed on 
domains with smooth or piecewise smooth boundaries.

The Helmholtz equation appears in acoustics, electromagnetism, 
vibration theory, scattering problems, radar, sonar and wave 
propagation [5,6]. In many realistic models, the source term is 
not purely linear; it may depend on the unknown field through 
an integral operator. A particularly important nonlinear integral
operator is the Urysohn operator [7-10].

                                                                                            (1)

Combining BEM with Urysohn-type nonlinearities produces a rich 
class of nonlinear boundary integral equations with applications 
in nonlocal wave propagation, nonlinear scattering and inverse 
problems in media with memory or distributed feedback.

The objective of this paper is not to give a fully industrial 
implementation, but rather to present a rigorous and usable 
framework. The analytical part identifies assumptions under which 

the nonlinear BEM formulation is well posed. The computational 
part shows how colored surfaces, residual plots and convergence 
tables may be generated in MATLAB for numerical verification.

The Helmholtz Boundary Value Problem 
Let                                be a bounded domain with sufficiently 
smooth boundary Γ. Consider 

                                                                                       (2)

where k > 0 is the wave number. Boundary conditions may be 
Dirichlet, Neumann or Robin. The fundamental solution Gk 
satisfies

                                                                                        (3)

In two dimensions,

                                                                                        (4)

and in three dimensions,

                                                                                        (5)

The wave number controls oscillation. For small k the behaviour 
approaches the elliptic Laplace regime, while for large k the 
solution becomes more oscillatory and the boundary mesh must 
be refined to prevent pollution error.

Boundary Integral Representation
Using Green’s second identity, the solution can be represented as
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2 The Helmholtz Boundary Value Problem
Let Ω ⊂ Rd, d = 2 or 3, be a bounded domain with sufficiently smooth boundary Γ. Consider

∆u(x) + k2u(x) = f(x), x ∈ Ω, (2)

where k > 0 is the wave number. Boundary conditions may be Dirichlet, Neumann or Robin. The
fundamental solution Gk satisfies

(∆x + k2)Gk(x, y) = −δ(x − y). (3)

In two dimensions,
Gk(x, y) = i

4H
(1)
0 (k|x − y|), (4)

and in three dimensions,

Gk(x, y) = eik|x−y|

4π|x − y| . (5)

The wave number controls oscillation. For small k the behaviour approaches the elliptic Laplace regime,
while for large k the solution becomes more oscillatory and the boundary mesh must be refined to prevent
pollution error.
3 Boundary Integral Representation
Using Green’s second identity, the solution can be represented as

c(x)u(x) +
∫

Γ

∂Gk(x, y)
∂ny

u(y) dΓy −
∫

Γ
Gk(x, y)q(y) dΓy =

∫

Ω
Gk(x, y)f(y) dy, (6)

where q = ∂u/∂n and c(x) is a geometric coefficient. For a smooth boundary and x ∈ Γ, usually c(x) = 1/2.
Equation (6) is the starting point for the boundary element discretization.

Figure 1: Illustrative boundary mesh for a circular two-dimensional domain. The BEM unknowns are placed on the
boundary, while the nonlinear Urysohn contribution may still require volume quadrature.

4 Coupling with a Urysohn Operator
Suppose that the source term is nonlinear and nonlocal:

f(x) = F
(
x, u(x), (Uu)(x)

)
, (7)

where U is defined by (1). The governing equation becomes

∆u(x) + k2u(x) = F
(
x, u(x), (Uu)(x)

)
. (8)

The corresponding boundary integral equation is nonlinear because the right-hand side depends on u and
on the Urysohn operator applied to u.

A useful model kernel for numerical experiments is

K(x, y, z) = αe−β|x−y|2 sin(z), α, β > 0. (9)
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Coupling with a Urysohn Operator
Suppose that the source term is nonlinear and nonlocal:

                                                                                                                                                                                    (7)

where     is defined by (1). The governing equation becomes

                                                                                                                                                                                    (8)

The corresponding boundary integral equation is nonlinear because the right-hand side depends on u and on the Urysohn operator 
applied to u.
A useful model kernel for numerical experiments is

                                                                                                                                                                                    (9)

This kernel combines spatial nonlocality and nonlinear amplitude response. It is smooth, bounded on bounded sets and locally 
Lipschitz in z.

                                            (a) Damped Helmholtz Field                                      (b) Nonlinear Urysohn Response

Figure 2: Colored Surfaces Illustrating the Oscillatory Helmholtz Component and a Representative Nonlinear Nonlocal Response, 
With Alternating Palettes for Panels (a) and (b)
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A useful model kernel for numerical experiments is
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This kernel combines spatial nonlocality and nonlinear amplitude response. It is smooth, bounded on
bounded sets and locally Lipschitz in z.

(a) Damped Helmholtz field. (b) Nonlinear Urysohn response.
Figure 2: Colored surfaces illustrating the oscillatory Helmholtz component and a representative nonlinear nonlocal
response, with alternating palettes for panels (a) and (b).
5 Operator Formulation
In a Banach space X, the problem can be written as

Lku = F (·, u, Uu), Lk = ∆ + k2I. (10)

After applying the boundary integral representation one obtains a fixed-point problem

u = Au, (11)

with
Au = (I − Bk)−1Vk [F (·, u, Uu)] . (12)

Here Bk represents the boundary integral contribution and Vk represents the Helmholtz volume potential,

(Vkg)(x) =
∫

Ω
Gk(x, y)g(y) dy. (13)

6 Existence, Compactness and Uniqueness
Definition 6.1 (Admissible Urysohn kernel). A kernel K : Ω × Ω ×C → C is called admissible on bounded
sets if it is measurable in (x, y), continuous in z, and for every R > 0 there is MR ∈ L1(Ω × Ω) such that
|K(x, y, z)| ≤ MR(x, y) whenever |z| ≤ R.
Lemma 6.2 (Continuity of the Urysohn operator). Let X = C(Ω) and assume that K is admissible and
uniformly continuous in the third variable on bounded sets. Then U : X → X is continuous on bounded
subsets of X.
Proof. Let un → u in C(Ω) and assume ∥un∥∞ , ∥u∥∞ ≤ R. For each x,

(Uun)(x) − (Uu)(x) =
∫

Ω
{K(x, y, un(y)) − K(x, y, u(y))} dy.

Uniform continuity in the third variable implies pointwise convergence of the integrand. The admissible
majorant gives domination by an integrable function. The dominated convergence theorem yields convergence
for each x. Under the stated uniformity, the convergence is uniform in x, hence Uun → Uu in X.

Theorem 6.3 (Schauder existence). Assume that X = C(Ω), K is admissible, F is continuous and bounded
on bounded sets, Vk is compact from bounded subsets of X into X, and (I − Bk)−1 exists and is bounded. If
there is a closed bounded convex set D ⊂ X such that A(D) ⊂ D, then the nonlinear Helmholtz-Urysohn
BEM formulation has at least one solution in D.
Proof. By the preceding lemma, u → Uu is continuous on D. Since F is continuous, the composition
u → F (·, u, Uu) is continuous on D. The compactness of Vk, together with boundedness of (I − Bk)−1,
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This kernel combines spatial nonlocality and nonlinear amplitude response. It is smooth, bounded on
bounded sets and locally Lipschitz in z.

(a) Damped Helmholtz field. (b) Nonlinear Urysohn response.
Figure 2: Colored surfaces illustrating the oscillatory Helmholtz component and a representative nonlinear nonlocal
response, with alternating palettes for panels (a) and (b).
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implies that A is compact and continuous on D. Since D is nonempty, closed, bounded and convex, and
A(D) ⊂ D, Schauder’s fixed-point theorem gives a point u ∈ D such that u = Au.

Theorem 6.4 (Contraction uniqueness). Assume that F is Lipschitz in its second and third variables with
constants L1 and L2, and that K is Lipschitz in its third variable with constant LK in the sense

|K(x, y, z1) − K(x, y, z2)| ≤ LK(x, y)|z1 − z2|,

where ΛK = supx

∫
Ω LK(x, y) dy < ∞. If

∥(I − Bk)−1∥ ∥Vk∥ (L1 + L2ΛK) < 1, (14)

then the fixed-point problem (11) has a unique solution in X and the Picard iteration converges to it.

Proof. For u, v ∈ X,
∥Uu − Uv∥∞ ≤ ΛK ∥u − v∥∞ .

Therefore,
∥F (·, u, Uu) − F (·, v, Uv)∥∞ ≤ (L1 + L2ΛK) ∥u − v∥∞ .

Applying the bounded operators in (12) gives

∥Au − Av∥ ≤ ∥(I − Bk)−1∥ ∥Vk∥ (L1 + L2ΛK) ∥u − v∥ .

Condition (14) makes A a contraction. Banach’s fixed-point theorem yields uniqueness and convergence of
Picard iteration.

Theorem 6.5 (Stability with respect to data). Let u and ũ be solutions corresponding to nonlinear sources
F and F̃ . Under the contraction condition with constant ρ < 1, one has

∥u − ũ∥ ≤ ∥(I − Bk)−1∥ ∥Vk∥
1 − ρ

∥∥∥F − F̃
∥∥∥ . (15)

Proof. Write u = AF u and ũ = AF̃ ũ. Then

∥u − ũ∥ ≤ ∥AF u − AF ũ∥ +
∥∥AF ũ − AF̃ ũ

∥∥ .

The first term is bounded by ρ ∥u − ũ∥ and the second by ∥(I − Bk)−1∥∥Vk∥
∥∥∥F − F̃

∥∥∥. Rearranging proves
the result.

7 Boundary Element Discretization
The boundary Γ is divided into elements Γj . The boundary unknowns are approximated by basis functions:

uh(y) =
N∑

j=1
Ujϕj(y), qh(y) =

N∑

j=1
Qjψj(y). (16)

The discretized equation has the form

H(k)U − G(k)Q = Bh [F (·, uh, Uhuh)] . (17)

The Urysohn operator is approximated by quadrature:

(Uhuh)(xi) =
M∑

m=1
wmK(xi, ym, uh(ym)). (18)

For Dirichlet data, U is known and Q is solved; for Neumann data, Q is known and U is solved. For mixed
or Robin data, the system is assembled blockwise.
8 Iterative Algorithm
A practical numerical scheme is:

1. Generate the boundary mesh.

2. Assemble the Helmholtz BEM matrices H(k) and G(k).

4
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This kernel combines spatial nonlocality and nonlinear amplitude response. It is smooth, bounded on
bounded sets and locally Lipschitz in z.
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∥∥AF ũ − AF̃ ũ
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∥∥AF ũ − AF̃ ũ
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F and F̃ . Under the contraction condition with constant ρ < 1, one has
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Theorem 6.5 (Stability with respect to data). Let u and    be solutions corresponding to nonlinear sources
F and      Under the contraction condition with constant ρ < 1, one has
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Proof. Write

The first term is bounded by                and the second by                                   Rearranging proves the result.

Boundary Element Discretisation
The boundary Γ is divided into elements Γj . The boundary unknowns are approximated by basis functions:
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The discretized equation has the form
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The Urysohn operator is approximated by quadrature:
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For Dirichlet data, U is known and Q is solved; for Neumann data, Q is known and U is solved. For mixed or Robin data, the system 
is assembled blockwise.

Iterative Algorithm
A practical numerical scheme is:
	 1. Generate the boundary mesh.
	 2. Assemble the Helmholtz BEM matrices H(k) and G(k).
	 3. Choose an initial approximation
	 4. Compute
	 5. Stop when

relaxation parameter 0 < ω ≤ 1 may be used:

                                                                                                                                                     (19)

Relaxation is useful when the nonlinear Urysohn part is strong or when k is large.

Numerical Simulations and MATLAB Codes
The following MATLAB fragments generate representative numerical illustrations. They are written as reproducible templates: the 
kernel, domain and quadrature may be replaced by problem-specific data.

Listing 1: MATLAB surface for a damped Helmholtz field.

 

 

Listing 2: MATLAB quadrature approximation of a Urysohn operator.
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F and F̃ . Under the contraction condition with constant ρ < 1, one has
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∥∥AF ũ − AF̃ ũ
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3. Choose an initial approximation u
(0)
h .

4. Compute u
(m+1)
h = Ahu

(m)
h .

5. Stop when
∥∥∥u

(m+1)
h − u

(m)
h

∥∥∥ < ε.

A relaxation parameter 0 < ω ≤ 1 may be used:

u
(m+1)
h = (1 − ω)u(m)

h + ωAhu
(m)
h . (19)

Relaxation is useful when the nonlinear Urysohn part is strong or when k is large.
9 Numerical Simulations and MATLAB Codes
The following MATLAB fragments generate representative numerical illustrations. They are written as
reproducible templates: the kernel, domain and quadrature may be replaced by problem-specific data.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,120));
2 r = sqrt(x.^2 + y.^2) + 1e -6;
3 k = 10;
4 u = cos(k*r)./(1 + 3*r);
5 surf(x,y,u); shading interp ; colormap turbo ; colorbar ;
6 xlabel (’x’); ylabel (’y’); zlabel (’u’);
7 title (’Real␣part␣of␣a␣ damped ␣ Helmholtz ␣ field ’);

Listing 1: MATLAB surface for a damped Helmholtz field.

1 function Uu = urysohn_eval (xNodes , yNodes , weights , uh , alpha , beta)
2 % Uu(i) = sum_m w_m K(x_i ,y_m ,uh_m)
3 nx = size(xNodes ,1);
4 M = size(yNodes ,1);
5 Uu = zeros (nx ,1);
6 for i = 1: nx
7 s = 0;
8 for m = 1:M
9 r2 = sum (( xNodes (i ,:) - yNodes (m ,:)).^2);

10 K = alpha *exp(-beta*r2)*sin(uh(m));
11 s = s + weights (m)*K;
12 end
13 Uu(i) = s;
14 end
15 end

Listing 2: MATLAB quadrature approximation of a Urysohn operator.

1 maxit = 100; tol = 1e -8; omega = 0.75;
2 uh = zeros (N ,1);
3 for it = 1: maxit
4 Uuh = urysohn_eval (xNodes , yNodes , w, uh , alpha , beta);
5 rhs = volume_potential_matrix * F(xNodes , uh , Uuh);
6 Auh = boundary_solver (rhs , H, G, boundaryData );
7 unew = (1- omega )*uh + omega *Auh;
8 res(it) = norm(unew -uh ,2)/max (1, norm(unew ,2));
9 uh = unew;

10 if res(it) < tol
11 break
12 end
13 end
14 semilogy (1:it ,res (1: it),’o-’); grid on;
15 xlabel (’iteration ’); ylabel (’relative ␣ residual ’);

Listing 3: MATLAB fixed-point loop for the nonlinear BEM system.

9.1 Convergence Table
A model convergence table is shown below. The numbers are illustrative and reflect a typical trend when
the boundary approximation and the quadrature error are simultaneously refined.
10 Stability and Convergence of the Discrete Method
Under suitable regularity assumptions,

∥u − uh∥X ≤ C(hp + ηh), (20)

where h is the boundary mesh size, p is the convergence order and ηh is the quadrature error associated
with the Urysohn and volume-potential terms.
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with the Urysohn and volume-potential terms.
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9 Numerical Simulations and MATLAB Codes
The following MATLAB fragments generate representative numerical illustrations. They are written as
reproducible templates: the kernel, domain and quadrature may be replaced by problem-specific data.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,120));
2 r = sqrt(x.^2 + y.^2) + 1e -6;
3 k = 10;
4 u = cos(k*r)./(1 + 3*r);
5 surf(x,y,u); shading interp ; colormap turbo ; colorbar ;
6 xlabel (’x’); ylabel (’y’); zlabel (’u’);
7 title (’Real␣part␣of␣a␣ damped ␣ Helmholtz ␣ field ’);

Listing 1: MATLAB surface for a damped Helmholtz field.

1 function Uu = urysohn_eval (xNodes , yNodes , weights , uh , alpha , beta)
2 % Uu(i) = sum_m w_m K(x_i ,y_m ,uh_m)
3 nx = size(xNodes ,1);
4 M = size(yNodes ,1);
5 Uu = zeros (nx ,1);
6 for i = 1: nx
7 s = 0;
8 for m = 1:M
9 r2 = sum (( xNodes (i ,:) - yNodes (m ,:)).^2);

10 K = alpha *exp(-beta*r2)*sin(uh(m));
11 s = s + weights (m)*K;
12 end
13 Uu(i) = s;
14 end
15 end

Listing 2: MATLAB quadrature approximation of a Urysohn operator.

1 maxit = 100; tol = 1e -8; omega = 0.75;
2 uh = zeros (N ,1);
3 for it = 1: maxit
4 Uuh = urysohn_eval (xNodes , yNodes , w, uh , alpha , beta);
5 rhs = volume_potential_matrix * F(xNodes , uh , Uuh);
6 Auh = boundary_solver (rhs , H, G, boundaryData );
7 unew = (1- omega )*uh + omega *Auh;
8 res(it) = norm(unew -uh ,2)/max (1, norm(unew ,2));
9 uh = unew;

10 if res(it) < tol
11 break
12 end
13 end
14 semilogy (1:it ,res (1: it),’o-’); grid on;
15 xlabel (’iteration ’); ylabel (’relative ␣ residual ’);

Listing 3: MATLAB fixed-point loop for the nonlinear BEM system.

9.1 Convergence Table
A model convergence table is shown below. The numbers are illustrative and reflect a typical trend when
the boundary approximation and the quadrature error are simultaneously refined.
10 Stability and Convergence of the Discrete Method
Under suitable regularity assumptions,

∥u − uh∥X ≤ C(hp + ηh), (20)

where h is the boundary mesh size, p is the convergence order and ηh is the quadrature error associated
with the Urysohn and volume-potential terms.
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Relaxation is useful when the nonlinear Urysohn part is strong or when k is large.
9 Numerical Simulations and MATLAB Codes
The following MATLAB fragments generate representative numerical illustrations. They are written as
reproducible templates: the kernel, domain and quadrature may be replaced by problem-specific data.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,120));
2 r = sqrt(x.^2 + y.^2) + 1e -6;
3 k = 10;
4 u = cos(k*r)./(1 + 3*r);
5 surf(x,y,u); shading interp ; colormap turbo ; colorbar ;
6 xlabel (’x’); ylabel (’y’); zlabel (’u’);
7 title (’Real␣part␣of␣a␣ damped ␣ Helmholtz ␣ field ’);

Listing 1: MATLAB surface for a damped Helmholtz field.

1 function Uu = urysohn_eval (xNodes , yNodes , weights , uh , alpha , beta)
2 % Uu(i) = sum_m w_m K(x_i ,y_m ,uh_m)
3 nx = size(xNodes ,1);
4 M = size(yNodes ,1);
5 Uu = zeros (nx ,1);
6 for i = 1: nx
7 s = 0;
8 for m = 1:M
9 r2 = sum (( xNodes (i ,:) - yNodes (m ,:)).^2);

10 K = alpha *exp(-beta*r2)*sin(uh(m));
11 s = s + weights (m)*K;
12 end
13 Uu(i) = s;
14 end
15 end

Listing 2: MATLAB quadrature approximation of a Urysohn operator.

1 maxit = 100; tol = 1e -8; omega = 0.75;
2 uh = zeros (N ,1);
3 for it = 1: maxit
4 Uuh = urysohn_eval (xNodes , yNodes , w, uh , alpha , beta);
5 rhs = volume_potential_matrix * F(xNodes , uh , Uuh);
6 Auh = boundary_solver (rhs , H, G, boundaryData );
7 unew = (1- omega )*uh + omega *Auh;
8 res(it) = norm(unew -uh ,2)/max (1, norm(unew ,2));
9 uh = unew;

10 if res(it) < tol
11 break
12 end
13 end
14 semilogy (1:it ,res (1: it),’o-’); grid on;
15 xlabel (’iteration ’); ylabel (’relative ␣ residual ’);

Listing 3: MATLAB fixed-point loop for the nonlinear BEM system.

9.1 Convergence Table
A model convergence table is shown below. The numbers are illustrative and reflect a typical trend when
the boundary approximation and the quadrature error are simultaneously refined.
10 Stability and Convergence of the Discrete Method
Under suitable regularity assumptions,

∥u − uh∥X ≤ C(hp + ηh), (20)

where h is the boundary mesh size, p is the convergence order and ηh is the quadrature error associated
with the Urysohn and volume-potential terms.

5

Helmholtz–Urysohn BEM Alves & Alves

3. Choose an initial approximation u
(0)
h .

4. Compute u
(m+1)
h = Ahu

(m)
h .

5. Stop when
∥∥∥u

(m+1)
h − u

(m)
h

∥∥∥ < ε.

A relaxation parameter 0 < ω ≤ 1 may be used:

u
(m+1)
h = (1 − ω)u(m)

h + ωAhu
(m)
h . (19)

Relaxation is useful when the nonlinear Urysohn part is strong or when k is large.
9 Numerical Simulations and MATLAB Codes
The following MATLAB fragments generate representative numerical illustrations. They are written as
reproducible templates: the kernel, domain and quadrature may be replaced by problem-specific data.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,120));
2 r = sqrt(x.^2 + y.^2) + 1e -6;
3 k = 10;
4 u = cos(k*r)./(1 + 3*r);
5 surf(x,y,u); shading interp ; colormap turbo ; colorbar ;
6 xlabel (’x’); ylabel (’y’); zlabel (’u’);
7 title (’Real␣part␣of␣a␣ damped ␣ Helmholtz ␣ field ’);

Listing 1: MATLAB surface for a damped Helmholtz field.

1 function Uu = urysohn_eval (xNodes , yNodes , weights , uh , alpha , beta)
2 % Uu(i) = sum_m w_m K(x_i ,y_m ,uh_m)
3 nx = size(xNodes ,1);
4 M = size(yNodes ,1);
5 Uu = zeros (nx ,1);
6 for i = 1: nx
7 s = 0;
8 for m = 1:M
9 r2 = sum (( xNodes (i ,:) - yNodes (m ,:)).^2);

10 K = alpha *exp(-beta*r2)*sin(uh(m));
11 s = s + weights (m)*K;
12 end
13 Uu(i) = s;
14 end
15 end

Listing 2: MATLAB quadrature approximation of a Urysohn operator.

1 maxit = 100; tol = 1e -8; omega = 0.75;
2 uh = zeros (N ,1);
3 for it = 1: maxit
4 Uuh = urysohn_eval (xNodes , yNodes , w, uh , alpha , beta);
5 rhs = volume_potential_matrix * F(xNodes , uh , Uuh);
6 Auh = boundary_solver (rhs , H, G, boundaryData );
7 unew = (1- omega )*uh + omega *Auh;
8 res(it) = norm(unew -uh ,2)/max (1, norm(unew ,2));
9 uh = unew;

10 if res(it) < tol
11 break
12 end
13 end
14 semilogy (1:it ,res (1: it),’o-’); grid on;
15 xlabel (’iteration ’); ylabel (’relative ␣ residual ’);

Listing 3: MATLAB fixed-point loop for the nonlinear BEM system.

9.1 Convergence Table
A model convergence table is shown below. The numbers are illustrative and reflect a typical trend when
the boundary approximation and the quadrature error are simultaneously refined.
10 Stability and Convergence of the Discrete Method
Under suitable regularity assumptions,

∥u − uh∥X ≤ C(hp + ηh), (20)

where h is the boundary mesh size, p is the convergence order and ηh is the quadrature error associated
with the Urysohn and volume-potential terms.
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9 Numerical Simulations and MATLAB Codes
The following MATLAB fragments generate representative numerical illustrations. They are written as
reproducible templates: the kernel, domain and quadrature may be replaced by problem-specific data.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,120));
2 r = sqrt(x.^2 + y.^2) + 1e -6;
3 k = 10;
4 u = cos(k*r)./(1 + 3*r);
5 surf(x,y,u); shading interp ; colormap turbo ; colorbar ;
6 xlabel (’x’); ylabel (’y’); zlabel (’u’);
7 title (’Real␣part␣of␣a␣ damped ␣ Helmholtz ␣ field ’);

Listing 1: MATLAB surface for a damped Helmholtz field.

1 function Uu = urysohn_eval (xNodes , yNodes , weights , uh , alpha , beta)
2 % Uu(i) = sum_m w_m K(x_i ,y_m ,uh_m)
3 nx = size(xNodes ,1);
4 M = size(yNodes ,1);
5 Uu = zeros (nx ,1);
6 for i = 1: nx
7 s = 0;
8 for m = 1:M
9 r2 = sum (( xNodes (i ,:) - yNodes (m ,:)).^2);

10 K = alpha *exp(-beta*r2)*sin(uh(m));
11 s = s + weights (m)*K;
12 end
13 Uu(i) = s;
14 end
15 end

Listing 2: MATLAB quadrature approximation of a Urysohn operator.

1 maxit = 100; tol = 1e -8; omega = 0.75;
2 uh = zeros (N ,1);
3 for it = 1: maxit
4 Uuh = urysohn_eval (xNodes , yNodes , w, uh , alpha , beta);
5 rhs = volume_potential_matrix * F(xNodes , uh , Uuh);
6 Auh = boundary_solver (rhs , H, G, boundaryData );
7 unew = (1- omega )*uh + omega *Auh;
8 res(it) = norm(unew -uh ,2)/max (1, norm(unew ,2));
9 uh = unew;

10 if res(it) < tol
11 break
12 end
13 end
14 semilogy (1:it ,res (1: it),’o-’); grid on;
15 xlabel (’iteration ’); ylabel (’relative ␣ residual ’);

Listing 3: MATLAB fixed-point loop for the nonlinear BEM system.

9.1 Convergence Table
A model convergence table is shown below. The numbers are illustrative and reflect a typical trend when
the boundary approximation and the quadrature error are simultaneously refined.
10 Stability and Convergence of the Discrete Method
Under suitable regularity assumptions,

∥u − uh∥X ≤ C(hp + ηh), (20)

where h is the boundary mesh size, p is the convergence order and ηh is the quadrature error associated
with the Urysohn and volume-potential terms.
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Listing 3: MATLAB fixed-point loop for the nonlinear BEM system.

Convergence Table
A model convergence table is shown below. The numbers are illustrative and reflect a typical trend when the boundary 
Proximation and the quadrature error are simultaneously refined.

Stability and Convergence of the Discrete Method
Under suitable regularity assumptions,

                                                                                                                                                                                   (20)

where h is the boundary mesh size, p is the convergence order and ηh is the quadrature error associated  with the Urysohn and 
volume-potential terms.

Figure 3: Illustrative Residual Decay for a Relaxed Fixed-Point Iteration with Alternating Colours Along the Curve

Table 1: Illustrative Convergence Behaviour for the Bem-Urysohn Approximation
Elements N Mesh h Relative error Iterations Estimated order
32 1/8 2.02 × 10−2 17 -
64 1/16 6.48 × 10−3 16 1.64
128 1/32 2.50 × 10−3 15 1.37
256 1/64 1.27 × 10−3 15 0.98
512 1/128 8.40 × 10−4 14 0.60
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Relaxation is useful when the nonlinear Urysohn part is strong or when k is large.
9 Numerical Simulations and MATLAB Codes
The following MATLAB fragments generate representative numerical illustrations. They are written as
reproducible templates: the kernel, domain and quadrature may be replaced by problem-specific data.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,120));
2 r = sqrt(x.^2 + y.^2) + 1e -6;
3 k = 10;
4 u = cos(k*r)./(1 + 3*r);
5 surf(x,y,u); shading interp ; colormap turbo ; colorbar ;
6 xlabel (’x’); ylabel (’y’); zlabel (’u’);
7 title (’Real␣part␣of␣a␣ damped ␣ Helmholtz ␣ field ’);

Listing 1: MATLAB surface for a damped Helmholtz field.

1 function Uu = urysohn_eval (xNodes , yNodes , weights , uh , alpha , beta)
2 % Uu(i) = sum_m w_m K(x_i ,y_m ,uh_m)
3 nx = size(xNodes ,1);
4 M = size(yNodes ,1);
5 Uu = zeros (nx ,1);
6 for i = 1: nx
7 s = 0;
8 for m = 1:M
9 r2 = sum (( xNodes (i ,:) - yNodes (m ,:)).^2);

10 K = alpha *exp(-beta*r2)*sin(uh(m));
11 s = s + weights (m)*K;
12 end
13 Uu(i) = s;
14 end
15 end

Listing 2: MATLAB quadrature approximation of a Urysohn operator.

1 maxit = 100; tol = 1e -8; omega = 0.75;
2 uh = zeros (N ,1);
3 for it = 1: maxit
4 Uuh = urysohn_eval (xNodes , yNodes , w, uh , alpha , beta);
5 rhs = volume_potential_matrix * F(xNodes , uh , Uuh);
6 Auh = boundary_solver (rhs , H, G, boundaryData );
7 unew = (1- omega )*uh + omega *Auh;
8 res(it) = norm(unew -uh ,2)/max (1, norm(unew ,2));
9 uh = unew;

10 if res(it) < tol
11 break
12 end
13 end
14 semilogy (1:it ,res (1: it),’o-’); grid on;
15 xlabel (’iteration ’); ylabel (’relative ␣ residual ’);

Listing 3: MATLAB fixed-point loop for the nonlinear BEM system.

9.1 Convergence Table
A model convergence table is shown below. The numbers are illustrative and reflect a typical trend when
the boundary approximation and the quadrature error are simultaneously refined.
10 Stability and Convergence of the Discrete Method
Under suitable regularity assumptions,

∥u − uh∥X ≤ C(hp + ηh), (20)

where h is the boundary mesh size, p is the convergence order and ηh is the quadrature error associated
with the Urysohn and volume-potential terms.
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Relaxation is useful when the nonlinear Urysohn part is strong or when k is large.
9 Numerical Simulations and MATLAB Codes
The following MATLAB fragments generate representative numerical illustrations. They are written as
reproducible templates: the kernel, domain and quadrature may be replaced by problem-specific data.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,120));
2 r = sqrt(x.^2 + y.^2) + 1e -6;
3 k = 10;
4 u = cos(k*r)./(1 + 3*r);
5 surf(x,y,u); shading interp ; colormap turbo ; colorbar ;
6 xlabel (’x’); ylabel (’y’); zlabel (’u’);
7 title (’Real␣part␣of␣a␣ damped ␣ Helmholtz ␣ field ’);

Listing 1: MATLAB surface for a damped Helmholtz field.

1 function Uu = urysohn_eval (xNodes , yNodes , weights , uh , alpha , beta)
2 % Uu(i) = sum_m w_m K(x_i ,y_m ,uh_m)
3 nx = size(xNodes ,1);
4 M = size(yNodes ,1);
5 Uu = zeros (nx ,1);
6 for i = 1: nx
7 s = 0;
8 for m = 1:M
9 r2 = sum (( xNodes (i ,:) - yNodes (m ,:)).^2);

10 K = alpha *exp(-beta*r2)*sin(uh(m));
11 s = s + weights (m)*K;
12 end
13 Uu(i) = s;
14 end
15 end

Listing 2: MATLAB quadrature approximation of a Urysohn operator.

1 maxit = 100; tol = 1e -8; omega = 0.75;
2 uh = zeros (N ,1);
3 for it = 1: maxit
4 Uuh = urysohn_eval (xNodes , yNodes , w, uh , alpha , beta);
5 rhs = volume_potential_matrix * F(xNodes , uh , Uuh);
6 Auh = boundary_solver (rhs , H, G, boundaryData );
7 unew = (1- omega )*uh + omega *Auh;
8 res(it) = norm(unew -uh ,2)/max (1, norm(unew ,2));
9 uh = unew;

10 if res(it) < tol
11 break
12 end
13 end
14 semilogy (1:it ,res (1: it),’o-’); grid on;
15 xlabel (’iteration ’); ylabel (’relative ␣ residual ’);

Listing 3: MATLAB fixed-point loop for the nonlinear BEM system.

9.1 Convergence Table
A model convergence table is shown below. The numbers are illustrative and reflect a typical trend when
the boundary approximation and the quadrature error are simultaneously refined.
10 Stability and Convergence of the Discrete Method
Under suitable regularity assumptions,

∥u − uh∥X ≤ C(hp + ηh), (20)

where h is the boundary mesh size, p is the convergence order and ηh is the quadrature error associated
with the Urysohn and volume-potential terms.
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Figure 3: Illustrative residual decay for a relaxed fixed-point iteration with alternating colours along the curve.

Table 1: Illustrative convergence behaviour for the BEM-Urysohn approximation.

Elements N Mesh h Relative error Iterations Estimated order
32 1/8 2.02 × 10−2 17 –
64 1/16 6.48 × 10−3 16 1.64
128 1/32 2.50 × 10−3 15 1.37
256 1/64 1.27 × 10−3 15 0.98
512 1/128 8.40 × 10−4 14 0.60

Figure 4: Illustrative log-log convergence curve with alternating colours. The error contains both boundary
discretization and Urysohn quadrature contributions.
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Figure 4: Illustrative Log-Log Convergence Curve with Alternating Colours. The Error Contains Both Boundary Discretisation and 
Urysohn Quadrature Contributions

Theorem 10.1 (Discrete convergence). Assume that the continuous operator      is a contraction with constant ρ < 1 and that the 
discrete operator       satisfies

                                                                                                                                                                                        (21)

Let u and uh be the fixed points of       and       respectively. Then 

                                                                                                                                                                                       (22)

Proof. Since

The contraction property gives the first term bounded by ρ ∥u − uh∥. The consistency assumption bounds the second term by 
C(hp + ηh). Moving the contraction term to the left proves the estimate.  

Applications
The coupled Helmholtz-Urysohn BEM model is useful in nonlinear acoustic wave propagation, electromagnetic scattering in nonlinear 
media, sonar and radar modelling, ultrasound imaging, vibration analysis with nonlocal effects, heterogeneous media, metamaterials 
and nonlinear boundary control problems. The nonlocal term may represent distributed memory, nonlinear material response, feedback 
through a sensor field or averaged interaction over a region of the medium.

Regularized Boundary Element Method for Nonlinear Helmholtz–Urysohn Problems
This section develops a regularized version of the nonlinear Helmholtz–Urysohn boundary element formulation. The main motivation 
is that the classical fixed-point operator may become ill-conditioned when the wave number is large, when the nonlinear Urysohn 
term is strong, or when the boundary integral matrices are nearly singular. Regularization introduces a stabilizing perturbation which 
preserves the physical tructure of the Helmholtz model while improving numerical robustness. This idea is consistent with classical 
regularization theory for ill-posed operator equations and with the stabilized numerical treatment of boundary integral equations [11-14].

Let                                               be a smoothing operator satisfying

                                                                                                                                                                                  (23)

for every v ∈ X, and ∥Jε∥ ≤ 1. We define the regularized Urysohn operator by

                                                                                                                                                                                  (24)

where the smoothing acts in the observation variable x. The corresponding regularized BEM operator is
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Figure 3: Illustrative residual decay for a relaxed fixed-point iteration with alternating colours along the curve.

Table 1: Illustrative convergence behaviour for the BEM-Urysohn approximation.

Elements N Mesh h Relative error Iterations Estimated order
32 1/8 2.02 × 10−2 17 –
64 1/16 6.48 × 10−3 16 1.64
128 1/32 2.50 × 10−3 15 1.37
256 1/64 1.27 × 10−3 15 0.98
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Figure 4: Illustrative log-log convergence curve with alternating colours. The error contains both boundary
discretization and Urysohn quadrature contributions.
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implies that A is compact and continuous on D. Since D is nonempty, closed, bounded and convex, and
A(D) ⊂ D, Schauder’s fixed-point theorem gives a point u ∈ D such that u = Au.

Theorem 6.4 (Contraction uniqueness). Assume that F is Lipschitz in its second and third variables with
constants L1 and L2, and that K is Lipschitz in its third variable with constant LK in the sense

|K(x, y, z1) − K(x, y, z2)| ≤ LK(x, y)|z1 − z2|,

where ΛK = supx

∫
Ω LK(x, y) dy < ∞. If

∥(I − Bk)−1∥ ∥Vk∥ (L1 + L2ΛK) < 1, (14)

then the fixed-point problem (11) has a unique solution in X and the Picard iteration converges to it.

Proof. For u, v ∈ X,
∥Uu − Uv∥∞ ≤ ΛK ∥u − v∥∞ .

Therefore,
∥F (·, u, Uu) − F (·, v, Uv)∥∞ ≤ (L1 + L2ΛK) ∥u − v∥∞ .

Applying the bounded operators in (12) gives

∥Au − Av∥ ≤ ∥(I − Bk)−1∥ ∥Vk∥ (L1 + L2ΛK) ∥u − v∥ .

Condition (14) makes A a contraction. Banach’s fixed-point theorem yields uniqueness and convergence of
Picard iteration.

Theorem 6.5 (Stability with respect to data). Let u and ũ be solutions corresponding to nonlinear sources
F and F̃ . Under the contraction condition with constant ρ < 1, one has

∥u − ũ∥ ≤ ∥(I − Bk)−1∥ ∥Vk∥
1 − ρ

∥∥∥F − F̃
∥∥∥ . (15)

Proof. Write u = AF u and ũ = AF̃ ũ. Then

∥u − ũ∥ ≤ ∥AF u − AF ũ∥ +
∥∥AF ũ − AF̃ ũ

∥∥ .

The first term is bounded by ρ ∥u − ũ∥ and the second by ∥(I − Bk)−1∥∥Vk∥
∥∥∥F − F̃

∥∥∥. Rearranging proves
the result.

7 Boundary Element Discretization
The boundary Γ is divided into elements Γj . The boundary unknowns are approximated by basis functions:

uh(y) =
N∑

j=1
Ujϕj(y), qh(y) =

N∑

j=1
Qjψj(y). (16)

The discretized equation has the form

H(k)U − G(k)Q = Bh [F (·, uh, Uhuh)] . (17)

The Urysohn operator is approximated by quadrature:

(Uhuh)(xi) =
M∑

m=1
wmK(xi, ym, uh(ym)). (18)

For Dirichlet data, U is known and Q is solved; for Neumann data, Q is known and U is solved. For mixed
or Robin data, the system is assembled blockwise.
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Theorem 10.1 (Discrete convergence). Assume that the continuous operator A is a contraction with
constant ρ < 1 and that the discrete operator Ah satisfies

sup
v∈D

∥Av − Ahv∥ ≤ C(hp + ηh). (21)

Let u and uh be the fixed points of A and Ah, respectively. Then

∥u − uh∥ ≤ C

1 − ρ
(hp + ηh). (22)

Proof. Since u = Au and uh = Ahuh,

∥u − uh∥ ≤ ∥Au − Auh∥ + ∥Auh − Ahuh∥ .

The contraction property gives the first term bounded by ρ ∥u − uh∥. The consistency assumption bounds
the second term by C(hp + ηh). Moving the contraction term to the left proves the estimate.

11 Applications
The coupled Helmholtz-Urysohn BEM model is useful in nonlinear acoustic wave propagation, electromag-
netic scattering in nonlinear media, sonar and radar modelling, ultrasound imaging, vibration analysis
with nonlocal effects, heterogeneous media, metamaterials and nonlinear boundary control problems. The
nonlocal term may represent distributed memory, nonlinear material response, feedback through a sensor
field or averaged interaction over a region of the medium.
12 Regularized Boundary Element Method for Nonlinear Helmholtz–Urysohn Problems
This section develops a regularized version of the nonlinear Helmholtz–Urysohn boundary element formula-
tion. The main motivation is that the classical fixed-point operator may become ill-conditioned when the
wave number is large, when the nonlinear Urysohn term is strong, or when the boundary integral matrices
are nearly singular. Regularization introduces a stabilizing perturbation which preserves the physical
structure of the Helmholtz model while improving numerical robustness. This idea is consistent with
classical regularization theory for ill-posed operator equations and with the stabilized numerical treatment
of boundary integral equations [27, 11, 26, 25].

Let X = C(Ω) and let Jε : X → X be a smoothing operator satisfying

∥Jεv − v∥X → 0, ε → 0+, (23)

for every v ∈ X, and ∥Jε∥ ≤ 1. We define the regularized Urysohn operator by

(Uεu)(x) =
∫

Ω
Kε(x, y, u(y)) dy, Kε(x, y, z) = Jx

ε K(x, y, z), (24)

where the smoothing acts in the observation variable x. The corresponding regularized BEM operator is

Aεu = (I − Bk + εI)−1Vk [F (·, u, Uεu)] . (25)

The regularized nonlinear boundary integral equation is therefore

uε = Aεuε. (26)

For ε > 0, the additional term εI reduces sensitivity to near-resonant behaviour and improves the
conditioning of the discrete boundary element system. When ε → 0+, the regularized formulation formally
tends to the classical nonlinear Helmholtz–Urysohn BEM formulation.

Theorem 12.1 (Existence of a regularized solution). Assume that Kε is admissible on bounded sets, F
is continuous and bounded on bounded sets, Vk is compact, and (I − Bk + εI)−1 exists and is bounded for
every fixed ε > 0. If there exists a nonempty closed bounded convex set D ⊂ X such that Aε(D) ⊂ D, then
the regularized Helmholtz–Urysohn BEM problem (26) has at least one solution uε ∈ D.

Proof. The admissibility of Kε implies that Uε is continuous on bounded subsets of X, by the same
dominated convergence argument used for the classical Urysohn operator. Since F is continuous, the map
u → F (·, u, Uεu) is continuous on D. The volume potential Vk is compact, and the regularized inverse
(I −Bk +εI)−1 is bounded. Hence Aε is a continuous compact map from D into itself. Schauder’s fixed-point
theorem gives a fixed point uε = Aεuε in D.
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Theorem 10.1 (Discrete convergence). Assume that the continuous operator A is a contraction with
constant ρ < 1 and that the discrete operator Ah satisfies

sup
v∈D

∥Av − Ahv∥ ≤ C(hp + ηh). (21)

Let u and uh be the fixed points of A and Ah, respectively. Then

∥u − uh∥ ≤ C

1 − ρ
(hp + ηh). (22)

Proof. Since u = Au and uh = Ahuh,

∥u − uh∥ ≤ ∥Au − Auh∥ + ∥Auh − Ahuh∥ .

The contraction property gives the first term bounded by ρ ∥u − uh∥. The consistency assumption bounds
the second term by C(hp + ηh). Moving the contraction term to the left proves the estimate.
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Theorem 12.2 (Uniqueness of the regularized solution). Assume that F is Lipschitz in its second and
third variables with constants L1 and L2, and that Kε is Lipschitz in the third variable with

|Kε(x, y, z1) − Kε(x, y, z2)| ≤ LK,ε(x, y)|z1 − z2|, (27)

where
ΛK,ε = sup

x∈Ω

∫

Ω
LK,ε(x, y) dy < ∞. (28)

If
ρε := ∥(I − Bk + εI)−1∥ ∥Vk∥ (L1 + L2ΛK,ε) < 1, (29)

then the regularized problem has a unique solution in D, and the Picard iteration u
(m+1)
ε = Aεu

(m)
ε converges

to it.

Proof. For u, v ∈ D, the Lipschitz property of Kε gives

∥Uεu − Uεv∥X ≤ ΛK,ε ∥u − v∥X . (30)

Therefore,
∥F (·, u, Uεu) − F (·, v, Uεv)∥X ≤ (L1 + L2ΛK,ε) ∥u − v∥X . (31)

Applying the bounded operators in (25), we obtain

∥Aεu − Aεv∥X ≤ ρε ∥u − v∥X . (32)

By (29), Aε is a contraction. Banach’s fixed-point theorem yields uniqueness and convergence of the Picard
sequence.

Theorem 12.3 (Stability with respect to perturbations). Let uε and ũε be regularized solutions corresponding
to data F and F̃ , respectively. Under the assumptions of Theorem 12.2, with contraction constant ρε < 1,
one has

∥uε − ũε∥X ≤ ∥(I − Bk + εI)−1∥ ∥Vk∥
1 − ρε

∥∥∥F − F̃
∥∥∥

X
. (33)

Proof. Using the fixed-point identities uε = Aε,F uε and ũε = A
ε,F̃

ũε, we write

∥uε − ũε∥X ≤ ∥Aε,F uε − Aε,F ũε∥X +
∥∥∥Aε,F ũε − A

ε,F̃
ũε

∥∥∥
X

≤ ρε ∥uε − ũε∥X + ∥(I − Bk + εI)−1∥ ∥Vk∥
∥∥∥F − F̃

∥∥∥
X

.

Moving the first term to the left gives (33).

Theorem 12.4 (Convergence as the regularization vanishes). Let u be the unique solution of the classical
problem u = Au, and let uε be the unique solution of the regularized problem uε = Aεuε. Suppose that the
classical operator is a contraction with constant ρ < 1, that Uεv → Uv in X for every v ∈ D, and that

(I − Bk + εI)−1 → (I − Bk)−1 (34)

strongly as ε → 0+. Then
∥uε − u∥X → 0, ε → 0+. (35)

Moreover, if
sup
v∈D

∥Aεv − Av∥X ≤ Cεα, α > 0, (36)

then
∥uε − u∥X ≤ C

1 − ρ
εα. (37)

Proof. Since uε = Aεuε and u = Au,

∥uε − u∥X ≤ ∥Aεuε − Auε∥X + ∥Auε − Au∥X

≤ ∥Aεuε − Auε∥X + ρ ∥uε − u∥X .
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ε,F̃
ũε
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≤ ρε ∥uε − ũε∥X + ∥(I − Bk + εI)−1∥ ∥Vk∥
∥∥∥F − F̃

∥∥∥
X

.

Moving the first term to the left gives (33).

Theorem 12.4 (Convergence as the regularization vanishes). Let u be the unique solution of the classical
problem u = Au, and let uε be the unique solution of the regularized problem uε = Aεuε. Suppose that the
classical operator is a contraction with constant ρ < 1, that Uεv → Uv in X for every v ∈ D, and that

(I − Bk + εI)−1 → (I − Bk)−1 (34)

strongly as ε → 0+. Then
∥uε − u∥X → 0, ε → 0+. (35)

Moreover, if
sup
v∈D

∥Aεv − Av∥X ≤ Cεα, α > 0, (36)

then
∥uε − u∥X ≤ C

1 − ρ
εα. (37)

Proof. Since uε = Aεuε and u = Au,

∥uε − u∥X ≤ ∥Aεuε − Auε∥X + ∥Auε − Au∥X

≤ ∥Aεuε − Auε∥X + ρ ∥uε − u∥X .

8

Helmholtz–Urysohn BEM Alves & Alves

Theorem 12.2 (Uniqueness of the regularized solution). Assume that F is Lipschitz in its second and
third variables with constants L1 and L2, and that Kε is Lipschitz in the third variable with

|Kε(x, y, z1) − Kε(x, y, z2)| ≤ LK,ε(x, y)|z1 − z2|, (27)

where
ΛK,ε = sup

x∈Ω

∫

Ω
LK,ε(x, y) dy < ∞. (28)

If
ρε := ∥(I − Bk + εI)−1∥ ∥Vk∥ (L1 + L2ΛK,ε) < 1, (29)

then the regularized problem has a unique solution in D, and the Picard iteration u
(m+1)
ε = Aεu

(m)
ε converges

to it.

Proof. For u, v ∈ D, the Lipschitz property of Kε gives

∥Uεu − Uεv∥X ≤ ΛK,ε ∥u − v∥X . (30)

Therefore,
∥F (·, u, Uεu) − F (·, v, Uεv)∥X ≤ (L1 + L2ΛK,ε) ∥u − v∥X . (31)

Applying the bounded operators in (25), we obtain

∥Aεu − Aεv∥X ≤ ρε ∥u − v∥X . (32)

By (29), Aε is a contraction. Banach’s fixed-point theorem yields uniqueness and convergence of the Picard
sequence.

Theorem 12.3 (Stability with respect to perturbations). Let uε and ũε be regularized solutions corresponding
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∥uε − ũε∥X ≤ ∥(I − Bk + εI)−1∥ ∥Vk∥
1 − ρε

∥∥∥F − F̃
∥∥∥

X
. (33)

Proof. Using the fixed-point identities uε = Aε,F uε and ũε = A
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∥∥∥
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∥∥∥Aε,F ũε − A
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∥∥∥Aε,F ũε − A
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to data F and F̃ , respectively. Under the assumptions of Theorem 12.2, with contraction constant ρε < 1,
one has
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ũε, we write
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ũε

∥∥∥
X

≤ ρε ∥uε − ũε∥X + ∥(I − Bk + εI)−1∥ ∥Vk∥
∥∥∥F − F̃

∥∥∥
X

.

Moving the first term to the left gives (33).

Theorem 12.4 (Convergence as the regularization vanishes). Let u be the unique solution of the classical
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ũε, we write
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ũε, we write
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∥∥∥Aε,F ũε − A
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∥∥∥
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≤ ρε ∥uε − ũε∥X + ∥(I − Bk + εI)−1∥ ∥Vk∥
∥∥∥F − F̃

∥∥∥
X

.

Moving the first term to the left gives (33).

Theorem 12.4 (Convergence as the regularization vanishes). Let u be the unique solution of the classical
problem u = Au, and let uε be the unique solution of the regularized problem uε = Aεuε. Suppose that the
classical operator is a contraction with constant ρ < 1, that Uεv → Uv in X for every v ∈ D, and that

(I − Bk + εI)−1 → (I − Bk)−1 (34)

strongly as ε → 0+. Then
∥uε − u∥X → 0, ε → 0+. (35)

Moreover, if
sup
v∈D

∥Aεv − Av∥X ≤ Cεα, α > 0, (36)

then
∥uε − u∥X ≤ C

1 − ρ
εα. (37)

Proof. Since uε = Aεuε and u = Au,

∥uε − u∥X ≤ ∥Aεuε − Auε∥X + ∥Auε − Au∥X

≤ ∥Aεuε − Auε∥X + ρ ∥uε − u∥X .

8

Helmholtz–Urysohn BEM Alves & Alves

Theorem 12.2 (Uniqueness of the regularized solution). Assume that F is Lipschitz in its second and
third variables with constants L1 and L2, and that Kε is Lipschitz in the third variable with

|Kε(x, y, z1) − Kε(x, y, z2)| ≤ LK,ε(x, y)|z1 − z2|, (27)

where
ΛK,ε = sup

x∈Ω

∫

Ω
LK,ε(x, y) dy < ∞. (28)

If
ρε := ∥(I − Bk + εI)−1∥ ∥Vk∥ (L1 + L2ΛK,ε) < 1, (29)

then the regularized problem has a unique solution in D, and the Picard iteration u
(m+1)
ε = Aεu

(m)
ε converges

to it.

Proof. For u, v ∈ D, the Lipschitz property of Kε gives

∥Uεu − Uεv∥X ≤ ΛK,ε ∥u − v∥X . (30)

Therefore,
∥F (·, u, Uεu) − F (·, v, Uεv)∥X ≤ (L1 + L2ΛK,ε) ∥u − v∥X . (31)

Applying the bounded operators in (25), we obtain

∥Aεu − Aεv∥X ≤ ρε ∥u − v∥X . (32)

By (29), Aε is a contraction. Banach’s fixed-point theorem yields uniqueness and convergence of the Picard
sequence.

Theorem 12.3 (Stability with respect to perturbations). Let uε and ũε be regularized solutions corresponding
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ũε

∥∥∥
X
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ε,F̃
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ũε, we write
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Thus
∥uε − u∥X ≤ 1

1 − ρ
∥Aεuε − Auε∥X . (38)

The strong convergence of the regularized inverse and the convergence Uεv → Uv imply that the right-hand
side tends to zero. If the uniform estimate with order εα holds, estimate (37) follows immediately.

13 Spectral Analysis of the Regularized Operator
This section gives a spectral interpretation of the regularized operator. It explains why the perturbation by
εI improves numerical stability and why the fixed-point iteration becomes less sensitive to near-resonant
Helmholtz behaviour.

Let
T = I − Bk, Tε = I − Bk + εI = T + εI, (39)

and write
Aε = T −1

ε VkNε, Nε(u) = F (·, u, Uεu). (40)
For the spectral discussion we consider the Fréchet derivative at a regularized solution uε,

DAε(uε) = T −1
ε VkDNε(uε). (41)

The spectrum of this linearized operator controls the local behaviour of Newton, Picard and relaxed
fixed-point iterations.

Theorem 13.1 (Spectral localization and regularizing contraction). Assume that T = I − Bk is sectorial
and boundedly invertible on X, that

∥(T + εI)−1∥ ≤ 1
d0 + ε

, d0 > 0, (42)

and that the nonlinear derivative satisfies

∥DNε(uε) − DNε(vε)∥ = 0 locally at the fixed point, (43)

with
Mε := ∥Vk∥ ∥DNε(uε)∥ < ∞. (44)

Then
σ

(
DAε(uε)

) ⊂
{

λ ∈ C : |λ| ≤ Mε

d0 + ε

}
. (45)

In particular,
r
(
DAε(uε)

) ≤ Mε

d0 + ε
, (46)

where r(·) denotes the spectral radius. If Mε ≤ M0 for 0 < ε ≤ ε0, then the upper bound in (46) is strictly
decreasing with respect to ε.

Proof. By boundedness of the factors in the derivative,

∥DAε(uε)∥ ≤ ∥(T + εI)−1∥ ∥Vk∥ ∥DNε(uε)∥ ≤ Mε

d0 + ε
. (47)

For every bounded linear operator S on a Banach space, r(S) ≤ ∥S∥ and σ(S) ⊂ {λ : |λ| ≤ ∥S∥}. Applying
this to S = DAε(uε) gives (45) and (46). If Mε ≤ M0, the function M0/(d0 +ε) decreases as ε increases.

Corollary 13.2 (Numerical stability of the regularized iteration). If

Mε

d0 + ε
< 1, (48)

then the regularized fixed-point iteration is locally stable at uε. Moreover, increasing ε reduces the admissible
upper bound for the spectral radius and therefore improves damping of oscillatory error modes.

Proof. The local error e(m) = u(m) − uε satisfies, to first order,

e(m+1) = DAε(uε)e(m) + o(∥e(m)∥). (49)
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Figure 5: Illustrative Spectral Contraction Produced by the Regularizing Parameter ε. The Regularized Spectrum Is Concentrated 
in a Smaller Disk, Giving Stronger Damping of Iterative Errors

Explicit Error Estimates
The convergence estimate can be refined by separating three distinct sources of error: the regularization bias, the BEM Discretisation 
error and the quadrature error used to approximate the Urysohn and volume-potential terms.
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Thus
∥uε − u∥X ≤ 1

1 − ρ
∥Aεuε − Auε∥X . (38)

The strong convergence of the regularized inverse and the convergence Uεv → Uv imply that the right-hand
side tends to zero. If the uniform estimate with order εα holds, estimate (37) follows immediately.

13 Spectral Analysis of the Regularized Operator
This section gives a spectral interpretation of the regularized operator. It explains why the perturbation by
εI improves numerical stability and why the fixed-point iteration becomes less sensitive to near-resonant
Helmholtz behaviour.

Let
T = I − Bk, Tε = I − Bk + εI = T + εI, (39)

and write
Aε = T −1

ε VkNε, Nε(u) = F (·, u, Uεu). (40)
For the spectral discussion we consider the Fréchet derivative at a regularized solution uε,

DAε(uε) = T −1
ε VkDNε(uε). (41)

The spectrum of this linearized operator controls the local behaviour of Newton, Picard and relaxed
fixed-point iterations.

Theorem 13.1 (Spectral localization and regularizing contraction). Assume that T = I − Bk is sectorial
and boundedly invertible on X, that

∥(T + εI)−1∥ ≤ 1
d0 + ε

, d0 > 0, (42)

and that the nonlinear derivative satisfies

∥DNε(uε) − DNε(vε)∥ = 0 locally at the fixed point, (43)

with
Mε := ∥Vk∥ ∥DNε(uε)∥ < ∞. (44)

Then
σ
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DAε(uε)

) ⊂
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λ ∈ C : |λ| ≤ Mε
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}
. (45)

In particular,
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(
DAε(uε)
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, (46)

where r(·) denotes the spectral radius. If Mε ≤ M0 for 0 < ε ≤ ε0, then the upper bound in (46) is strictly
decreasing with respect to ε.

Proof. By boundedness of the factors in the derivative,
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For every bounded linear operator S on a Banach space, r(S) ≤ ∥S∥ and σ(S) ⊂ {λ : |λ| ≤ ∥S∥}. Applying
this to S = DAε(uε) gives (45) and (46). If Mε ≤ M0, the function M0/(d0 +ε) decreases as ε increases.

Corollary 13.2 (Numerical stability of the regularized iteration). If

Mε

d0 + ε
< 1, (48)

then the regularized fixed-point iteration is locally stable at uε. Moreover, increasing ε reduces the admissible
upper bound for the spectral radius and therefore improves damping of oscillatory error modes.

Proof. The local error e(m) = u(m) − uε satisfies, to first order,

e(m+1) = DAε(uε)e(m) + o(∥e(m)∥). (49)
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and that the nonlinear derivative satisfies

∥DNε(uε) − DNε(vε)∥ = 0 locally at the fixed point, (43)

with
Mε := ∥Vk∥ ∥DNε(uε)∥ < ∞. (44)

Then
σ

(
DAε(uε)

) ⊂
{

λ ∈ C : |λ| ≤ Mε

d0 + ε

}
. (45)

In particular,
r
(
DAε(uε)

) ≤ Mε

d0 + ε
, (46)

where r(·) denotes the spectral radius. If Mε ≤ M0 for 0 < ε ≤ ε0, then the upper bound in (46) is strictly
decreasing with respect to ε.

Proof. By boundedness of the factors in the derivative,

∥DAε(uε)∥ ≤ ∥(T + εI)−1∥ ∥Vk∥ ∥DNε(uε)∥ ≤ Mε
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For every bounded linear operator S on a Banach space, r(S) ≤ ∥S∥ and σ(S) ⊂ {λ : |λ| ≤ ∥S∥}. Applying
this to S = DAε(uε) gives (45) and (46). If Mε ≤ M0, the function M0/(d0 +ε) decreases as ε increases.
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Mε

d0 + ε
< 1, (48)

then the regularized fixed-point iteration is locally stable at uε. Moreover, increasing ε reduces the admissible
upper bound for the spectral radius and therefore improves damping of oscillatory error modes.

Proof. The local error e(m) = u(m) − uε satisfies, to first order,

e(m+1) = DAε(uε)e(m) + o(∥e(m)∥). (49)
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13 Spectral Analysis of the Regularized Operator
This section gives a spectral interpretation of the regularized operator. It explains why the perturbation by
εI improves numerical stability and why the fixed-point iteration becomes less sensitive to near-resonant
Helmholtz behaviour.

Let
T = I − Bk, Tε = I − Bk + εI = T + εI, (39)

and write
Aε = T −1

ε VkNε, Nε(u) = F (·, u, Uεu). (40)
For the spectral discussion we consider the Fréchet derivative at a regularized solution uε,

DAε(uε) = T −1
ε VkDNε(uε). (41)

The spectrum of this linearized operator controls the local behaviour of Newton, Picard and relaxed
fixed-point iterations.

Theorem 13.1 (Spectral localization and regularizing contraction). Assume that T = I − Bk is sectorial
and boundedly invertible on X, that

∥(T + εI)−1∥ ≤ 1
d0 + ε

, d0 > 0, (42)

and that the nonlinear derivative satisfies

∥DNε(uε) − DNε(vε)∥ = 0 locally at the fixed point, (43)

with
Mε := ∥Vk∥ ∥DNε(uε)∥ < ∞. (44)

Then
σ

(
DAε(uε)

) ⊂
{

λ ∈ C : |λ| ≤ Mε

d0 + ε

}
. (45)

In particular,
r
(
DAε(uε)

) ≤ Mε

d0 + ε
, (46)

where r(·) denotes the spectral radius. If Mε ≤ M0 for 0 < ε ≤ ε0, then the upper bound in (46) is strictly
decreasing with respect to ε.

Proof. By boundedness of the factors in the derivative,

∥DAε(uε)∥ ≤ ∥(T + εI)−1∥ ∥Vk∥ ∥DNε(uε)∥ ≤ Mε

d0 + ε
. (47)

For every bounded linear operator S on a Banach space, r(S) ≤ ∥S∥ and σ(S) ⊂ {λ : |λ| ≤ ∥S∥}. Applying
this to S = DAε(uε) gives (45) and (46). If Mε ≤ M0, the function M0/(d0 +ε) decreases as ε increases.

Corollary 13.2 (Numerical stability of the regularized iteration). If

Mε

d0 + ε
< 1, (48)

then the regularized fixed-point iteration is locally stable at uε. Moreover, increasing ε reduces the admissible
upper bound for the spectral radius and therefore improves damping of oscillatory error modes.

Proof. The local error e(m) = u(m) − uε satisfies, to first order,

e(m+1) = DAε(uε)e(m) + o(∥e(m)∥). (49)

9

Helmholtz–Urysohn BEM Alves & Alves

Thus
∥uε − u∥X ≤ 1

1 − ρ
∥Aεuε − Auε∥X . (38)

The strong convergence of the regularized inverse and the convergence Uεv → Uv imply that the right-hand
side tends to zero. If the uniform estimate with order εα holds, estimate (37) follows immediately.

13 Spectral Analysis of the Regularized Operator
This section gives a spectral interpretation of the regularized operator. It explains why the perturbation by
εI improves numerical stability and why the fixed-point iteration becomes less sensitive to near-resonant
Helmholtz behaviour.

Let
T = I − Bk, Tε = I − Bk + εI = T + εI, (39)

and write
Aε = T −1

ε VkNε, Nε(u) = F (·, u, Uεu). (40)
For the spectral discussion we consider the Fréchet derivative at a regularized solution uε,

DAε(uε) = T −1
ε VkDNε(uε). (41)

The spectrum of this linearized operator controls the local behaviour of Newton, Picard and relaxed
fixed-point iterations.

Theorem 13.1 (Spectral localization and regularizing contraction). Assume that T = I − Bk is sectorial
and boundedly invertible on X, that

∥(T + εI)−1∥ ≤ 1
d0 + ε

, d0 > 0, (42)

and that the nonlinear derivative satisfies

∥DNε(uε) − DNε(vε)∥ = 0 locally at the fixed point, (43)

with
Mε := ∥Vk∥ ∥DNε(uε)∥ < ∞. (44)

Then
σ

(
DAε(uε)

) ⊂
{

λ ∈ C : |λ| ≤ Mε

d0 + ε

}
. (45)

In particular,
r
(
DAε(uε)

) ≤ Mε

d0 + ε
, (46)

where r(·) denotes the spectral radius. If Mε ≤ M0 for 0 < ε ≤ ε0, then the upper bound in (46) is strictly
decreasing with respect to ε.

Proof. By boundedness of the factors in the derivative,

∥DAε(uε)∥ ≤ ∥(T + εI)−1∥ ∥Vk∥ ∥DNε(uε)∥ ≤ Mε

d0 + ε
. (47)

For every bounded linear operator S on a Banach space, r(S) ≤ ∥S∥ and σ(S) ⊂ {λ : |λ| ≤ ∥S∥}. Applying
this to S = DAε(uε) gives (45) and (46). If Mε ≤ M0, the function M0/(d0 +ε) decreases as ε increases.

Corollary 13.2 (Numerical stability of the regularized iteration). If

Mε

d0 + ε
< 1, (48)

then the regularized fixed-point iteration is locally stable at uε. Moreover, increasing ε reduces the admissible
upper bound for the spectral radius and therefore improves damping of oscillatory error modes.

Proof. The local error e(m) = u(m) − uε satisfies, to first order,

e(m+1) = DAε(uε)e(m) + o(∥e(m)∥). (49)

9

Helmholtz–Urysohn BEM Alves & Alves

Thus
∥uε − u∥X ≤ 1

1 − ρ
∥Aεuε − Auε∥X . (38)

The strong convergence of the regularized inverse and the convergence Uεv → Uv imply that the right-hand
side tends to zero. If the uniform estimate with order εα holds, estimate (37) follows immediately.

13 Spectral Analysis of the Regularized Operator
This section gives a spectral interpretation of the regularized operator. It explains why the perturbation by
εI improves numerical stability and why the fixed-point iteration becomes less sensitive to near-resonant
Helmholtz behaviour.

Let
T = I − Bk, Tε = I − Bk + εI = T + εI, (39)

and write
Aε = T −1

ε VkNε, Nε(u) = F (·, u, Uεu). (40)
For the spectral discussion we consider the Fréchet derivative at a regularized solution uε,

DAε(uε) = T −1
ε VkDNε(uε). (41)

The spectrum of this linearized operator controls the local behaviour of Newton, Picard and relaxed
fixed-point iterations.

Theorem 13.1 (Spectral localization and regularizing contraction). Assume that T = I − Bk is sectorial
and boundedly invertible on X, that

∥(T + εI)−1∥ ≤ 1
d0 + ε

, d0 > 0, (42)

and that the nonlinear derivative satisfies

∥DNε(uε) − DNε(vε)∥ = 0 locally at the fixed point, (43)

with
Mε := ∥Vk∥ ∥DNε(uε)∥ < ∞. (44)

Then
σ

(
DAε(uε)

) ⊂
{

λ ∈ C : |λ| ≤ Mε

d0 + ε

}
. (45)

In particular,
r
(
DAε(uε)

) ≤ Mε

d0 + ε
, (46)

where r(·) denotes the spectral radius. If Mε ≤ M0 for 0 < ε ≤ ε0, then the upper bound in (46) is strictly
decreasing with respect to ε.

Proof. By boundedness of the factors in the derivative,

∥DAε(uε)∥ ≤ ∥(T + εI)−1∥ ∥Vk∥ ∥DNε(uε)∥ ≤ Mε

d0 + ε
. (47)

For every bounded linear operator S on a Banach space, r(S) ≤ ∥S∥ and σ(S) ⊂ {λ : |λ| ≤ ∥S∥}. Applying
this to S = DAε(uε) gives (45) and (46). If Mε ≤ M0, the function M0/(d0 +ε) decreases as ε increases.

Corollary 13.2 (Numerical stability of the regularized iteration). If

Mε

d0 + ε
< 1, (48)

then the regularized fixed-point iteration is locally stable at uε. Moreover, increasing ε reduces the admissible
upper bound for the spectral radius and therefore improves damping of oscillatory error modes.

Proof. The local error e(m) = u(m) − uε satisfies, to first order,

e(m+1) = DAε(uε)e(m) + o(∥e(m)∥). (49)

9

Helmholtz–Urysohn BEM Alves & Alves

If the spectral radius is strictly smaller than one, the linearized error propagation is stable. The previous
theorem shows that the regularization decreases a computable upper bound for this radius.

Figure 5: Illustrative spectral contraction produced by the regularizing parameter ε. The regularized spectrum is
concentrated in a smaller disk, giving stronger damping of iterative errors.

14 Explicit Error Estimates
The convergence estimate can be refined by separating three distinct sources of error: the regularization
bias, the BEM discretization error and the quadrature error used to approximate the Urysohn and
volume-potential terms.

Let u be the exact solution of the classical nonlinear Helmholtz–Urysohn problem, uε the exact solution
of the regularized problem and uε,h the fully discrete BEM approximation. We write

∥u − uε,h∥X ≤ ∥u − uε∥X + ∥uε − uε,h∥X . (50)

Theorem 14.1 (Explicit regularization-discretization-quadrature error bound). Assume that the classical
operator is a contraction with constant ρ < 1, the regularized discrete operator is a contraction with constant
ρε,h < 1, and that

sup
v∈D

∥Av − Aεv∥X ≤ CRεα, (51)

sup
v∈D

∥Aεv − Aε,hv∥X ≤ CDhp + CQηh. (52)

Then
∥u − uε,h∥X ≤ C1εα + C2hp + C3ηh, (53)

where
C1 = CR

1 − ρ
, C2 = CD

1 − ρε,h
, C3 = CQ

1 − ρε,h
. (54)

Proof. The first part follows from the regularization convergence estimate,

∥u − uε∥X ≤ CR

1 − ρ
εα. (55)
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                                                                                                                                                                                         (52)

Then
                                                                                                                                                                                         (53)

where

                                                                                                                                                                                         (54)

Proof. The first part follows from the regularization convergence estimate,

                                                                                                                                                                                         (55)

For the second part, using

Moving the contraction term to the left gives    

                                                                                                                                                                                        (56)

Combining both estimates proves (53).

Interpretation of the Three Error Components
The term C1ε

α is the regularization error. It measures the bias introduced by replacing     with    ε. It decreases when ε → 0+, but too 
small a value of ε may reduce numerical stability. 

The term C2h
p is the BEM Discretisation error. The exponent p depends on the smoothness of the boundary, the regularity of the 

solution and the order of the boundary elements.

The term C3ηh is the quadrature error. It comes from the numerical approximation of the Urysohn integral and the Helmholtz volume 
potential. Singular or nearly singular kernels require special quadrature rules to keep ηh small.

Table 2: Decomposition of the Total Approximation Error
Error component Mathematical term Practical control parameter
Regularization error Decrease ε after stability is achieved
BEM discretisation error Refine the boundary mesh or increase element order
Quadrature error Use higher-order or singularityadapted quadrature

Computational Complexity
Let N be the number of boundary unknowns and let M be the number of quadrature nodes used for the nonlinear Urysohn term. For 
a dense direct BEM implementation, the principal costs are as follows.

Table 3: Computational Complexity of the Regularized Nonlinear BEM Algorithm  
Operation Cost Comment
Assembly of dense BEM matrices Pairwise boundary element interactions
Assembly of Urysohn quadrature values Evaluation of
One fixed-point iteration Dense matrix-vector products plus nonlinear quadrature
Direct linear solve Used if the boundary system is refactorized
Memory for dense BEM matrices Dominant storage requirement

    
When the geometry is fixed and the same boundary matrix is used at every nonlinear iteration, an LU factorization may be computed 
once. The initial factorization costs O(N3), but each subsequent solve costs O(N2). If iterative linear solvers are used, the cost depends 
on the number of Krylov iterations and on the availability of fast matrix-vector products.
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If the spectral radius is strictly smaller than one, the linearized error propagation is stable. The previous
theorem shows that the regularization decreases a computable upper bound for this radius.

Figure 5: Illustrative spectral contraction produced by the regularizing parameter ε. The regularized spectrum is
concentrated in a smaller disk, giving stronger damping of iterative errors.
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For the second part, using uε = Aεuε and uε,h = Aε,huε,h gives

∥uε − uε,h∥X ≤ ∥Aεuε − Aεuε,h∥X + ∥Aεuε,h − Aε,huε,h∥X

≤ ρε,h∥uε − uε,h∥X + CDhp + CQηh.

Moving the contraction term to the left gives

∥uε − uε,h∥X ≤ CD

1 − ρε,h
hp + CQ

1 − ρε,h
ηh. (56)

Combining both estimates proves (53).

14.1 Interpretation of the three error components
The term C1εα is the regularization error. It measures the bias introduced by replacing A with Aε. It
decreases when ε → 0+, but too small a value of ε may reduce numerical stability.

The term C2hp is the BEM discretization error. The exponent p depends on the smoothness of the
boundary, the regularity of the solution and the order of the boundary elements.

The term C3ηh is the quadrature error. It comes from the numerical approximation of the Urysohn
integral and the Helmholtz volume potential. Singular or nearly singular kernels require special quadrature
rules to keep ηh small.

Table 2: Decomposition of the total approximation error.

Error component Mathematical term Practical control parameter
Regularization error C1εα Decrease ε after stability is achieved
BEM discretization error C2hp Refine the boundary mesh or increase

element order
Quadrature error C3ηh Use higher-order or singularity-

adapted quadrature

15 Computational Complexity
Let N be the number of boundary unknowns and let M be the number of quadrature nodes used for the
nonlinear Urysohn term. For a dense direct BEM implementation, the principal costs are as follows.

Table 3: Computational complexity of the regularized nonlinear BEM algorithm.

Operation Cost Comment
Assembly of dense BEM matrices O(N2) Pairwise boundary element inter-

actions
Assembly of Urysohn quadrature val-
ues

O(NM) Evaluation of Kε(xi, ym, uh(ym))

One fixed-point iteration O(N2 + NM) Dense matrix-vector products plus
nonlinear quadrature

Direct linear solve O(N3) Used if the boundary system is
refactorized

Memory for dense BEM matrices O(N2) Dominant storage requirement

When the geometry is fixed and the same boundary matrix is used at every nonlinear iteration, an LU
factorization may be computed once. The initial factorization costs O(N3), but each subsequent solve costs
O(N2). If iterative linear solvers are used, the cost depends on the number of Krylov iterations and on the
availability of fast matrix-vector products.
15.1 Comparison with finite element methods
For Helmholtz problems in homogeneous or piecewise homogeneous media, BEM has the advantage of
reducing the dimension of the discretization: a three-dimensional boundary value problem is discretized on
a two-dimensional surface, and a two-dimensional problem is discretized on a one-dimensional curve. This
is particularly attractive for exterior wave propagation, because the radiation condition is built naturally
into the fundamental solution.

The main disadvantage is that BEM matrices are dense. Standard FEM matrices are sparse and usually
require O(NF EM ) memory, while dense BEM requires O(N2) memory. However, for exterior Helmholtz
problems, FEM typically needs artificial truncation of the domain and absorbing boundary conditions or
perfectly matched layers, whereas BEM handles the unbounded exterior directly.
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14.1 Interpretation of the three error components
The term C1εα is the regularization error. It measures the bias introduced by replacing A with Aε. It
decreases when ε → 0+, but too small a value of ε may reduce numerical stability.

The term C2hp is the BEM discretization error. The exponent p depends on the smoothness of the
boundary, the regularity of the solution and the order of the boundary elements.

The term C3ηh is the quadrature error. It comes from the numerical approximation of the Urysohn
integral and the Helmholtz volume potential. Singular or nearly singular kernels require special quadrature
rules to keep ηh small.

Table 2: Decomposition of the total approximation error.

Error component Mathematical term Practical control parameter
Regularization error C1εα Decrease ε after stability is achieved
BEM discretization error C2hp Refine the boundary mesh or increase

element order
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15 Computational Complexity
Let N be the number of boundary unknowns and let M be the number of quadrature nodes used for the
nonlinear Urysohn term. For a dense direct BEM implementation, the principal costs are as follows.
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Assembly of Urysohn quadrature val-
ues

O(NM) Evaluation of Kε(xi, ym, uh(ym))

One fixed-point iteration O(N2 + NM) Dense matrix-vector products plus
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Direct linear solve O(N3) Used if the boundary system is
refactorized

Memory for dense BEM matrices O(N2) Dominant storage requirement

When the geometry is fixed and the same boundary matrix is used at every nonlinear iteration, an LU
factorization may be computed once. The initial factorization costs O(N3), but each subsequent solve costs
O(N2). If iterative linear solvers are used, the cost depends on the number of Krylov iterations and on the
availability of fast matrix-vector products.
15.1 Comparison with finite element methods
For Helmholtz problems in homogeneous or piecewise homogeneous media, BEM has the advantage of
reducing the dimension of the discretization: a three-dimensional boundary value problem is discretized on
a two-dimensional surface, and a two-dimensional problem is discretized on a one-dimensional curve. This
is particularly attractive for exterior wave propagation, because the radiation condition is built naturally
into the fundamental solution.
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implies that A is compact and continuous on D. Since D is nonempty, closed, bounded and convex, and
A(D) ⊂ D, Schauder’s fixed-point theorem gives a point u ∈ D such that u = Au.

Theorem 6.4 (Contraction uniqueness). Assume that F is Lipschitz in its second and third variables with
constants L1 and L2, and that K is Lipschitz in its third variable with constant LK in the sense

|K(x, y, z1) − K(x, y, z2)| ≤ LK(x, y)|z1 − z2|,

where ΛK = supx

∫
Ω LK(x, y) dy < ∞. If

∥(I − Bk)−1∥ ∥Vk∥ (L1 + L2ΛK) < 1, (14)

then the fixed-point problem (11) has a unique solution in X and the Picard iteration converges to it.

Proof. For u, v ∈ X,
∥Uu − Uv∥∞ ≤ ΛK ∥u − v∥∞ .

Therefore,
∥F (·, u, Uu) − F (·, v, Uv)∥∞ ≤ (L1 + L2ΛK) ∥u − v∥∞ .

Applying the bounded operators in (12) gives

∥Au − Av∥ ≤ ∥(I − Bk)−1∥ ∥Vk∥ (L1 + L2ΛK) ∥u − v∥ .

Condition (14) makes A a contraction. Banach’s fixed-point theorem yields uniqueness and convergence of
Picard iteration.

Theorem 6.5 (Stability with respect to data). Let u and ũ be solutions corresponding to nonlinear sources
F and F̃ . Under the contraction condition with constant ρ < 1, one has

∥u − ũ∥ ≤ ∥(I − Bk)−1∥ ∥Vk∥
1 − ρ

∥∥∥F − F̃
∥∥∥ . (15)

Proof. Write u = AF u and ũ = AF̃ ũ. Then

∥u − ũ∥ ≤ ∥AF u − AF ũ∥ +
∥∥AF ũ − AF̃ ũ

∥∥ .

The first term is bounded by ρ ∥u − ũ∥ and the second by ∥(I − Bk)−1∥∥Vk∥
∥∥∥F − F̃

∥∥∥. Rearranging proves
the result.

7 Boundary Element Discretization
The boundary Γ is divided into elements Γj . The boundary unknowns are approximated by basis functions:

uh(y) =
N∑

j=1
Ujϕj(y), qh(y) =

N∑

j=1
Qjψj(y). (16)

The discretized equation has the form

H(k)U − G(k)Q = Bh [F (·, uh, Uhuh)] . (17)

The Urysohn operator is approximated by quadrature:

(Uhuh)(xi) =
M∑

m=1
wmK(xi, ym, uh(ym)). (18)

For Dirichlet data, U is known and Q is solved; for Neumann data, Q is known and U is solved. For mixed
or Robin data, the system is assembled blockwise.
8 Iterative Algorithm
A practical numerical scheme is:

1. Generate the boundary mesh.

2. Assemble the Helmholtz BEM matrices H(k) and G(k).

4

Helmholtz–Urysohn BEM Alves & Alves

implies that A is compact and continuous on D. Since D is nonempty, closed, bounded and convex, and
A(D) ⊂ D, Schauder’s fixed-point theorem gives a point u ∈ D such that u = Au.

Theorem 6.4 (Contraction uniqueness). Assume that F is Lipschitz in its second and third variables with
constants L1 and L2, and that K is Lipschitz in its third variable with constant LK in the sense

|K(x, y, z1) − K(x, y, z2)| ≤ LK(x, y)|z1 − z2|,

where ΛK = supx

∫
Ω LK(x, y) dy < ∞. If

∥(I − Bk)−1∥ ∥Vk∥ (L1 + L2ΛK) < 1, (14)

then the fixed-point problem (11) has a unique solution in X and the Picard iteration converges to it.

Proof. For u, v ∈ X,
∥Uu − Uv∥∞ ≤ ΛK ∥u − v∥∞ .

Therefore,
∥F (·, u, Uu) − F (·, v, Uv)∥∞ ≤ (L1 + L2ΛK) ∥u − v∥∞ .

Applying the bounded operators in (12) gives

∥Au − Av∥ ≤ ∥(I − Bk)−1∥ ∥Vk∥ (L1 + L2ΛK) ∥u − v∥ .

Condition (14) makes A a contraction. Banach’s fixed-point theorem yields uniqueness and convergence of
Picard iteration.

Theorem 6.5 (Stability with respect to data). Let u and ũ be solutions corresponding to nonlinear sources
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For the second part, using uε = Aεuε and uε,h = Aε,huε,h gives

∥uε − uε,h∥X ≤ ∥Aεuε − Aεuε,h∥X + ∥Aεuε,h − Aε,huε,h∥X

≤ ρε,h∥uε − uε,h∥X + CDhp + CQηh.

Moving the contraction term to the left gives

∥uε − uε,h∥X ≤ CD

1 − ρε,h
hp + CQ

1 − ρε,h
ηh. (56)

Combining both estimates proves (53).

14.1 Interpretation of the three error components
The term C1εα is the regularization error. It measures the bias introduced by replacing A with Aε. It
decreases when ε → 0+, but too small a value of ε may reduce numerical stability.

The term C2hp is the BEM discretization error. The exponent p depends on the smoothness of the
boundary, the regularity of the solution and the order of the boundary elements.

The term C3ηh is the quadrature error. It comes from the numerical approximation of the Urysohn
integral and the Helmholtz volume potential. Singular or nearly singular kernels require special quadrature
rules to keep ηh small.

Table 2: Decomposition of the total approximation error.

Error component Mathematical term Practical control parameter
Regularization error C1εα Decrease ε after stability is achieved
BEM discretization error C2hp Refine the boundary mesh or increase

element order
Quadrature error C3ηh Use higher-order or singularity-

adapted quadrature

15 Computational Complexity
Let N be the number of boundary unknowns and let M be the number of quadrature nodes used for the
nonlinear Urysohn term. For a dense direct BEM implementation, the principal costs are as follows.

Table 3: Computational complexity of the regularized nonlinear BEM algorithm.

Operation Cost Comment
Assembly of dense BEM matrices O(N2) Pairwise boundary element inter-

actions
Assembly of Urysohn quadrature val-
ues

O(NM) Evaluation of Kε(xi, ym, uh(ym))

One fixed-point iteration O(N2 + NM) Dense matrix-vector products plus
nonlinear quadrature

Direct linear solve O(N3) Used if the boundary system is
refactorized

Memory for dense BEM matrices O(N2) Dominant storage requirement

When the geometry is fixed and the same boundary matrix is used at every nonlinear iteration, an LU
factorization may be computed once. The initial factorization costs O(N3), but each subsequent solve costs
O(N2). If iterative linear solvers are used, the cost depends on the number of Krylov iterations and on the
availability of fast matrix-vector products.
15.1 Comparison with finite element methods
For Helmholtz problems in homogeneous or piecewise homogeneous media, BEM has the advantage of
reducing the dimension of the discretization: a three-dimensional boundary value problem is discretized on
a two-dimensional surface, and a two-dimensional problem is discretized on a one-dimensional curve. This
is particularly attractive for exterior wave propagation, because the radiation condition is built naturally
into the fundamental solution.

The main disadvantage is that BEM matrices are dense. Standard FEM matrices are sparse and usually
require O(NF EM ) memory, while dense BEM requires O(N2) memory. However, for exterior Helmholtz
problems, FEM typically needs artificial truncation of the domain and absorbing boundary conditions or
perfectly matched layers, whereas BEM handles the unbounded exterior directly.
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Comparison with Finite Element Methods
For Helmholtz problems in homogeneous or piecewise  homogeneous media, BEM has the advantage of reducing the dimension of 
the discretisation: a three-dimensional boundary value problem is discretized on a two-dimensional surface, and a two-dimensional 
problem is discretized on a one-dimensional curve. This is particularly attractive for exterior wave propagation, because the radiation 
condition is built naturally into the fundamental solution.

The main disadvantage is that BEM matrices are dense. Standard FEM matrices are sparse and usually require O(NFEM) memory, 
while dense BEM requires O(N2) memory. However, for exterior Helmholtz problems, FEM typically needs artificial truncation of 
the domain and absorbing boundary conditions or perfectly matched layers, whereas BEM handles the unbounded exterior directly.

Table 4: Qualitative Comparison Between Regularized Bem and FEM for Helmholtz-Type Problems
Criterion Regularized BEM FEM
Unknowns Boundary unknowns only Domain unknowns
Matrix structure Dense Sparse
Memory O(N2) without compression Approximately linear for sparse matrices
Exterior domains Natural treatment by fundamental solution Requires truncation or absorbing layers
Nonlocal Urysohn term Requires volume or domain quadrature Naturally incorporated in the domain mesh
Stability Improved by ε-regularization Improved by stabilization, mesh refinement or absorbing layers

Fast multipole BEM, hierarchical matrices and adaptive cross approximation may reduce the effective cost from quadratic to nearly 
linear or log-linear complexity for large-scale problems. These accelerations are compatible with the regularized formulation and 
are important for high-frequency Helmholtz simulations.

Comparison Between the Classical and Regularized Operators
The classical BEM operator     directly applies the Helmholtz boundary integral representation to the nonlinear source
The regularized operator     modifies both the nonlinear Urysohn response and the boundary inverse. The regularized formulation 
is therefore slightly biased for fixed ε > 0, but it is more stable in near-resonant regimes and converges to the classical formulation 
as ε → 0+.   

Table 5: Conceptual Comparison Between the Classical and Regularized Nonlinear BEM Formulations  
Criterion Classical BEM operator Regularized BEM operator
Boundary inverse
Nonlinear term
Conditioning Sensitive near resonances Improved for ε > 0
Accuracy No regularization bias Bias vanishes as ε → 0
Theory Schauder/Banach fixed point Schauder/Banach plus stability in ε
Computation May require damping Usually more robust iteration

Three MATLAB Computational Examples
Example 15.1 (Surface of the regularized Helmholtz–Urysohn field). The following MATLAB code generates a colored three-
dimensional surface for a regularized nonlinear response.

Listing 4: MATLAB Example 1: Regularized Nonlinear Helmholtz–Urysohn Surface

Example 15.2 (Classical versus regularized profiles). This experiment compares the oscillatory behaviour of a classical BEM 
approximation with the smoother regularized approximation.
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implies that A is compact and continuous on D. Since D is nonempty, closed, bounded and convex, and
A(D) ⊂ D, Schauder’s fixed-point theorem gives a point u ∈ D such that u = Au.

Theorem 6.4 (Contraction uniqueness). Assume that F is Lipschitz in its second and third variables with
constants L1 and L2, and that K is Lipschitz in its third variable with constant LK in the sense

|K(x, y, z1) − K(x, y, z2)| ≤ LK(x, y)|z1 − z2|,

where ΛK = supx

∫
Ω LK(x, y) dy < ∞. If

∥(I − Bk)−1∥ ∥Vk∥ (L1 + L2ΛK) < 1, (14)

then the fixed-point problem (11) has a unique solution in X and the Picard iteration converges to it.

Proof. For u, v ∈ X,
∥Uu − Uv∥∞ ≤ ΛK ∥u − v∥∞ .

Therefore,
∥F (·, u, Uu) − F (·, v, Uv)∥∞ ≤ (L1 + L2ΛK) ∥u − v∥∞ .

Applying the bounded operators in (12) gives

∥Au − Av∥ ≤ ∥(I − Bk)−1∥ ∥Vk∥ (L1 + L2ΛK) ∥u − v∥ .

Condition (14) makes A a contraction. Banach’s fixed-point theorem yields uniqueness and convergence of
Picard iteration.

Theorem 6.5 (Stability with respect to data). Let u and ũ be solutions corresponding to nonlinear sources
F and F̃ . Under the contraction condition with constant ρ < 1, one has

∥u − ũ∥ ≤ ∥(I − Bk)−1∥ ∥Vk∥
1 − ρ

∥∥∥F − F̃
∥∥∥ . (15)

Proof. Write u = AF u and ũ = AF̃ ũ. Then

∥u − ũ∥ ≤ ∥AF u − AF ũ∥ +
∥∥AF ũ − AF̃ ũ

∥∥ .

The first term is bounded by ρ ∥u − ũ∥ and the second by ∥(I − Bk)−1∥∥Vk∥
∥∥∥F − F̃

∥∥∥. Rearranging proves
the result.

7 Boundary Element Discretization
The boundary Γ is divided into elements Γj . The boundary unknowns are approximated by basis functions:

uh(y) =
N∑

j=1
Ujϕj(y), qh(y) =

N∑

j=1
Qjψj(y). (16)

The discretized equation has the form

H(k)U − G(k)Q = Bh [F (·, uh, Uhuh)] . (17)

The Urysohn operator is approximated by quadrature:

(Uhuh)(xi) =
M∑

m=1
wmK(xi, ym, uh(ym)). (18)

For Dirichlet data, U is known and Q is solved; for Neumann data, Q is known and U is solved. For mixed
or Robin data, the system is assembled blockwise.
8 Iterative Algorithm
A practical numerical scheme is:

1. Generate the boundary mesh.

2. Assemble the Helmholtz BEM matrices H(k) and G(k).
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∥∥ .

The first term is bounded by ρ ∥u − ũ∥ and the second by ∥(I − Bk)−1∥∥Vk∥
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Table 4: Qualitative comparison between regularized BEM and FEM for Helmholtz-type problems.

Criterion Regularized BEM FEM
Unknowns Boundary unknowns only Domain unknowns
Matrix structure Dense Sparse
Memory O(N2) without compression Approximately linear for sparse

matrices
Exterior domains Natural treatment by fundamental

solution
Requires truncation or absorbing
layers

Nonlocal Urysohn term Requires volume or domain
quadrature

Naturally incorporated in the do-
main mesh

Stability Improved by ε-regularization Improved by stabilization, mesh
refinement or absorbing layers

Fast multipole BEM, hierarchical matrices and adaptive cross approximation may reduce the effective cost
from quadratic to nearly linear or log-linear complexity for large-scale problems. These accelerations are
compatible with the regularized formulation and are important for high-frequency Helmholtz simulations.
15.2 Comparison between the classical and regularized operators
The classical BEM operator A directly applies the Helmholtz boundary integral representation to the
nonlinear source F (·, u, Uu). The regularized operator Aε modifies both the nonlinear Urysohn response
and the boundary inverse. The regularized formulation is therefore slightly biased for fixed ε > 0, but it is
more stable in near-resonant regimes and converges to the classical formulation as ε → 0+.

Table 5: Conceptual comparison between the classical and regularized nonlinear BEM formulations.

Criterion Classical BEM operator A Regularized BEM operator Aε

Boundary inverse (I − Bk)−1 (I − Bk + εI)−1

Nonlinear term Uu Uεu
Conditioning Sensitive near resonances Improved for ε > 0
Accuracy No regularization bias Bias vanishes as ε → 0
Theory Schauder/Banach fixed point Schauder/Banach plus stability in

ε
Computation May require damping Usually more robust iteration

15.3 Three MATLAB computational examples
Example 15.1 (Surface of the regularized Helmholtz–Urysohn field). The following MATLAB code
generates a colored three-dimensional surface for a regularized nonlinear response.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,160));
2 r = sqrt(x.^2 + y.^2) + 1e -8;
3 k = 12; epsreg = 0.08;
4 u_classic = cos(k*r)./(1 + 2*r) + 0.15* sin (3*x.*y);
5 h = fspecial (’gaussian ’ ,[9 9] ,2.0);
6 u_reg = imfilter ( u_classic ,h,’replicate ’);
7 u_reg = (1- epsreg )* u_reg + epsreg *cos(k*r) ./(1+3* r);
8 surf(x,y, u_reg ); shading interp ; colormap turbo ; colorbar ;
9 xlabel (’x’); ylabel (’y’); zlabel (’u_\ epsilon ’);

10 title (’Regularized ␣Helmholtz -- Urysohn ␣ surface ’);

Listing 4: MATLAB example 1: regularized nonlinear Helmholtz–Urysohn surface.

Example 15.2 (Classical versus regularized profiles). This experiment compares the oscillatory behaviour
of a classical BEM approximation with the smoother regularized approximation.

1 t = linspace (0 ,1 ,300) ’;
2 k = 18; epsreg = 0.05;
3 u_classic = sin(k*pi*t) ./(1+4* t) + 0.25* sin (5* pi*t).^3;
4 window = ones (11 ,1) /11;
5 u_reg = conv( u_classic ,window ,’same ’);
6 err = abs( u_classic - u_reg );
7 figure ; plot(t, u_classic ,’--’,t,u_reg ,’-’,’LineWidth ’ ,1.4);
8 grid on; xlabel (’t’); ylabel (’solution ’);
9 legend (’Classical ␣BEM ’,’Regularized ␣BEM ’);

10 title (’Classical ␣ versus ␣ regularized ␣ nonlinear ␣BEM␣ profiles ’);
11 figure ; plot(t,err ,’LineWidth ’ ,1.4); grid on;
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1 t = linspace (0 ,1 ,300) ’;
2 k = 18; epsreg = 0.05;
3 u_classic = sin(k*pi*t) ./(1+4* t) + 0.25* sin (5* pi*t).^3;
4 window = ones (11 ,1) /11;
5 u_reg = conv( u_classic ,window ,’same ’);
6 err = abs( u_classic - u_reg );
7 figure ; plot(t, u_classic ,’--’,t,u_reg ,’-’,’LineWidth ’ ,1.4);
8 grid on; xlabel (’t’); ylabel (’solution ’);
9 legend (’Classical ␣BEM ’,’Regularized ␣BEM ’);

10 title (’Classical ␣ versus ␣ regularized ␣ nonlinear ␣BEM␣ profiles ’);
11 figure ; plot(t,err ,’LineWidth ’ ,1.4); grid on;
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Table 4: Qualitative comparison between regularized BEM and FEM for Helmholtz-type problems.

Criterion Regularized BEM FEM
Unknowns Boundary unknowns only Domain unknowns
Matrix structure Dense Sparse
Memory O(N2) without compression Approximately linear for sparse

matrices
Exterior domains Natural treatment by fundamental

solution
Requires truncation or absorbing
layers

Nonlocal Urysohn term Requires volume or domain
quadrature

Naturally incorporated in the do-
main mesh

Stability Improved by ε-regularization Improved by stabilization, mesh
refinement or absorbing layers

Fast multipole BEM, hierarchical matrices and adaptive cross approximation may reduce the effective cost
from quadratic to nearly linear or log-linear complexity for large-scale problems. These accelerations are
compatible with the regularized formulation and are important for high-frequency Helmholtz simulations.
15.2 Comparison between the classical and regularized operators
The classical BEM operator A directly applies the Helmholtz boundary integral representation to the
nonlinear source F (·, u, Uu). The regularized operator Aε modifies both the nonlinear Urysohn response
and the boundary inverse. The regularized formulation is therefore slightly biased for fixed ε > 0, but it is
more stable in near-resonant regimes and converges to the classical formulation as ε → 0+.

Table 5: Conceptual comparison between the classical and regularized nonlinear BEM formulations.

Criterion Classical BEM operator A Regularized BEM operator Aε

Boundary inverse (I − Bk)−1 (I − Bk + εI)−1

Nonlinear term Uu Uεu
Conditioning Sensitive near resonances Improved for ε > 0
Accuracy No regularization bias Bias vanishes as ε → 0
Theory Schauder/Banach fixed point Schauder/Banach plus stability in

ε
Computation May require damping Usually more robust iteration

15.3 Three MATLAB computational examples
Example 15.1 (Surface of the regularized Helmholtz–Urysohn field). The following MATLAB code
generates a colored three-dimensional surface for a regularized nonlinear response.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,160));
2 r = sqrt(x.^2 + y.^2) + 1e -8;
3 k = 12; epsreg = 0.08;
4 u_classic = cos(k*r)./(1 + 2*r) + 0.15* sin (3*x.*y);
5 h = fspecial (’gaussian ’ ,[9 9] ,2.0);
6 u_reg = imfilter ( u_classic ,h,’replicate ’);
7 u_reg = (1- epsreg )* u_reg + epsreg *cos(k*r) ./(1+3* r);
8 surf(x,y, u_reg ); shading interp ; colormap turbo ; colorbar ;
9 xlabel (’x’); ylabel (’y’); zlabel (’u_\ epsilon ’);

10 title (’Regularized ␣Helmholtz -- Urysohn ␣ surface ’);

Listing 4: MATLAB example 1: regularized nonlinear Helmholtz–Urysohn surface.

Example 15.2 (Classical versus regularized profiles). This experiment compares the oscillatory behaviour
of a classical BEM approximation with the smoother regularized approximation.

1 t = linspace (0 ,1 ,300) ’;
2 k = 18; epsreg = 0.05;
3 u_classic = sin(k*pi*t) ./(1+4* t) + 0.25* sin (5* pi*t).^3;
4 window = ones (11 ,1) /11;
5 u_reg = conv( u_classic ,window ,’same ’);
6 err = abs( u_classic - u_reg );
7 figure ; plot(t, u_classic ,’--’,t,u_reg ,’-’,’LineWidth ’ ,1.4);
8 grid on; xlabel (’t’); ylabel (’solution ’);
9 legend (’Classical ␣BEM ’,’Regularized ␣BEM ’);

10 title (’Classical ␣ versus ␣ regularized ␣ nonlinear ␣BEM␣ profiles ’);
11 figure ; plot(t,err ,’LineWidth ’ ,1.4); grid on;
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Table 4: Qualitative comparison between regularized BEM and FEM for Helmholtz-type problems.

Criterion Regularized BEM FEM
Unknowns Boundary unknowns only Domain unknowns
Matrix structure Dense Sparse
Memory O(N2) without compression Approximately linear for sparse

matrices
Exterior domains Natural treatment by fundamental

solution
Requires truncation or absorbing
layers

Nonlocal Urysohn term Requires volume or domain
quadrature

Naturally incorporated in the do-
main mesh

Stability Improved by ε-regularization Improved by stabilization, mesh
refinement or absorbing layers

Fast multipole BEM, hierarchical matrices and adaptive cross approximation may reduce the effective cost
from quadratic to nearly linear or log-linear complexity for large-scale problems. These accelerations are
compatible with the regularized formulation and are important for high-frequency Helmholtz simulations.
15.2 Comparison between the classical and regularized operators
The classical BEM operator A directly applies the Helmholtz boundary integral representation to the
nonlinear source F (·, u, Uu). The regularized operator Aε modifies both the nonlinear Urysohn response
and the boundary inverse. The regularized formulation is therefore slightly biased for fixed ε > 0, but it is
more stable in near-resonant regimes and converges to the classical formulation as ε → 0+.

Table 5: Conceptual comparison between the classical and regularized nonlinear BEM formulations.

Criterion Classical BEM operator A Regularized BEM operator Aε

Boundary inverse (I − Bk)−1 (I − Bk + εI)−1

Nonlinear term Uu Uεu
Conditioning Sensitive near resonances Improved for ε > 0
Accuracy No regularization bias Bias vanishes as ε → 0
Theory Schauder/Banach fixed point Schauder/Banach plus stability in

ε
Computation May require damping Usually more robust iteration

15.3 Three MATLAB computational examples
Example 15.1 (Surface of the regularized Helmholtz–Urysohn field). The following MATLAB code
generates a colored three-dimensional surface for a regularized nonlinear response.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,160));
2 r = sqrt(x.^2 + y.^2) + 1e -8;
3 k = 12; epsreg = 0.08;
4 u_classic = cos(k*r)./(1 + 2*r) + 0.15* sin (3*x.*y);
5 h = fspecial (’gaussian ’ ,[9 9] ,2.0);
6 u_reg = imfilter ( u_classic ,h,’replicate ’);
7 u_reg = (1- epsreg )* u_reg + epsreg *cos(k*r) ./(1+3* r);
8 surf(x,y, u_reg ); shading interp ; colormap turbo ; colorbar ;
9 xlabel (’x’); ylabel (’y’); zlabel (’u_\ epsilon ’);

10 title (’Regularized ␣Helmholtz -- Urysohn ␣ surface ’);

Listing 4: MATLAB example 1: regularized nonlinear Helmholtz–Urysohn surface.

Example 15.2 (Classical versus regularized profiles). This experiment compares the oscillatory behaviour
of a classical BEM approximation with the smoother regularized approximation.

1 t = linspace (0 ,1 ,300) ’;
2 k = 18; epsreg = 0.05;
3 u_classic = sin(k*pi*t) ./(1+4* t) + 0.25* sin (5* pi*t).^3;
4 window = ones (11 ,1) /11;
5 u_reg = conv( u_classic ,window ,’same ’);
6 err = abs( u_classic - u_reg );
7 figure ; plot(t, u_classic ,’--’,t,u_reg ,’-’,’LineWidth ’ ,1.4);
8 grid on; xlabel (’t’); ylabel (’solution ’);
9 legend (’Classical ␣BEM ’,’Regularized ␣BEM ’);

10 title (’Classical ␣ versus ␣ regularized ␣ nonlinear ␣BEM␣ profiles ’);
11 figure ; plot(t,err ,’LineWidth ’ ,1.4); grid on;
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Table 4: Qualitative comparison between regularized BEM and FEM for Helmholtz-type problems.

Criterion Regularized BEM FEM
Unknowns Boundary unknowns only Domain unknowns
Matrix structure Dense Sparse
Memory O(N2) without compression Approximately linear for sparse

matrices
Exterior domains Natural treatment by fundamental

solution
Requires truncation or absorbing
layers

Nonlocal Urysohn term Requires volume or domain
quadrature

Naturally incorporated in the do-
main mesh

Stability Improved by ε-regularization Improved by stabilization, mesh
refinement or absorbing layers

Fast multipole BEM, hierarchical matrices and adaptive cross approximation may reduce the effective cost
from quadratic to nearly linear or log-linear complexity for large-scale problems. These accelerations are
compatible with the regularized formulation and are important for high-frequency Helmholtz simulations.
15.2 Comparison between the classical and regularized operators
The classical BEM operator A directly applies the Helmholtz boundary integral representation to the
nonlinear source F (·, u, Uu). The regularized operator Aε modifies both the nonlinear Urysohn response
and the boundary inverse. The regularized formulation is therefore slightly biased for fixed ε > 0, but it is
more stable in near-resonant regimes and converges to the classical formulation as ε → 0+.

Table 5: Conceptual comparison between the classical and regularized nonlinear BEM formulations.

Criterion Classical BEM operator A Regularized BEM operator Aε

Boundary inverse (I − Bk)−1 (I − Bk + εI)−1

Nonlinear term Uu Uεu
Conditioning Sensitive near resonances Improved for ε > 0
Accuracy No regularization bias Bias vanishes as ε → 0
Theory Schauder/Banach fixed point Schauder/Banach plus stability in

ε
Computation May require damping Usually more robust iteration

15.3 Three MATLAB computational examples
Example 15.1 (Surface of the regularized Helmholtz–Urysohn field). The following MATLAB code
generates a colored three-dimensional surface for a regularized nonlinear response.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,160));
2 r = sqrt(x.^2 + y.^2) + 1e -8;
3 k = 12; epsreg = 0.08;
4 u_classic = cos(k*r)./(1 + 2*r) + 0.15* sin (3*x.*y);
5 h = fspecial (’gaussian ’ ,[9 9] ,2.0);
6 u_reg = imfilter ( u_classic ,h,’replicate ’);
7 u_reg = (1- epsreg )* u_reg + epsreg *cos(k*r) ./(1+3* r);
8 surf(x,y, u_reg ); shading interp ; colormap turbo ; colorbar ;
9 xlabel (’x’); ylabel (’y’); zlabel (’u_\ epsilon ’);

10 title (’Regularized ␣Helmholtz -- Urysohn ␣ surface ’);

Listing 4: MATLAB example 1: regularized nonlinear Helmholtz–Urysohn surface.

Example 15.2 (Classical versus regularized profiles). This experiment compares the oscillatory behaviour
of a classical BEM approximation with the smoother regularized approximation.

1 t = linspace (0 ,1 ,300) ’;
2 k = 18; epsreg = 0.05;
3 u_classic = sin(k*pi*t) ./(1+4* t) + 0.25* sin (5* pi*t).^3;
4 window = ones (11 ,1) /11;
5 u_reg = conv( u_classic ,window ,’same ’);
6 err = abs( u_classic - u_reg );
7 figure ; plot(t, u_classic ,’--’,t,u_reg ,’-’,’LineWidth ’ ,1.4);
8 grid on; xlabel (’t’); ylabel (’solution ’);
9 legend (’Classical ␣BEM ’,’Regularized ␣BEM ’);

10 title (’Classical ␣ versus ␣ regularized ␣ nonlinear ␣BEM␣ profiles ’);
11 figure ; plot(t,err ,’LineWidth ’ ,1.4); grid on;
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Table 4: Qualitative comparison between regularized BEM and FEM for Helmholtz-type problems.

Criterion Regularized BEM FEM
Unknowns Boundary unknowns only Domain unknowns
Matrix structure Dense Sparse
Memory O(N2) without compression Approximately linear for sparse

matrices
Exterior domains Natural treatment by fundamental

solution
Requires truncation or absorbing
layers

Nonlocal Urysohn term Requires volume or domain
quadrature

Naturally incorporated in the do-
main mesh

Stability Improved by ε-regularization Improved by stabilization, mesh
refinement or absorbing layers

Fast multipole BEM, hierarchical matrices and adaptive cross approximation may reduce the effective cost
from quadratic to nearly linear or log-linear complexity for large-scale problems. These accelerations are
compatible with the regularized formulation and are important for high-frequency Helmholtz simulations.
15.2 Comparison between the classical and regularized operators
The classical BEM operator A directly applies the Helmholtz boundary integral representation to the
nonlinear source F (·, u, Uu). The regularized operator Aε modifies both the nonlinear Urysohn response
and the boundary inverse. The regularized formulation is therefore slightly biased for fixed ε > 0, but it is
more stable in near-resonant regimes and converges to the classical formulation as ε → 0+.

Table 5: Conceptual comparison between the classical and regularized nonlinear BEM formulations.

Criterion Classical BEM operator A Regularized BEM operator Aε

Boundary inverse (I − Bk)−1 (I − Bk + εI)−1

Nonlinear term Uu Uεu
Conditioning Sensitive near resonances Improved for ε > 0
Accuracy No regularization bias Bias vanishes as ε → 0
Theory Schauder/Banach fixed point Schauder/Banach plus stability in

ε
Computation May require damping Usually more robust iteration

15.3 Three MATLAB computational examples
Example 15.1 (Surface of the regularized Helmholtz–Urysohn field). The following MATLAB code
generates a colored three-dimensional surface for a regularized nonlinear response.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,160));
2 r = sqrt(x.^2 + y.^2) + 1e -8;
3 k = 12; epsreg = 0.08;
4 u_classic = cos(k*r)./(1 + 2*r) + 0.15* sin (3*x.*y);
5 h = fspecial (’gaussian ’ ,[9 9] ,2.0);
6 u_reg = imfilter ( u_classic ,h,’replicate ’);
7 u_reg = (1- epsreg )* u_reg + epsreg *cos(k*r) ./(1+3* r);
8 surf(x,y, u_reg ); shading interp ; colormap turbo ; colorbar ;
9 xlabel (’x’); ylabel (’y’); zlabel (’u_\ epsilon ’);

10 title (’Regularized ␣Helmholtz -- Urysohn ␣ surface ’);

Listing 4: MATLAB example 1: regularized nonlinear Helmholtz–Urysohn surface.

Example 15.2 (Classical versus regularized profiles). This experiment compares the oscillatory behaviour
of a classical BEM approximation with the smoother regularized approximation.

1 t = linspace (0 ,1 ,300) ’;
2 k = 18; epsreg = 0.05;
3 u_classic = sin(k*pi*t) ./(1+4* t) + 0.25* sin (5* pi*t).^3;
4 window = ones (11 ,1) /11;
5 u_reg = conv( u_classic ,window ,’same ’);
6 err = abs( u_classic - u_reg );
7 figure ; plot(t, u_classic ,’--’,t,u_reg ,’-’,’LineWidth ’ ,1.4);
8 grid on; xlabel (’t’); ylabel (’solution ’);
9 legend (’Classical ␣BEM ’,’Regularized ␣BEM ’);

10 title (’Classical ␣ versus ␣ regularized ␣ nonlinear ␣BEM␣ profiles ’);
11 figure ; plot(t,err ,’LineWidth ’ ,1.4); grid on;
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Table 4: Qualitative comparison between regularized BEM and FEM for Helmholtz-type problems.

Criterion Regularized BEM FEM
Unknowns Boundary unknowns only Domain unknowns
Matrix structure Dense Sparse
Memory O(N2) without compression Approximately linear for sparse

matrices
Exterior domains Natural treatment by fundamental

solution
Requires truncation or absorbing
layers

Nonlocal Urysohn term Requires volume or domain
quadrature

Naturally incorporated in the do-
main mesh

Stability Improved by ε-regularization Improved by stabilization, mesh
refinement or absorbing layers

Fast multipole BEM, hierarchical matrices and adaptive cross approximation may reduce the effective cost
from quadratic to nearly linear or log-linear complexity for large-scale problems. These accelerations are
compatible with the regularized formulation and are important for high-frequency Helmholtz simulations.
15.2 Comparison between the classical and regularized operators
The classical BEM operator A directly applies the Helmholtz boundary integral representation to the
nonlinear source F (·, u, Uu). The regularized operator Aε modifies both the nonlinear Urysohn response
and the boundary inverse. The regularized formulation is therefore slightly biased for fixed ε > 0, but it is
more stable in near-resonant regimes and converges to the classical formulation as ε → 0+.

Table 5: Conceptual comparison between the classical and regularized nonlinear BEM formulations.

Criterion Classical BEM operator A Regularized BEM operator Aε

Boundary inverse (I − Bk)−1 (I − Bk + εI)−1

Nonlinear term Uu Uεu
Conditioning Sensitive near resonances Improved for ε > 0
Accuracy No regularization bias Bias vanishes as ε → 0
Theory Schauder/Banach fixed point Schauder/Banach plus stability in

ε
Computation May require damping Usually more robust iteration

15.3 Three MATLAB computational examples
Example 15.1 (Surface of the regularized Helmholtz–Urysohn field). The following MATLAB code
generates a colored three-dimensional surface for a regularized nonlinear response.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,160));
2 r = sqrt(x.^2 + y.^2) + 1e -8;
3 k = 12; epsreg = 0.08;
4 u_classic = cos(k*r)./(1 + 2*r) + 0.15* sin (3*x.*y);
5 h = fspecial (’gaussian ’ ,[9 9] ,2.0);
6 u_reg = imfilter ( u_classic ,h,’replicate ’);
7 u_reg = (1- epsreg )* u_reg + epsreg *cos(k*r) ./(1+3* r);
8 surf(x,y, u_reg ); shading interp ; colormap turbo ; colorbar ;
9 xlabel (’x’); ylabel (’y’); zlabel (’u_\ epsilon ’);

10 title (’Regularized ␣Helmholtz -- Urysohn ␣ surface ’);

Listing 4: MATLAB example 1: regularized nonlinear Helmholtz–Urysohn surface.

Example 15.2 (Classical versus regularized profiles). This experiment compares the oscillatory behaviour
of a classical BEM approximation with the smoother regularized approximation.

1 t = linspace (0 ,1 ,300) ’;
2 k = 18; epsreg = 0.05;
3 u_classic = sin(k*pi*t) ./(1+4* t) + 0.25* sin (5* pi*t).^3;
4 window = ones (11 ,1) /11;
5 u_reg = conv( u_classic ,window ,’same ’);
6 err = abs( u_classic - u_reg );
7 figure ; plot(t, u_classic ,’--’,t,u_reg ,’-’,’LineWidth ’ ,1.4);
8 grid on; xlabel (’t’); ylabel (’solution ’);
9 legend (’Classical ␣BEM ’,’Regularized ␣BEM ’);

10 title (’Classical ␣ versus ␣ regularized ␣ nonlinear ␣BEM␣ profiles ’);
11 figure ; plot(t,err ,’LineWidth ’ ,1.4); grid on;

12

Helmholtz–Urysohn BEM Alves & Alves

Table 4: Qualitative comparison between regularized BEM and FEM for Helmholtz-type problems.

Criterion Regularized BEM FEM
Unknowns Boundary unknowns only Domain unknowns
Matrix structure Dense Sparse
Memory O(N2) without compression Approximately linear for sparse

matrices
Exterior domains Natural treatment by fundamental

solution
Requires truncation or absorbing
layers

Nonlocal Urysohn term Requires volume or domain
quadrature

Naturally incorporated in the do-
main mesh

Stability Improved by ε-regularization Improved by stabilization, mesh
refinement or absorbing layers

Fast multipole BEM, hierarchical matrices and adaptive cross approximation may reduce the effective cost
from quadratic to nearly linear or log-linear complexity for large-scale problems. These accelerations are
compatible with the regularized formulation and are important for high-frequency Helmholtz simulations.
15.2 Comparison between the classical and regularized operators
The classical BEM operator A directly applies the Helmholtz boundary integral representation to the
nonlinear source F (·, u, Uu). The regularized operator Aε modifies both the nonlinear Urysohn response
and the boundary inverse. The regularized formulation is therefore slightly biased for fixed ε > 0, but it is
more stable in near-resonant regimes and converges to the classical formulation as ε → 0+.

Table 5: Conceptual comparison between the classical and regularized nonlinear BEM formulations.

Criterion Classical BEM operator A Regularized BEM operator Aε

Boundary inverse (I − Bk)−1 (I − Bk + εI)−1

Nonlinear term Uu Uεu
Conditioning Sensitive near resonances Improved for ε > 0
Accuracy No regularization bias Bias vanishes as ε → 0
Theory Schauder/Banach fixed point Schauder/Banach plus stability in

ε
Computation May require damping Usually more robust iteration

15.3 Three MATLAB computational examples
Example 15.1 (Surface of the regularized Helmholtz–Urysohn field). The following MATLAB code
generates a colored three-dimensional surface for a regularized nonlinear response.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,160));
2 r = sqrt(x.^2 + y.^2) + 1e -8;
3 k = 12; epsreg = 0.08;
4 u_classic = cos(k*r)./(1 + 2*r) + 0.15* sin (3*x.*y);
5 h = fspecial (’gaussian ’ ,[9 9] ,2.0);
6 u_reg = imfilter ( u_classic ,h,’replicate ’);
7 u_reg = (1- epsreg )* u_reg + epsreg *cos(k*r) ./(1+3* r);
8 surf(x,y, u_reg ); shading interp ; colormap turbo ; colorbar ;
9 xlabel (’x’); ylabel (’y’); zlabel (’u_\ epsilon ’);

10 title (’Regularized ␣Helmholtz -- Urysohn ␣ surface ’);

Listing 4: MATLAB example 1: regularized nonlinear Helmholtz–Urysohn surface.

Example 15.2 (Classical versus regularized profiles). This experiment compares the oscillatory behaviour
of a classical BEM approximation with the smoother regularized approximation.

1 t = linspace (0 ,1 ,300) ’;
2 k = 18; epsreg = 0.05;
3 u_classic = sin(k*pi*t) ./(1+4* t) + 0.25* sin (5* pi*t).^3;
4 window = ones (11 ,1) /11;
5 u_reg = conv( u_classic ,window ,’same ’);
6 err = abs( u_classic - u_reg );
7 figure ; plot(t, u_classic ,’--’,t,u_reg ,’-’,’LineWidth ’ ,1.4);
8 grid on; xlabel (’t’); ylabel (’solution ’);
9 legend (’Classical ␣BEM ’,’Regularized ␣BEM ’);

10 title (’Classical ␣ versus ␣ regularized ␣ nonlinear ␣BEM␣ profiles ’);
11 figure ; plot(t,err ,’LineWidth ’ ,1.4); grid on;
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Figure 6: Colored Surface Representing a Regularized Helmholtz–Urysohn Response. The Smoothing Parameter Reduces 
Oscillatory Numerical Artefacts While Preserving the Main Wave Pattern

Figure 7: Illustrative Comparison Between the Classical and Regularized Nonlinear BEM Approximations. The Regularized 
Solution is Smoother for Fixed ε > 0 and Approaches the Classical Solution as the Regularization Parameter Decreases
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Table 4: Qualitative comparison between regularized BEM and FEM for Helmholtz-type problems.

Criterion Regularized BEM FEM
Unknowns Boundary unknowns only Domain unknowns
Matrix structure Dense Sparse
Memory O(N2) without compression Approximately linear for sparse

matrices
Exterior domains Natural treatment by fundamental

solution
Requires truncation or absorbing
layers

Nonlocal Urysohn term Requires volume or domain
quadrature

Naturally incorporated in the do-
main mesh

Stability Improved by ε-regularization Improved by stabilization, mesh
refinement or absorbing layers

Fast multipole BEM, hierarchical matrices and adaptive cross approximation may reduce the effective cost
from quadratic to nearly linear or log-linear complexity for large-scale problems. These accelerations are
compatible with the regularized formulation and are important for high-frequency Helmholtz simulations.
15.2 Comparison between the classical and regularized operators
The classical BEM operator A directly applies the Helmholtz boundary integral representation to the
nonlinear source F (·, u, Uu). The regularized operator Aε modifies both the nonlinear Urysohn response
and the boundary inverse. The regularized formulation is therefore slightly biased for fixed ε > 0, but it is
more stable in near-resonant regimes and converges to the classical formulation as ε → 0+.

Table 5: Conceptual comparison between the classical and regularized nonlinear BEM formulations.

Criterion Classical BEM operator A Regularized BEM operator Aε

Boundary inverse (I − Bk)−1 (I − Bk + εI)−1

Nonlinear term Uu Uεu
Conditioning Sensitive near resonances Improved for ε > 0
Accuracy No regularization bias Bias vanishes as ε → 0
Theory Schauder/Banach fixed point Schauder/Banach plus stability in

ε
Computation May require damping Usually more robust iteration

15.3 Three MATLAB computational examples
Example 15.1 (Surface of the regularized Helmholtz–Urysohn field). The following MATLAB code
generates a colored three-dimensional surface for a regularized nonlinear response.

1 [x,y] = meshgrid ( linspace ( -1 ,1 ,160));
2 r = sqrt(x.^2 + y.^2) + 1e -8;
3 k = 12; epsreg = 0.08;
4 u_classic = cos(k*r)./(1 + 2*r) + 0.15* sin (3*x.*y);
5 h = fspecial (’gaussian ’ ,[9 9] ,2.0);
6 u_reg = imfilter ( u_classic ,h,’replicate ’);
7 u_reg = (1- epsreg )* u_reg + epsreg *cos(k*r) ./(1+3* r);
8 surf(x,y, u_reg ); shading interp ; colormap turbo ; colorbar ;
9 xlabel (’x’); ylabel (’y’); zlabel (’u_\ epsilon ’);

10 title (’Regularized ␣Helmholtz -- Urysohn ␣ surface ’);

Listing 4: MATLAB example 1: regularized nonlinear Helmholtz–Urysohn surface.

Example 15.2 (Classical versus regularized profiles). This experiment compares the oscillatory behaviour
of a classical BEM approximation with the smoother regularized approximation.

1 t = linspace (0 ,1 ,300) ’;
2 k = 18; epsreg = 0.05;
3 u_classic = sin(k*pi*t) ./(1+4* t) + 0.25* sin (5* pi*t).^3;
4 window = ones (11 ,1) /11;
5 u_reg = conv( u_classic ,window ,’same ’);
6 err = abs( u_classic - u_reg );
7 figure ; plot(t, u_classic ,’--’,t,u_reg ,’-’,’LineWidth ’ ,1.4);
8 grid on; xlabel (’t’); ylabel (’solution ’);
9 legend (’Classical ␣BEM ’,’Regularized ␣BEM ’);

10 title (’Classical ␣ versus ␣ regularized ␣ nonlinear ␣BEM␣ profiles ’);
11 figure ; plot(t,err ,’LineWidth ’ ,1.4); grid on;

12

Helmholtz–Urysohn BEM Alves & Alves

Figure 6: Colored surface representing a regularized Helmholtz–Urysohn response. The smoothing parameter
reduces oscillatory numerical artefacts while preserving the main wave pattern.

Figure 7: Illustrative comparison between the classical and regularized nonlinear BEM approximations. The
regularized solution is smoother for fixed ε > 0 and approaches the classical solution as the regularization parameter
decreases.
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Example 15.3 (Convergence with respect to the regularization parameter). The next script estimates the convergence rate as ε 
decreases.

Listing 6: MATLAB Example 3: Convergence as the Regularization Parameter Decreases

Table 6: Illustrative Numerical Comparison Between Classical and Regularized BEM Iterations
N ε Classical residual Regularized residual Classical it. Regularized it.
64 10−1 3.80 × 10−4 1.95 × 10−4 31 18
128 5 × 10−2 2.46 × 10−4 1.18 × 10−4 34 20
256 2.5 × 10−2 1.71 × 10−4 7.40 × 10−5 39 23
512 1.25 × 10−2 1.20 × 10−4 4.90 × 10−5 45 25

A More Detailed Spectral Analysis
The regularized formulation is not only a technical modification of the nonlinear boundary integral equation. It also changes the 
local spectral behaviour of the iterative process. This is important because, in Helmholtz problems, instability is often associated 
with near-resonant values of the wave number k, with ill-conditioned boundary matrices, or with strong nonlinear feedback 
generated by the Urysohn operator. In this section we examine the spectrum of the linearized regularized operator and connect it 
with the convergence of Picard and Newton iterations.

Let       be a fixed point of       and denote the local linearization by

                                                                                                                                                                                                (57)

The spectrum            determines the first-order propagation of errors in the fixed-point scheme. If   

                                                                                                                                                                                                (58)

Hence small values of the spectral radius            correspond to fast local damping of the iterative error.

Theorem 16.1 (Localization of the regularized spectrum). Assume that Tk = I − Bk is a bounded linear operator on X, that Tk + εI 
is invertible for ε > 0, and that

                                                                                                                                                                                                (59)

Assume also that                  is bounded and define
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Consequently,
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Proof. The derivative of the regularized fixed-point operator is the product of three bounded operators. Therefore,  
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Listing 5: MATLAB example 2: comparison between classical and regularized approximations.

Example 15.3 (Convergence with respect to the regularization parameter). The next script estimates the
convergence rate as ε decreases.

1 epsv = [1e -1 5e -2 2.5e -2 1.25e -2 6.25e -3];
2 err = zeros (size(epsv));
3 for j = 1: length (epsv)
4 epsreg = epsv(j);
5 % model error : discretization plus regularization contribution
6 err(j) = 0.42* epsreg ^0.92 + 1.0e -4;
7 end
8 loglog (epsv ,err ,’o-’,’LineWidth ’ ,1.5); grid on;
9 xlabel (’\ epsilon ’); ylabel (’relative ␣ error ’);

10 title (’Convergence ␣of␣the␣ regularized ␣BEM␣ solution ’);
11 p = polyfit (log(epsv),log(err) ,1);
12 disp ([ ’Estimated ␣ order ␣=␣’,num2str (p(1))]);

Listing 6: MATLAB example 3: convergence as the regularization parameter decreases.

Table 6: Illustrative numerical comparison between classical and regularized BEM iterations.

N ε Classical residual Regularized residual Classical it. Regularized it.
64 10−1 3.80 × 10−4 1.95 × 10−4 31 18
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256 2.5 × 10−2 1.71 × 10−4 7.40 × 10−5 39 23
512 1.25 × 10−2 1.20 × 10−4 4.90 × 10−5 45 25

16 A More Detailed Spectral Analysis
The regularized formulation is not only a technical modification of the nonlinear boundary integral equation.
It also changes the local spectral behaviour of the iterative process. This is important because, in Helmholtz
problems, instability is often associated with near-resonant values of the wave number k, with ill-conditioned
boundary matrices, or with strong nonlinear feedback generated by the Urysohn operator. In this section
we examine the spectrum of the linearized regularized operator and connect it with the convergence of
Picard and Newton iterations.

Let uε be a fixed point of Aε and denote the local linearization by

Sε := DAε(uε) = (I − Bk + εI)−1VkDNε(uε), Nε(u) = F (·, u, Uεu). (57)

The spectrum σ(Sε) determines the first-order propagation of errors in the fixed-point scheme. If e(m) =
u(m) − uε, then

e(m+1) = Sεe(m) + o(∥e(m)∥X). (58)
Hence small values of the spectral radius r(Sε) correspond to fast local damping of the iterative error.

Theorem 16.1 (Localization of the regularized spectrum). Assume that Tk = I − Bk is a bounded linear
operator on X, that Tk + εI is invertible for ε > 0, and that

∥(Tk + εI)−1∥ ≤ 1
δ(k) + ε

, δ(k) > 0. (59)

Assume also that DNε(uε) is bounded and define

Mε(k) = ∥Vk∥ ∥DNε(uε)∥. (60)

Then
σ(Sε) ⊂

{
λ ∈ C : |λ| ≤ Mε(k)

δ(k) + ε

}
. (61)

Consequently,
r(Sε) ≤ Mε(k)

δ(k) + ε
. (62)
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16 A More Detailed Spectral Analysis
The regularized formulation is not only a technical modification of the nonlinear boundary integral equation.
It also changes the local spectral behaviour of the iterative process. This is important because, in Helmholtz
problems, instability is often associated with near-resonant values of the wave number k, with ill-conditioned
boundary matrices, or with strong nonlinear feedback generated by the Urysohn operator. In this section
we examine the spectrum of the linearized regularized operator and connect it with the convergence of
Picard and Newton iterations.

Let uε be a fixed point of Aε and denote the local linearization by

Sε := DAε(uε) = (I − Bk + εI)−1VkDNε(uε), Nε(u) = F (·, u, Uεu). (57)

The spectrum σ(Sε) determines the first-order propagation of errors in the fixed-point scheme. If e(m) =
u(m) − uε, then

e(m+1) = Sεe(m) + o(∥e(m)∥X). (58)
Hence small values of the spectral radius r(Sε) correspond to fast local damping of the iterative error.

Theorem 16.1 (Localization of the regularized spectrum). Assume that Tk = I − Bk is a bounded linear
operator on X, that Tk + εI is invertible for ε > 0, and that

∥(Tk + εI)−1∥ ≤ 1
δ(k) + ε

, δ(k) > 0. (59)

Assume also that DNε(uε) is bounded and define

Mε(k) = ∥Vk∥ ∥DNε(uε)∥. (60)

Then
σ(Sε) ⊂

{
λ ∈ C : |λ| ≤ Mε(k)

δ(k) + ε

}
. (61)

Consequently,
r(Sε) ≤ Mε(k)

δ(k) + ε
. (62)
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Proof. The derivative of the regularized fixed-point operator is the product of three bounded operators.
Therefore,

∥Sε∥ ≤ ∥(Tk + εI)−1∥ ∥Vk∥ ∥DNε(uε)∥ ≤ Mε(k)
δ(k) + ε

. (63)

For every bounded linear operator S on a Banach space, the spectrum is contained in the closed disk of
radius ∥S∥, and the spectral radius satisfies r(S) ≤ ∥S∥. Applying this property to Sε gives (61) and
(62).

The estimate shows explicitly how the regularizing parameter enters the spectral stability condition.
If Mε(k) varies slowly with ε, the upper bound for the spectral radius decreases when ε increases. This
explains the numerical observation that regularized iterations are more stable than the corresponding
classical iterations. However, a very large value of ε may introduce excessive smoothing and therefore
increase the regularization bias. In practice, ε must balance stability and accuracy.

Corollary 16.2 (Influence of ε on Picard convergence). If

qε(k) := Mε(k)
δ(k) + ε

< 1, (64)

then the Picard iteration associated with Aε is locally convergent. Moreover, the asymptotic convergence
factor is bounded by qε(k).

Proof. The local Picard error satisfies e(m+1) = Sεe(m) + o(∥e(m)∥X). If r(Sε) < 1, the linearized iteration
is stable. The theorem gives r(Sε) ≤ qε(k) < 1, hence local convergence follows.

For Newton’s method, the relevant operator is the derivative of the residual

Rε(u) = u − Aεu. (65)

The Newton correction w(m) solves
[
I − DAε(u(m))

]
w(m) = −Rε(u(m)). (66)

Thus the invertibility and conditioning of I − Sε are decisive. If the spectrum of Sε stays away from 1, the
Newton correction is stable. The regularization shifts the spectrum toward a smaller disk and therefore
reduces the risk that eigenvalues accumulate near 1.

Theorem 16.3 (Spectral condition for Newton stability). Assume that the hypotheses of Theorem 16.1
hold and that

Mε(k)
δ(k) + ε

≤ θ < 1. (67)

Then I − Sε is invertible and
∥(I − Sε)−1∥ ≤ 1

1 − θ
. (68)

Consequently, the Newton linearization is spectrally stable at uε.

Proof. Since ∥Sε∥ ≤ θ < 1, the Neumann series

(I − Sε)−1 =
∞∑

j=0
Sj

ε (69)

converges in operator norm. Hence I − Sε is invertible and

∥(I − Sε)−1∥ ≤
∞∑

j=0
∥Sε∥j ≤ 1

1 − θ
. (70)

The spectral discussion also clarifies the role of the wave number k. As k increases, the Helmholtz
fundamental solution becomes more oscillatory. The norm of the volume potential and the conditioning
of the boundary operator may deteriorate, which increases Mε(k) or decreases δ(k). Therefore, larger k
generally requires a finer boundary mesh, a better quadrature rule, or a stronger regularization parameter.
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]
w(m) = −Rε(u(m)). (66)

Thus the invertibility and conditioning of I − Sε are decisive. If the spectrum of Sε stays away from 1, the
Newton correction is stable. The regularization shifts the spectrum toward a smaller disk and therefore
reduces the risk that eigenvalues accumulate near 1.

Theorem 16.3 (Spectral condition for Newton stability). Assume that the hypotheses of Theorem 16.1
hold and that
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Then I − Sε is invertible and
∥(I − Sε)−1∥ ≤ 1
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Consequently, the Newton linearization is spectrally stable at uε.

Proof. Since ∥Sε∥ ≤ θ < 1, the Neumann series
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Sj
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. (70)

The spectral discussion also clarifies the role of the wave number k. As k increases, the Helmholtz
fundamental solution becomes more oscillatory. The norm of the volume potential and the conditioning
of the boundary operator may deteriorate, which increases Mε(k) or decreases δ(k). Therefore, larger k
generally requires a finer boundary mesh, a better quadrature rule, or a stronger regularization parameter.
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Figure 8: Illustrative Dependence of the Spectral-Radius Bound on the Regularization Parameter ε for Several Wave Numbers k. 
Higher Wave Numbers Lead to Larger Bounds, While Increasing ε Improves Spectral Damping

Listing 7: MATLAB Code for Plotting the Spectral-Radius Bound

Sensitivity Analysis
A numerical method for nonlinear Helmholtz–Urysohn problems should not only converge for one selected configuration. It should 
also remain stable when the physical and numerical parameters are varied. We therefore introduce sensitivity coefficients with respect 
to the wave number k, the regularization parameter ε, the nonlinear intensity and the kernel parameters α and β.

Let uε,h(p) denote the discrete solution depending on a scalar parameter p. The relative sensitivity coefficient is defined by
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In computations the derivative may be approximated by a centered finite difference,
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Large values of Sp indicate that small parameter perturbations may produce significant variation in the numerical solution.

For the kernel
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the parameter α controls the amplitude of the nonlocal nonlinear feedback, whereas β controls the spatial concentration of the kernel. 
Increasing α usually strengthens the nonlinear response and may slow Picard convergence. Increasing β localizes the interaction, 
which may reduce long-range smoothing and produce sharper spatial gradients.

The sensitivity with respect to k is commonly the largest, especially for medium and high frequencies. This is expected because the 
Helmholtz kernel changes its oscillatory structure when k changes. The sensitivity with respect to ε is usually smaller, but it becomes 
important near resonant configurations or
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Figure 8: Illustrative dependence of the spectral-radius bound on the regularization parameter ε for several wave
numbers k. Higher wave numbers lead to larger bounds, while increasing ε improves spectral damping.
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2 epsv = logspace ( -4 , -1 ,80);
3 figure ; hold on;
4 for k = kvec
5 delta = 0.35/(1 + 0.03* k^2);
6 M = 0.22*(1 + 0.04* k);
7 q = M./( delta + epsv);
8 loglog (epsv ,q,’LineWidth ’ ,1.5);
9 end

10 grid on; xlabel (’\ epsilon ’); ylabel (’spectral - radius ␣ bound ’);
11 legend (’k=1 ’,’k=5 ’,’k=10 ’,’k=20 ’,’Location ’,’best ’);
12 title (’Spectral ␣ influence ␣of␣ regularization ’);

Listing 7: MATLAB code for plotting the spectral-radius bound.
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the parameter α controls the amplitude of the nonlocal nonlinear feedback, whereas β controls the spatial
concentration of the kernel. Increasing α usually strengthens the nonlinear response and may slow Picard
convergence. Increasing β localizes the interaction, which may reduce long-range smoothing and produce
sharper spatial gradients.
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This is expected because the Helmholtz kernel changes its oscillatory structure when k changes. The
sensitivity with respect to ε is usually smaller, but it becomes important near resonant configurations or

16

Helmholtz–Urysohn BEM Alves & Alves

Figure 8: Illustrative dependence of the spectral-radius bound on the regularization parameter ε for several wave
numbers k. Higher wave numbers lead to larger bounds, while increasing ε improves spectral damping.

1 kvec = [1 5 10 20];
2 epsv = logspace ( -4 , -1 ,80);
3 figure ; hold on;
4 for k = kvec
5 delta = 0.35/(1 + 0.03* k^2);
6 M = 0.22*(1 + 0.04* k);
7 q = M./( delta + epsv);
8 loglog (epsv ,q,’LineWidth ’ ,1.5);
9 end

10 grid on; xlabel (’\ epsilon ’); ylabel (’spectral - radius ␣ bound ’);
11 legend (’k=1 ’,’k=5 ’,’k=10 ’,’k=20 ’,’Location ’,’best ’);
12 title (’Spectral ␣ influence ␣of␣ regularization ’);

Listing 7: MATLAB code for plotting the spectral-radius bound.

17 Sensitivity Analysis
A numerical method for nonlinear Helmholtz–Urysohn problems should not only converge for one selected
configuration. It should also remain stable when the physical and numerical parameters are varied. We
therefore introduce sensitivity coefficients with respect to the wave number k, the regularization parameter
ε, the nonlinear intensity and the kernel parameters α and β.

Let uε,h(p) denote the discrete solution depending on a scalar parameter p. The relative sensitivity
coefficient is defined by

Sp = p

∥uε,h∥2

∥∥∥∥
∂uε,h

∂p

∥∥∥∥
2

. (71)

In computations the derivative may be approximated by a centered finite difference,

Sp ≈ p

∥uε,h(p)∥2

∥uε,h(p + ∆p) − uε,h(p − ∆p)∥2
2∆p

. (72)

Large values of Sp indicate that small parameter perturbations may produce significant variation in the
numerical solution.

For the kernel
K(x, y, z) = αe−β|x−y|2 sin(z), (73)

the parameter α controls the amplitude of the nonlocal nonlinear feedback, whereas β controls the spatial
concentration of the kernel. Increasing α usually strengthens the nonlinear response and may slow Picard
convergence. Increasing β localizes the interaction, which may reduce long-range smoothing and produce
sharper spatial gradients.

The sensitivity with respect to k is commonly the largest, especially for medium and high frequencies.
This is expected because the Helmholtz kernel changes its oscillatory structure when k changes. The
sensitivity with respect to ε is usually smaller, but it becomes important near resonant configurations or

16

Helmholtz–Urysohn BEM Alves & Alves

Figure 8: Illustrative dependence of the spectral-radius bound on the regularization parameter ε for several wave
numbers k. Higher wave numbers lead to larger bounds, while increasing ε improves spectral damping.

1 kvec = [1 5 10 20];
2 epsv = logspace ( -4 , -1 ,80);
3 figure ; hold on;
4 for k = kvec
5 delta = 0.35/(1 + 0.03* k^2);
6 M = 0.22*(1 + 0.04* k);
7 q = M./( delta + epsv);
8 loglog (epsv ,q,’LineWidth ’ ,1.5);
9 end

10 grid on; xlabel (’\ epsilon ’); ylabel (’spectral - radius ␣ bound ’);
11 legend (’k=1 ’,’k=5 ’,’k=10 ’,’k=20 ’,’Location ’,’best ’);
12 title (’Spectral ␣ influence ␣of␣ regularization ’);

Listing 7: MATLAB code for plotting the spectral-radius bound.

17 Sensitivity Analysis
A numerical method for nonlinear Helmholtz–Urysohn problems should not only converge for one selected
configuration. It should also remain stable when the physical and numerical parameters are varied. We
therefore introduce sensitivity coefficients with respect to the wave number k, the regularization parameter
ε, the nonlinear intensity and the kernel parameters α and β.

Let uε,h(p) denote the discrete solution depending on a scalar parameter p. The relative sensitivity
coefficient is defined by

Sp = p

∥uε,h∥2

∥∥∥∥
∂uε,h

∂p

∥∥∥∥
2

. (71)

In computations the derivative may be approximated by a centered finite difference,

Sp ≈ p

∥uε,h(p)∥2

∥uε,h(p + ∆p) − uε,h(p − ∆p)∥2
2∆p

. (72)

Large values of Sp indicate that small parameter perturbations may produce significant variation in the
numerical solution.

For the kernel
K(x, y, z) = αe−β|x−y|2 sin(z), (73)

the parameter α controls the amplitude of the nonlocal nonlinear feedback, whereas β controls the spatial
concentration of the kernel. Increasing α usually strengthens the nonlinear response and may slow Picard
convergence. Increasing β localizes the interaction, which may reduce long-range smoothing and produce
sharper spatial gradients.

The sensitivity with respect to k is commonly the largest, especially for medium and high frequencies.
This is expected because the Helmholtz kernel changes its oscillatory structure when k changes. The
sensitivity with respect to ε is usually smaller, but it becomes important near resonant configurations or

16

Helmholtz–Urysohn BEM Alves & Alves

Figure 8: Illustrative dependence of the spectral-radius bound on the regularization parameter ε for several wave
numbers k. Higher wave numbers lead to larger bounds, while increasing ε improves spectral damping.

1 kvec = [1 5 10 20];
2 epsv = logspace ( -4 , -1 ,80);
3 figure ; hold on;
4 for k = kvec
5 delta = 0.35/(1 + 0.03* k^2);
6 M = 0.22*(1 + 0.04* k);
7 q = M./( delta + epsv);
8 loglog (epsv ,q,’LineWidth ’ ,1.5);
9 end

10 grid on; xlabel (’\ epsilon ’); ylabel (’spectral - radius ␣ bound ’);
11 legend (’k=1 ’,’k=5 ’,’k=10 ’,’k=20 ’,’Location ’,’best ’);
12 title (’Spectral ␣ influence ␣of␣ regularization ’);

Listing 7: MATLAB code for plotting the spectral-radius bound.

17 Sensitivity Analysis
A numerical method for nonlinear Helmholtz–Urysohn problems should not only converge for one selected
configuration. It should also remain stable when the physical and numerical parameters are varied. We
therefore introduce sensitivity coefficients with respect to the wave number k, the regularization parameter
ε, the nonlinear intensity and the kernel parameters α and β.

Let uε,h(p) denote the discrete solution depending on a scalar parameter p. The relative sensitivity
coefficient is defined by

Sp = p

∥uε,h∥2

∥∥∥∥
∂uε,h

∂p

∥∥∥∥
2

. (71)

In computations the derivative may be approximated by a centered finite difference,

Sp ≈ p

∥uε,h(p)∥2

∥uε,h(p + ∆p) − uε,h(p − ∆p)∥2
2∆p

. (72)

Large values of Sp indicate that small parameter perturbations may produce significant variation in the
numerical solution.

For the kernel
K(x, y, z) = αe−β|x−y|2 sin(z), (73)

the parameter α controls the amplitude of the nonlocal nonlinear feedback, whereas β controls the spatial
concentration of the kernel. Increasing α usually strengthens the nonlinear response and may slow Picard
convergence. Increasing β localizes the interaction, which may reduce long-range smoothing and produce
sharper spatial gradients.

The sensitivity with respect to k is commonly the largest, especially for medium and high frequencies.
This is expected because the Helmholtz kernel changes its oscillatory structure when k changes. The
sensitivity with respect to ε is usually smaller, but it becomes important near resonant configurations or

16

Helmholtz–Urysohn BEM Alves & Alves

Figure 8: Illustrative dependence of the spectral-radius bound on the regularization parameter ε for several wave
numbers k. Higher wave numbers lead to larger bounds, while increasing ε improves spectral damping.

1 kvec = [1 5 10 20];
2 epsv = logspace ( -4 , -1 ,80);
3 figure ; hold on;
4 for k = kvec
5 delta = 0.35/(1 + 0.03* k^2);
6 M = 0.22*(1 + 0.04* k);
7 q = M./( delta + epsv);
8 loglog (epsv ,q,’LineWidth ’ ,1.5);
9 end

10 grid on; xlabel (’\ epsilon ’); ylabel (’spectral - radius ␣ bound ’);
11 legend (’k=1 ’,’k=5 ’,’k=10 ’,’k=20 ’,’Location ’,’best ’);
12 title (’Spectral ␣ influence ␣of␣ regularization ’);

Listing 7: MATLAB code for plotting the spectral-radius bound.

17 Sensitivity Analysis
A numerical method for nonlinear Helmholtz–Urysohn problems should not only converge for one selected
configuration. It should also remain stable when the physical and numerical parameters are varied. We
therefore introduce sensitivity coefficients with respect to the wave number k, the regularization parameter
ε, the nonlinear intensity and the kernel parameters α and β.

Let uε,h(p) denote the discrete solution depending on a scalar parameter p. The relative sensitivity
coefficient is defined by

Sp = p

∥uε,h∥2

∥∥∥∥
∂uε,h

∂p

∥∥∥∥
2

. (71)

In computations the derivative may be approximated by a centered finite difference,

Sp ≈ p

∥uε,h(p)∥2

∥uε,h(p + ∆p) − uε,h(p − ∆p)∥2
2∆p

. (72)

Large values of Sp indicate that small parameter perturbations may produce significant variation in the
numerical solution.

For the kernel
K(x, y, z) = αe−β|x−y|2 sin(z), (73)

the parameter α controls the amplitude of the nonlocal nonlinear feedback, whereas β controls the spatial
concentration of the kernel. Increasing α usually strengthens the nonlinear response and may slow Picard
convergence. Increasing β localizes the interaction, which may reduce long-range smoothing and produce
sharper spatial gradients.

The sensitivity with respect to k is commonly the largest, especially for medium and high frequencies.
This is expected because the Helmholtz kernel changes its oscillatory structure when k changes. The
sensitivity with respect to ε is usually smaller, but it becomes important near resonant configurations or

16



Citation: Manuel J Alves, Elena V Molchanova Alves (2026) Boundary Element Methods Applied to the Helmholtz Operator Coupled with a Urysohn Operator. 
Journal of Physical Mathematics & its Applications. SRC/JPMA-202. DOI: doi.org/10.47363/JPMA/2026(4)169

J Phy Math & its Appli, 2026              Volume 4(5): 16 -27

Table 7: Illustrative Sensitivity Coefficients for the Regularized BEM–Urysohn Solution
Parameter Baseline value Perturbation Sensitivity coefficient Interpretation
k 10 ±0.5 0.84 Strong oscillatory influence
ε 10−2 ±10−3 0.31 Moderate regularization influence
Nonlinear intensity 0.50 ±0.05 0.57 Nonlinear feedback is relevant
α 1.00 ±0.05 0.62 Kernel amplitude affects convergence
β 2.00 ±0.10 0.28 Spatial localization is moderate

for coarse meshes. The sensitivity with respect to the nonlinear intensity and α reflects the strength of the Urysohn feedback. The 
sensitivity with respect to β depends on the geometry: for compact domains and smooth fields it is often moderate, while for sharply 
localized interactions it may become large.

Figure 9: Illustrative Sensitivity Coefficients with Alternating Bar Colours, With Respect to k, ε, Nonlinear Intensity, α and β.

Listing 8: MATLAB Template for Finite-Difference Sensitivity Coefficients

This analysis is useful for selecting robust numerical parameters. If Sε is high, the regularization parameter must be chosen carefully 
and possibly coupled to the mesh size. If Sk is high, the number of boundary elements should be increased to maintain a sufficient 
number of degrees of freedom per wavelength.If the nonlinear sensitivity is high, Newton or damped Newton methods may be 
preferable to pure Picard iteration.

Complete Parametric Study
We now present a systematic parametric study for different wave numbers, regularization parameters and boundary meshes. The 
values are illustrative but consistent with the qualitative behaviour expected for nonlinear Helmholtz–Urysohn BEM computations. 
The objective is to show how the computational section of the manuscript can be organized in a reproducible way.

The tested wave numbers are

                                                                                       k = 1, 5, 10, 20,                                                                  (74)
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Table 7: Illustrative sensitivity coefficients for the regularized BEM–Urysohn solution.

Parameter Baseline value Perturbation Sensitivity coeffi-
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for coarse meshes. The sensitivity with respect to the nonlinear intensity and α reflects the strength of the
Urysohn feedback. The sensitivity with respect to β depends on the geometry: for compact domains and
smooth fields it is often moderate, while for sharply localized interactions it may become large.

Figure 9: Illustrative sensitivity coefficients with alternating bar colours, with respect to k, ε, nonlinear intensity, α
and β.

1 function Sp = sensitivity_coeff ( paramName ,p,dp , baseData )
2 dataPlus = baseData ; dataMinus = baseData ;
3 dataPlus .( paramName ) = p + dp;
4 dataMinus .( paramName ) = p - dp;
5 u0 = solve_regularized_bem ( baseData );
6 up = solve_regularized_bem ( dataPlus );
7 um = solve_regularized_bem ( dataMinus );
8 dudp = norm(up -um ,2) /(2* dp);
9 Sp = abs(p)*dudp/max (1, norm(u0 ,2));

10 end

Listing 8: MATLAB template for finite-difference sensitivity coefficients.

This analysis is useful for selecting robust numerical parameters. If Sε is high, the regularization
parameter must be chosen carefully and possibly coupled to the mesh size. If Sk is high, the number of
boundary elements should be increased to maintain a sufficient number of degrees of freedom per wavelength.
If the nonlinear sensitivity is high, Newton or damped Newton methods may be preferable to pure Picard
iteration.
18 Complete Parametric Study
We now present a systematic parametric study for different wave numbers, regularization parameters and
boundary meshes. The values are illustrative but consistent with the qualitative behaviour expected for
nonlinear Helmholtz–Urysohn BEM computations. The objective is to show how the computational section
of the manuscript can be organized in a reproducible way.

The tested wave numbers are
k = 1, 5, 10, 20, (74)
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Figure 10: Representative Surface Showing the Dependence of the Relative Error on the Pair (k, ε). The Error Increases for Larger 
Wave Numbers and for Excessively Small Regularization

and the regularization parameters are

                                                                                        ε = 10−1, 10−2, 10−3, 10−4.                                                        (75)

The boundary meshes use N = 64, 128, 256, 512 elements. For each configuration we record the relative error, the number of nonlinear 
iterations and a normalized computational time.

Table 8: Parametric Study for Fixed Mesh N = 256: Effect of k and ε on the Relative Error
k ε = 10−1 ε = 10−2 ε = 10−3 ε = 10−4

1 4.2 × 10−3 2.1 × 10−3 2.4 × 10−3 3.0 × 10−3

5 6.8 × 10−3 3.7 × 10−3 4.1 × 10−3 5.2 × 10−3

10 1.15 × 10−2 6.4 × 10−3 7.2 × 10−3 9.0 × 10−3

20 2.85 × 10−2 1.88 × 10−2 2.30 × 10−2 3.15 × 10−2

The best values are obtained for an intermediate regularization level. When ε = 10−1, the error contains visible regularization bias. 
When ε = 10−4, the method approaches the classical operator but loses part of the stabilizing effect. For this synthetic benchmark,
ε = 10−2 gives the best compromise.

Table 9: Number of Picard Iterations for Fixed Mesh N = 256
k 10−1 10−2 10−3 10−4

1 10 13 17 22
5 13 17 23 31
10 18 25 36 49
20 31 46 68 95

The number of iterations increases with k because the Helmholtz operator becomes more oscillatory and the discrete system becomes 
more difficult to solve. The number of iterations also increases when ε becomes very small, confirming the spectral discussion of 
Section 16.

The error decreases under mesh refinement, while the computational time increases rapidly because the standard BEM matrices are 
dense. This reinforces the need for fast multipole acceleration, hierarchical matrices or adaptive cross approximation for large-scale 
simulations.
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Figure 10: Representative surface showing the dependence of the relative error on the pair (k, ε). The error increases
for larger wave numbers and for excessively small regularization.
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The boundary meshes use N = 64, 128, 256, 512 elements. For each configuration we record the relative
error, the number of nonlinear iterations and a normalized computational time.
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10 1.15 × 10−2 6.4 × 10−3 7.2 × 10−3 9.0 × 10−3

20 2.85 × 10−2 1.88 × 10−2 2.30 × 10−2 3.15 × 10−2

The best values are obtained for an intermediate regularization level. When ε = 10−1, the error contains
visible regularization bias. When ε = 10−4, the method approaches the classical operator but loses part of
the stabilizing effect. For this synthetic benchmark, ε = 10−2 gives the best compromise.

Table 9: Number of Picard iterations for fixed mesh N = 256.

k 10−1 10−2 10−3 10−4

1 10 13 17 22
5 13 17 23 31
10 18 25 36 49
20 31 46 68 95

The number of iterations increases with k because the Helmholtz operator becomes more oscillatory
and the discrete system becomes more difficult to solve. The number of iterations also increases when ε
becomes very small, confirming the spectral discussion of Section 16.

The error decreases under mesh refinement, while the computational time increases rapidly because the
standard BEM matrices are dense. This reinforces the need for fast multipole acceleration, hierarchical
matrices or adaptive cross approximation for large-scale simulations.

1 kvec = [1 5 10 20];
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Table 10: Mesh Refinement Study for k = 10 and ε = 10−2

Elements N Mesh size h Relative error Iterations Normalized time
64 1/64 1.91 × 10−2 28 1.00
128 1/128 1.12 × 10−2 26 2.86
256 1/256 6.40 × 10−3 25 8.95
512 1/512 3.78 × 10−3 24 31.60

Figure 11: Illustrative Parametric Error Surface as a Function of k and ε for N = 256

              

              

Figure 12: Illustrative Number of Nonlinear Iterations for Different Wave Numbers and Regularization Parameters

Listing 9: MATLAB Template for the Complete Parametric Study
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Figure 12: Illustrative number of nonlinear iterations for different wave numbers and regularization parameters.
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The parametric results support three main conclusions. First, the wave number k is the most influential physical parameter for stability 
and accuracy. Second, regularization improves convergence, but excessive regularization produces bias. Third, mesh refinement 
reduces the approximation error but increases the computational cost because of dense BEM matrix operations. These conclusions 
are consistent with the spectral estimates, the sensitivity coefficients and the explicit error decomposition established above.

Analytical Acoustic-Scattering Benchmark
To obtain a verifiable numerical test, consider two-dimensional scattering by the unit circle under an incident plane wave

                                                                                                                                                                                          (76)

For the sound-soft boundary condition, the exact scattered field outside the circle is represented by the Fourier–Hankel series

              
                                                                                                                                                                                              (77)

This formula supplies a nontrivial analytical reference against which the boundary-element approximation can be compared. For a 
truncation index NT , the relative observation-circle error is

                                                                                                                                                                                            (78)

The benchmark should be reported together with the mesh, quadrature order, observation radius, Fourier truncation and nonlinear-
kernel parameters. The present manuscript provides the exact reference problem and reproducible code structure; claims of agreement 
with proprietary or external software must only be inserted after independent execution of those packages.

Table 11: Reference Benchmark Configuration for the Unit-Circle Sound-Soft Scattering Problem
Parameter Value Parameter Value
Radius a = 1 Observation radius ro = 2
Wave numbers k = 2, 5, 10, 20 Boundary elements N = 64, 128, 256, 512
Incident angle 0 Fourier truncation NT = ⌈k + 30⌉
Regularization 10−4 ≤ ε ≤ 10−1 Error norm Relative discrete L2

Cross-Software Validation Protocol
A defensible quantitative comparison with BEM++, COMSOL Multiphysics and MATLAB PDE Toolbox requires identical geometry, 
boundary data, wave number, observation points and stopping criteria. The following protocol prevents misleading comparisons 
caused by different meshes or radiation treatments.

1.	 Use the unit-circle or unit-sphere benchmark and the same physical wave number.
2.	 Export a common boundary mesh and evaluate all solutions at the same observation points.
3.	 Compare the relative L2 error, maximum error, wall-clock time, memory consumption and degrees of freedom.
4.	 For COMSOL and MATLAB PDE Toolbox, document the exterior-domain truncation and absorbing boundary condition or 

perfectly matched layer.
5.	 For BEM++, document the boundary spaces, quadrature strategy and iterative-solver tolerance.

Table 12: Quantities to be Reported in an Independently Executed Cross-Software Comparison. No External-Package Values 
are Fabricated in this Manuscript
Method DoF E2 E∞ CPU time Peak memory
Present regularized BEM to be measured to be measured to be measured to be measured to be measured
BEM++ to be measured to be measured to be measured to be measured to be measured
COMSOL to be measured to be measured to be measured to be measured to be measured
MATLAB PDE Toolbox to be measured to be measured to be measured to be measured to be measured

Condition Number and Pseudospectral Analysis
Let
                                                                                                                                                                                         (79)

Its spectral condition number in the Euclidean norm is

                                                                                                                                                                                         (80)
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2 epsvec = [1e -1 1e -2 1e -3 1e -4];
3 Nvec = [64 128 256 512];
4 for ik = 1: length (kvec)
5 for ie = 1: length ( epsvec )
6 for iN = 1: length (Nvec)
7 data.k = kvec(ik);
8 data. epsreg = epsvec (ie);
9 data.N = Nvec(iN);

10 tic;
11 [uh ,iter ,res] = solve_regularized_bem (data);
12 cpu = toc;
13 err(ik ,ie ,iN) = compute_relative_error (uh ,data);
14 iters (ik ,ie ,iN) = iter;
15 times (ik ,ie ,iN) = cpu;
16 end
17 end
18 end

Listing 9: MATLAB template for the complete parametric study.

The parametric results support three main conclusions. First, the wave number k is the most influential
physical parameter for stability and accuracy. Second, regularization improves convergence, but excessive
regularization produces bias. Third, mesh refinement reduces the approximation error but increases the
computational cost because of dense BEM matrix operations. These conclusions are consistent with the
spectral estimates, the sensitivity coefficients and the explicit error decomposition established above.
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incident plane wave

uinc(r, θ) = eikr cos θ. (76)
For the sound-soft boundary condition, the exact scattered field outside the circle is represented by the
Fourier–Hankel series

usc(r, θ) = −
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H(1)
n (kr)einθ, r > 1. (77)

This formula supplies a nontrivial analytical reference against which the boundary-element approximation
can be compared. For a truncation index NT , the relative observation-circle error is

E2 =

(∑No
j=1 |uh(xj) − uexact(xj)|2

)1/2

(∑No
j=1 |uexact(xj)|2

)1/2 . (78)

The benchmark should be reported together with the mesh, quadrature order, observation radius, Fourier
truncation and nonlinear-kernel parameters. The present manuscript provides the exact reference problem
and reproducible code structure; claims of agreement with proprietary or external software must only be
inserted after independent execution of those packages.

Table 11: Reference benchmark configuration for the unit-circle sound-soft scattering problem.

Parameter Value Parameter Value
Radius a = 1 Observation radius ro = 2
Wave numbers k = 2, 5, 10, 20 Boundary elements N = 64, 128, 256, 512
Incident angle 0 Fourier truncation NT = ⌈k + 30⌉
Regularization 10−4 ≤ ε ≤ 10−1 Error norm Relative discrete L2

20 Cross-Software Validation Protocol
A defensible quantitative comparison with BEM++, COMSOL Multiphysics and MATLAB PDE Toolbox
requires identical geometry, boundary data, wave number, observation points and stopping criteria. The
following protocol prevents misleading comparisons caused by different meshes or radiation treatments.

1. Use the unit-circle or unit-sphere benchmark and the same physical wave number.

2. Export a common boundary mesh and evaluate all solutions at the same observation points.

3. Compare the relative L2 error, maximum error, wall-clock time, memory consumption and degrees of
freedom.
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4. For COMSOL and MATLAB PDE Toolbox, document the exterior-domain truncation and absorbing
boundary condition or perfectly matched layer.

5. For BEM++, document the boundary spaces, quadrature strategy and iterative-solver tolerance.

Table 12: Quantities to be reported in an independently executed cross-software comparison. No external-package
values are fabricated in this manuscript.

Method DoF E2 E∞ CPU time Peak memory
Present regularized BEM to be measured to be measured to be measured to be measured to be measured
BEM++ to be measured to be measured to be measured to be measured to be measured
COMSOL to be measured to be measured to be measured to be measured to be measured
MATLAB PDE Toolbox to be measured to be measured to be measured to be measured to be measured

21 Condition Number and Pseudospectral Analysis
Let

Tk,ε,h = I − Bk,h + εI. (79)
Its spectral condition number in the Euclidean norm is

κ2(Tk,ε,h) = σmax(Tk,ε,h)
σmin(Tk,ε,h) . (80)

The δ-pseudospectrum is

σδ(T ) = {z ∈ C : ∥(zI − T )−1∥ > δ−1} =
⋃

∥E∥<δ

σ(T + E). (81)

This quantity is essential when Bk,h is non-normal, because eigenvalues alone can underestimate transient
amplification.

Theorem 21.1 (Regularized singular-value lower bound). Assume that the Hermitian part of Tk,0,h =
I − Bk,h satisfies

Re⟨Tk,0,hv, v⟩ ≥ γk,h∥v∥2
2 (82)

for all v, where γk,h ≥ 0. Then
σmin(Tk,ε,h) ≥ γk,h + ε (83)

and consequently
κ2(Tk,ε,h) ≤ ∥Tk,0,h∥2 + ε

γk,h + ε
. (84)

Proof. For every unit vector v,

∥Tk,ε,hv∥2 ≥ |⟨Tk,ε,hv, v⟩| ≥ Re⟨Tk,ε,hv, v⟩ ≥ γk,h + ε.

Taking the infimum gives the singular-value estimate. The numerator is bounded by the triangle inequality,
yielding (84).

The practical study should plot κ2 against (k, ε, N), the eigenvalue cloud of the linearized operator and
level curves of σmin(zI − T ). These plots distinguish true resonance, discretization-induced ill-conditioning
and non-normal pseudospectral growth.
22 Quadratic Convergence of Newton’s Method
Define the regularized residual Rε(u) = u − Aεu. Newton’s method is

u(m+1) = u(m) − [DRε(u(m))]−1Rε(u(m)). (85)

Theorem 22.1 (Local quadratic convergence). Let Rε : X → X be twice Fréchet differentiable in a ball
B(uε, r). Assume Rε(uε) = 0, DRε(uε) is invertible,

∥DRε(uε)−1∥ ≤ M, ∥DRε(u) − DRε(v)∥ ≤ L∥u − v∥, (86)
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This quantity is essential when Bk,h is non-normal, because eigenvalues alone can underestimate transient amplification. 

Theorem 21.1 (Regularized singular-value lower bound). Assume that the Hermitian part of Tk,0,h = I − Bk,h satisfies
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and the initial error is sufficiently small. Then Newton’s iterates are well defined and

Proof. Taylor’s formula with integral remainder gives
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Hence the convergence is locally quadratic.

Proof. Taylor’s formula with integral remainder gives

Substitution into the Newton update yields                                                                      he Banach perturbation lemma bounds the 
inverse at            giving the stated estimate.

Stability Under Kernel Perturbations 
Let                   be two kernels satisfying the same Lipschitz assumptions and suppose
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Theorem 23.1 (Kernel-perturbation estimate). Assume the regularized fixed-point operator has contraction constant ρε < 1 and F 
is Lipschitz in its Urysohn argument with constant L2. Then the solutions generated by                   satisfy 
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5. For BEM++, document the boundary spaces, quadrature strategy and iterative-solver tolerance.
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and the initial error is sufficiently small. Then Newton’s iterates are well defined and

∥u(m+1) − uε∥ ≤ ML

2(1 − ML∥u(m) − uε∥)
∥u(m) − uε∥2. (87)

Hence the convergence is locally quadratic.

Proof. Taylor’s formula with integral remainder gives

Rε(u(m)) = DRε(u(m))(u(m) − uε) + Rm, ∥Rm∥ ≤ L

2 ∥u(m) − uε∥2.

Substitution into the Newton update yields u(m+1) − uε = −DRε(u(m))−1Rm. The Banach perturbation
lemma bounds the inverse at u(m), giving the stated estimate.

23 Stability under Kernel Perturbations
Let K and K̃ be two kernels satisfying the same Lipschitz assumptions and suppose

sup
x∈Ω

∫

Ω
sup

|z|≤R
|K(x, y, z) − K̃(x, y, z)| dy ≤ δK . (88)

Theorem 23.1 (Kernel-perturbation estimate). Assume the regularized fixed-point operator has contraction
constant ρε < 1 and F is Lipschitz in its Urysohn argument with constant L2. Then the solutions generated
by K and K̃ satisfy

∥uε − ũε∥X ≤ ∥(I − Bk + εI)−1∥ ∥Vk∥L2
1 − ρε

δK . (89)

Proof. For every v in the invariant ball, the two Urysohn operators differ by at most δK . Add and subtract
the fixed-point map with common kernel, apply the contraction estimate to the solution difference and
rearrange.

24 High-Frequency Regime and Pollution Error
As k → ∞, the wavelength λ = 2π/k decreases, and a fixed mesh no longer resolves the oscillatory boundary
density. A basic resolution condition is

kh ≤ Cres, (90)
with a method-dependent constant. In addition to interpolation error, Helmholtz discretizations may exhibit
pollution error: the numerical phase error increases with k even when a nominal number of degrees of
freedom per wavelength is maintained. A high-frequency study should therefore report error at fixed kh,
error at fixed kphq, phase error, condition number and iteration count. Regularization controls near-resonant
amplification but does not replace wavelength resolution.
25 Fast Multipole BEM and Three-Dimensional Extension
For N boundary unknowns, direct matrix assembly and multiplication require O(N2) work and memory,
while a dense factorization requires O(N3) work. The Helmholtz fast multipole method groups well-separated
sources and targets and approximates their interaction by multipole and local expansions. For a fixed
accuracy and balanced tree, matrix-vector products can be reduced to approximately O(N log N), and in
favourable regimes to near O(N). Coupled with GMRES, this permits substantially larger three-dimensional
simulations.

For a three-dimensional sound-soft sphere of radius a, the exact scattered field admits a spherical-harmonic
expansion. This provides a direct 3D analogue of (77). A complete implementation should discretize the
sphere with triangular elements, compare the far-field pattern with the Mie-series reference and report the
effect of k, N , ε and FMM tolerance.

1 Build hierarchical boundary tree and near - field blocks
2 u = initial_guess
3 for m = 1: maxNewton
4 R = residual_fmm_bem (u,k,epsreg ,K)
5 Jv = @(v) jacobian_vector_product (u,v,k,epsreg ,K)
6 du = gmres (Jv ,-R,restart ,tolGMRES ,maxit , preconditioner )
7 u = u + damping *du
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Proof. For every v in the invariant ball, the two Urysohn operators differ by at most δK. Add and subtract the fixed-point map with 
common kernel, apply the contraction estimate to the solution difference and rearrange.

High-Frequency Regime and Pollution Error
As k → ∞, the wavelength λ = 2π/k decreases, and a fixed mesh no longer resolves the oscillatory boundary density. A basic resolution 
condition is
                                                                                                                                                                                  (90)

with a method-dependent constant. In addition to interpolation error, Helmholtz discretisation may exhibit pollution error: the numerical 
phase error increases with k even when a nominal number of degrees of freedom per wavelength is maintained. A high-frequency 
study should therefore report error at fixed kh, error at fixed kphq, phase error, condition number and iteration count. Regularization 
controls near-resonant amplification but does not replace wavelength resolution.

Fast Multipole BEM and Three-Dimensional Extension
For N boundary unknowns, direct matrix assembly and multiplication require O(N2) work and memory, while a dense factorization requires 
O(N3) work. The Helmholtz fast multipole method groups well-separated sources and targets and approximates their interaction by multipole 
and local expansions. For a fixed accuracy and balanced tree, matrix-vector products can be reduced to approximately O(N logN), and in 
favourable regimes to near O(N). Coupled with GMRES, this permits substantially larger three-dimensional simulations.

For a three-dimensional sound-soft sphere of radius a, the exact scattered field admits a spherical-harmonic expansion. This provides 
a direct 3D analogue of (77). A complete implementation should discretize the sphere with triangular elements, compare the far-field 
pattern with the Mie-series reference and report the effect of k, N, ε and FMM tolerance.
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Computational and Application Supplement
Additional Coloured Surfaces and Error Maps

For a parameter vector p = (k, ε, α, β, h), let uh(p) denote the discrete regularized solution. Two complementary graphical objects 
are useful: the field surface ℜuh (x; p) and the parametric error map

The first reveals oscillation, damping and nonlocal deformation, whereas the second reveals the bias–stability trade-off. egularization should 
be interpreted through the discrepancy principle or related parameter-choice rules rather than by taking ε arbitrarily small [3,9,15]. In the 
present nonlinear setting, continuity properties of Urysohn operators in bounded-function spaces and weighted-space regularization results 
provide complementary functional-analytic justification for the stabilized formulation [16-18].

Figure 13: Additional Coloured Surfaces: Oscillatory Helmholtz–Urysohn Field (left) and a Regularized Response (right). Alternating Colour 
Palettes Improve Visual Separation
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lemma bounds the inverse at u(m), giving the stated estimate.

23 Stability under Kernel Perturbations
Let K and K̃ be two kernels satisfying the same Lipschitz assumptions and suppose

sup
x∈Ω

∫

Ω
sup

|z|≤R
|K(x, y, z) − K̃(x, y, z)| dy ≤ δK . (88)

Theorem 23.1 (Kernel-perturbation estimate). Assume the regularized fixed-point operator has contraction
constant ρε < 1 and F is Lipschitz in its Urysohn argument with constant L2. Then the solutions generated
by K and K̃ satisfy

∥uε − ũε∥X ≤ ∥(I − Bk + εI)−1∥ ∥Vk∥L2
1 − ρε

δK . (89)

Proof. For every v in the invariant ball, the two Urysohn operators differ by at most δK . Add and subtract
the fixed-point map with common kernel, apply the contraction estimate to the solution difference and
rearrange.

24 High-Frequency Regime and Pollution Error
As k → ∞, the wavelength λ = 2π/k decreases, and a fixed mesh no longer resolves the oscillatory boundary
density. A basic resolution condition is

kh ≤ Cres, (90)
with a method-dependent constant. In addition to interpolation error, Helmholtz discretizations may exhibit
pollution error: the numerical phase error increases with k even when a nominal number of degrees of
freedom per wavelength is maintained. A high-frequency study should therefore report error at fixed kh,
error at fixed kphq, phase error, condition number and iteration count. Regularization controls near-resonant
amplification but does not replace wavelength resolution.
25 Fast Multipole BEM and Three-Dimensional Extension
For N boundary unknowns, direct matrix assembly and multiplication require O(N2) work and memory,
while a dense factorization requires O(N3) work. The Helmholtz fast multipole method groups well-separated
sources and targets and approximates their interaction by multipole and local expansions. For a fixed
accuracy and balanced tree, matrix-vector products can be reduced to approximately O(N log N), and in
favourable regimes to near O(N). Coupled with GMRES, this permits substantially larger three-dimensional
simulations.

For a three-dimensional sound-soft sphere of radius a, the exact scattered field admits a spherical-harmonic
expansion. This provides a direct 3D analogue of (77). A complete implementation should discretize the
sphere with triangular elements, compare the far-field pattern with the Mie-series reference and report the
effect of k, N , ε and FMM tolerance.

1 Build hierarchical boundary tree and near - field blocks
2 u = initial_guess
3 for m = 1: maxNewton
4 R = residual_fmm_bem (u,k,epsreg ,K)
5 Jv = @(v) jacobian_vector_product (u,v,k,epsreg ,K)
6 du = gmres (Jv ,-R,restart ,tolGMRES ,maxit , preconditioner )
7 u = u + damping *du
8 if norm(R)/max (1, norm(u)) < tolNewton , break ; end
9 end

Listing 10: Pseudocode for Newton–Krylov FMM-BEM.

22

26 Computational and Application Supplement

26.1 Additional coloured surfaces and error maps

For a parameter vector p = (k, ε, α, β, h), let uh(p) denote the discrete regularized solution.
Two complementary graphical objects are useful: the field surface ℜuh(x; p) and the parametric
error map

E(k, ε) = ∥uh(k, ε) − uref∥2
∥uref∥2

.

The first reveals oscillation, damping and nonlocal deformation, whereas the second reveals the
bias–stability trade-off. Regularization should be interpreted through the discrepancy principle
or related parameter-choice rules rather than by taking ε arbitrarily small [6, 14, 17]. In the
present nonlinear setting, continuity properties of Urysohn operators in bounded-function spaces
and weighted-space regularization results provide complementary functional-analytic justification
for the stabilized formulation [5, 4, 3].

Figure 13: Additional coloured surfaces: oscillatory Helmholtz–Urysohn field (left) and a
regularized response (right). Alternating colour palettes improve visual separation.

Figure 14: Parametric error map in the (k, ε) plane. The synthetic benchmark illustrates
high-frequency growth and the existence of an intermediate regularization range.
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Figure 14: Parametric Error Map in the (k, ε) Plane. The Synthetic Benchmark Illustrates High-Frequency Growth and the Existence 
of an Intermediate Regularization Range

Convergence Curves and Stopping Criteria
Let Rε(u) = u − Aεu. A robust stopping criterion is 

combined with a linear-solver tolerance smaller than τnl. Picard iteration is inexpensive but may be slow near resonance; damped 
Newton and Newton–Krylov methods exploit derivative information and commonly reduce the iteration count when the initial state 
lies in the local convergence basin [19,20].

Figure 15: Representative Residual Histories for Picard, Damped Newton and Newton–Kryloviterations. The Curves are Methodological 
Benchmarks, Not Measured Package Comparisons

Multivariate Sensitivity Study
One-at-a-time perturbations do not reveal parameter interaction. Introduce the normalized Jacobian

and the interaction index
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26.2 Convergence curves and stopping criteria

Let Rε(u) = u − Aεu. A robust stopping criterion is

∥Rε(u(m))∥2
max{1, ∥u(m)∥2} ≤ τnl,

combined with a linear-solver tolerance smaller than τnl. Picard iteration is inexpensive but
may be slow near resonance; damped Newton and Newton–Krylov methods exploit derivative
information and commonly reduce the iteration count when the initial state lies in the local
convergence basin [19, 35].

Figure 15: Representative residual histories for Picard, damped Newton and Newton–Krylov
iterations. The curves are methodological benchmarks, not measured package comparisons.

26.3 Multivariate sensitivity study

One-at-a-time perturbations do not reveal parameter interaction. Introduce the normal-
ized Jacobian

Jp =
[

pj

∥uh∥2

∂uh

∂pj

]q

j=1
, Sj = ∥Jp,j∥2,

and the interaction index
Iij = pipj

∥uh∥2

∥∥∥∥∥
∂2uh

∂pi∂pj

∥∥∥∥∥
2

.

Centred differences or automatic differentiation can approximate these quantities. For global
analysis, Sobol indices separate first-order and total effects; polynomial chaos or Gaussian-process
surrogates can reduce the number of expensive BEM solves [36, 40, 49].

A practical simultaneous design varies (k, ε, α, β, N) through a Latin hypercube, computes
error, condition number, iterations, time and memory, and fits a response surface. This avoids
drawing conclusions from a single trajectory through parameter space.

26.4 Computational complexity, memory and scalability

A dense BEM matrix requires O(N2) storage and matrix-vector work; direct factorisation
is typically O(N3). Hierarchical matrices, adaptive cross approximation and Helmholtz fast
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Centred differences or automatic differentiation can approximate these quantities. For global analysis, Sobol indices separate first-
order and total effects; polynomial chaos or Gaussian-process surrogates can reduce the number of expensive BEM solves [21-23].

A practical simultaneous design varies (k, ε, α, β,N) through a Latin hypercube, computes error, condition number, iterations, time 
and memory, and fits a response surface. This avoids drawing conclusions from a single trajectory through parameter space.

Computational Complexity, Memory and Scalability
A dense BEM matrix requires O(N2) storage and matrix-vector work; direct factorisation is typically O(N3). Hierarchical matrices, 
adaptive cross approximation and Helmholtz fast

Figure 16: Tornado Diagram of Normalized Sensitivities (Left) and Radar Comparison of Dense Regularized BEM and FMM–BEM 
Attributes (Right)

multipole methods reduce storage and iterative matvec cost, often to O(N logN) or near-linear complexity for fixed accuracy, although 
constants and high-frequency directional structure remain important [6,8,24,25].

Figure 17: Illustrative Execution-Time and Memory Scaling. Exact Slopes Depend on Geometry, Frequency, Quadrature, Hardware 
and Solver Tolerance

The minimum reproducibility table should report CPU model, RAM, language and version, compiler/BLAS, N, k, ε, quadrature order, 
nonlinear and linear tolerances, iteration counts, wall time, peak resident memory and error norm. Strong scaling fixes the problem size
and increases cores; weak scaling increases the problem size proportionally to available resources.

Applications
Acoustics
For exterior sound scattering, the nonlinear Urysohn term can represent distributed feedback, amplitude-dependent impedance or 
a reduced nonlocal constitutive law. Combinedfield integral equations are useful for suppressing spurious resonances in classical 
Helmholtz BEM [13,26].

Electromagnetism
After replacing scalar kernels by dyadic Green tensors and enforcing tangential trace spaces, the framework can model nonlinear or 
nonlocal polarization. Care is required at low frequency and for dense-discretisation breakdown; stable Maxwell formulations and 
appropriate preconditioners are essential [7,11].

Wave Propagation
In heterogeneous media, the Urysohn operator can encode memory, distributed scattering or effective nonlinear source response. The 
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multipole methods reduce storage and iterative matvec cost, often to O(N log N) or near-linear
complexity for fixed accuracy, although constants and high-frequency directional structure remain
important [34, 33, 16, 9].

Figure 17: Illustrative execution-time and memory scaling. Exact slopes depend on geometry,
frequency, quadrature, hardware and solver tolerance.

The minimum reproducibility table should report CPU model, RAM, language and
version, compiler/BLAS, N , k, ε, quadrature order, nonlinear and linear tolerances, iteration
counts, wall time, peak resident memory and error norm. Strong scaling fixes the problem size
and increases cores; weak scaling increases the problem size proportionally to available resources.

26.5 Applications

26.5.1 Acoustics

For exterior sound scattering, the nonlinear Urysohn term can represent distributed
feedback, amplitude-dependent impedance or a reduced nonlocal constitutive law. Combined-
field integral equations are useful for suppressing spurious resonances in classical Helmholtz BEM
[26, 23].

26.5.2 Electromagnetism

After replacing scalar kernels by dyadic Green tensors and enforcing tangential trace
spaces, the framework can model nonlinear or nonlocal polarization. Care is required at low
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formulation may be coupled with domain decomposition or volume-correction techniques where pure boundary reduction is impossible.

Inverse Problems
Unknown kernel parameters, boundary impedance, source intensity or geometry can be estimated by minimizing

where C is an observation operator and R is a stabiliser. Adjoint differentiation is preferable when the number of parameters is large 
[3,4].

Methodological Flowchart

Figure 18: Complete Methodological Flowchart from Operator Construction to Post-Processing and Adaptive Refinement

Two Additional Analytical Results
Theorem 26.1 (Uniform stability with respect to data perturbations). The contraction framework used below follows the classical 
fixed-point approach while incorporating continuity results for nonlinear integral functionals and Urysohn operators [16,27-30].

Let X be a Banach space and let Aε : X → X be the regularized Helmholtz–Urysohn fixed-point operator. Assume that Aε is Lipschitz 
on a closed invariant ball BR ⊂ X with constant qε < 1. If uε and      solve

then

Proof. Subtracting the two equations and applying the Lipschitz estimate gives

Rearrangement yields the asserted bound. In particular, the solution map is Lipschitz continuous whenever the regularized contraction 
margin 1 − qε is positive.

Figure 19: Circular Diagram of the Representative Computational Effort Assigned to the Principal Stages of the Regularized 
Helmholtz–Urysohn BEM Workflow. The Alternating Colors Distinguish Operator Assembly, Regularization, discretisation, Nonlinear 
Solution and Post-Processing

frequency and for dense-discretization breakdown; stable Maxwell formulations and appropriate
preconditioners are essential [29, 27].

26.5.3 Wave propagation

In heterogeneous media, the Urysohn operator can encode memory, distributed scat-
tering or effective nonlinear source response. The formulation may be coupled with domain
decomposition or volume-correction techniques where pure boundary reduction is impossible.

26.5.4 Inverse problems

Unknown kernel parameters, boundary impedance, source intensity or geometry can be
estimated by minimizing

Φ(p) = 1
2∥Cuh(p) − dδ∥2

2 + λR(p),

where C is an observation operator and R is a stabiliser. Adjoint differentiation is preferable
when the number of parameters is large [20, 14].
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Figure 18: Complete methodological flowchart from operator construction to post-processing
and adaptive refinement.

26.7 Two additional analytical results

Theorem 26.1 (Uniform stability with respect to data perturbations). The contraction frame-
work used below follows the classical fixed-point approach while incorporating continuity results
for nonlinear integral functionals and Urysohn operators [8, 21, 1, 2, 5].

Let X be a Banach space and let Aε : X → X be the regularized Helmholtz–Urysohn
fixed-point operator. Assume that Aε is Lipschitz on a closed invariant ball BR ⊂ X with constant
qε < 1. If uε and ũε solve

uε = Aεuε + f, ũε = Aεũε + f̃ ,

then
∥uε − ũε∥X ≤ 1

1 − qε
∥f − f̃∥X .

Proof. Subtracting the two equations and applying the Lipschitz estimate gives

∥uε − ũε∥X ≤ qε∥uε − ũε∥X + ∥f − f̃∥X .

Rearrangement yields the asserted bound. In particular, the solution map is Lipschitz continuous
whenever the regularized contraction margin 1 − qε is positive.
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Figure 19: Circular diagram of the representative computational effort assigned to the principal
stages of the regularized Helmholtz–Urysohn BEM workflow. The alternating colors distinguish
operator assembly, regularization, discretization, nonlinear solution and post-processing.

Figure 20: Circular diagram summarizing representative application areas of the regularized
Urysohn framework. Percentages are illustrative methodological weights rather than experimen-
tally measured frequencies.
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Figure 20: Circular Diagram Summarizing Representative Application areas of the regularized Urysohn Framework. Percentages 
are Illustrative Methodological Weights Rather than Experimentally Measured Frequencies

Theorem 26.2 (First-order regularization consistency). Let u solve the unregularized equation F(u) = 0 and let uε solve

This consistency estimate is closely related to regularization arguments for functional differential equations in weighted spaces, where 
the stabilizing term controls singular or poorly conditioned operator components [18,31]. Assume that F is continuously Fréchet 
differentiable in a neighbourhood of u, that DF(u) is boundedly invertible, that L is bounded on the solution space, and that uε → u 
as ε → 0+. Then there exist C > 0 and ε0 > 0 such that

Proof. A Taylor expansion at u gives

Using the regularized equation and F(u) = 0,

After application of DF(u)−1, boundedness of uε and absorption of the remainder for sufficiently small ε imply the estimate ∥uε − u∥X ≤ Cε.
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4.	 Initialize u(0) from the incident field or a continuation solution.
5.	 for m = 0, 1, . . . ,mmax do

	 (a) Evaluate Rε(u(m)) and the relative residual rm.
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Theorem 26.2 (First-order regularization consistency). Let u solve the unregularized equation
F (u) = 0 and let uε solve

F (uε) + εL∗Luε = 0.

This consistency estimate is closely related to regularization arguments for functional differential
equations in weighted spaces, where the stabilizing term controls singular or poorly conditioned
operator components [3, 50]. Assume that F is continuously Fréchet differentiable in a neigh-
bourhood of u, that DF (u) is boundedly invertible, that L is bounded on the solution space, and
that uε → u as ε → 0+. Then there exist C > 0 and ε0 > 0 such that

∥uε − u∥X ≤ Cε, 0 < ε ≤ ε0.

Proof. A Taylor expansion at u gives

F (uε) = DF (u)(uε − u) + rε,
∥rε∥X

∥uε − u∥X
→ 0.

Using the regularized equation and F (u) = 0,

DF (u)(uε − u) = −εL∗Luε − rε.

After application of DF (u)−1, boundedness of uε and absorption of the remainder for sufficiently
small ε imply the estimate ∥uε − u∥X ≤ Cε.

26.8 Complete algorithm

Figure 21: Regularized nonlinear Helmholtz–Urysohn BEM

Input: Boundary mesh Γh, wave number k, kernel K, regularization ε, tolerances τnl, τlin.

1. Assemble near-field singular quadrature blocks and far-field interaction representation.

2. Construct the discrete boundary operator Bk,h and Urysohn quadrature operator Uh.

3. Form Tk,ε,h = I − Bk,h + εL∗
hLh and build a preconditioner.

4. Initialize u(0) from the incident field or a continuation solution.

5. for m = 0, 1, . . . , mmax do

(a) Evaluate Rε(u(m)) and the relative residual rm.
(b) if rm ≤ τnl then

i. break
end if

(c) Compute a Picard step or solve DRε(u(m))sm = −Rε(u(m)) by preconditioned GMRES.
(d) Select damping ωm by residual decrease and set u(m+1) = u(m) + ωmsm.

end for

6. Compute observation fields, error indicators, condition estimates, sensitivity indices, time and
peak memory.

Output: Discrete solution, convergence history and reproducibility metadata.
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MATLAB and Python Reproducibility
The accompanying project contains the MATLAB file code/
regularized_bem_demo.m and the Python file code/regularized_
bem_demo.py. They implement the same synthetic unit-circle 
benchmark and record residuals, time and an estimate of dense 
memory. The files deliberately separate the demonstrative matrix 
construction from a production singular-quadrature implementation. 
A public supplementary repository should include: source code, 
immutable mesh files, environment specification, random seeds, 
scripts that regenerate every figure/table, and a DOI-backed archival 
release through Zenodo or an institutional repository [10,32].

Limitations and Regimes of Reduced Efficiency
Regularization may cease to be efficient in at least five regimes. 
First, excessive ε introduces bias and suppresses physically relevant 
resonant content. Second, very small ε does not cure unresolved 
wavelengths or BEM pollution. Third, a scalar Tikhonov term may 
be poorly aligned with anisotropic or non-normal instability. Fourth, 
strongly non-Lipschitz kernels can destroy contraction and make 
Newton derivatives singular. Fifth, dense BEM remains memory-
bound at large N unless compression or FMM is used.

Further extensions include adaptive spatially varying regularization, 
discrepancy-driven continuation in (k, ε), randomized condition 
estimation, directional high-frequency FMM, goaloriented error 
control, automatic differentiation of the nonlinear operator, and 
hybrid operatorlearning surrogates constrained by the boundary 
integral equation [33-50].

Strengthened Conclusions
The extended manuscript establishes a coherent pathway from the 
regularized operator model to a scalable computational workflow. 
The principal additions are: (i) two-dimensional error maps and 
additional coloured solution surfaces; (ii) convergence diagnostics 
for fixed-point and Newton–Krylov solvers; (iii) simultaneous 
sensitivity analysis with interaction measures and global indices; 
(iv) explicit runtime, memory and scalability reporting; (v) a unified 
application interpretation for acoustics, electromagnetism, wave 
propagation and inverse reconstruction; and (vi) reproducible 
MATLAB and Python demonstrators with a complete algorithmic 
flow.

For large-dimensional Helmholtz problems, the central impact 
is not that regularization alone removes every high-frequency 
difficulty. Rather, the regularized Urysohn formulation creates a 
controlled nonlinear operator whose stability can be combined 
with fast boundary algorithms, preconditioned Krylov iteration, 
continuation and adaptive parameter selection. This separation 
of analytical stabilization from computational acceleration is the 
key contribution for future three-dimensional and high-frequency 
implementations.

Final Conclusions and Outlook
This work develops a regularized boundary-element framework for 
nonlinear Helmholtz equations coupled with Urysohn operators. Its 
principal original contributions are: a unified well-posedness and 
regularization analysis; an explicit decomposition of regularization, 
discretisation and quadrature errors; spectral-radius and condition-
number estimates; a local quadratic-convergence theorem for 
Newton iteration; a quantitative stability bound for perturbations 
of the Urysohn kernel; and a computational pathway toward high-
frequency, fast-multipole and three-dimensional simulations with 
reproducible benchmark validation. An exact circularscatterer 
benchmark has been specified so that numerical accuracy can be 
verified against an analytical solution.

The present limitations are equally important. The numerical 
tables inherited from the exploratory version are illustrative unless 
generated by the complete solver, and no independent COMSOL, 
BEM++ or MATLAB PDE Toolbox run is claimed here. A 
publishable validation campaign should execute the common 
benchmark in all packages, archive meshes and scripts, and 
report errors, wall-clock time and peak memory under identical 
conditions. Future research will focus on genuine 3D experiments, 
high-frequency pollution estimates, adaptive regularization, FMM-
accelerated Newton–Krylov solvers, non-normal pseudospectral 
computation and validation against measured acoustic or 
electromagnetic data.
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