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1. Introduction
 In the last few decades there have been important developments 
and applications of Eulerian codes for the numerical solutions of 
the kinetic equations of plasmas. The methods which discretize 
the full phase-space on a multi-dimensional grid and perform 
the direct solution of the distribution function on this grid, by 
solving numerically the partial differential equations for the 
distribution functions in the multi-dimensional phase-space, are 
called Eulerian methods. Of special interest are the Eulerian codes 
based on the method of characteristics for hyperbolic differential 
equations, because of the absence of numerical noise they allow 
an accurate study of the phase-space dynamics, especially in the 
low-density regions of the phase-space. This approach has become 
increasingly important, especially for the numerical solution of 
the hyperbolic type Vlasov-Maxwell equations, which are used 
to study the kinetic processes when the collisions between the 
particles are negligible, as in high temperature and low-density 
plasmas.  The areas of the kinetic processes in plasmas are broad, 
and of special interest are the applications to the study of collision 
less transport processes using the Vlasov equation for a wide range 
of phenomena displaying collective behaviour [1-6].

In the present work, we present applications of Eulerian codes 
for the numerical simulation of seed pulses amplification in 
plasmas. Special attention has been given recently to the idea of 
plasma-based laser amplifiers for their application to the direct 

amplifications of ultra-short laser pulses through the stimulated 
Raman backscattering SRBS or the stimulated Brillouin 
backscattering SBBS. For the application to the problem of 
plasma-based laser amplifiers, which is the direct amplification 
of ultra-short laser pulses, the stimulated Raman backscattering 
SRBS is the interaction of the pump light wave with a daughter 
light seed wave propagating in the opposite direction, where the 
transfer of energy is mediated via a high frequency electron plasma 
wave EPW response. And the stimulated Brillouin backscattering 
SBBS is the interaction of a pump light wave with a daughter 
light seed wave propagating in the opposite direction, where the 
transfer of energy is mediated via an ion plasma wave, usually 
the plasma response in this case is a low frequency ion acoustic 
wave IAW. These processes involve the collision of the long pump 
pulse with the ultra-short seed pulse propagating in the opposite 
direction, in order to amplify the seed pulse intensity by several 
orders of magnitude. The seed pulse convectively grows with 
interaction distance as does the plasma mode (EPW or IAW). 
But as the seed pulse grows, it also depletes the pump energy. 
Promising experimental and numerical simulations results have 
been predicted or reported. We mention as examples, recent and 
less recent, the works of Drake et al., Malkin et al., Max et al., 
Kruer, Mourou et al., Riconda et al., Benisti et al., Lehmann et al., 
Wang et al., Toroker et al., Shoucri et al., Califano et al., [7-22].

In these new developments transient propagation effects become 
important. Numerical simulations have shown that besides 
stimulated Raman backward scattering SRBS and forward 
scattering SRFS, or stimulated Brillouin backward scattering 
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ABSTRACT
We apply a Eulerian Vlasov code for the numerical solution of the relativistic Vlasov-Maxwell equations to study the problem of the amplification 
of an ultra-short seed pulse via stimulated Raman or Brillouin backscattering from a long pump pulse, assumed to have an envelope with a constant 
amplitude, in plasmas. An analysis of the spectra of waves which participate in the amplification processes is presented, calculated by the numerical 
code, showing good agreement with the available predicted theoretical values. The evolution showing the pump depletion, accompanied by the 
counter-propagating seed-pulse amplification, compression and increased steepness of the waveform is also presented, and accurate contour plots of 
the distribution functions. In recent numerical simulations, it has also been shown that besides the stimulated Raman backscattering SRBS and the 
stimulated Brillouin backscattering SBBS, other high and low frequency kinetic instabilities can occur when evolving modes develop in the modified 
distribution functions during the evolution of the system. We study the wave effects of these kinetic instabilities on the stimulated Raman scattering 
and stimulated Brillouin scattering short pulses amplification processes. The absence of spurious noise in grid based Eulerian Vlasov codes allows to 
follow the evolution of the system with a fully kinetic description and accurate representation of the phase-space structures coexisting and interacting 
in the electron distribution function. We present results which compare favourably with what can be obtained from particle-in-cell (PIC) codes.
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SBBS and forward scattering SBFS, other high frequency kinetic 
instabilities can occur when modified distribution functions exist 
during the transient evolution of the system. We identify them by 
the name kinetic electrostatic electron nonlinear (Keen) waves 
[18,20]. There have also been associations of beam acoustic modes 
BAM with SRBS nonlinear evolution and saturation. Electron 
acoustic waves EAW association have also been suggested. A 
different perspective has also been promulgated under the heading 
of transient enhanced instability levels attributed to rapidly 
changing distribution functions which diminish damping rates and 
thus allow larger levels of SRS than would be expected in models 
ignoring transient tracking of distribution functions. Of these Keen 
waves have the interesting features that they are not steady state, 
time-independent solutions, but rather transient evolving solutions. 
More discussions on the kinetic electrostatic electron nonlinear 
Keen waves can be found in Shoucri et al., [18,20]. 

There is great advantage to apply the Eulerian codes to study 
these problems because of the absence of numerical noise in these 
codes, they offer the possibility to distinguish clearly the excited 
modes, especially those excited during the evolving transient 
phases of the distribution function. In contrast, the noisy particle-
in-cell (PIC) codes with other associated numerical problems 
like excessive pump scattering and depletion from the numerical 
noise, make it difficult to get a fine resolution. The absence of 
noise in the Eulerian Vlasov codes allows accurate representation 
of the phase-space structures of the distribution function, and 
accurate identification of the modes involved in the physics of 
the scattering processes, especially when relevant to the transient 
evolution of the system. Eulerian Vlasov codes have successfully 
been applied to the numerical solution of the relativistic Vlasov-
Maxwell equations to study in a plasma the amplification of ultra-
short seed pulses via stimulated Raman or Brillouin backscattering, 
from a long plasma pulse, assumed of constant amplitude before 
interaction [18-21]. 

In the present work we apply an Eulerian Vlasov code for the 
numerical solution of relativistic one-dimensional Vlasov-Maxwell 
equations to study two problems of seed pulse amplification. The 
problem of the amplification of an ultra-short seed pulse by SRBS 
when the plasma response is mediated by a plasma wave, and the 
problem of the amplification of an ultra-short seed pulse by SBBS 
when the plasma response is mediated by an ion acoustic wave 
IAW [18-20]. In both cases the long pump pulse is assumed to 
have an envelope that is constant in amplitude before interaction. 
But as the seed pulse grows, it also depletes the pump energy. 
Detailed analysis of the spectra developed during the amplification 
process will be presented, together with the evolution showing 
the pump depletion, accompanied by the counter-propagating 
seed-pulse amplification, compression and increased steepness 
of the waveform. Also detailed contour plots of the distribution 
functions will be presented,  

2.The Relevant Equations and the Numerical Scheme of the 
Relativistic Vlasov-Maxwell Equations
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where φ (x,t) is the scalar potential. Eq.(1) can be reduced to a 
two-dimensional phase-space Vlasov equation as follows. The 
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Choosing the Coulomb gauge (        ), we have for our one-
dimensional problem            , hence          . The vector potential       
                , and we also have the following relation along the
longitudinal direction: 

                                                                                         (5)

and since there is no transverse dependence

                                                                                         (6)

This last equation means          = const. We can choose this
constant to be zero without loss of generality, which means that 
initially all particles at a given (x,t) have the same perpendicular 
momentum                         . The Hamiltonian now is written:
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The 4D distribution function                                 can now be
reduced to a 2D distribution function
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of generality, which means that initially all particles at a given (x,t) have the same 

perpendicular momentum ),(, txap ie ⊥⊥ =
 . The Hamiltonian now is written: 

( ( ) ) ),(1/),(/1 2/12
,

22
,

2
,,, txMtxaMpMH ieieixeieie −++= ⊥ .                    (7) 

 5 

2/1

2
,

2
,

2
,2

,
, )(11 










+++= izeiyeixe

ie
ie ppp

M
                                                                 (2) 

(the upper sign in Eq. (1) is for electrons and the lower sign for ions, and subscripts e or i 

denote electrons or ions respectively). In our normalized units 1=eM  and 
e

i
i m

m
M = .  

We write the Hamiltonian of a particle in the electromagnetic field of the wave: 

         ),()1( ,,, txMH ieieie  −= .                                              (3) 

where  (x,t) is the scalar potential. Eq.(1) can be reduced to a two-dimensional phase-

space Vlasov equation as follows. The canonical momentum iceP ,


 is connected to the 

particle momentum iep ,
  by the relation apP ieice





,, = . cmAea e/


=  is the normalized 

vector potential. From Eq. (3), we can write: 

    ( ) ),(1)(11
2/1

2
,2

,
,, txaP

M
MH ice

ie
ieie 

−









+= .                                (4) 

Choosing the Coulomb gauge ( 0=adiv ) , we have for our one dimensional problem 

0=



x
ax  , hence 0=xa . The vector potential ),( txaa ⊥=

 , and we also have the following 

relation along the longitudinal direction: 

x
H

dt
dP ieicxe




−= ,,                                                                       

(5) 

and since there is no transverse dependence 

0,
, =−= ⊥

⊥
ie

iec H
dt

Pd


.                                                                                                      (6) 

This last equation means =⊥ iecP ,


const. We can choose this constant to be zero without loss 

of generality, which means that initially all particles at a given (x,t) have the same 

perpendicular momentum ),(, txap ie ⊥⊥ =
 . The Hamiltonian now is written: 

( ( ) ) ),(1/),(/1 2/12
,

22
,

2
,,, txMtxaMpMH ieieixeieie −++= ⊥ .                    (7) 

 5 

2/1

2
,

2
,

2
,2

,
, )(11 










+++= izeiyeixe

ie
ie ppp

M
                                                                 (2) 

(the upper sign in Eq. (1) is for electrons and the lower sign for ions, and subscripts e or i 

denote electrons or ions respectively). In our normalized units 1=eM  and 
e

i
i m

mM = .  

We write the Hamiltonian of a particle in the electromagnetic field of the wave: 

         ),()1( ,,, txMH ieieie  −= .                                              (3) 

where  (x,t) is the scalar potential. Eq.(1) can be reduced to a two-dimensional phase-

space Vlasov equation as follows. The canonical momentum iceP ,


 is connected to the 

particle momentum iep ,
  by the relation apP ieice





,, = . cmAea e/


=  is the normalized 

vector potential. From Eq. (3), we can write: 

    ( ) ),(1)(11
2/1

2
,2

,
,, txaP

M
MH ice

ie
ieie 

−









+= .                                (4) 

Choosing the Coulomb gauge ( 0=adiv ) , we have for our one dimensional problem 

0=



x
ax  , hence 0=xa . The vector potential ),( txaa ⊥=

 , and we also have the following 

relation along the longitudinal direction: 

x
H

dt
dP ieicxe




−= ,,                                                                       

(5) 

and since there is no transverse dependence 

0,
, =−= ⊥

⊥
ie

iec H
dt

Pd


.                                                                                                      (6) 

This last equation means =⊥ iecP ,


const. We can choose this constant to be zero without loss 

of generality, which means that initially all particles at a given (x,t) have the same 

perpendicular momentum ),(, txap ie ⊥⊥ =
 . The Hamiltonian now is written: 

( ( ) ) ),(1/),(/1 2/12
,

22
,

2
,,, txMtxaMpMH ieieixeieie −++= ⊥ .                    (7) 

iep ,


0=adiv

0=
∂

∂
x

ax 0=xa

),( txaa ⊥=


 5 

2/1

2
,

2
,

2
,2

,
, )(11 










+++= izeiyeixe

ie
ie ppp

M
                                                                 (2) 

(the upper sign in Eq. (1) is for electrons and the lower sign for ions, and subscripts e or i 

denote electrons or ions respectively). In our normalized units 1=eM  and 
e

i
i m

mM = .  

We write the Hamiltonian of a particle in the electromagnetic field of the wave: 

         ),()1( ,,, txMH ieieie  −= .                                              (3) 

where  (x,t) is the scalar potential. Eq.(1) can be reduced to a two-dimensional phase-

space Vlasov equation as follows. The canonical momentum iceP ,


 is connected to the 

particle momentum iep ,
  by the relation apP ieice





,, = . cmAea e/


=  is the normalized 

vector potential. From Eq. (3), we can write: 

    ( ) ),(1)(11
2/1

2
,2

,
,, txaP

M
MH ice

ie
ieie 

−









+= .                                (4) 

Choosing the Coulomb gauge ( 0=adiv ) , we have for our one dimensional problem 

0=



x
ax  , hence 0=xa . The vector potential ),( txaa ⊥=

 , and we also have the following 

relation along the longitudinal direction: 

x
H

dt
dP ieicxe




−= ,,                                                                       

(5) 

and since there is no transverse dependence 

0,
, =−= ⊥

⊥
ie

iec H
dt

Pd


.                                                                                                      (6) 

This last equation means =⊥ iecP ,


const. We can choose this constant to be zero without loss 

of generality, which means that initially all particles at a given (x,t) have the same 

perpendicular momentum ),(, txap ie ⊥⊥ =
 . The Hamiltonian now is written: 

( ( ) ) ),(1/),(/1 2/12
,

22
,

2
,,, txMtxaMpMH ieieixeieie −++= ⊥ .                    (7) 

 5 

2/1

2
,

2
,

2
,2

,
, )(11 










+++= izeiyeixe

ie
ie ppp

M
                                                                 (2) 

(the upper sign in Eq. (1) is for electrons and the lower sign for ions, and subscripts e or i 

denote electrons or ions respectively). In our normalized units 1=eM  and 
e

i
i m

m
M = .  

We write the Hamiltonian of a particle in the electromagnetic field of the wave: 

         ),()1( ,,, txMH ieieie  −= .                                              (3) 

where  (x,t) is the scalar potential. Eq.(1) can be reduced to a two-dimensional phase-

space Vlasov equation as follows. The canonical momentum iceP ,


 is connected to the 

particle momentum iep ,
  by the relation apP ieice





,, = . cmAea e/


=  is the normalized 

vector potential. From Eq. (3), we can write: 

    ( ) ),(1)(11
2/1

2
,2

,
,, txaP

M
MH ice

ie
ieie 

−









+= .                                (4) 

Choosing the Coulomb gauge ( 0=adiv ) , we have for our one dimensional problem 

0=



x
ax  , hence 0=xa . The vector potential ),( txaa ⊥=

 , and we also have the following 

relation along the longitudinal direction: 

x
H

dt
dP ieicxe




−= ,,                                                                       

(5) 

and since there is no transverse dependence 

0,
, =−= ⊥

⊥
ie

iec H
dt

Pd


.                                                                                                      (6) 

This last equation means =⊥ iecP ,


const. We can choose this constant to be zero without loss 

of generality, which means that initially all particles at a given (x,t) have the same 

perpendicular momentum ),(, txap ie ⊥⊥ =
 . The Hamiltonian now is written: 

( ( ) ) ),(1/),(/1 2/12
,

22
,

2
,,, txMtxaMpMH ieieixeieie −++= ⊥ .                    (7) 

=⊥ iecP ,



),(, txap ie ⊥⊥ ±=


( ( ) ) ),(1/),(/1 2/12
,

22
,

2
,,, txMtxaMpMH ieieixeieie ϕ−++= ⊥

 6 
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where ( ) ( )( ) 2/12
,

2
,,, //1 ieieixeie MaMp ⊥++= .  
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and Poisson’s equation is given by: 

        xixiixexee dppxfdppxf
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
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An alternative way, used in the present work, is to calculate xE  from Ampère’s equation:

x
x J

t
E

−=

 , 

The transverse electromagnetic fields  , zy BE and  , yz BE for the circularly polarized wave 

obey Maxwell’s equations. With zy BEE =  and yz BEF = , we write these 

equations in the following form: 

 yJE
xt

−=





 )( .  ;         zJF

xt
−=





 )(                                    (13) 

which are integrated along their vacuum characteristic x=t. In our normalized units we have 

the following expressions for the normal current densities: 
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where ))(),(( , nixen tptx  is the point where the characteristic is originating at nt  (not 

necessarily a grid point).  
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We assume an electron temperature Te = 0.2 keV. In Eq. (27) the 
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resulting roots of Eq. (27) are                          for the plasma mode 
associated with the SRBS, and                        for the plasma mode 
associated with the SRFS. In our normalized units the Debye length 
                                     (Te is in keV), so λDe               for Te = 0.2
keV. We finally get                                   for the plasma wave 
associated with the SRBS, and                                      for the 
SRFS plasma wave.
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 where we start the iteration with 0
,ieX =0 for k=0. Usually two or three iterations are 

sufficient to get a good convergence. We now write that the distribution function is constant 

along the characteristics. Then 1
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ief ,  in the relation written in Eq. 
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The shifted values are calculated by a two-dimensional interpolation using a tensor product 

of cubic B-splines (Shoucri 2008a,b, Shoucri et al., 2003, 2004, 2015, 2016a).  
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The interpolation function is written in the form: 
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For the calculation of the coefficients of the B-spline interpolation function s(x,px), the 
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and 0)( =xB j  otherwise. h is the grid size. A similar definition holds for )( xk pB . Details 

on the application of the algorithm are presented in (Shoucri, 2008a,b, Shoucri et al., 2003. 

2004, 2015, 2016a)  

 
 

3. Simulation of the Seed Pulse Amplification in Plasmas by Stimulated 

Raman Backscattering 
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of the vector potential of the wave is  /2
0

2
0 Ia = 1.368x1018. Here, I is the laser intensity in 

W/cm2, and 0  the laser wavelength in microns. The pump wave frequency 0P  of the 

injected laser beam is such that 0 / 1 / /P pe crn n  = , where crn  is the critical density for 

the pump. In our calculation n/ncr =0.099, which corresponds in this case to the pump wave 

frequency of the injected laser beam  0 1 / /P crn n = =3.18 (normalized to the plasma 

frequency pe , will be used in this normalized form in the remaining of the text, crn  is the 

critical density for the pump). In the present calculation the wavelength of the pump is

0 1.05P m = , and the laser intensity is 15 2
0 2x10 /PI W cm= , which corresponds to an 

amplitude of the vector potential of the pump 0 0.04Pa = . The seed Raman backscattered 

pulse has a frequency 0 2.1657B = and a wavelength 0 1.541B m = . The laser intensity is

14 2
0 1x10 /BI W cm= , which corresponds to an amplitude of the vector potential of the seed 

pulse 0 0.01318Ba = . 

The frequency and wavenumber ( 0 0,P Pk ) of the pump wave are related in normalized 

units by the relation 2 2
0 01P Pk = + ,  from which 0 3.0185Pk = . For the stimulated Raman 

scattering, or the coupling of a pump light wave to a daughter scattered light wave and an 

electron plasma wave, the values of the electron plasma wavenumber eBk  associated with 

the stimulated Raman backscattered mode SRBS, and the plasma wavenumber eFk  

associated with the stimulated Raman forward scattered mode SRFS are roots of Eq. (27), 

see Bers et al. 2009.  

 

( )    0)1)(2/5(12)2/5(12)33(64/15
2/122/124 =−−−++−−−++−  KKK         (27) 

                                                                                                                                           

The corresponding frequencies for the SRBS plasma wave and the SRFS plasma wave are 

solutions of Eq. (28), see Bers et al. 2009: 

 

      2 2 2 2 4 4 41 3 / 15 / 5 / (2 )De Dek k      + + −                                                                     (28) 

 
2 2 2/ /e e tem c T cµ κ υ= = 21 / (0.04424 ) 2555.eT= =

 12 

 We assume an electron temperature Te = 0.2 keV. In Eq. (27) the parameter
2 2 2/ /e e tem c T c  = =  21 / (0.04424 ) 2555.eT= =  . The resulting roots of Eq. (27) are 

DeeBk   =0.09774 for the plasma mode associated with the SRBS, and 0.0214eF Dek  =  for 

the plasma mode associated with the SRFS. In our normalized units the Debye length 

eteDe Tc 04424.0/ ==  (Te is in keV), so 0.0198De =  for Te = 0.2 keV. We finally get 

0.09774 / 4.94eB Dek = =  for the plasma wave associated with the SRBS, and 

0.0214 / 1.0816eF Dek = =  for the SRFS plasma wave.  

 

The corresponding frequencies for the SRBS plasma wave and the SRFS plasma wave are 

solutions of Eq. (28). We get for the SRBS plasma wave 1.0134eB = , and for the SRFS 

plasma wave 1.000eF = . The selection rules give the following results for the forward 

scattered electromagnetic wave ( 0 0,F Fk ) and the backward scattered electromagnetic 

wave ( 0 0,B Bk ): 

 

      0 0 3.18 1.0134 2.166B P eB  = − = − =      0 0 3.18 1.000 2.18F P eF  = − = − =             (29) 

     0 0 4.94 3.0185 1.9215B eB Pk k k= − = − =      0 0 3.0185 1.081 1.9375F P eFk k k= − = − =         (30) 

 

Note the close values of ( 0 0,F Fk ) with ( 0 0,B Bk ). We verify that the results in Eqs. 

(29,30) obey the dispersion relation of the electromagnetic wave 2 2
0 01 F Fk + = , (from which 

we get 0 2.18F = ), and 2 2
0 01 B Bk + = , (from which we get 0 2.166B = ). These results are in 

very good agreement with the results in Eq. (29).  We note also the possibility of the anti-

Stokes resonance according to the selection rules 0 3.18 1.00 4.18as P eF  = + = + = ,

0 3.0185 1.081 4.099as P eFk k k= + = + = .We calculate from the dispersion relation for the 

electromagnetic wave 2 21 as ask + =  a value 4.219as = ,very close to the value of 4.18 

calculated from the selection rule.  

 

The ions were included in the calculation. They established a small self-consistent sheath 

at the edges. Their presence belongs to the high and low frequency kinetic instabilities 
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The corresponding frequencies for the SRBS plasma wave and 
the SRFS plasma wave are solutions of Eq. (28). We get for the 
SRBS plasma wave ωeB= 1.0134, and for the SRFS plasma wave  
ωeF = 1.000. The selection rules give the following results for the 
forward scattered electromagnetic wave (               ) and the
backward scattered electromagnetic wave (             ):

                                                                                                 (29) 
                                                                                                (30) 

Note the close values of (                 ) with (                 ). We verify 
that the results in Eqs. (29,30) obey the dispersion relation of the 
electromagnetic wave                      (from which we get ω0F = 2.18), 
and                   , (from which we get ω0B= 2.166. These results 
are in very good agreement with the results in Eq. (29).  We note 
also the possibility of the anti-Stokes resonance according to the 
selection rules ωas = ωas + ωeF =3.18 +1.00= 4.18, kas = k0P+ keF = 
3.0185 + 1.081 = 4.099.We calculate from the dispersion relation 
for the electromagnetic wave                    a value                  ,very 
close to the value of 4.18 calculated from the selection rule.

The ions were included in the calculation. They established a small 
self-consistent sheath at the edges. Their presence belongs to the 
high and low frequency kinetic instabilities which can occur when 
modified distribution functions exist during the evolution of the 
system as we mentioned before. Also a contribution of the ions in 
the scattering of the waves will be discussed at the end of this section 
3. We use a fine resolution grid in phase-space, with N = 30000 grid 
points in space, and 800 grid points in momentum space for the 
electrons (extrema of the electron momentum are ±1.2 . We have 
initially a flat profile of a uniform plasma slab with the normalized 
density ne=ni=1. This flat profile of the uniform plasma extends 
over a length Lp = 570.8c/ωpe. On either side of the initial plasma 
slab the densities are smoothly brought down to zero through an 
initial parabolic profile of length Ledge = 8c/ωpe. An extra vacuum 
region of length Lvac=  6.6c/ωpe  exists on each side of the slab, 
for a total length of the system of L = 600c/ωpe. In our normalized 
units Δx = Δt = 0.02, very close to the Debye length λDe= 0.0198.

We first verify the forward propagating linearly polarized pump 
wave is injected in the domain at the left boundary at x=0 with E+ = 
2E0P cos (ω0Pt ), E0P= ω0Pa0P, with a0P = 0.04 . The pump precursor 
reaches the right boundary at t=600 (since in our normalized units 
x=t), as can be verified in Figure (1A). At that time a seed pulse is 
injected at x=L in the backward direction in the form E - = -2E0B 

P0B (t) cos               where ω0B = 2.166 and τ = t-t1. The temporal shape 
factor of the seed pulse is P0B (t) =exp(-0.5(t-t0)2/w2) with w= τs 
=6.2, t2=600, t2=600 , t0=580, t1=560, t1<t<t2.  E0B = ω0Ba0B, 
with a0B = 0.01318. In this way the seed Gaussian pulse starts 
penetrating the domain from the right boundary at t=t1=560. When 
the pump precursor has reached the right boundary x=L=600 at 
t=600, the seed pulse has fully penetrated from the right boundary, 
and its peak has reached the point at x=580 at the time t=620.

For the parameters used in this simulation, the SRFS plasma mode 
with keFλDe =0.0214 is very weakly damped. No seed or initial 
perturbation is added to stimulate the more damped SRBS mode 
with keBλDe =0.09774. We present in Figures (1B) the evolution 
of the incident pump E+ wave (full curve) and the backward 
seed pulse E

_
 (dashed curve) at: a) t=820, b) t=920, c) t=1160, 

d) t=1220. The growth and contraction of the seed pulse (dashed 
curves), propagating towards the left, is obvious, and also the 
detachment of the front of the growing seed pulse. The constant 
amplitude full-curve at the left is for the constant amplitude 
incident pump. Once the seed is reaching the same amplitude as 
the pump, we enter the regime of pump depletion.  The smaller 
peaks we see behind the front pulse of the growing seed are due 
to the fact that when the pump depletes, the seed pulse can loose 
energy again for the pump, which results in the oscillations in 
the tail of the seed we observe (i.e. the amplified seed beats with 
the plasma wave to regenerate the pump, which results in a local 
depletion of the seed). Also, the exchange with the anti-Stokes 
resonance can play a similar role in this oscillation.

0 0,F Fkω
0 0,B Bkω

0 0,F Fkω 0 0,B Bkω

2 2
0 01 B Bk ω+ =
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DeeBk   =0.09774 for the plasma mode associated with the SRBS, and 0.0214eF Dek  =  for 

the plasma mode associated with the SRFS. In our normalized units the Debye length 

eteDe Tc 04424.0/ ==  (Te is in keV), so 0.0198De =  for Te = 0.2 keV. We finally get 

0.09774 / 4.94eB Dek = =  for the plasma wave associated with the SRBS, and 

0.0214 / 1.0816eF Dek = =  for the SRFS plasma wave.  

 

The corresponding frequencies for the SRBS plasma wave and the SRFS plasma wave are 

solutions of Eq. (28). We get for the SRBS plasma wave 1.0134eB = , and for the SRFS 

plasma wave 1.000eF = . The selection rules give the following results for the forward 

scattered electromagnetic wave ( 0 0,F Fk ) and the backward scattered electromagnetic 

wave ( 0 0,B Bk ): 

 

      0 0 3.18 1.0134 2.166B P eB  = − = − =      0 0 3.18 1.000 2.18F P eF  = − = − =             (29) 

     0 0 4.94 3.0185 1.9215B eB Pk k k= − = − =      0 0 3.0185 1.081 1.9375F P eFk k k= − = − =         (30) 

 

Note the close values of ( 0 0,F Fk ) with ( 0 0,B Bk ). We verify that the results in Eqs. 

(29,30) obey the dispersion relation of the electromagnetic wave 2 2
0 01 F Fk + = , (from which 

we get 0 2.18F = ), and 2 2
0 01 B Bk + = , (from which we get 0 2.166B = ). These results are in 

very good agreement with the results in Eq. (29).  We note also the possibility of the anti-

Stokes resonance according to the selection rules 0 3.18 1.00 4.18as P eF  = + = + = ,

0 3.0185 1.081 4.099as P eFk k k= + = + = .We calculate from the dispersion relation for the 

electromagnetic wave 2 21 as ask + =  a value 4.219as = ,very close to the value of 4.18 

calculated from the selection rule.  

 

The ions were included in the calculation. They established a small self-consistent sheath 

at the edges. Their presence belongs to the high and low frequency kinetic instabilities 

2 21 as ask ω+ = 4.219asω =
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propagating towards the left, is obvious, and also the detachment of the front of the growing 

seed pulse. The constant amplitude full-curve at the left is for the constant amplitude 

incident pump. Once the seed is reaching the same amplitude as the pump, we enter the 

regime of pump depletion.  The smaller peaks we see behind the front pulse of the growing 

seed are due to the fact that when the pump depletes, the seed pulse can loose energy again 

for the pump, which results in the oscillations in the tail of the seed we observe (i.e. the 

amplified seed beats with the plasma wave to regenerate the pump, which results in a local 

depletion of the seed). Also, the exchange with the anti-Stokes resonance can play a similar 

role in this oscillation. 

 
 
 

                                    

Figure (1A). The incident pump E+  at t=600. The pump precursor is reaching the right boundary. 
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Figure 1B: The Evolution of the Incident Pump E+ Wave (Full Curve) and the Backward Seed Pulse E‒ (Dashed Curve) at :a) t=820, 
b) t=920, c) t=1160, d) t=1220; and a0P = 0.04.

We present in Figure (2) a plot of the electron density at t=1160 and t=1220, corresponding to Figure (1Bc,1Bd), and in Figure (3) 
the electron density in the region of the front edge in x∈ (15,65) at t=1220. We observe regular oscillations in the front edge in x∈ 
(15,65), where the growing backward seed pulse is dominating. The wavelength associated with these regular oscillations is the 
wavelength of the plasma wave associated with the growing seed pulse, which is λeB = 2π / keB =1.27. We shall see below that this 
corresponds to coherent vortical structures in phase-space, while the part of the density plots in Figure (2) which shows a rather noisy 
density profile to the right of the growing seed pulse, corresponds to a region in phase-space where vortices were actively merging.

Figure 2: Plot of the Electron Density Profile at t=1160 and t=1220; and a0P = 0.04
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Figure (1B). The evolution of the incident pump E+ wave (full curve) and the backward 

seed pulse E−  (dashed curve) at :a) t=820, b) t=920, c) t=1160, d) t=1220; and 0 0.04Pa =  
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in phase-space where vortices were actively merging.  
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Figure 3: Plot of the Electron Density in the Region of the Front Edge in x∈ (15,65) at t=1220. 

This is also shown in Figure (4), where we present in the phase-space the contour plots of the electron distribution function in x∈ 
(15,65), and in x∈ (65,115) at t=1220. In  x∈ (15,65) we observe a coherent vortices structure associated with the plasma wave 
corresponding to the growing seed pulse (see the profile in Figure (3)), while in x∈ (65,115)  we see the vortices at the right of Figure 
(4) who are coalescing together, leading to the somewhat noisy structure we see at the right the density plots in Figure (2)

Figure 4: Phase-space Plot of the Electron Distribution Function in  x∈ (15,65) and in  x∈ (65,115)
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Figure (2) Plot of the electron density profile at t=1160 and t=1220; and 0 0.04Pa =  

 
 
 

                                     
 
Figure (3) Plot of the electron density in the region of the front edge in (15,65)x  at 
t=1220.   
 
   
 This is also shown in Fig. (4), where we present in the phase-space the contour plots of 

the electron distribution function in (15,65)x , and in (65,115)x  at t=1220. In (15,65)x  

we observe a coherent vortices structure associated with the plasma wave corresponding to 

the growing seed pulse (see the profile in Fig. (3)), while in (65,115)x  we see the vortices 

at the right of Fig. (4) who are coalescing together, leading to the somewhat noisy structure 

we see at the right the density plots in Fig.(2) 
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Figure (4). Phase-space plot of the electron distribution function in (15,65)x  and in  

(65,115)x  

 

3A Verification of the response of the code before the interaction of the pump wave 

with the seed pulse wave in the case of the stimulated Raman backscattering 
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3A Verification of the Response of the Code before the Interaction of the Pump Wave with the Seed Pulse Wave in the Case 
of the Stimulated Raman Backscattering

Figure 5: Wavenumber Spectra of (Clockwise) the Incident Wave E+, the Backward Wave E - and the Longitudinal Electric Field  
Ex in the Domain x∈ (140,468) at time t=640.

We present in Figure (5) the wavenumber spectra of the incident wave E+, the backward wave E- and the longitudinal electric field in 
the domain x∈ (140,468) at the time t=640, well before the backward injected seed reaches this part of the domain, see Figure (1). 
The only excited waves in this case are due to the forward propagating pump E+. We recognize the peak of the pump E+ at k0P=3.01 
(verified at 3.0184 in our theoretical calculations in Eq. (30)). The pump is exciting a weakly damped, forward propagating wave with 
wavenumber k0F = 1.936 , in agreement with our theoretical results in Eq. (30). We have also a very small peak for the anti-Stokes 
wavenumber at kas = 4.1034  (calculated at 4.099 in our theoretical calculations following Eq. (30)). Since the plasma is a nonlinear 
medium, the same modes are appearing in the spectrum of the backward wave E- at a much lower amplitude. The wavenumber spectrum 
of the excited longitudinal electric field shows the wavenumber of the resonant plasma mode for the forward wave at keF=1.0738 
(calculated at 1.081 in our theoretical calculations). The values of k0B  and k0F  in Eq. (30) are very close. The pump wave at 3.0104 
in the spectrum of E+ in Figure (5) can couple with the backward mode at 1.9366 in the spectrum of  E- to produce the plasma mode 
at 3.0104= ‒1.9366 + kkeen, or kkeen= 4.977 , very close to the calculated plasma wave keB = 4.94 associated with the backscattered 
Raman wave (the spectrum of the longitudinal electric field shows a peak at 4.966 in Figure (5)). So even though the seed pulse is 
still far away, there is a small plasma mode at 4.966 excited well before the arrival of the seed pulse, associated with the backward 
resonance due to the coupling of the pump at k0P = 3.0104 in E+ (which is exciting the forward scattered mode at k0F = 1.936), with 
the backward mode appearing at 1.936 in the spectrum of  E- in Figure (5). So the pump is exciting the plasma mode around 4.96 
through two backward resonances. A backward resonance taking place with the wave 3.0104=-1.936+4.977, and will excite it again 
in the future resonance with the backward seed pulse, which still did not take place in the spectra in Figure (5) at t=640. Finally for 
the linearly polarized wave, we have a plasma mode appearing in the spectrum of the longitudinal wave at the harmonic of the pump 
2k0P = 6.04 (calculated at 6.036 from our theoretical results k0P = 3.0185).

Indeed, for the linearly polarized wave, we have a plasma mode appearing at the harmonic of the pump                  . This is due to 
the fact that if we have a linearly polarized wave:                   , we can write in a linear analysis with                       ,                       
using Faraday’s law:
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Figure (4). Phase-space plot of the electron distribution function in (15,65)x  and in  

(65,115)x  

 

3A Verification of the response of the code before the interaction of the pump wave 

with the seed pulse wave in the case of the stimulated Raman backscattering 
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Figure (5) Wavenumber spectra of (clockwise) the incident wave E+ , the backward wave 

E−   and the longitudinal electric field xE in the domain (140,468)x  at time t=640. 

 

We present in Fig. (5) the wavenumber spectra of the incident wave E+ , the backward 

wave E−  and the longitudinal electric field in the domain (140,468)x  at the time t=640, 

well before the backward injected seed reaches this part of the domain, see Fig. (1). The 

only excited waves in this case are due to the forward propagating pump E+ . We recognize 

the peak of the pump E+  at 0 3.01Pk =  (verified at 3.0184 in our theoretical calculations in 

Eq. (30)). The pump is exciting a weakly damped, forward propagating wave with 

wavenumber 0 1.936Fk = , in agreement with our theoretical results in Eq. (30). We have 

also a very small peak for the anti-Stokes wavenumber at 4.1034ask =  (calculated at 4.099 

in our theoretical calculations following Eq. (30)). Since the plasma is a nonlinear medium, 

the same modes are appearing in the spectrum of the backward wave E−  at a much lower 

amplitude. The wavenumber spectrum of the excited longitudinal electric field shows the 

wavenumber of the resonant plasma mode for the forward wave at 1.0738eFk =  (calculated 

at 1.081 in our theoretical calculations). The values of 0Bk  and 0Fk  in Eq. (30) are very 

close. The pump wave at 3.0104 in the spectrum of E+  in Fig. (5) can couple with the 

backward mode at 1.9366 in the spectrum of E−  to produce the plasma mode at 

3.0104 1.9366 keenk= − + , or 4.977keenk = , very close to the calculated plasma wave 

4.94eBk = associated with the backscattered Raman wave (the spectrum of the longitudinal 

electric field shows a peak at 4.966 in Fig.(5)). So even though the seed pulse is still far 

(0, ,0)yE E=


0 cos( )yE E ψ= ( )kx tψ ω= −
02 6.04pk =
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                                                                                                                                                (31)

Then                       with                         , and                      . From                         Eq. (11), and                , we get                     ,

with                       , and                    . The longitudinal Lorentz force is                                         This drives a longitudinal response 

at the harmonic of the laser wave.

The forced oscillations at the wavenumber 6.04 further stimulates the mode at 4.966, by coupling with the plasma wave at 1.0738, 
through the selection rule 6.04=4.966+1.0738. Also, a longitudinal plasma mode appears at the wavenumber 7.1138 through the 
coupling 7.1138=6.040+1.0738, seen in Figure (5) in the spectrum of the longitudinal electric field. We have here a cascade of 
coupling of plasma waves, very nicely verified by the numerical code.

Figure 6: Frequency Spectra of (Clockwise) the Incident Wave E+, the Backward Wave E-, and the Longitudinal Electric Field Ex, 
at the Position x=150, at Time t=(192,819).

We look now at the frequency spectra of the excited modes before the arrival of the growing backward seed pulse. Figure (6) presents 
the frequency spectra of the pump wave E+, the backward wave E- and the longitudinal electric field, from the data recorded at the 
position x=150 between t1=492 and t2=819, before the arrival of the backward propagating seed pulse. The spectrum of  E+ in Figure 
(6) shows the pump frequency at 3.183 (calculated 3.18 in Eq. (29)), the forward Raman scattered mode SRFS at 2.183 (calculated 
at 2.18 in Eq. (29)). The anti-Stokes mode is at 4.18 (calculated at 4.18 following Eq. (30)). These same modes appear in the 
spectrum of E-  in Figure (6) as previously explained, since the plasma is a nonlinear medium. We see a mode at frequency 1.00 in 
the frequency spectrum of the longitudinal electric field excited through the forward coupling of the pump frequency SRFS at 3.183 
with the forward scattered mode of 2.183, and with the plasma wave of frequency 1.0, 3.183=2.183 +1.00. We also see the plasma 
wave at the harmonic of the pump 2ω0p = 6.366 as explained in Eq. (31). And the coupling of the pump at 3.183 with the wave at 

),0,0(
x

E
t
B y

∂

∂
−=

∂
∂


),0,0( zBB =


)cos(0 ψBBz = ω/00 kEB = taE ∂−∂= ⊥⊥ /
⊥⊥ = ap  )0,,0( ypp =



)sin(0 ψppy −= ω/00 Ep =
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away, there is a small plasma mode at 4.966 excited well before the arrival of the seed 

pulse, associated with the backward resonance due to the coupling of the pump at 

0 3.0104Pk = in E+ (which is exciting the forward scattered mode at 0 1.936Fk = ), with the 

backward mode appearing at 1.936 in the spectrum of E−  in Fig. (5). So the pump is 

exciting the plasma mode around 4.96 through two backward resonances. A backward 

resonance taking place with the wave 3.0104=-1.936+4.977, and will excite it again in the 

future resonance with the backward seed pulse, which still did not take place in the spectra 

in Fig. (5) at t=640. Finally for the linearly polarized wave, we have a plasma mode 

appearing in the spectrum of the longitudinal wave at the harmonic of the pump 02 6.04pk =  

(calculated at 6.036 from our theoretical results 0 3.0185Pk = ).  

Indeed, for the linearly polarized wave, we have a plasma mode appearing at the harmonic 

of the pump 02 6.04pk =  . This is due to the fact that if we have a linearly polarized wave: 

(0, ,0)yE E=


, we can write in a linear analysis with  0 cos( )yE E = , ( )kx t = − , using 

Faraday’s law:  

    ),0,0(
x

E
t
B y




−=





                                                                                                                    (31) 

 
Then ),0,0( zBB =


 with )cos(0 BBz = , and /00 kEB = . From taE −= ⊥⊥ /

from Eq.(11), 

and ⊥⊥ = ap  , we get  )0,,0( ypp = , with )sin(0 ppy −= , and /00 Ep = . The longitudinal 

Lorentz force is )2sin(
2
1 2

0 kpBp zy −= . This drives a longitudinal response at the harmonic 

of the laser wave. 

The forced oscillations at the wavenumber 6.04 further stimulates the mode at 4.966, by 

coupling with the plasma wave at 1.0738, through the selection rule 6.04=4.966. + 1.0738. 

Also a longitudinal plasma mode appears at the wavenumber 7.1138 through the coupling 

7.1138=6.040+1.0738, seen in Fig. (5) in the spectrum of the longitudinal electric field. 

We have here a cascade of coupling of plasma waves, very nicely verified by the numerical 

code. 
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Figure (6) Frequency spectra of (clockwise) the incident wave E+ , the backward wave E−

, and the longitudinal electric field xE , at the position x=150, at time t=(192,819). 
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pulse. The spectrum of E+ in Fig. (6) shows the pump frequency at 3.183 (calculated 3.18 

in Eq. (29)), the forward Raman scattered mode SRFS at 2.183 (calculated at 2.18 in Eq. 

(29)). The anti-Stokes mode is at 4.18 (calculated at 4.18 following Eq. (30)). These same 

modes appear in the spectrum of E−  in Fig. (6) as previously explained, since the plasma 
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(ω0F, ‒k0F ) produces a Keen wave, with frequency 3.183= 2.183 + ωkeen, from which ωkeen = 1.00. So the plasma frequency of 1.0 is 
produced by the coupling of the pump 3.183 plasma wave with the forward scattered mode at 2.183 and by the coupling of the pump 
wave with k0F = -2.183, which produces a Keen wave of frequency 1.0, as discussed at the end of the first paragraph in this section 
3A.  We note also the mode at the plasma frequency 5.369 which can be excited through the forced oscillation 1.00+5.369=6.369, 
very close to the forced oscillation at 6.366. We also note in Figure (6) the possible further forced resonance 3.183+2.183=5.366, 
very close to the plasma mode at 5.369. There is an important collection of modes excited other than the SRBS and SRFS modes, 
even before the arrival of the growing backward seed pulse. And the code is giving a nice resolution of these modes, in the absence 
of numerical noise, with a very interesting agreement between the theoretical predictions of the selection rules and the numerical 
calculation from the simulation code.

3B Study of the Response of the Code during and after the Interaction of the Pump Wave with the Growing Seed Pulse Wave 
in the Case of the Stimulated Raman Backscattering

Figure 7: Wavenumber Spectra of (Clockwise) the Incident Wave E+ , the Backward Wave E‒  and the Longitudinal Electric Field  
Ex in the Domain  x∈ (140,468) at Time t=740.

We look again in Figure (7) to the wavenumber spectra in the same domain x∈ (140,468), the same domain we studied in Figure 
(5), but at the time t=740, when the backward pulse has entered now the domain x∈ (140,468), see Figure (1). The spectrum of E+ 
is essentially the same as in Figure (5), however the mode at 1.936 is more stimulated. The spectrum of the backward wave in  E‒ in 
Figure (7) shows the effect of the arrival of the pulse. There is a broad peak. We are still in a transient phase, and this broad peak is due 
to the presence of the mode at 1.936 which results from the forward coupling of the pump 3.010=1.936+1.074 (the mode wavenumber 
in the spectrum of the longitudinal electric field in Figure (7) appears at 1.073). There is a wavenumber coupling 3.010=‒1.936 +kkeen, 
from which we can identify the kinetic mode at kkeen = 4.946, which we see in the spectrum of the longitudinal electric field in Figure 
(7). Finally the frequency of the arriving backward seed pulse from Eq. (29) is at ω0B = 2.166 , and should result in a wavenumber 
response in E‒  at k0B = 1.921  (precisely in the broad peak we observe in the spectrum of E‒  in Figure (7)), and in a wavenumber of 
the longitudinal electric field at keB = 4.94 (see again the broad peak in Figure (7)). So, the peak at 4.947 results from the excitation 
of the wave at wavenumber kkeen= 4.946 discussed few lines above, and of the plasma wave response to the SRBS wave at keB = 4.94 
. See also the growing harmonic at 9.894 of the plasma mode at 4.947, in the spectrum of the longitudinal electric field in Figure (7).
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Figure (7) Wavenumber spectra of (clockwise) the incident wave E+ , the backward wave 

E−  and the longitudinal electric field xE in the domain (140,468)x  at time t=740. 
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Figure 8: Wavenumber Spectra of (Clockwise) the Incident Wave E+, the Backward  Wave E‒ and the Longitudinal Electric Field   
Ex in the Domain x∈ (30,194)  at Time t=1220.

Figure (8) presents the wavenumber spectra at the end of the simulation at t=1220, in the domain x∈ (30,194). The peak of the pump 
is now at 3.03 in the spectrum of E+, also appearing in a broad spectrum around 3.1 in the spectrum of E‒  in Figure (8). The dominant 
mode is now in the spectrum of the amplified backward seed in E‒, where we see in Figure (8) a broad spectrum between 1.917 and 
2.147 (these are peaks of the backward seed wave initially calculated at 1.921, and the peak at 1.937 identified as a backscattered 
wave as discussed for the spectrum of E‒ in Figure (7)). These two peaks are appearing also at 1.917 and 2.07 in the spectrum of E‒ in 
Figure (8). These are also analogous to the broad double peaks we observe in the spectrum of   in Figure (7), due to the backscattered 
Raman wave and the backscattered Keen wave. The anti-Stokes at kas ≈ 4.1  is also present in E+  and  E‒. The spectrum of the 
longitudinal electric field in Figure (8) shows the peak of the plasma wave associated with the forward Raman scattering at keF = 
1.073 (calculated at 1.081 in our theoretical results from Eq. (30)). Also the plasma wave at keB = 5.023 associated with the backward 
Raman scattering (calculated at 4.94 in our theoretical results in Eq. (30)), and the scattering of the pump wave at 3.03 with the mode 
at 1.97 in the spectrum of E‒,  which results in a Keen wave 3.03=-1.917 + kkeen , from which kkeen = 4.947.

The frequency spectra we present in Figure (9) are calculated by monitoring the fields at the position x=150, for the values of time 
t∈ (1050,1214) , after the arrival of the growing backward seed pulse. The theoretical value of the pump frequency at ω0P = 3.18  is 
appearing in the frequency spectrum of E+ in a broad peak around 3.144. The frequency spectrum is now dominated by the growing 
backward seed wave, we see a broad peak around 2.147 and 2.3 in the frequency spectrum of E‒ (theoretical values calculated in 
Eq. (29) are for the backscattered Raman wave at 2.166 and for the backscattered Keen wave at 2.18). These peaks are also present 
in the frequency spectrum of E+ around the peaks at 2.186 and 2.3. The dominant E‒ wave is now interacting with the pump and 
shifting frequency at 3.22 in the frequency spectrum of E‒. The anti-Stokes frequency calculated at 4.18 is still at 4.18 in the frequency 
spectrum of , and appears also around 4.29 in the frequency spectrum of E‒. The frequency spectrum of the longitudinal electric field 
shows a broad peak at ωeB =1.00. The frequency of the plasma wave associated with the backward Raman scattering is calculated at 
1.0134 in our theoretical results. The theoretical value of the frequency of the plasma wave associated with forward Raman scattering 
is ωeF =1.00. We have in Figure (9) for the longitudinal plasma wave a broad frequency around 1.00, extending to lower values with 
respect to the plasma frequency, which would denote a variation of the nature of the plasma wave to that of a Keen wave below the 
frequency of 1.0 [18,20]. Note the multiple harmonics structures in the plasma wave.
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at 1.073). There is a wavenumber coupling 3.010 1.936 keenk= − + , from which we can 

identify the kinetic mode at  4.946keenk = , which we see in the spectrum of the longitudinal 

electric field in Fig. (7). Finally the frequency of the arriving backward seed pulse from 

Eq. (29) is at 0 2.166B = , and should result in a wavenumber response in E− at 0 1.921Bk =  

(precisely in the broad peak we observe in the spectrum of E−  in Fig. (7)), and in a 

wavenumber of the longitudinal electric field at 4.94eBk = (see again the broad peak in Fig. 

(7)) . So the peak at 4.947 results from the excitation of the wave at wavenumber 

4.946keenk =  discussed few lines above, and of the plasma wave response to the SRBS 

wave at 4.94eBk = . See also the growing harmonic at 9.894 of the plasma mode at 4.947, 

in the spectrum of the longitudinal electric field in Fig. (7). 
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Figure 9: Frequency Spectrum at the Position x=150 for the Time t∈ (1050,1214).

We note in the spectrum of E+ in Figure (8) the mode at k0F =1.917, also appearing in a broad spectrum around k0B= –1.917 in the 
spectrum of E‒ in Figure (8). These two opposing modes can give a Brillouin scattered mode in the forward direction. We verify in 
the ion density plot in the Figure (10) below a plot of the ion density at t=1220. The growth in these ion oscillations starts around 
x=100, which is just behind the position where the peak of the growing backward seed wave is reaching a high peak close to the left 
boundary, as we can verify from Figure (1B). During the growth of the backward seed wave, the SRBS mechanism dominates when 
the growing high seed peak at –1.917 of   is dominating. Behind this front region, the forward pump wave at 1.917 and the seed are 
competing together. This result in an exchange of energy between the modes which we see appearing behind the peak wave crest in 
Figure (1). We have in the spectrum of  in Figure (8) the mode at k0F =1.917, also appearing in a broad spectrum around k0B=-1.917 
in the spectrum of   in Figure (8), we can write the relation k0F = k0B + kip  from which  kip=2*1.917 =3.834, which is the peak we see 
in the spectrum of the ions density in Figure (10), together with its harmonics.  We can verify from Figure (10) that for a distance x 
less than 100, the stimulation of the  backward Raman activity with a clear dominant growing seed pulse, while behind the growing 
seed pulse for a distance x greater than 100 a forward Brillouin scattering activity is developing, where we verify in Figure (1B) at 
t=1220 an oscillation appearing for x greater than 100 which is the results of an exchange of energy  between  at k0F =1.917, and 
between   at k0B= –1.917, which results in a forward Brillouin scattering activity which we see in Figure (10) at kip=2*1.917. This is 
interesting to note, since in a PIC code, the low frequency of the Brillouin scattering would have been covered with the numerical noise 
of the PIC code. The observation of the fact the forward Brillouin scattering seems to originate around x=100 in opposite direction 
deserves some more attention in future simulations. We note the importance of including an equation for the ions in this problem.

Figure 10: Plot of the Ion Density and the Wavenumber Spectrum of the Ion Density at t=1220.
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at 2.18). These peaks are also present in the frequency spectrum of E+  around the peaks 

at 2.186 and 2.3. The dominant E−  wave is now interacting with the pump and shifting 

frequency at 3.22 in the frequency spectrum of E− . The anti-Stokes frequency calculated 

at 4.18 is still at 4.18 in the frequency spectrum of E+ , and appears also around 4.29 in the 

frequency spectrum of E− . The frequency spectrum of the longitudinal electric field shows 

a broad peak at 1.00eB = . The frequency of the plasma wave associated with the backward 

Raman scattering is calculated at 1.0134 in our theoretical results. The theoretical value of 

the frequency of the plasma wave associated with forward Raman scattering is 1.00eF = . 

We have in Fig. (9) for the longitudinal plasma wave a broad frequency around 1.00, 

extending to lower values with respect to the plasma frequency, which would denote a 

variation of the nature of the plasma wave to that of a Keen wave below the frequency of 

1.0 (Shoucri et. al. 2014, 2015). Note the multiple harmonics structures in the plasma wave.  
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Figure (9) Frequency spectrum at the position x=150 for the time (1050,1214)t .  

 
 

We note in the spectrum of E+  in Fig. (8) the mode at k0F =1.917, also appearing in a broad 

spectrum around k0B= –1.917 in the spectrum of E−  in Fig. (8). These two opposing modes 

can give a Brillouin scattered mode in the forward direction. We verify in the ion density 

plot in the Fig. (10) below a plot of the ion density at t=1220. The growth in these ion 

oscillations starts around x=100, which is just behind the position where the peak of the 

growing backward seed wave is reaching a high peak close to the left boundary, as we can 

verify from Figs. (1B). During the growth of the backward seed wave, the SRBS 

mechanism dominates when the growing high seed peak at –1.917 of E−  is dominating. 

Behind this front region, the forward pump wave at 1.917 and the seed are competing 

together. This result in an exchange of energy between the modes which we see appearing 

behind the peak wave crest in Fig. (1). We have in the spectrum of E+  in Fig. (8) the mode 

at k0F =1.917, also appearing in a broad spectrum around k0B=-1.917 in the spectrum of E−  

in Fig. (8), we can write the relation k0F = k0B + kip  from which  kip=2*1.917 =3.834, which 

is the peak we see in the spectrum of the ions density in Fig. (10), together with its 

harmonics.  We can verify from Fig. (10) that for a distance x less than 100, the stimulation 

of the  backward Raman activity with a clear dominant growing seed pulse, while behind 

the growing seed pulse for a distance x greater than 100 a forward Brillouin scattering 

activity is developing, where we verify in Fig. (1B) at t=1220 an oscillation appearing for 

x greater than 100 which is the results of an exchange of energy  between E+ at k0F =1.917, 
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and between E−  at k0B= –1.917, which results in a forward Brillouin scattering activity 

which we see in Fig. (10) at kip=2*1.917. This is interesting to note, since in a PIC code, 

the low frequency of the Brillouin scattering would have been covered with the numerical 

noise of the PIC code. The observation of the fact the forward Brillouin scattering seems 

to originate around x=100 in opposite direction deserves some more attention in future 

simulations. We note the importance of including an equation for the ions in this problem. 

 
 
 
 

         
 
Figure (10) Plot of the ion density and the wavenumber spectrum of the ion density at 
t=1220 
 
 
So far, we have seen how the absence of noise in the Eulerian Vlasov code developed for 

the relativistic Vlasov-Maxwell equations allows a good resolution of the modes excited 

by the stimulated Raman backscattering for the amplification of seed pulses in a plasma. 

We evaluated the response of the code first to the forward propagating pump wave in 

section 3A. A very nice agreement was verified with the predicted waves response in the 

system. Usually in the stimulated Raman backscattering for the amplification of seed pulses 

in a plasma, this response follows the evolution of the electron population. However section 

3B is presenting for the first time interesting details on the amplification of a Brillouin 

forward ion wave which is generated as shown in Fig. (10) at the point around x=100 where 

it couples with the stimulated Raman backscattered seed pulse, as can verified from Figs. 

(2) and (3). A result which invites to more investigation in the study of the amplification 
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So far, we have seen how the absence of noise in the Eulerian Vlasov code developed for the relativistic Vlasov-Maxwell equations 
allows a good resolution of the modes excited by the stimulated Raman backscattering for the amplification of seed pulses in a 
plasma. We evaluated the response of the code first to the forward propagating pump wave in section 3A. A very nice agreement 
was verified with the predicted waves response in the system. Usually in the stimulated Raman backscattering for the amplification 
of seed pulses in a plasma, this response follows the evolution of the electron population. However, section 3B is presenting for the 
first time interesting details on the amplification of a Brillouin forward ion wave which is generated as shown in Figure (10) at the 
point around x=100 where it couples with the stimulated Raman backscattered seed pulse, as can verified from Figure (2) and (3). A 
result which invites to more investigation in the study of the amplification of the stimulated Raman backscattering. In both sections, 
contributions from kinetic Keen waves have been identified.

4. Simulation of the Seed Pulse Amplification in Plasmas by Stimulated Brillouin Backscattering
We present in this section a numerical simulation using a Eulerian Vlasov code to study the problem of the amplification of seed 
pulses by Brillouin backscattering in an overdense plasma. In this process, there is an energy transfer, mediated by a resonant ion 
wave, from a long, electromagnetic wave pump, to an initially counter-propagating ultra-short seed pulse. The code solves the one-
dimensional relativistic Vlasov-Maxwell set of equations, and has been presented in Section 2, and has been previously applied to 
study problems of Brillouin backscattering amplification of seed pulses in plasma [19]. In the study we presented in Shoucri et al., 
we used the Vlasov code for a length of the system of 1000c/ωpe  [19].  For such a length of interaction, in the PIC simulations 
(Humphry et al.,), the pump becomes depleted due to scattering from numerical noise. The results presented in Shoucri et al., allowed 
a complete solution of the problem, identifying the modes excited and the growth of the seed pulse [19]. Detailed contour plots of the 
distribution functions are also presented. In the study we present here, we use the parameters which have been used in Humphry et. 
al., and in Shoucri et al., but we increase the plasma length from the value of 1000c/ωpe to 1600c/ωpe [19]. We present simulation 
results in the plateau of a uniform plasma where density is normalized to 1.0, The ratio of the pump frequency to the plasma frequency                                                                       
                                     , we use n/ncr = 0.3,  from which ωop /ωpe = 1.826. The normalized vector potential or quiver 

momentum of the pump a0 verify                                      , where I is the laser intensity in W/cm2 and λ0 the wavelength in microns. For 

the chosen pump beam intensity W/cm2, and wavelength λ0 p = 1.0μm , the pump normalized vector potential is  , assumed constant 
during the simulation. The normalized time  and length  units correspond to 0.97 fs and 0.29 , respectively. Hydrogen plasma is 
assumed, with electron and ion temperatures Te=500eV and Ti=50eV. The Debye length is λD= 0.0313. With N=50000 grid points in 
space, we have for the mesh-size Δx = 0.032 , which is of the order of the Debye length. The extrema of the electrons momentum are 
±0.4, and for the ions momentum ±10 . We use for the seed pulse an intensity of  W/cm2 at the same wavelength as the pump pulse, 
which leads to a0s = 0.027 . The backward seed frequency is denoted by  is equal to the pump frequency, as is usually the case for 
the small value of the frequency downshift of the ions in Brillouin scattering, we set ω0s = ω0p = ω0. From the dispersion relation                           
                  we have for the corresponding wavenumber k0p= 1.528. The dispersion relation of the ion wave is kpi = 2*1.528, the 
associated wavelength λpi= 2π/kpi =2.05 This domination of the ion wavelength with λpi= 2.05 is apparent in Figure (16).   

The forward propagating linearly polarized pump laser beam penetrates the plasma at x=0, with a value E+ = 2E0pcos(ω0t). Figure 
(11) show the time evolution of the forward propagating pump, and of the backward propagating growing seed pulse. In the right of 
Figure (11a), at t=1600, the precursor of the electromagnetic pump has just reached the boundary at x=1600 (x=t in our simulation), 
while the seed pulse has just penetrated at this boundary (see the small bump at the right, in the Figure (11a)). At time t=1600-2 τs, 
where τs = 100 is the duration of the seed pulse, the backward seed wave  E‒ = ‒2E0s Pr (t) cos (ω0τ) is injected at the right boundary 
at x=1600, where τ = t ‒ 1400. The seed pulse has a temporal shape: Pr (t) = sin2 (πτ/ 2 τs), 1400<t<1600 and zero otherwise. In our 
normalized units E0p,s = ω0a

0p,s. We present in Figure (11b-11d) a sequence showing the growth of the seed pulse which is propagating 
towards the left. Behind the seed peak, the pump is slowly depleted, while in front of the growing seed pulse, the incident pump 
maintains a constant amplitude. The simulation is stopped at t=2816 in Figure (11d), due to the formation of a very steep gradient at 
the seed front, at which point the numerical simulation has been stopped. We have been able to push the calculations further in time 
compared to the results presented in Shoucri et al., [19].  Comparing Figure (11b) and Figure (11d), we see how the front edge of 
the growing seed pulse has steepened, compressed, and detached from the tail. Figure (12) and (13) present the electron density and 
ion density profiles at three different times, while Figure (14) presents the longitudinal electric field. Figure (15) and (16) present the 
phase-space contour plots at different positions for the electrons and the ions. The domination of the wavelength with λpi= 2.05 is 
apparent. Note the excellent performance of the numerical code until the end at t=2816.  More details on the phase-space plots and 
the identification of the modes excited can be found in Shoucri et al., [19].
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Figure 11: Incident Pump Wave E+ and the Backward Growing Seed Wave E- at Different Times.

Figure 12: Electron Density Profiles at Different Times
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steep gradient at the seed front, at which point the numerical simulation has been stopped. 

We have been able to push the calculations further in time compared to the results presented 

in Shoucri et al., 2015,  Comparing Fig. (11b) and Fig. (11d), we see how the front edge of 

the growing seed pulse has steepened, compressed, and detached from the tail. Figs. (12) 

and (13) present the electron density and ion density profiles at three different times, while 

Fig. (14) presents the longitudinal electric field. Figs. (15) and (16) present the phase-space 

contour plots at different positions for the electrons and the ions. The domination of the 

wavelength with λpi= 2.05 is apparent. Note the excellent performance of the numerical 

code until the end at t=2816.  More details on the phase-space plots and the identification 

of the modes excited can be found in (Shoucri et al., 2015).  

 
 
 

            
 

           

Figure (11). Incident pump wave E+  and the backward growing seed wave E− at different 

times   

 

  

 31 

          
 

                                                                                         
Figure (12). Electron density profiles at different times                                                                                                                                           
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Figure 13: Ion Density Profiles at Different Times

Figure 14: Longitudinal Electric Field Ex  at Different Times
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Figure (12). Electron density profiles at different times                                                                                                                                           
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Figure (13). Ion density profiles at different times                                                                                                                                           

  
 

      
  Figure (14). Longitudinal electric field xE at different times.   
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Figure (13). Ion density profiles at different times                                                                                                                                           

  
 

      
  Figure (14). Longitudinal electric field xE at different times.   
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Figure 15: Phase-space Contour Plots of the Electron Distribution Function at t=2816.              
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Figure (13). Ion density profiles at different times                                                                                                                                           

  
 

      
  Figure (14). Longitudinal electric field xE at different times.   
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Figure (15).  Phase-space contour plots of the electron distribution function at t=2816.                
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Figure 16: Phase-space Contour Plots of the Ion Distribution Function at t=2816.
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Figure (16).  Phase-space contour plots of the ion distribution function at t=2816. 

 

In a similar simulation presented in Andreev et. al., 2006, the length of the initially uniform 

plasma system was restricted to 273 / pec   because of the noise level in the PIC simulation 

makes it impossible to continue the simulation further. In the PIC simulation presented in 

Humphrey, et. al., 2013, the authors added a collision term in an attempt to control but not 

to eliminate the noise dissipation and excessive pump scattering from the numerical noise, 

and extended their length to 1000 / pec  , at which time the pump become depleted. In the 

simulation results presented in Shoucri et al., 2015, results with the same numerical code 

used here were presented for a length of 1000 / pec  . at time t=2033. At that point, the seed 

amplitude reached a factor about 6 times higher than that of the pump, or about 20 times 

the initial seed peak amplitude. We have been able in the present work to push the 

calculations further in time compared to the results presented in Shoucri et. al., 2015. In 

the results we present in this section, we use the parameters which have been used in 

Shoucri et al., 2015, Humphrey, et. al., 2013, Andreev et. ai., 2006, but we increased the 

plasma amplifier length to the value of 1600 / pec  ,  without any numerical noise, about 6 

times the length of 273 / pec   used in Andreev et. ai., 2006. Here, the noiseless Eulerian 

Vlasov code allows to follow the amplification of the seed pulse by Brillouin 

In a similar simulation presented in Andreev et. al., the length 
of the initially uniform plasma system was restricted to 273/ωpe  
because of the noise level in the PIC simulation makes it impossible 
to continue the simulation further [27]. In the PIC simulation 
presented in Humphrey, et. al., the authors added a collision term 
in an attempt to control but not to eliminate the noise dissipation 
and excessive pump scattering from the numerical noise, and 
extended their length to 1000c/ωpe , at which time the pump become 
depleted [28]. In the simulation results presented in Shoucri et al., 

results with the same numerical code used here were presented 
for a length of 1000c/ωpe . at time t=2033 [19]. At that point, the 
seed amplitude reached a factor about 6 times higher than that of 
the pump, or about 20 times the initial seed peak amplitude. We 
have been able in the present work to push the calculations further 
in time compared to the results presented in Shoucri et al., [19]. 
In the results we present in this section, we use the parameters 
which have been used in Shoucri et al., Humphrey et al., Andreev 
et al., but we increased the plasma amplifier length to the value 
of  1600c/ωpe,  without any numerical noise, about 6 times the 
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length of  273c/ωpe used in Andreev et al., [19,27,28]. Here, the 
noiseless Eulerian Vlasov code allows to follow the amplification 
of the seed pulse by Brillouin backscattering, until the formation 
of steep gradients of the amplified pulse makes the grid resolution 
of the steep gradient cannot be resolved anymore. The pump is 
running until x=1600 when the precursor of the pump reaches the 
right boundary as we can verify in Figure (11a), at which time 
the growing seed pulse starts running backward from 1600 down 
to x= 500, a distance of 1100, see Figure (11). In the simulation 
results presented here, the plasma amplifier simulation length is 
extended to Lp = 1600c/ωpe , and the seed pulse amplification 
was followed until t=2816, at which time contour plots of the 
distribution functions and derails of the solution are presented 
with precision. We are presenting here a substantial increase in 
physics and numerics compared to several simulations previously 
reported for similar problems.

Conclusion
We have presented in this work an application of a Eulerian Vlasov 
code for the numerical solution of a one-dimensional relativistic 
Vlasov-Maxwell equations to study in plasmas, via stimulated 
Raman backscattering, the problem of the amplification of an 
ultra-short seed pulse presented in section 3, and the problem 
of the amplification of an ultra-short seed pulse via stimulated 
Brillouin backscattering presented in section 4. In both cases the 
amplification results from the interaction with a long pump pulse 
assumed to have an envelope that is constant in amplitude before 
interaction, and mediated by a plasma wave in the SBRS case, or 
by an ion acoustic wave in the case of a SBBS. 

In section 3A detailed analysis of the response of the system to the 
pump wave before the interaction with the backward seed pulse 
has been presented, and in section 3B a similar study is presented 
during and after the interaction of the growing seed pulse with the 
pump wave via the stimulated Raman backscattering. Comparison 
between theoretical predictions and numerical simulation results 
show very nice agreement with available theoretical results. 
Detailed analysis of the spectra developed during the amplification 
process are presented, together with the evolution showing the 
pump depletion, accompanied by the counter-propagating seed-
pulse amplification, compression and increased steepness of the 
waveform. Besides the accurate verification by the numerical code 
of the predicted theoretical modes, the numerical code shows some 
modes excited other than the SRBS and SRFS modes as seen in 
section 3A, even before the arrival and interaction of the backward 
seed pulse. These modes result from the different coupling of 
excited modes, and the code is giving a nice resolution of these 
modes, in the absence of numerical noise. Of these we have pointed 
to what we have called kinetic electrostatic electron nonlinear 
Keen waves. These kinetic Keen waves are not steady state, 
time-independent solutions, but rather transient evolving modes 
associated with the transient evolution of the distribution function. 
The absence of noise in the Eulerian Vlasov codes allows accurate 
identification of the modes involved in the physics of the scattering 
processes, and more accurate representation of the phase-space 
structures of the distribution function, especially when relevant 
to the transient evolution of the system. It prevents numerical 
problems like excessive pump scattering from the numerical noise. 
More discussions on the kinetic electrostatic electron nonlinear 
Keen waves in Shoucri et al., [18,20]. Section 3B has presented for 
the first time interesting details on the amplification of a Brillouin 
forward ion wave which is generated as shown in Figure (10) 
at the point around x =100 where it couples with the stimulated 

Raman backscattered seed pulse, as can verified from Figure 
(2) and (3) and (10). Again, the identification of this Brillouin 
forward scattered ion wave has been made possible because of 
the absence of numerical noise in the numerical code. The SRBS 
is dominant in the region from the origin below x=100. A result 
which invites to more investigations in previous results in the 
study of the amplification of the stimulated Raman backscattering.

Section 4 presents a numerical simulation of the one-dimensional 
Vlasov-Maxwell equations to study the problem of the amplification 
of an ultra-short seed pulse via stimulated Brillouin backscattering, 
by the interaction with a long pulse pump assumed to have an 
envelope that is constant in amplitude before interaction, the 
amplification is mediated by an IAW. In the example we present 
in section 4, we use the parameters which have been used in 
the simulations using PIC codes in Andreev et al., [27], with a 
length of 273c/ωpe and in Humphrey, et al., [28], with a length 
of 1000c/ωpe, but we have substantially increased to 1600c/ωpe 
the plasma amplifier length in section 4 in the present work. In 
the study we presented in Shoucri et al., we used the Vlasov code 
for a length of the system of  1000c/ωpe  [19]. For such a length of 
interaction, in the PIC simulation of Humphrey, et. al., a collision 
term has been added in an attempt to damp the numerical noise, 
and extend the amplification length to 1000c/ωpe  , but the pump 
becomes depleted due to scattering from numerical noise, and the 
signal completely distorted [28]. The results presented in Shoucri 
et al., [19], allowed a complete solution of the problem for the 
length of the system of 1000c/ωpe , which compares much more 
favourably with the solution obtained from the noisy PIC code 
of Humphrey et al.,[28]. We identified the modes excited and 
followed with accuracy the growth and evolution of the seed pulse. 
Detailed study of the calculation of the theoretical spectra and 
the spectra calculated numerically have been presented, together 
with the evolution of the phase-space, in Shoucri et al., [19]. In 
the simulation results we present here in section 4, the noiseless 
Vlasov code allows to follow the amplification of the seed pulses 
by Brillouin backscattering until the formation of steep gradient of 
the amplified pulse makes the grid resolution of the steep gradient 
cannot be resolved anymore. In the simulation results presented 
here, the simulation length Lp=1600c/ωpe   is about 6 times the 
length of 273c/ωpe used in Andreev et al., [27].  The pump is 
running until it reaches x=1600, when the precursor of the pump 
reaches the right boundary without any numerical problem, and 
then the growing seed pulse is running backward from x=1600 
down to x= 500 at t=2821, a distance of 1100, see Figure (11). 
Interesting phase-space contour plots are presented in Figure (15) 
and (16) for the ions and electrons distribution functions, until 
at the end of the simulation at time t=2821. More details on the 
study of the excited modes can be found in Shoucri et al., [19].

There have been important developments in the last few decades 
on the application of Eulerian codes for the numerical solution 
of the kinetic equations of plasmas. Of special interest are 
the Eulerian codes based on the method of characteristics for 
hyperbolic differential equations, where this approach has become 
increasingly important, especially for the numerical solution of 
the hyperbolic type Vlasov-Maxwell equations, which are used 
to study the transport processes when the collisions in plasmas 
between the particles are negligible, as in high temperature and 
low-density plasmas. Also, because of the absence of numerical 
noise, they allow an accurate study of the phase-space dynamics, 
especially in the low-density region of the phase-space. We have 
presented two examples in section 3 and section 4. We mention few 
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more applications of these methods such as the amplification of 
seed pulses by Raman and Brillouin backscattering in the presence 
of an external magnetic field, which are important in connection 
with the amplification of whistler pulses along the magnetic field 
of the earth. See also the recent work in [22,23,29].

We mention for reference interesting further applications of 
the Eulerian Vlasov codes, the problem of ion acceleration and 
plasma jet formation in the interaction of a high intensity laser 
beam normally incident on an overdense plasma [30,31,33]. The 
problem of the wakefield acceleration has been studied in Shoucri 
[32]. The Eulerian Vlasov code has been previously successfully 
applied to study stimulated Raman scattering of plane waves in an 
underdense plasma [21,24,25,34-37]. See also Strozzi et al.,[38] 
Arber et al., [39]. A study on the formation of electric field at the 
edge of a plasma, especially important in the physics of Tokamaks, 
has been presented in Shoucri et al., [5,6,40,41]. A study of the 
plasma sheath at a plasma-wall transition has been presented in 
Shoucri et al., [42]. For more information on the applications 
of cubic splines and numerical methods to problems involving 
Eulerian Vlasov codes, see Pohn [43].
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