
J Phy Opt Sci, 2024               Volume 6(10): 1-7

Review Article

ISSN: 2754-4753

Relativistic Modeling of Charged Anisotropic  Stars in a Buchdahl  
Spacetime
Manuel Malaver1* and Rajan Iyer2 

Journal of Physics & Optics
Sciences

Keywords: Relativistic Objects, Anisotropic Matter, Einstein-
Maxwell System, Metric Potential, Compact Star

Introduction
Research on compact objects and strange stars within the 
framework of the general theory of relativity is a central issue of 
great importance in theoretical astrophysics in the last decades 
[1,2]. The obtained models in general relativity have been used 
to describe fluid spheres with strong gravitational fields as is the 
case of white dwarfs and neutron stars [3-5].

In theoretical works of realistic stellar models, is important include 
the pressure anisotropy [6-18]. Bowers and Liang extensively 
discuss the effect of pressure anisotropy in general relativity [6]
The existence of anisotropy within a star can be explained by the 
presence of a solid core, phase transitions, a type III super fluid, a 
pion condensation or another physical phenomena as the presence 
of an electrical field [18,19]. The physics of ultrahigh densities 
is not well understood and many of the strange stars studies have 
been performed within the framework of the MIT-Bag model [20]. 
In this model, the strange matter equation of state has a simple 

linear form given by   where  is the energy 

density, p is the isotropic pressure and B is the bag constant. Many 
researchers have used a great variety of mathematical techniques to 
try to obtain exact solutions for quark stars within the framework 
of MIT-Bag model: Komathiraj and Maharaj found two new 
classes of exact solutions to the Einstein-Maxwell system of 
equations with a particular form of the gravitational potential 
and isotropic pressure‎ [20]‎. Malaver also has obtained some 
models for quark stars considering a potential gravitational that 

depends on an adjustable parameter [21,22]. Thirukkanesh and 
Maharaj studied the behavior of compact relativistic objects with 
anisotropic pressure in the presence of the electromagnetic field. 
Maharaj et al. generated new models for quark stars with charged 
anisotropic matter considering a linear equation of state‎ [23, 24]‎. 
Thirukkanesh and Ragel obtained new models for compact stars 
with quark matter [25]. Sunzu et al. found new classes of solutions 
with specific forms for the measure of anisotropy [26]. 

With then use of Einstein´s field equations, important advances 
has been made to model the interior of a star. In particular, Feroze 
and Siddiqui and Malaver consider a quadratic equation of state 
for the matter distribution and specify particular forms for the 
gravitational potential and electric field intensity [27-30]. Mafa 
Takisa and Maharaj obtained new exact solutions to the Einstein-
Maxwell system of equations with a polytropic equation of state 
[31]. Thirukkanesh and Ragel have obtained particular models 
of anisotropic fluids with polytropic equation of state which are 
consistent with the reported experimental observations‎ [32]‎. 
Malaver generated new exact solutions to the Einstein-Maxwell 
system considering Van der Waals modified equation of state with 
and without polytropical exponent and Thirukkanesh and Ragel 
presented a anisotropic strange quark matter model by imposing 
a linear barotropic equation of state with Tolman IV form for the 
gravitational potential [33-35]. Mak and Harko found a relativistic 
model of strange quark star with the suppositions of spherical 
symmetry and conformal Killing vector‎ [36]‎. Malaver and Iyer 
obtained new class of solutions for the Einstein-Maxwell field 
equations for charged anisotropic matter with a Tolman IV type 
potential [37].
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ABSTRACT
In this paper, we studied the behavior of relativistic objects with charged anisotropic matter distribution with a linear equation of state considering a metric 
potential proposed for Buchdahl (1959). The new solutions to the Einstein-Maxwell system of equations are found in term of elementary functions. A 
physical analysis of electromagnetic field indicates that is regular in the origin and well behaved. The new obtained models satisfy all physical requirements 
of a physically reasonable stellar object. The models are consistent with the upper limit on the mass of compact stars for PSR J1823-3021G, PSR J1748-
2446an and PSR J1518+4904. 
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The aim of this paper is to obtain new exact solutions to the 
Maxwell-Einstein system for charged anisotropic matter with the 
barotropic equation of state that presents a linear relation between 
the energy density and the radial pressure in static spherically 
symmetric spacetime using the metric potential proposed for 
Buchdahl to generate some stellar models with anisotropic 
matter distribution [38]. We obtained some new classes of static 
spherically symmetrical models. This article is organized as 
follows, in Section 2, we present Einstein´s field equations of 
anisotropic fluid distribution. In Section 3, we make a particular 
choice of gravitational potential Z(x) that allows solving the 
field equations and we have obtained new models for charged 
anisotropic matter. In Section. 4, physical requirements for the 
new models are described. In Section 5, a physical analysis of the 
new solutions is performed. Finally in Section 6, we conclude.

Einstein Field Equations
We consider a spherically symmetric, static and homogeneous 
and anisotropic spacetime in Schwarzschild coordinates given by 

                                                                                            (1)

where          and         are two arbitrary functions.

The Einstein field equations for the charged anisotropic matter 
are given by

                                                                                          (2)

                                                                                          (3)

                                                                                          (4)

where ρ  is the energy density, ρr  is the radial pressure, E is electric 
field intensity and pt is the tangential pressure, respectively. Using 

the transformations, x = cr2,                          and  

with arbitrary constants A and c>0, suggested by Durgapal and 
Bannerji [39], the metric (1) take the form

                                                                                          (5)

and the Einstein field equations can be written as

                                                                                          (6)

                                                                                          (7) 

                                                                                          (8)

                                                                                          (9)   
 
                                                                                          (10)

                                                                                          (11)

σ is the charge density and dots denote differentiation with respect 
to x. With the transformations of [39], the mass within a radius r 
of the sphere take the form

                                                                                     (12)

The interior metric (1) with the charged matter distribution should 
match the exterior spacetime described by the Reissner-Nordstrom 
metric

                                                                                           (13)

where the total mass and the total charge of the star are denoted by 
M and q2, respectively. The junction conditions at the stellar surface 
are obtained by matching the first and the second fundamental 
forms for the interior metric (1) and the exterior metric (13).

In this paper, we assume the following lineal equation of state

                                                                                  (14)

A New Class of Models
In order to solve the Einstein field equations, we have chosen 
specific forms for the gravitational potential Z(x) and the electrical 
field intensity E following Buchdahl [38] and Lighuda et al.[40] 
we have taken the forms, respectively 

                                                                                   (15)

 
                                                                                   (16)   

where K is a parameter related to the geometry of the star and a 
is a real constant. The metric potential is regular at the origin and 
well behaved in the interior of the sphere. The electric field is finite 
at the center of the star and remains continuous in the interior.
Substituting (15) and (16) in (6) we obtain 

 
                                                                                     (17)

we have for the radial pressure

                                                                                     (18)

Using (17) in (12), the expression of the mass function is

                                                                                            (19)

)(rν )(rλ



Citation: Manuel Malaver, Rajan Iyer (2024) Relativistic Modeling of Charged Anisotropic  Stars in a Buchdahl  Spacetime. Journal of Physics & Optics Sciences. 
SRC/JPSOS-338. DOI: doi.org/10.47363/JPSOS/2024(6)271

J Phy Opt Sci, 2024               Volume 6(10): 3-7

With (15) and (16) in eq. (11), the charge density is

                                                                                         (20)

With (15), (16) and (18), the eq. (7) becomes

                                                                                        (21)

Integrating (21), we obtain

                                                                                          (22)

where for convenience

                                                                                        (23)

                                                                                        (24)

                                                                                        (25)

The metric functions can be written as

                                                                                          (26)

                                                                                          (27)

The anisotropy factor ∆ is given by for

                                                                                           (28)

Conditions of Physical Acceptability 
For a model to be physically acceptable, the following conditions 
should be satisfied [32,41]
1.	 The metric potentials      and       assume finite values 

throughout the stellar interior and are singularity-free at the 
center r=0. 

2.	 The energy density ρ should be positive and a decreasing 
function inside the star.

3.	 The radial pressure also should be positive and a decreasing 
function of radial parameter.

4.	 The radial pressure and density gradients  

        and               for             . 

5.	 The anisotropy is zero at the center r=0, i.e. Δ(r=0) =0. 
       Any physically acceptable model must satisfy the causality 

6.	 condition, that is, for the radial sound speed  
       we should have                   
7.	 The charged interior solution should be matched with the 

Reissner–Nordström exterior solution, for which the metric 
is given by the equation (13). 

The conditions (2) and (4) imply that the energy density must 
reach a maximum at the centre and decreasing towards the surface 
of the sphere.

Physical Analysis the New Models
For the new solutions, metric potentials     and      have finite values 
and remain positive throughout the stellar interior. At the center
              and                         . We show that in

and this make is possible to verify that the gravitational potentials 
are regular at the center.

The energy density is positive and well behaved between the 

center and the surface of the star. In the center

In the surface of the star                and for the second 
fundamental form we have

                                                                                        (29)

Energy density and radial pressure gradients       and

respectively, are monotonically decreasing functions with the 
radial coordinate r. For this case we obtain in 0 < r < R 

                                                                                                  (30)

                                                                                                (31)

From the equations (30) and (31) is deduced that the pressure 
and density should be maximum at the center and monotonically 
decreasing towards the surface of the star.

On the boundary r=R, the solution must match the Reissner–
Nordström exterior space–time as

and therefore, the continuity of ev  and eλ across the boundary r=R is

                                                                                       (32)

Then for the matching conditions, we obtain

                                                                                       (33)

0 r R≤ ≤
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Table 1 shows the values of the chosen physical parameters a, K 
and the masses of the stellar objects.

Table 1: Parameters K, a and Stellar Masses
 K  a  M(Mʘ)
 6  0.0002  2.71
 8  0.0002  2.87
 10  0.0002  2.96

Mʘ = sun’s mass

The figures 1,2,3,4,5,6,7,8 and 9 represent the plots of 

                                                                       and Δ with the radial 

coordinate.In all the graphs we considered c=1.

Figure 1: Metric potential e2λ against the radial coordinate for 
K=6 (solid line), K=8 (long- dash line) and K=10 (dash-dot line). 
For all the cases a=0.0002.

Figure 2: Metric potential  against the radial coordinate for K=6 
(solid line), K=8 (long- dash line) and K=10 (dash-dot line). For 
all the cases a=0.0002.

Figure 3: Energy density ρ against the radial coordinate for K=6 
(solid line), K=8 (long- dash line) and K=10 (dash-dot line). For 
all the cases a=0.0002.

Figure 4: Radial pressure Pr against the radial coordinate for K=6 
(solid line), K=8 (long- dash line) and K=10 (dash-dot line). For 
all the cases a=0.0002.

Figure 5: Energy density gradient against the radial coordinate 
for K=6 (solid line), K=8 (long- dash line) and K=10 (dash-dot 
line). For all the cases a=0.0002.
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Figure 6: Radial pressure gradient against the radial coordinate 
for K=6 (solid line), K=8 (long- dash line) and K=10 (dash-dot 
line). For all the cases a=0.0002.

Figure 7: Mass function against the radial coordinate for K=6 
(solid line), K=8 (long- dash line) and K=10 (dash-dot line). For 
all the cases a=0.0002.

Figure 8: Charge density σ2 against the radial coordinate for K=6 
(solid line), K=8 (long- dash line) and K=10 (dash-dot line). For 
all the cases a=0.0002.

Figure 9: Anisotropy against the radial coordinate for K=6 (solid 
line), K=8 (long- dash line) and K=10 (dash-dot line). For all the 
cases a=0.0002.

In Figure 1, for different values of parameter K, the metric potential 
e2λ is a continuously growing function within the star and takes 
higher values when K is increased. In Figure 2, the metric potential 
e2v  also is continuous and has the same behaviour that e2λ reaching 
high values when growing K. The energy density remains positive, 
continuous and is monotonically decreasing function throughout 
the stellar interior as noted in the Figure 3 for all values of K 
considered. The radial pressure is non negative and is a decreasing 
function with the radial parameter as shown in Figure 4. The radial 
variation of energy density gradient has been shown in Figure 5, 

in which it is observed that             in all the cases studied. In Figure 

6 is also shown that the profile of        indicates that the radial 

pressure gradient is negative inside the star. In Figure 7, the mass 
function is continuous, increasing, takes finite values and well 
behaved in the stellar interior for different values of K. The charge 
density is a continuously decreasing function as noted in Figure 
8. The anisotropic factor Δ is plotted in Figure 9 and it shows that 
vanishes at the centre of the star, i.e. Δ(r=0) =0. We can also note 
that Δ admits higher values with a growth of K.

We can compare the values calculated for the mass function with 
observational data of some astrophysical objects such as for PSR 
J1823-3021G, PSR J1748-2446an and PSR J1518+4904 [42-
44]. The values of the stellar masses for these compact stars are 
tabulated in Table 2.

Table 2: The Approximate Values of the Masses for the 
Compact Stars

Compact Star  Masses M(Mʘ)
 J1823-3021G  2.65
 J1518+4904  2.72 
 J1748-2446an  2.97

The recently discovered pulsar PSR J1823 3021G is known to 
be part of a binary system and has the potential of being one of 
the most massive known pulsars [43]. The same is noted with the 
binary pulsar PSR J1748-2446an which is a massive system that 
exceeds 2Mʘ [44].
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Conclusion
In this research we developed some simple relativistic charged 
stellar models obtained by solving Einstein-Maxwell field 
equations for a static spherically symmetric locally anisotropic 
fluid distribution. By choice of metric potential and the electric 
charge distribution together with the linear equation of state we 
have studied the behavior of fluid distribution. An analytical 
stellar model with such physical features could play a significant 
role in the description of internal structure of electrically charged 
strange stars. The newly obtained models match smoothly with the 
Schwarzschild exterior metric across the boundary r=R because 
matter variables and the gravitational potentials of this research 
are consistent with the physical analysis of these stars.

Physical features associated with the matter, radial pressure, 
density, anisotropy, charge density and the plots generated suggest 
that the proposed models can be compared with the pulsars PSR 
J1823-3021G, PSR J1748-2446an and PSR J1518+4904 and well 
behaved [43-44]‎. 
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